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Abstract

A computational recovery of multi-phase intrusion was discussed with the modified multi-relaxation
time Lattice Boltzmann method (MRT-LBM). Originally proposed dual-matrix computation is
developed to address the different phase separation and interface tracking for the multi-phase problem.
A comprehensive validation is performed with the previously theorized observation of the mercury-
water system. Results show that the dual-matrix computation is feasible to provide converged output
under narrowed density difference down to 18%. The wetting and non-wetting behaviour resulted

from form solid-fluid interaction is realized with arbitrary boundaries, in which the contact variance
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is up to 4.14%. The linear relations described by Laplace's law and Washburn's equation were three-
dimensionally recovered with determination coefficients of 96.34% and 94.19%, respectively. A third
fluid intrusion status of partial-intrusion is captured in addition to complete-intrusion and non-
occupation in porous boundary, demonstrating the advanced function of the phase-separation and

interface tracking in problems with further increased heterogeneity.

Keywords: Porous media; Multi-phase fluid; Surface tension; Molecular density distribution; Lattice

Boltzmann method

1. Introduction

Multi-phase fluid intrusion into porous networks is a phenomenon commonly existing in problems of
lipid transportation (Lacatusu et al., 2019), petroleum extraction (Negahban et al., 2020), organic
matter emulsions (Perazzo et al., 2015) and carbon sequestration (Espinet and Shoemaker, 2013).
Intrusive fluid plays a crucial part in the above natural and engineering processes, where a fluid phase
pushes through a solid medium immersed in another liquid phase (Huppert, 1986). A comprehensive
understanding of the behaviour directs the design and engineering of fluid network and porous media.
Experimentally, the intrusion behaviour was studied with homogeneous properties such as pressure,
turbulence intensity and flow rate (Coasne et al., 2009; Wang et al., 2018). Although experimental
observation contributed to a macroscopic understanding of the multi-phase fluid behaviour, it was
pointed out that the microscopic interphase detection was inadequate with common approaches
(Hudgins, 1981). More specifically, porous media's opacity raises the difficulty to capture the
molecular density distribution within (Thomas et al., 2004). Hence, the essential information of 3-

dimensional molecular density distribution is in absence.

Alternatively, computational fluid dynamics (CFD) suggests a computational realization to simulate
the intrusive problem (Thabet and Thabit, 2018). Macroscopically, Navier-Stokes (NS) equations

following incompressible assumption offer a solution for intrusion behaviour in relatively large water
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bodies (Cantero et al., 2007; Ungarish, 2005). Microscopically, molecular dynamics (MD) following
the spherical assumption have been adopted to simulate intrusion in nanoscale and below (Coasne et
al., 2009; Kim et al., 2019). Lattice Boltzmann method (LBM) is a mesoscale methodology
simultaneously considering the local molecular density and global fluid behaviour (Zhang, 2014),
where both the incompressible assumption and spherical assumption are invalid (Raabe, 2004). In
practice, modelling water transport in systems such as soil particles (Sun, 2018), cement particles
(Zhou et al., 2017), and blood vessels (Tiwari and Chauhan, 2019) requires mesoscale methodology
because of the intermediate Knudsen number (Pourfattah et al., 2020). More specifically, the above
micrometre media's characteristic system length is not large enough to neglect the discontinuity in
the fluid-surface region in NS solution (Basser et al., 2017). The MD solution focusing on molecules
and atoms in media in pum?®requires particles amount to a magnitude order of 10, overwhelming the
affordable budget (Lane et al., 2010). Additionally, a mathematical description alternative to
analytical geometry must process the heterogeneous boundary of arbitrary media. In previous porous
formation studies, voxel-based algorithms were developed to realize random media processing
(Byholm et al., 2009; Tian et al., 2020; Wang et al., 2019). To sum, the 3D matrix-based LBM for
intermediate Knudsen number (Raabe, 2004) is a feasible CFD solver with adaptability to

computational chemistry to provide 3D molecular density distribution in heterogeneous media.

