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Abstract

We prove a ‘minimal’ type automorphy lifting theorem for 2-adic Galois representations of unitary
type, over imaginary CM fields. We use this to improve an automorphy lifting theorem of Kisin for GLa.
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In this paper, we study the deformation theory of 2-adic Galois representations of unitary type, over CM
number fields. More precisely, let F' be an imaginary CM number field with maximal totally real subfield
F*, and let ¢ € Gal(F/F*) denote the non-trivial element. In this introduction, we say that a continuous
representation

p:Gal(F/F) — GLn(@p)

is of unitary type if there is an isomorphism p® = p¥ ® €! =", where € denotes the p-adic cyclotomic character.
The deformation theory of such representations in the case that p is odd has been studied in a series of



papers beginning with [CHTO08|, and culminating in the paper [BLGGTT14], where the authors prove very
general automorphy and potential automorphy theorems for such Galois representations.

In contrast, there has been no study to date of the deformation theory of representations with 2-
adic coefficients, except when n = 2 (in which case, it is essentially equivalent to consider representations
p:Gp+ — GLQ(@p) with no additional self-duality condition). In this connection, we mention the papers of
Dickinson [DicO1] (who proves a modularity lifting theorem for 2-adic representations under a supplementary
local hypothesis at infinity) and Khare-Wintenberger and Kisin [KW09¢, [Kis09] (who prove modularity
lifting theorems for 2-adic representations without such a hypothesis). The additional difficulties that arise
in the 2-adic case are of two main types: first, to get a good handle on the local lifting rings, especially at
places dividing 2, and second, to get a good control of the relevant Galois cohomology groups.

In this paper, we prove an automorphy lifting theorem for 2-adic Galois representations of unitary
type in arbitrary dimension:

Theorem 1.1 (Theorem . Let n > 2. Let F be an imaginary CM number field with totally real subfield

F*. Fiz a prime p and an isomorphism ¢ : Q, = C, and consider a continuous representation

p: GF — GLn(@p)

Suppose that p satisfies the following conditions:

(i) There is an isomorphism p¢ = pVel™m.

(i) The group p(Gp(c,)) C GL,(F,) is adequate, in the sense of Definition .
(iii) The representation p is almost everywhere unramified.

(iv) There exists a RACSDC automorphic representation m of GLy, (Ap) such that:

(a) There is an isomorphism r,(w) = p.

(b) For each finite place v of F', we have ()|, ~ plgy,. (This condition is automatic if m,
and plgy, are both unramified.) In particular, if v|p, then pla,, and r.(7)|c,, are potentially
crystalline.

(v) If p = 2 and n is even, then there exists a place v|oo of FT at which the pair (p,el™™) is strongly
residually odd, in the sense of Definition[3.3

Then p is automorphic: there exists a RACSDC automorphic representation 11 of GL,(Ap) such that p =
r,(II).

This is a theorem of ‘minimal type’. We can phrase its conclusion more colloquially as follows: given
two m-dimensional Galois representations pi, p2 of unitary type, which have ‘the same’ local behaviour at
each place v of F' and the same residual representation, the automorphy of one implies the automorphy of
the other. We state the theorem with no restriction on p since even in the case where p is odd, we are able
to make a slight improvement on existing results (cf. [Thol2, Theorem 7.1]).

The main ingredients in the proof of Theorem [I.I] which are new to this paper are the definition
of a representable deformation functor in the case p = 2, and the observation that one can carry out the
procedure of killing the dual Selmer group, even in the case where the base field F contains p*™® roots of unity
(see Proposition . It is here that we require the local hypothesis (v) at infinity. In the case n = 2, this
condition is more-or-less equivalent to asking that for a given residual representation p : Gp+ — GLa(F,),
there exist a place v|oco such that the image p(c,) of complex conjugation at v is non-trivial. This is exactly
the condition imposed by Dickinson [Dic01].

The definition of ‘adequate subgroup’ that we use was first written down in the case p = 2 by
Guralnick, Herzig and Tiep [GHTIJ; it is pleasant to see that this turns out to be the right definition to prove
automorphy lifting theorems in this case.

