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A Governing equations

The governing equations for laminar reacting flow [19, 21] are partial differential equa-
tions in space and time, t, which describe the conservation of mass,
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where ρ is density, U is velocity, Yi is the mass fraction of species i, T is temperature,
p is pressure, V c

i is the corrected diffusive velocity of species i, ω̇i is the mass rate of
formation of species i, ω̇T is the enthalpy heat release, µ is mixture viscosity, λ is the
mixture thermal conductivity, and cp is the mixture heat capacity.

Transport equations are required to describe the particle phase. Even for particles that
are described by a single internal coordinate (e.g. particle size, k), an infinite number of
transport equations would be required to describe the number of particles of each possible
size, making such an approach intractable. In this work, the transport equations to describe
the population of univariate, spherical TiO2 particles are transformed using the method of
moments. The particles are assumed to be spherical, have very low volume fraction, have
negligible mass, and have no influence on the momentum or enthalpy of the gas-phase.
The evolution of the moments of the distribution per unit mass, M̂ j =

M j

ρ
, is governed by

the following transport equation:

∂ρM̂ j

∂ t
+∇ · (ρUM̂ j)+∇ · (ρVTM̂ j) = ∇ ·

(
ρDp1∇M̂ j− 2

3

)
+ ω̇ j for j = 0, . . . ,Nmom−1.

(A.5)
In this equation, Dp1 is the diffusion coefficient of the smallest particle (of size k = 1), VT

is the thermophoretic velocity, and Nmom is the number of moments solved for (Nmom = 6
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in this case). The source terms of the moment equations ω̇ j include terms describing in-
ception, coagulation and surface growth processes [5, 15]. The source terms and the M̂ j− 2

3

field are unclosed. The equations are closed using interpolative closure (MoMIC) [6].

The ideal (perfect) gas law [1] was additionally used to close the above equations. The
heat capacities, cpi

; enthalpy, hi; and entropy, si of species i are described using JANAF
polynomials [8]. Mixture-averaged properties are calculated as mass-weighted sums of
Nsp species with molecular weight Wi. The mixture viscosity is defined by a semi-empirical
formula by Wilke [23] that has been modified by Bird et al. [2]:
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∑
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, (A.6)

where Xi, Wi, and µi are the mole fraction, molecular weight, and viscosity of species i,
and
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The mixture thermal conductivity is given by Mathur et al. [17]:
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1
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 , (A.8)

where λi is the thermal conductivity of species i.

A model is needed to describe the mass flux due to concentration gradients in a multicom-
ponent gas mixture. A mixture-averaged approached [11] is used to calculate a single dif-
fusion coefficient for each species. The binary diffusion coefficient, Di1,i2 , given below, is
a function of temperature; pressure; the reduced molecular weight, W̄i1,i2; the reduced col-
lision diameter, σi2,i2; and a collision integral, Ω(1,1)∗ based on reduced temperature [18]:
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√
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pπσ 2
i1,i2

Ω(1,1)∗ , (A.9)
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The mixture-averaged approach of Hirschfelder and Curtiss [10] is used to calculate the
mixture diffusion coefficient, Di. This approach is not inherently mass conserving, so
a corrective velocity, Vc, is applied to each species to ensure that mass conservation is
followed. The final, corrected diffusion velocity, V c

i , is the sum of the mass flux and the
corrective velocity.

Di =
1−Yi
Nsp

∑
i2 ̸=i

Xi2

Di,i2

(A.11)

V c
i =Vi +Vc, Vi =−Di

∇Xi

Xi
, Vc =−

Nsp

∑
i

YiVi (A.12)

2



The diffusion coefficient of particles of size k due to Brownian motion in the free-molecular
regime, Dpk

, can be expressed as [7]:
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=
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where αT is a thermal accommodation factor (fraction of gas molecules that leave the
surface in equilibrium), NA is Avagadro’s constant, and dk is the diameter of a particle
of size k. The thermal accommodation factor usually takes a value of 0.9 [7]. Under the
spherical particle assumption, the diameter of a particle of size k scales by k1/3. This can
be used to describe Dpk

as a function of k and Dp1:
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When applying the definition of moments to the infinite number of particle transport equa-
tions, the diffusion transport term of moment M̂ j results in the

∇ ·
(

ρDp1∇M̂ j− 2
3

)
term in Eqn. A.5. The thermophoretic velocity of the particles, VT, is assumed to be
independent of particle size and is expressed as [7]:
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4

(
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8

)−1 µ

ρT
∇T. (A.15)

VT acts as an additional convective flux term in Eqn. A.5.

Figure A.1 shows the algorithm used in this work. The algorithm is rooted in the PISO
algorithm [13] for handling the velocity-pressure coupling, with the addition of solving
scalar fields for chemistry and particle fields. The chemical and moment source terms are
calculated by treating each cell as a constant-pressure batch reactor and is solved by inte-
grating the system using ordinary differential equations solvers. The solver is parallised
using a domain decomposition method, where the domain is split into smaller domains
for each processor to solve for. Adjacent domains are connected using halo cells.
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Figure A.1: A diagram of the implemented algorithm. The governing transport equations
are solved using OpenFOAM [20] while detailed coefficients and source
terms are calculated using kinetics [4].
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Table A.1 gives details of all the model parameters.

Table A.1: Model Parameters.