The intrusion phenomenon study was initiated form the capillary fluid dynamics proposed by
Washburn equations (Edward W. Washburn, 1921). The classic model adopted parallel tubes as the
solid boundary for mercury intrusion (E. W. Washburn, 1921). Governing by the surface tension
described by Laplace's law, the local difference in capillary interconnection was reflected by the
various access of the intruding fluid under the same pressure (Valentinuzzi et al., 2011). Modern fluid
dynamics has been developed into two directions, which are top-down and bottom-up approaches
(Seiffert, 2017). The top-down philosophy on intrusion simulation was demonstrated by the attempts

to solve the partial differential equations integrating NS equations, Washburn equations and Laplace
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equations (Limache et al., 2007; Tarek and Lee, 2018). On the other hand, the bottom-up approaches
such as MD and LBM assembled the small scale mechanism to recover from large scale phenomenon
(Yoshimoto et al., 2013). Classic models function as endpoint validation instead of the starting point
calculation in the latter approach. MD recovery of the surface tension emphasized the Newtonian
interaction among molecules and atoms (Yoshimoto et al., 2013), in which the microscale intrusion
simulation results were compared with the Laplace equation (Park et al., 2001) and Washburn
equation (Dimitrov et al., 2007). However, the abovementioned problem of the computational budget
forced MD solutions to adopt simplified boundary of free volume (Park et al., 2001) and single tube
(Coasne et al., 2009; Dimitrov et al., 2007; Kim et al., 2019), preventing further extension in arbitrary
media. LBM recovery of the multi-phase phenomenon emphasizes the statistical distribution of local
fluid density with the Boltzmann equation (Zhang and Tian, 2008). Previous 2D LBM attempts
(Baakeem et al., 2020; Hyvéluoma et al., 2004) on the mesoscale intrusion demonstrated the
feasibility of recovering surface tension with the Shan-Chen model (Shan and Chen, 1994). To
further develop the LBM methodology for intrusion problem, the following aspects should be
contributed. Firstly, the single relaxation time (SRT) collision operator (Bhatnagar et al., 1954; Qian
etal., 1992) adopted in previous solutions can be upgraded with the latest multi relaxation time (MRT)
collision operator to improve the computational stability (Coreixas et al., 2020). The streaming
calculation with a single matrix should be modified to provide confirmative phase separation (Lee et
al., 1998) and straightforward data registration (Khare et al., 2019) during the multi-phase interface

detection. More importantly, a 3D realization is needed to prepare the method for realistic problems.

This paper proposed a 3D MRT-LBM scheme to simulate the mesoscale intrusion into arbitrary
porous media. Mercury and water were adopted as comparing phases to dock the previous theory on
capillary fluid dynamics. The scheme integrates the Shan-Chen model to compute the multi-phase
redistribution through the bottom-up approach from surface tension recovery to macroscopic fluid

behaviour. Validation with the Laplace equation and Washburn equations was performed in the
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previously reported cylindrical boundaries. The adaptability to arbitrary media was demonstrated by
direct application in boundary-free volume, solid surface, single tube, parallel tubes and random
porous media. The dual-matrix computation enables the registration of the multi-phase fluid for in-
process monitoring. The work demonstrates an LBM solution to simulate molecular density

distribution during the intrusion into heterogeneous media.

2. Methods

2.1. Multi-relaxation time Lattice Boltzmann method (MRT-LBM)
The LBM engine in this study adopted D3Q19 MRT-LBM through independent programming (Wang,
2017). The core equations of the fluid density development were given by Eq. 1 (D'Humiéres et al.,

2002) and Eq. 2 (Raabe, 2004).

f(x + e;8t, t + 8t) — f(x,t) = —M"1- S [M - f(x,t) — M - f¢9(x,t)] (1)
. L) 2 i
Fe9(x,0) = wip[1+ 5" + (2—‘”— o] @)

Where f(x, t) is the fluid density distribution, x is the lattice coordinates, t is the fluid progression
time, M is the 19x19 transform matrix for MRT simulation (Premnath and Abraham, 2007) as given
by Appendix A, S is the collision matrix for MRT simulation as provided by Eq. 3 (Premnath and
Abraham, 2007), f¢9(x, t) is the equilibrium density calculated with Maxwell-Boltzmann equilibrium
distribution (Abdoul-Carime et al., 2015; Qian et al., 1992), e; is the velocity vectors as given by Eq.
4 (Premnath and Abraham, 2007; Zhang et al., 2013), w; is the density weighting factors as provided

by Eg. 5 (Premnath and Abraham, 2007; Zhang et al., 2013), p is the macroscopic density

distribution, c,? = 1/3 is the lattice sound speed, u is the macroscopic velocity distribution, and i is

an integer between 0 to 18 for the D3Q19 simulation.