Having proved Theorem we apply it to improve the aforementioned modularity lifting theorem
of Kisin for GLy. We are able to prove the following result.



Theorem 1.2 (Theorem. Let F be a totally real number field, and let p : Gr — GLa(Qs) be a continuous
representation satisfying the following conditions:

(i) p is almost everywhere unramified.

(ii) For each place v|2 of F, pla,, is potentially crystalline. For each embedding 7 : F, < Qy, HT,(p) =
{0, 1}.

(iii) p is absolutely irreducible, and has non-soluble image. There exists a place v|oco of F such that p(cy)
18 non-trivial.

(iv) There exists a RAESDC automorphic representation (m,x) of GLa(Ar) and an isomorphism 1 : Qy = C
such that r,(7) = p.

Then p is automorphic: there exists a RAESDC automorphic representation (o,v) of GLa(Ar) such that
p=ro).

An analogous improvement in the case p > 2 has been made by Barnet-Lamb, Gee, and Geraghty
IBLGG12]. As in that work, the main problem is to construct ordinary automorphic lifts of a given (au-
tomorphic) residual representation, and we accomplish this by using Theorem in the case of n = 4,
by tensoring together various 2-dimensional representations with given local properties. Our techniques
are broadly similar to those of [BLGG12], the main wrinkle being that induction from index 2 subgroups
does not preserve adequacy. Where the authors of [BLGGI12] use automorphic induction from quadratic
extensions, we must therefore use tensor product functoriality for GLo X GLo, and tensor together residual
representations which have insoluble image.

We observe that Theorem is not strictly stronger than the theorems of [Kis09]; rather, we have
exchanged a condition at p for an apparently milder condition at infinity. This condition at infinity could
be removed if the analogous hypothesis (v) of Theorem could be removed. It is possible that this
could be done using the techniques of [KW09¢] and [Kis09], although we have not tried to do this here.
Given the important role played by 2-adic automorphy lifting theorems in the proof of Serre’s conjecture
[KW09c, KW09b], this seems like an interesting problem.

We now describe the organization of this paper. In we define our deformation problem for
Galois representations of unitary type, and study it using Galois cohomology. Where possible, we have given
arguments that are independent of the residual characteristic p, although at some points it is impossible to
avoid splitting up into cases (according as to whether p is even or odd). In we define spaces of algebraic
modular forms on definite unitary groups, and prove an automorphy lifting result under some additional
local hypotheses. Given the foundations built up in §2} this section contains little that is new compared to
[Thol2l §6], and we only sketch parts of the argument that remain unchanged. In we prove Theorem |1.1
by reduction to the main result of In we apply this result to the proof of Theorem
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1.2 Notation

If E/F is a quadratic field extension, then we write dg/p : Gal(E/F) — {£1} for the unique non-trivial
character. A base number field F' having been fixed, we will also choose algebraic closures F of F and F,
of F, for every finite place v of F. If p is a prime, then we will write @Q, for a fixed choice of algebraic
closure of Q,, and val, for the p-adic valuation on Q, normalized so that val,(p) = 1. These choices define
the absolute Galois groups G = Gal(F/F) and Gp, = Gal(F,/F,). We write Ir, C Gp, for the inertia



subgroup. We also fix embeddings F — F,, extending the canonical embeddings F' < F,. This determines
for each place v of F' an embedding Gr, — Gr. We write Ar for the adele ring of F', and AY = H:ﬁoo F,
for its finite part. If v is a finite place of F, then we write k(v) for the residue field at v and ¢, = #k(v).

We write Frob, € G, /I, for the geometric Frobenius element. We write e : Gp — Z;j for the p-adic
cyclotomic character; if v is a finite place of F', not dividing p, then e(Frob,) = ¢, 1. If p: Gp — GLn(@p)
is a continuous representation, we say that p is de Rham if for each place v|p of F', p|g,, is de Rham. In
this case, we can associate to each embedding 7 : F' — @p a multiset HT, (p) of Hodge—Tate weights, which
depends only on p|g,, , where v is the place of F' induced by 7. This multiset has n elements, counted with
multiplicity. There are two natural normalizations for HT, (p) which differ by a sign, and we choose the one
with HT,(e) = {—1} for every choice of 7.