Parameter Value Notes
Gas-phase model

Mechanism - UCSD [24] with a reduced mechanism
for TTIP decomposition [14]

cp, h mixture dependent JANAF polynomials [8]
µ mixture dependent Semi-empirical formula [2, 23]
λ mixture dependent Semi-empirical formula [17]
Di mixture dependent Mixture-averaged diffusion [9]

Spherical particle model
ε 2.64 Collision enhancement factor
dc,Ti(OH)4

5.128×10−10 m Collision diameter of Ti(OH)4 [3]
mTi(OH)4

115.93 kg kmol−1 Mass of Ti(OH)4

αT 1 Thermal accommodation factor
γIN 1 Inception efficiency
γSG 1 Surface growth efficiency
ρTiO2 4.25 kg m−3 Density of titania (rutile)†

Hybrid particle-number/detailed particle model
Nthresh 100 d(Nthresh) = 1.8 nm
αcrit 3 Critical sintering exponent [14]
dp,crit 4 nm Critical sintering diameter [14]
Ea,sintering 31030 K Grain boundary diffusion activation energy
Asintering 2.278×1017 s m−4 K−1 Sintering frequency factor
ε 2.64 Collision enhancement factor
γIN 1 Inception efficiency
γSG 1 Surface growth efficiency
ρTiO2 3.84 kg m−3 Density of titania (anatase)†

† The densites are taken to be that as suggested by the original publications.
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B Assessment of particle size distribution similarity

The similarity of the PSDs are assessed using the two sample Kolmogorov-Smirnov (KS)
test [12, 16, 22] for each distribution pair. The null hypothesis, H0, was that the two
underlying distributions from which the samples were taken are equal.

Figure B.1 presents the results of the two sample KS tests as reject (blue) or fail-to-reject
(yellow) the null hypothesis of equivalent distributions. Similar trends are observed in
all four cases. The PSDs of trajectories are mostly similar up to a critical radius beyond
which the distributions become statistically different. In the lean flame, the critical radius
was r/r0 ≈ 1 (0.7 cm) for the 280 ppm loading and r/r0 ≈ 1.5 (1.1 cm) for the 560 ppm
loading. In the stoichiometric flame, the critical radius was r/r0 ≈ 1 (0.7 cm) for both
TTIP loadings.

Figure B.1: Results of two sample Kolmogorov-Smirnov test between particle ensembles
from different trajectories. The null hypothesis, H0, was that the two under-
lying distributions from which the samples were taken are equal. Results
marked with yellow fail to reject H0: the two distributions are equal at the
α = 0.01 confidence level; results marked with blue provide evidence to re-
ject H0 (p < 0.005).
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C Additional figures

φ = 1.0φ = 0.35

(a) CH Mass Fraction [−]

(b) O2 Mass Fraction [−]

(c) Temperature [K]

Figure C.1: 2D mass fraction and temperature fields for the φ = 0.35 (left) and φ = 1.0
(right) flames without TTIP.

Figure C.2: Trajectories with (left) and without (right) thermophoretic drift. The tra-
jectories that include thermophoretic drift impinge on the stagnation plate
whereas trajectories without it do not.
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Figure C.3: Mean aggregate diameter as as a function of residence time along different
trajectories (dark to light moving radially outwards from the centre of the
flame) in (a) φ = 0.35, 280 ppm flame, (b) φ = 0.35, 560 ppm flame, (c)
φ = 1.0, 280 ppm flame, and (d) φ = 1.0, 560 ppm flame. The inception
mode is excluded in this figure.

Figure C.4: Mean number of primaries per aggregate as a function of residence time
along different trajectories (dark to light moving radially outwards from the
centre of the flame) in (a) φ = 0.35, 280 ppm flame, (b) φ = 0.35, 560 ppm
flame, (c) φ = 1.0, 280 ppm flame, and (d) φ = 1.0, 560 ppm flame.
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82% spheres 84% spheres 62% spheres

(a) Part 1: Lean flame with 280 ppm TTIP.

Figure C.5: Joint distributions of average primary diameter, number of primaries, and av-
erage sintering level with mobility diameter at different deposition radii, rd.
The averages are arithmetic means are taken over the primary particles within
each aggregate. The fraction of particles that are spherical are reported as a
percentage. The dotted black line corresponds to spherical particles, while
the dot-dash lines mark the mobility diameter of large aggregates that form
at large deposition radii.
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88% spheres 86% spheres 74% spheres

(b) Part 2: Stoichiometric flame with 280 ppm TTIP.

Figure C.5: Cont.
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77% spheres 74% spheres 60% spheres

(c) Part 3: Stoichiometric flame with 560 ppm TTIP.

Figure C.5: Cont.
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C. Carey, İ. Polat, Y. Feng, E. W. Moore, J. Vand erPlas, D. Laxalde, J. Perktold,
R. Cimrman, I. Henriksen, E. A. Quintero, C. R. Harris, A. M. Archibald, A. H.
Ribeiro, F. Pedregosa, P. van Mulbregt, and Contributors. SciPy 1.0: Fundamental
Algorithms for Scientific Computing in Python. Nat. Methods, 17:261–272, 2020.
doi:10.1038/s41592-019-0686-2.

[23] C. Wilke. A viscosity equation for gas mixtures. J. Chem. Phys., 18(4):517–519,
1950. doi:10.1063/1.1747673.

[24] F. Williams et al. Chemical-kinetic mechanisms for combustion applications, 2005.
San Diego Mechanism web page, Mechanical and Aerospace Engineering (Combus-
tion Research), University of California at San Diego http://combustion.ucsd.edu/
(2005).

13

https://doi.org/10.1016/j.combustflame.2017.01.005
https://doi.org/10.1080/01621459.1951.10500769
https://doi.org/10.1080/00268976700100731
https://doi.org/10.1063/1.1732130
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1063/1.1747673

	Governing equations
	Assessment of particle size distribution similarity
	Additional figures
	References