S = diag[1,1.19,1.4,1,1.2,1,1.2,1,1.2,1,1,1,1,1,1,1,1,1.98,1.98, 1.98] 3)
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The macroscopic density distribution was calculated with Eqg. 6 (Chen and Doolen, 1998).
p(x; t) = Z}:SO f(xl t) (6)

Where T = 1 is a relaxation time related to the kinematic viscosity and F is the force applied to the
lattice's liquid. The dual-matrix computation was further proposed by dividing the fluid matrix into
two matrices representing phase-1 and phase-I1, respectively. Eq. 7-9 presents the formula to calculate

3D dual-phase fluid motion.

f(x,0) = fix, ) + fi;(x, 1) (7)

fin(x + e;8t, t + 8t) — fyp(x,t) = =M~ S+ [M - fiy (%, ) = M - fry°? (%, )] (8)
.. .. 2 -

fI||Iqu(X' £ = WipI||II[1 48 :énn (eiuym)” ¢ u1||u] ©)

4 2
2cg 2cg

The macroscopic velocity distribution was calculated with Eq. 10 and 11 (Benzi et al., 2006; Shan

and Chen, 1993; Zhang, 2013).

1
p1(x,t)

‘EF] (X,t)

u(xt) = o (D)

Y f(x0) e+ (10)

1
pr(x,t)

TFH(X,t)
pr(x,t)

u(xt) = Zilfo fi(x,t) -e; + (11)

The interaction between the two phases was accounted for through the computation of the inter-force.
If the force terms take the value of zero, the two phases’ motion will independently follow the
Maxwell-Boltzmann equilibrium distribution, and no phase separation will be formed. In the mercury
intrusion phenomenon, the phase separation between phase-1 and phase-I1 is essential to obtain the

phase progression paths. Therefore, the force term calculated with the Shan-Chen model (Shan et al.,

6
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1993) was further introduced.

2.2. Integrating the Shan-Chen model
The fluid phases of the triple-phase simulation were initially registered as phase-1 and phase-1l. The

solid phase was registered as phase-S. The force term of phase-1 was calculated with Eq. 12

Fi(x,t) = Fi(xt) + Fon(xt) + Fi_s(x, 1) (12)

Where F,(x, t) is the force applied on the phase-I in the lattice of x, F,_; is the force from the phase-
I in the lattice other than x, F;_; is the force form the phase-Il in the lattice other than x and F;_g is
the force form the solid phase when the lattice x in contact with the tangible interface. F,_;, F;_;; and
F;_s were calculated with Eqg. 13-15, respectively, based on the original Shan-Chen model

(Parmigiani et al., 2016; Shan et al., 1993).

Floi(x,t) = =Gryi(x, £) X2y wi Yy (x + €, t) (13)
Flon(xt) = =G (x, £) X2 wi Y (x + e, t) (14)
Fl_s(x,t) = —Gr_sW1(x, t) X% wi Ps(x + €, t) (15)

G is an interaction coefficient; s is the effective mass calculated with Eq. 16 (Shan et al., 1993; Shan
and Chen, 1993). G<0 represents attractive inter forces and G>0 represents repulsive forces. The

density of the solid phase was fixed as ps = 5.3.
P(xt) =1—ePXD (16)

The computation of the force terms Fy; followed the same approach, and the involved coefficients of
interaction were Gy_y;, Gy—; and Gy _s. Table 1 presents the interaction coefficient adopted in this

study.
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Gr-n1 G- Gii-s
-0.8 2.5 0.1