We use geometric conventions for the Galois representations associated to automorphic forms. First,
we use the normalizations of the local and global Artin maps Artp, : £ — W2 and Artp : AX — Gab
which send uniformizers to geometric Frobenius elements. If n > 1 and v is a place of F, then we write recp,
for the local Langlands correspondence for GL,, (F,), normalized as in [CT14] §2.1]. If v is a finite place of
F, then we define rec, () = recp, (7 @ | - |(1_”)/ ?). Then recf, commutes with automorphisms of C, and so
makes sense over any field  which is abstractly isomorphic to C (e.g. @,). We write || - || : Af — Rsq for
the standard norm character, which corresponds under global class field theory to the cyclotomic character
€.

If (r, N) is any Weil-Deligne representation, we write (r, N)¥- for its Frobenius-semi-simplification.
If v is a finite place of F' and p : Gp, — GL, (@p) is a continuous representation, which is de Rham if v|p,
then we write WD(p) for the associated Weil-Deligne representation, which is uniquely determined by p, up
to isomorphism.

We will call a finite extension E/Q, inside @p a coefficient field. A coefficient field E having been
fixed, we will write O or O for its ring of integers, k or kg for its residue field, and A or Ag for its maximal
ideal. If A is a complete Noetherian local O-algebra with residue field k, then we write my C A for its
maximal ideal, and CNL4 for the category of complete Noetherian local A-algebras with residue field k. We
endow each object R € CNL,4 with its profinite (mg-adic) topology.

If I is a profinite group and p : I' — GLn(@p) is a continuous representation, then we can assume
(after a change of basis) that p takes values in GL,(O), for some choice of coefficient field E. The semi-
simplification of the composite representation I' — GL,,(0O) — GL,(k) is independent of choices, up to
isomorphism, and we will write p: I' — GL,,(F,) for this semi-simplification.

If E is a coefficient field and p : I' — GL,, (k) is a continuous representation, then we write ad p for
Endy,(p), endowed with its structure of k[T']-module. We write ad’s C adp for the submodule of trace 0
endomorphisms, and (if ' = G for a number field F) ad’ p(1) for its twist by the cyclotomic character. We
write adg p for the quotient of adp by the I'-invariant subspace of scalar endomorphisms. If M is a discrete
Z|Gr)-module, then we write H(F, M) for the continuous Galois cohomology group with coefficients in M.
Similarly, if M is a discrete Z|GF,]-module, then we write H'(F,, M) for the continuous Galois cohomology
group with coefficients in M. If M is a discrete k[G p]-module (resp. k[GF,]-module), then H!(F, M) (resp.
HY(F,,M)) is a k-vector space, and we write h'(F, M) (resp. h'(F,, M)) for the dimension of this k-vector
space, provided that it is finite.

2 Deformation theory

Let n > 1 be an integer, and define G,, = (GL,, x GL1) x {1, 7}, an algebraic group over Z. The semi-direct
product is defined by the relation

2g, 1) = (u'g™" w)y.
We let g, = LieG,,. There is a character v : G, — G,,, given by the formula (g, ) — p, 7— —1. Let T be a

group, and let A be an index 2 subgroup. The reason for introducing the group G, is the following lemma
([CHT08, Lemma 2.1.1]):

Lemma 2.1. Suppose that R is a ring, and let c¢ € I' — A. Then the following two sets are in natural
bijection:



(i) The set of homomorphisms r: T — G, (R) such that r~1(GY(R)) = A.

(ii) The set of triples (p, i, (-,-)), where p: A — GL,(R) and p : T — R* are homomorphisms and (-, ) is
a perfect R-linear pairing on R™ such that for all x,y € R™, § € A, we have

(x, p(c})y) = —plco)(y, ) and (p(8)z, p(5°)y) = pu(8)(x,y).

Under this correspondence we have u(y) = (vor)(y) for all v € T, and (z,y) = 'z A~ 'y, where r(co) =
(A, —p(eo))g. If T and R are topological groups and A C T is a closed subgroup, then continuous homomor-
phisms r correspond to pairs of continuous homomorphisms (p, ).

The group G2(R) = GL,(R) x GL1(R) acts by conjugation on the set of homomorphisms 7 : ' —
Gn(R) such that r—*(G9(R)) = A. We observe that, in general, the GL1(R) factor does not act trivially;
rather, under the dictionary of Lemma it acts by rescaling the perfect pairing (-, -).

If r : T' = Gn(R) is a homomorphism such that A = r=1(G%(R)), then we will write 7o : A —
GL,(R) for the representation that arises by restricting r to A and then projecting to the GL,, factor of
GY = GL,, x GL;. Thus it makes sense to speak, for example, of the characteristic polynomial of an element
r|a(d), 6 € A. We write g,,r for the R[I']-module, free as R-module, induced by the adjoint representation
of G,.

Lemma 2.2. Let k be a field, let p : A — GL, (k) be an absolutely irreducible homomorphism, and let
T — kX be a character such that p°© = p¥ @ p. Then there exists a homomorphism r : T — G, (k) such
that r|a = p, vor|a = p, and r(co) € Gn(k) — G2 (k). This extension is unique up to GO (k)-conjugacy.

Proof. By hypothesis, there exists a perfect pairing (-,-) : k™ X k™ — k such that for all 6 € A, z,y € k",
(p(0)x, p(6°)y) = p(d)(x,y). This pairing is unique up to k*-multiple (because p is absolutely irreducible).
Define a new pairing by the formula (z,y) = (x,p(c3)y). Then a calculation shows (p(8)z, p(5°)y)’ =
w(o)(x,y)Y = u(d){x,y), hence (x,y) = alx,y) for some « € k*.

Define another new pairing by (x,y)” = (y, p(c2)z)’. Then another calculation shows that

(,y)" = p(co)*(z,y) = o*(z,y),

hence o = £p(cg). After possibly replacing p by its multiple by the non-trivial character of T'/A, we see
that the triple (p, p, (-,-)) is of the type appearing in the statement of Lemma and the existence of r
follows from this.

If v’ is another such extension, then it corresponds under the dictionary of Lemma to a triple
(p, 11, A(+,-)) for some A € k*. We thus have r’ = (1, \)r(1,\)~1, showing that r and 7’ are indeed GO (k)-
conjugate. O

The following lemma is [CHTO08|, Lemma 2.1.5].

Lemma 2.3. Suppose that I' is a profinite group and r : I' — GL,(Q,) is a continuous representation with
A =r"YG%(Q,)). Then there exists a finite extension E/Q,, inside Q, and another continuous representa-
tion v’ : T — G, (Og) which is GJ(Q,)-conjugate to r.

Lemma 2.4. Suppose that R O S are complete Noetherian local rings with common residue field k and
mpr NS = mg. Suppose that T' is a profinite group and r : I' — G,(R) is a continuous representation
with A = r=1(G2(R)). Suppose finally that r|n mod mp is absolutely irreducible and that trr|a(A) C S
and v o r is valued in S* C R*. Then there exists a continuous representation v’ : I' — G,(S) and
g € ker(Gn(R) — Gn(k)) such that r' = grg=1.

Proof. By the analogous result for GL,, (i.e. [CHT08, Lemma 2.1.10]) and our assumption that v o r is
valued in S*, we can assume that r(A) C G%(S) = GL,(S) x GL1(S). Choose ¢cg € I' — A, and write
r(co) = (A, —pu)7. Let p = r|a. Then we have p® = Ap¥A~1 @ (v or)|a, and hence (by [CHT0S, Lemma
2.1.9]) we can find B € GL,(S) such that p® = Bp¥B~1 @ (vor)|a.