Table 1: Coefficient of interaction in the triple-phase Shan-Chen model

In the original Shan-Chen model, the bulk fluid phase's internal pressure was calculated with Eq. 17

(Benzi et al., 2006; He et al., 1999; Qin et al., 2018).
P(x,t) = p(x, t)cZ + - c2G(x, 1)? 17

Where the right-hand consists of the density term and the interaction term. In this study, the density
terms were considered the sum of the two phases, and the interaction term was expanded with the I-

I, H-11, I-11 interaction. Eq. 18 presents the modified formula for bulk pressure computation.
1
P = (p;+pr)cé + Ecg(GI—I\PIZ + GronWn” + Gprdn) (18)

2.3. Boundary conditions

Multiple simulations were performed with boundary-free volume, solid surface, single tube, parallel
tubes and random porous media. The standard Laplace-Young test (Kuzmin and Mohamad, 2010;
Parmigiani et al., 2016) was conducted within a 50x50x50 cubic volume, and periodic boundary
condition was adopted on the six surfaces of the cube. The bubble formation was performed under
the o group and B group with different density distribution. Surface droplet simulation was completed
within a 20x40x40 volume to determine the contact angle. The volume's bottom surface was defined
as solid-phase with no-slip bounce back condition (D'Humieres et al., 2002). Single tube simulation
was performed in a 30x30%x100 virtual device as presented in Fig. 1(a), and no-slip bounce back
condition was adopted on the liquid-solid interface. Parallel tubes simulation was performed in a
40%x90x80 virtual device as illustrated in Fig. 1(b), and no-slip bounce back condition was adopted
on the liquid-solid interface. The last simulation of intrusion into porous media was performed with
an extracted structure from polydisperse particle packing (Wang et al., 2019), as presented in Fig.

1(c), whose porosity was 36.09%. The overall volume of the porous medium was 50x50%70. No-

8
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slip bounce back condition was adopted on the liquid-solid interface, top surface and bottom surface.

Periodic boundary condition was assumed on the rest four surfaces of the volume.

(a) Media I: Single tube

Fig. 1 (a) Previously reported boundary (Hou et al., 2019; Kim et al., 2019). (b) Classic multi-tube boundary. (c) The porous border

2.4. Molecular density

The density distribution p(x,t) of the LBM represents the number of molecules in 3D lattices (He
and Luo, 1997). Table 2 presents the conversion from the molar volumes of water and mercury to the
target LBM density. The target density was realized by the calibration of the interaction coefficients,
including G;_y, Gi—y1, Gii—s G-, Gp—1 and Gyj—s. The simulation was conducted until the steady-

state was reached. In this study, the stable-state was defined as the iteration when the overall density

change was within 0.5%o.

(c) Media III: Packed structure

Periodic
boundary
70

36.09%

Bounce-back .
boundary

in this work.

(b) Media II: Parallel tubes

Phase label

Phase-I

Phase-II
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A Chemical formula H20 Hg

B Mass density 10° kg/m?3 13.6x10° kg/m?
C Relative molecular mass 18 200

D Mass of =222 1.66 x 10727 kg

E Converted mass (C - D) 2.99 x 10726 kg 3.32 X 10725 kg
F Avogadro constant 6.022 x 10?3 mol™?

G | Molecule number density (%) 5.56 X 10* mol/m3 | 6.80 x 10* mol/m3

H | Target LBM density (Gi: Gu) 1 1.22

Table 2 Conversion from molecular properties to LBM density

3. Result and discussion

3.1. Laplace-Young test and fundamental performance

Fig. 2(a) presents the 3D visualized result of the bubble formation and the cross-sectional area for the
2D illustration. Fig. 2(b) shows the correlation between internal pressure difference and the radius of
the bubble. The resulted pressure difference is inversely proportional to the radius of the bubble. The
linear relationship of the Laplace testing equation, as given by Eg. 19, was recovered with a

coefficient of determination of 96.34%.
g
p=2 (19)