By Schur’s lemma (JCHT08| Lemma 2.1.8]), we have A = a.B for some a € R*. Since R and S have
the same residue field, we can assume (after multiplying B by an element of S*) that o € 1 + mp. We then
have

(17 O[)T(Co)(l, O‘)il - (L Oé)(A7 7#)](15 O‘)il = (OL?IA’ 7:”)] € gn(S)
It follows that r’ = (1,a)r(1,a™ 1) is valued in G, (S), as desired. O

A similar argument proves:

Lemma 2.5. Suppose that R is a complete Noetherian local ring, that " is a profinite group and that r1,ro :
I' = G,.(R) are continuous representations with A = r;*(GY(R)) = 5 (G2(R)), r1 mod mp = ry mod mg,
and vory = vory. Suppose moreover that r1|a mod mg is absolutely irreducible, and that for all § € A,
trri|a(0) = trra|a(8). Then there exists g € ker(G,(R) — Gn(k)) such that grig=! = ro.

2.1 Galois deformation theory

Let p be a prime, and let £/Q,, be a coefficient field with ring of integers O, maximal ideal A, and residue
field ¥ = O/X. If A is a group functor on the category of O-algebras, then we define for R € CNLp

A(R) = ker(A(R) — A(k)). Fix an imaginary CM number field F' with maximal totally real subfield F't.
We assume that the following conditions are in effect:

e The extension F//F* is everywhere unramified.
e Each place of F'T dividing p is split in F.

Let ¢ € Gg+ be a fixed choice of complex conjugation. Let S, denote the set of places of F* dividing p,
Se the set of places dividing oo, and let S be a finite set of places of F which contains S, U So,. We
write F'(S) for the maximal Galois extension of F' unramified outside S; then F(S)/F 7 is Galois. We define
Grp+s = Gal(F(S)/F*'), Gps = Gal(F(S)/F). Then Gps C Gp+ g is an index 2 normal subgroup, and
the quotient G+ s/GF s is generated by the image of c.

We fix a continuous representation 7 : Gp+ g — Gy (k) such that 7~ 1(G%(k)) = Gp,s and 7lg, , is
absolutely irreducible. We also fix a continuous character x : Gp+ g — O such that Y =voT.

We can now give the definitions relating to the local and global deformation theory of the represen-
tation 7.

Definition 2.6. Let v € S. We define the functor LiftEI : CNLp — Sets of unrestricted liftings 0f?|GF+ as
follows: if R € CNLg, then LiftS (R) is the set of homomorphisms r, : Grr = Gn(R) such thatvor, = x|a .
and r, mod mp = F|GF+.

By definition, a local deformation problem is a representable subfunctor D, C LiftE such that for all
R € CNLp, the subset D,(R) C LiftE is invariant under the conjugation action of the group G,(R).

We remark that the above definition depends on the choice of character x, although we do not
include this in the notation. It is easy to see that for v € S, the functor LiftvD is a local deformation problem
(i.e. that LiftY is represented by an object RY € CNL).

Definition 2.7. A global deformation problem is a tuple
S = (vaa O7Xa Sa {DU}UES)’

where F', 7, O, x and S are as above and for each v € S, D, is a local deformation problem.
Let R € CNLo. A lifting of 7 to R of type S is, by definition, a homomorphism r : Gp+ g — Gn(R)
satisfying the following conditions:

(i) We have r mod mp =7 and vor = x.

(ii) For each v € S, we have r|g . € Dy(R).



Two liftings r1, 79 of type S are said to be strictly equivalent if there exists g € én(R) such that grig=" = rs.

A strict equivalence class of liftings of type S is called a deformation.

Lemma 2.8. Let S be a global deformation problem, and let Defs : CNLyp — Sets be the functor which
assigns to each R € CNLgp the set of deformations of 7 to R of type S. Then Defgs is representable.

Proof. Let Def? : CNLp — Sets be the functor of liftings of 7 of type S. It is easy to see that DefE is
representable. Let 7 : GL; — G, = (/}in x GL; be the map A — (- 1,,)2), and let H,, be the functor in
groups on CNLo given by the formula 7, (R) = Gn (R )/z((/}il( R)).

It follows from [KW09d, Pr0p0s1t10n 2.5] that the functor Hn is representable by an obJect of CNLp,

formally smooth over O. Moreover, 7, acts freely on Defg 5. Indeed, let R € CNLo, r € Def s(R), and
suppose that g € Stabg p(r). It follows from [CHTOS, Lemma 2.1.8] and our assumption that 7|q,

is absolutely irreducible that we can write g = ()\ 1, 1), with A, p € R*. It follows from the equality
gr(c)g~! = r(c) that in fact 4 = A2, hence g € z(GLl(R)) hence the image of g in H,,(R) is trivial. The
lemma now follows from another application of [KW09¢, Proposition 2.5]. O

We write Rg for the representing object of Defg.

Definition 2.9. Let § be a global deformation problem, and let T' C S. We define a T-framed lifting of T
of type S to be a tuple (r,{c, }ver), where v is a lifting of type S and for each v € T, o, € Gn(R). Two
T-framed liftings (11, {0 Yver) and (ro,{By}ver) are said to be strictly equivalent if there exists g € Gn(R)
such that grig~" = ry and go, = By for each v € T. A strict equivalence class of T-framed liftings is called
a T-framed deformation.

Lemma 2.10. Let S be a global deformation problem, and let Defg : CNLp — Sets be the functor which
associates to each R € CNLo the set of T-framed deformations of ¥ to R of type S. Then Defg 1S repre-
sentable.

Proof. If T = (), then this is just Lemma The general case follows easily from [KW09c, Proposition
2.5]. O

We write RL for the representing object of Def:‘g.

Lemma 2.11. Let S be a global deformation problem and let T C S be non-empty. Then RL is a formally
smooth Rs-algebra of relative dimension (n? + 1)#T — 1.

Proof. The map Rs — RL arises from universality (forget the framing). The rest of the lemma is easy. [

Let S be a global deformation problem, and let T' C S. Then there is a natural transformation
Defs — [ Do,
veT

given by the formula
(7‘17 {QU}UET) = (O‘UT1|GFJ_ qujl)veT-

(It is easy to check that this is independent of the chosen representatives.) If we write R, € CNLy for the
representing object of D, (v € T'), then there is a corresponding morphism in CNLp:

RS = ®uver Ry — RE.



2.2 Galois cohomology calculations

We continue with the notation of the previous section, and fix furthermore a choice of global deformation
problem

§= (Fv?a Ov X5 Sv {DU}UGS)'
If v € S, then the set Liftg(k[e}) of liftings of F|GF+ to k[e] can be identified with the group of cocycles
ZY(F},adT), via the formula '

r(o) = (1+ep(0))F(0) (¢ € Z'(Ff,ad7), o€ GFU+).

Here we identify ad7 = Endy(7) = C/}in(lc[e]) Two such liftings 7,7, are conjugate under the action of

é\n(k[e]) if and only if the associated cocycles ¢1, @2 have the same image in the group H'(F,, g,7). If v is
split in F', then the exact sequence of k[G g+ g]-modules

0—ad” —g,7 >k —0

splits over k[G +], and this is equivalent to asking that ¢1, ¢ have the same image in HY(Ef,ad7). We
write £ € Z(F;", adF) for the k-vector space of cocycles corresponding to liftings in D, (k[e]) C Lift" (k[e]).
We write £, for the image of £} in HY(F,F,ad7), and ¢} = dimy, £, ¢, = dimy L,,.

Let T C S. We now want to define some global cohomology groups Hfsz which can be used to
analyze the relative tangent space of the morphism

1 P~ T
Ré:‘),cj1 - ®U€TRU — RS

To this end, we define a chain complex C’QT by the following formulae:

0 i <0;
CO(F(S)/F*, gnT) i =0;

Chp = CH(F(S)/F*,ad7) @yer CO(F}, go) i=1;
C2(F(S)/F*,ad7) ®oer CL(EF,adF) @pes_r CHEF, ad7) /L] i =2;
Ci(F(S)/F*,ad7) @yes C1L(F(S)/F*,ad7) i>3.