Where AP is the pressure difference between the internal region and the outer region of the bubble,
o is the surface tension term, and R is the radius of the bow. Previous Shan-Chen models also
demonstrated Laplace's law's recovery with a single matrix computation (Shan and Chen, 1993).
However, the origin point (0,0) was not always passed due to the multi-phase registration difficulty
(Dauyeshova et al., 2018; Kuzmin and Mohamad, 2010; Qin et al., 2018). In this study, the proposed

method makes the multi-phase registration, as presented in Fig. 3, a straightforward step without the
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(a) (b)
50
e C IR 043 ® Simulation Data: a group
%® ross section A Simulation Data: 3 group
—— AP=3.738/R, r*=96.34%
30 0.35
Phase-1

=}
w

=
N

AP (LB unit)

X ) .
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20 \ 0.05
30 2
0\ S . 0 g
0N T 25 20 15 0 0.02 0.04 0.06 0.08 0.1 0.12
C 30 :
50 35 1/R (LB unit)

Fig. 2 Validation with Laplace-Young test

The application of the dual matrix computation further enabled the realization of narrowed density
difference. Previously (Shan and Chen, 1993), the density inside the bubble was inevitably higher
than the external pressure to an order of magnitude of 10, based on which the matrix was identified
as high-density fluid and low-density fluid. Consequently, the separation of phases with similar
densities became highly challenging since the minor gradual change can hardly support the interface
distinguishment. In comparison, the dual-matrix computation in this study performs the collision
computation for phase-I and phase-11, respectively. As a result, a solution to obtain separated phases
from the beginning (registration) is provided from the program architecture. The 3D phases
distribution of phases with relative densities was then tracked throughout the computation. Fig. 3(a)
presents the cross-sectional density distribution results of phase-1, and Fig. 3(b) shows the density
distribution results of phase-II in the same multi-phase system. Macroscopically, Fig. 3(c) presents
the density profile along the measurement area. The stabilized density of phase-I and phase-1l was
1.025 and 1.213, respectively. Through adopting the reported coefficients of interaction, the
macroscopic densities of water and mercury were realized from a microscopic basis. Fig. 3(d)
presents the density gradient profile along the measurement area. The measurement of the bubble

radius (R) took the distance between the midpoint of peaks and the whole volume centre. The
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thickness of the interface region was within 8lu, where lu is the LBM system's unit length (Zhang et
al., 2013). Compared with previous single matrix Shan-Chen models, the density difference of the

stable phases was reduced from 33% (Parmigiani et al., 2016; Shan and Chen, 1993) to 18%.

(a) Phase- LB density (b) Phase-ll LB density

Phase-I measurement 08 Phase-II measurement

0.7

08

06

(C) . : (d) ¢ Simulation result: Phase-|
1.3 1 © Simulation result: Phase-Il
i Gaussian regression: r%=99.97%
e Gaussian regression: r?=99.98%
0.9 g
e 06
= 0.7 Distinguished —4—Phase-| € 04
o 2 Y
o 05} phas§ —e—Phase-ll| | B 02 R ;l ‘
4 separation 5 & Ay
% 0P 00 000 9 00 H V000000009
0.3 2 |
2 92
0.1 1 @ |
p O .04 :
-0.1 i
1 e
0 2 4 6 8 10 12 14 16 18 20 22 24 % 1% i 8 8 3098 Ak 19 18 20 122 A

Distance to cnetroid (LB Unit: Iu) Distance to the center (LB Unit: lu)

Fig. 3 (a) Cross-sectional of phase-1 in the bubble formation simulation. (b) Cross-sectional of phase-I in the bubble formation

simulation. (c) LBM Density profile along the measurement area. (d) Density gradient profile along the measurement area.

The surface droplet test was performed with a solid surface, phase-1 and phase-Il. Fig. 4(a) presents
the realized 3D droplet formation of phase-lI surrounded by phase-1l. Fig. 4(b) illustrates the
crossectional result of the visualized data. The contact angle was measured at the intersection of the
three phases. The test with phase-I resulted in a contact angle of 38.12°. Fig. 4(c) presents simulation
with phase-11 surrounded by phase-I, where the non-wetting interaction was realized with 3D density

distribution. Fig. 4(d) shows the cross-sectional result of the visualized molecular diffusion, and the

12
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resulted contact angle was macroscopically obtained as 142.82°. Consequently, the sum of the two
contact angles resulted in 180.94°. Therefore, the wetting (<90°) and non-wetting (>90°) behaviour
caused by surface tension was realized. The presented solution for multi-phase separation is essential
to obtain the interface between phases with similar density. Hence, securing contact angles becomes

consequently possible.