The differentials are given by the formula

8(¢7 (wv)ves) = (6¢>, (¢|v - awv)vGS)'

It is easy to check that this is indeed a complex, and that the cohomology groups H§7T of this complex fit
into a long exact sequence

0————Hgp —— H(F(S)/F7,8.7)

v

——> @uerHY(F}, 90T) — Hg p — H'(F(S)/F T, adT)"

@uverH'(F) ,ad7)" _ 1
@Uesf;ngFi,ad?;/ﬁv H3.r H2(F(S)/F7,ad7) W

——— DyesH?(Ff ad7) —— HE;’VT —— H3(F(S)/F*,ad7)

—_—> ..

(The superscript 7 indicates that we take the image of cohomology with coefficients in ad T in cohomology
with coefficients in g,7. A similar notation is used in [KW09¢, §4.1.4].) We define hs ,» = dimy, H§ 7.



Lemma 2.12. Let notation be as above. We have dimy, ng/(meSocT,m%{T) = h} ;. Consequently, there is
s S ’

a surjection Rl"C X1, ..., Xg] = RE of Rl"c -algebras with g = h}S,T'

Proof. We observe that there is an isomorphism
Homk (ng /(mR?,CT y m%g), k) = HOm(R;l;/mR}SocT 5 k[e]),

and the latter space corresponds to equivalence classes of tuples (r, (cw, )ver), where r is a lifting of 7 to kle]
of type S, a, € Gn(kle]), and for each v € T, oy 'r|g ot O is the trivial lifting. We can write r = (1 + €p)T

and a, = 1 + €,a, with ¢ € Z(F\,ad7) and a, € g,7, and 9(¢, (ay)ver) = 0. The pairs (¢, (a,)ver) and
(¢', (al)ver) define equivalent T-framed deformations if and only if there exists b € g,,7 such that ¢ — ¢’ = 9b
and a, —a!, = b for each v € T. It is now easy to check that the space of such equivalence classes of cocycles
is canonically identified with Hé,z“ O

If M is any k[Gp+ g]-module, then we define the Euler characteristics

2
X(FJ7M) = Z(—l)ihi(Fj_,M),
=0

2
X(E(S)/F*, M) = (=1)'h'(F(S)/F*, M)
=0

and
3

XS, T = Z(—l)i s

=0

Lemma 2.13. With assumptions as above, we have an equality
xso =1—#T +x(F(S)/FT,ad7) Z)(F+ adT) Z (65 —n?)

veES veS-T

Proof. Use the above long exact sequence and the exact sequences (v € S):
0 — HYFS,ad7) - HY(FS,g,) — H(F, k) — HY(F,,ad7) — H'(F, ,ad7)" — 0.
We also note that for ¢ > 3, the map
HY(F(S)/F*,ad7) —» [ H'(FF ad7)

VES
is bijective (and so Hg p = 0 if i > 4). O
Corollary 2.14. Suppose that S =T UQ U S (a disjoint union) and that S, C T. Then we have

Xso=1-#T— > (L —n?).
vEQUS

Proof. We evaluate each term of the formula of Lemma [2.13]in turn. We have

X(F(S)/FTad7) = Y (R°(FF, adF) — n?)
VESo
(by [Mil06l Theorem 5.1]), and
> x(Ffadr) = Y hO(FF adT)

VESoo VESso



(as hY(Ff,ad7) = h2(F},ad 7)), and

> X(FFadr) = —n’[F': Q]

veTUQR

(by [Mil06l Theorem 2.8]). Summing these up now gives

Xso=1—#T —n?[FT:Q+ Y WOFFadf) +n?[F*:Q — Y hO(FFadr) — Y (6 —n?)
VES VES VEQUS
=1—#T— Y  (6i—-n?),
vEQUS s
as desired. O

If v € S, then we define

o = ker(HY(E,f,ad7) — HY(ES, g,.7)).

v

If v is split in F', then u, = 0, but in general it can be non-trivial. We always have u,, C £,,. If T C S, then
we define a ‘dual Selmer group’

Hg p={xe H'(F(S)/FT,ad7(1)) | Yv €T, (x, py) =0; Yo € S =T, (x, L,) = 0}.
We define h‘lsl’T = dimy HsL T

Lemma 2.15. Let § = (F,7,0,x,5,{Dy}ves) be a global deformation problem, and let T C S. Then
h% = hSL 7 and hs = ho(F(S)/F*, ad7(1)).