(a) (b)o , Phase-Il LB-density

*  Wetting fluid-solid contact

4th order polynomial regression, 3:95 0%
s = = Tangent line

Phase-I ~ <—Phase-II>

0ss section

40 e
(d)o Phase-| LB-density
(c) . ’
5 *  Non-wetting fuid-solid contact
S— lsoline contour 09
- Phase‘I — 10 Rational regression, r2=99,95%

PhaSC-II s o o Tangen! line 08
20 15 P
15 Cross section 06

10

40 40

Fig. 4 (a) A wetting surface droplet of phase-I surround by phase-I1. (b) The cross-sectional view of (a). (c) A non-wetting surface

droplet of phase-I1 surround by phase-I. (d) The cross-sectional view of (c).

3.2. Application in single-tube scenario
Fig. 5(a). presents the application of the proposed method in a single-tube scenario. The molecular

density of phase-Il in the top pore initially adopted a uniform distribution with a constant value of
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1.5618, which is higher than the target mercury density to initiate intrusion. Fig. 5(b) presents the
dynamics process of phase-I1 from initiation to final stabilization. It was found that the contact angle
in the progression stage was higher than in the stabilization stage, which was resulted from the non-

equilibrium of the fluid interactions and motion.

Measurement of contact angle resulted in a value of 137.13° , which was 4.14% higher than that of

the droplet test. The contact angle difference was caused by the discrete solution to the Boltzmann
equation for the arbitrary problem instead of the continuous solution for a particular problem
(Gressman and Strain, 2011). The demonstrated application suggests a digital means to control the
simulated intrusion behaviour with user-specified densities. The progression of phase-I1 in the pore-
neck is a density increasing process, causing the extension of progression length. The final
stabilization indicates a certain progression length within the pore neck under a fixed density

difference in the numerical environment.

Consequently, access to the bottom pore of phase-11 can be granted when the pore neck is shorter than
the progression length. The single-tube intrusion and surface droplet demonstrate the 3D realization
of surface tension with the proposed model in fundamental boundaries. The following study presents

the performance of the computational framework in more complex scenarios.

(a) Phase-II LB-density

2 Imt alization Progression Stabilization
i Phase-II; constant denslty < g

90
80 -

70

0

Phase-| allocation

=====4th order polynomial regression, r?=96.06%
“Tangent line
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Fig. 5 (a) The virtual device of the pore-neck simulation. (b) Progression process of phase-Il.
3.3. Validation with Washburn equation

The multi-tube simulations were performed with a division of isolated tubes, as presented by Fig.
6(a), and a division of connected lines, as shown by Fig. 6(d). Fig. 6(c) demonstrates the virtual device
in which the connected tubes simulation was performed. In both divisions, phase-II's initial molecular
density in the top volume initially adopted a uniform distribution with a constant value of 1.5618. It
was found in the isolated tubes simulation that increased tube radius led to an increment of the
progression length. Without 3D distribution, the diffusive Washburn equation previously provided a
general description of the relationship between progression depth and tube radius given by Eq.20

(Guancheng and Guancheng, 2018).

__|yrctcos@
L= /—Zn (20)

Where L is the progression depth, y is the surface tension, r. is the tube's radius, t is the progression
time, 0 is the contact angle, and 1 is the dynamic viscosity. Under the same Shan-Chen coefficient of
interaction and lattice speed of sound, the above parameters were the same controlled variables except

for r.. Eq. 20 indicated that the progression depth L should be in a first-order linear relationship with
the square root of the tube radius \/r_c In comparison, Fig. 6(b) presents a successful recovery of the

linear relationship from the 3D data independently obtained from the isolated tubes division with a

94.19% coefficient of determination.

The progression depth was governed by both the permeative flow and the diffusive flow in the
connected tubes division. Results in Fig. 6(d) shows that the pressure rebalancing caused by the tube
interconnection further amended the morphology of the stabilized density distribution. The diameter
threshold of the complete intrusion for each tube was previously given by the permeative Washburn

equation as given by Eq.21 (Diamond, 2000).

__ —4ycos6

d. = —p (21)
15
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Where d.. is the diameter of the cylinder being intruded, and P is the pressure. Eq. 21 indicated that a
wider tube radius tended to have less difficulty performing intrusion into the opposite volume under
the same path length. As a result, intrusion behaviour into porous media naturally processes the
function of radius selection. In this study, the radius selection feature was further realized with 3D
data of each cross-section, as presented in Fig. 6(d). Results show that the neck radius's increment led
to an extended progression length of the digital fluid, and the bottom-up approach has successfully
recovered the radius-depth relationship in the classic model. Although Washburn's work has been
acknowledged for reflecting the two-phase interaction under his traditional model, it has been an
argument that the derivative pore size evaluation method is inappropriate for practical media with
increased boundary complexity (Diamond, 2000). The problem raised is that the pore size, pore-neck
length and pore morphology cannot be as adequately defined with overly simplified properties,
including pore size, porosity and neck length. In the state-of-the-art solution of the multi-phase fluid
problem in the heterogeneous boundary, the pore-structure were digitally described with phase
information in each 3D coordinate (Shimizu and Tanaka, 2017). After testing the simulated fluid
behaviour with limits adopted in previous theories, the feasibility to apply the proposed LBM in the

complex boundary is further performed with a porous-medium case in the following section.
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Fig. 6 (a) Simulation with the isolated group. (b) Validation with the Washburn equation Eq. 16. (c) The virtual device of the

connected tubes simulation. (c) Simulation with the corresponding group.
3.4. Intrusion into media with increased heterogeneity

Fig. 7 presents the visualized result of phase-11 intrusion into a random porous-medium, in which Fig.
7(a) shows the early stage of the intrusion and Fig. 7(b) shows the stabilized phase-11. The cross-
sectional results of the simulation are demonstrated by Fig. 7(c) and Fig. 7(d). It was found in the
reported realization that phase-I1 intruded into the porous medium through a path formed by the large
pores. Residual phase-1 was primarily detected in tiny pores and necks. The decreased intrusion into
smaller pores agrees with the practical observation (E. W. Washburn, 1921). Furthermore, results
show that the intrusion status into pores with similar sizes was not always identical, which was caused
by varying pore-necks. The 3D monitoring of the process suggests that the pores' geometrical
influences and pore-necks with irregular shapes can introduce a local variation of phase distribution.
Hence, one single parameter of pore size (dc) is inadequate to reflect the pore space's morphology
microscopically. However, the permeative Washburn equation can provide a rough estimation of the
pore sizes. Modern computational chemistry has pointed out a solution to the solid-phase
representation with a 3D description of each coordinate's information. The work presented in this

paper further extend such philosophy towards the fluid phase within.
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Fig. 7 (a) Visualized results of early-stage phase-11 intrusion. (b Visualized results of late-stage phase-11 intrusion. (c) 2D cross-

sectional view of early-stage phase-Il intrusion. (d) 2D cross-sectional view of late-stage phase-11 intrusion.

Further investigation was performed with varied phase-11 molecular densities upon initialization. Fig.
8(a) presents the 2D cross-sectional results from a uniform density distribution of 4.2, in which the
circled area highlight the complete intrusion upon stabilization. In comparison, Fig. 8(b) presents the
results from an initial density distribution with 3.2, in which the decreased phase-11 pressure resulted
in residual phase-1 in the circled area. Hence, varied access to irregular-shaped pore driven by
different pressure differences was realized with a full map description of molecular density

distribution. It is further argued here that fluid-phase intrusion into porous media possesses the third
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status in addition to complete-intrusion and non-occupation. The squared area in Fig. 8(b) presents a
partial intrusion in one of the pore space, whereas the same zone in Fig. 8(a) is of complete-intrusion
status. In a non-simplified pore network presented by the adopted porous-medium, the pore
morphology's spherical assumption is further invalid since the actual pore is connected with a pore-
neck of a non-solid phase. Fig. 8(c) presents the visualized results from applying an intermediate
density of 3.8, and the above-discussed pore space shows a noticeable migration of the fluid interface.
Fig. 8(d) presents the pore volume's dynamic occupation by phase-I1 alone with the computational
time, whose measurement was three-dimensionally obtained in the zone marked in Fig. 8(c). The
results show that the stabilized occupation of phase-11 over the volume increased with the raised
pressure difference. The in-progress monitoring of the process also describes a rarely discussed
behaviour that a retreat of phase-11 from the bottom volume occurred before the final stabilization
(Fig. 8(d)-ii). In a complex pore network, multiple paths were formed by the solid phase for the fluid
intrusion, and the effective length of each path is not necessarily the same. However, the percolation
of the global network is simultaneously influenced when a local pore-neck is broken through.
Representing the systematic behaviour with final stage outcome and macroscopic properties
assembled from the volume is insufficient when a more comprehensive understanding of the system
is desired. The clear phase separation provided by the proposed dual-matrix computation enables the
above capturing of the fluid interface and the multi-phase 4D molecular density distribution. Through
a thorough representation of the molecular map over time and space, computational chemistry
predicting detailed information in each coordinate is prepared to investigate beyond the boundary of

previous assumptions.
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363 monitoring under initial LBM density of 3.8. (d) Macroscopic monitoring of phase-I1 intrusion.

364 4. Conclusion

365  Fluid intrusion into 3D media is a complex process of heterogeneous transport, in which the molecular

366  density distribution is of great significance for chemical engineering. One major challenge to model
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the process is the different phase separation and interface tracking during the multi-phase evolution
within 3D solid boundaries. This work presented a solution to the problem with the proposed dual-
matrix computation MRT-LBM initially, enabling in-progress monitoring of separated phases and
initialization to stabilization. Application of the kinetics model in the mercury-water system was
demonstrated to compare the work with previously theorized observation of capillary dynamics.
Results show that narrowed density difference down to 18% was realized with separately tracked 3D
fluid distribution in each computational iteration for the first time. Performance of the Laplace-Young
test model presented a well-recovered linear relation between pressure difference and the reciprocal
of the bubble radius. The droplet test demonstrated a successful integration with the Shan-Chen model
to three-dimensionally realize the wetting and non-wetting solid-fluid contact with stabilized contact
angles. A further comparison was performed with classic boundaries previously assumed by capillary
dynamics after presenting the bottom-up solution's actual performance. Realization in single-tube
boundary demonstrates a minor variance of the contact angle result up to only 4.14%. The Washburn
equation was recovered under parallel-cylinder limits with a 94.19% coefficient of determination.
The sensitivity to cylinder radiused intrusion behaviour was three-dimensionally achieved from the
bottom of local surface tension. The spherical assumption in previous capillary dynamics is

inadequate to reflect the pore space's morphology in media with increased heterogeneity.

Based on the philosophy of representing heterogeneous media with labelled 3D matrix, this work and
its kind extend the systematic description from solid-phase to fluid-phase. Results show that the
pressure-dependent access to pores with various sizes was still functional after applying the MRT-
LBM in media with increased heterogeneity. However, it was found that phase-II's volumetric
occupation was not solely contributed by the difference in access to the pores. The stabilized intrusion
processes a status of partial-intrusion in addition to complete-intrusion and non-occupation. The
interface migration resulting from varied initial pressure indicates that the local fluid's actual

morphology in intruded pores is dynamically modified instead of being constant. The computational
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realization of intrusion behaviour also presents a time-dependent vision of the simultaneous fluid
progression in multiple paths formed by pores. A local breakthrough of the narrow pore-neck in one
path resulted in a global retreat of the fluid phase assembled in the other paths. Starting from the
current knowledge, the modelling of the 4D behaviour of multi-phase fluid intrusion in realistic media
is a challenging task still requiring more specific investigation. The addressed phase-separation and
interface-tracking are essential for a comprehensive establishment of the molecular density map's

computational description for a broader range of problems in chemical engineering science.

Appendix A. MRT transform matrix
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