Proof. We use the Poitou—Tate exact sequence. More precisely, we have two exact sequences of k-vector
spaces:

1 b o= Guer H' (Ff ad7)"
HA(F(S)/FT,adm)! ——= o i (P adr)/c.

|

®oesH?(F),adF) <—— H2(F(S)/F*,ad7) < H3 ; (2)
Hg,T 0)

and

1 T @ver H' (F ,ad7)"
HY(F(S)/F*,ad7)" ” @ues_rHYFF,ad7) /Lo

DuvesH?(F,adT) <——— H*(F(S)/F*,adT) <~ (Hg

S+.T

HO(F(S)/F*,ad7(1))Y

)V (3)

0.

The first of these is part of the long exact sequence , while the second arises from the Poitou-Tate exact
sequence (see [Mil06, Theorem 4.10]). The lemma now follows immediately on comparing (2) and (3). O

2.3 Local deformation problems

We continue with the notation of §2.1] and define some local deformation problems.
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2.3.1 Deformations at infinity

Suppose that v € Sy, and x(¢,) = —1 (we will always assume this in applications below). In this section,
we study the unrestricted deformation functor Lifty) and its tangent space ¢} = Lift> (k[e]).

Lemma 2.16. Suppose that p = 2.
(i) Suppose that n is odd. Then T(c,) is GLy(k)-conjugate to (1,,1)7.

(i) Suppose that n is even. Then T(c,) is GLy(k)-conjugate either to (1,,1)y or (¥,,1)7, where ¥,, €
GL,, (k) is the matriz with 1’s on the antidiagonal and 0’s everywhere else.

Proof. Let 7(c,) = (A,1)7. We calculate

7(cy)? = (A4
hence A = 'A. Conjugation by g € GL, (k) replaces A by gA’g, so the problem comes down to the
classification of GL,,(k)-conjugacy classes of symmetric matrices.

Rephrasing the problem slightly, we must show that for any m > 1, any k-vector space V of
dimension m with non-degenerate symmetric bilinear pairing is isomorphic to one of A,, or B,,, where
A,, = k™ with the pairing of Gram matrix 1,, and B, = k" with the pairing of Gram matrix ¥,,. This
follows by induction, together with the easily checked observations A,, = A", B, = Bm/ 2 Bémfl)/ ® A
(according to whether m is even or odd, respectively) and By & A; & As. O

1) =1,

Lemma 2.17. (i) We have (} =n(n+1)/2.

(i) Suppose that p # 2 or that p = 2 and 7(c,) is GLy,(k)-conjugate to (1,,1)y. Then dimy p, = 1 and the
natural map HY(Ff k) — HY(F.f,ad7) is injective.

(ii3) Suppose that p = 2, n is even, and 7(c,) is GLy, (k)-conjugate to (Vp,1)3. Then dimy 1, = 0 and the
natural map HY(Ff k) — HY(F.f,ad7) is 0.

Proof. Let r € Lift2(k[e]). Then we can write r(c,) = ((1+eX)A, 1)), and X € adT is arbitrary, subject to
the condition

r(cy)? = (1 4+ eX)A, 1)9((1 + eX)A,1)7 = (1 + eX)A, 1)(tZ‘1(1 —e'X), 1) =(1+eX -'X),1) =

In other words, X must be symmetric. This proves the first part of the lemma. The second part is clear if
p# 2. If p=2, we have

1o = ker(H' (Ff ad7) — HY(FF,ga7)) = im(HO(F; k) — HY(F;,ad7)),
where the boundary map is the one attached to the short exact sequence

0 adr anT k 0.

A calculation with cocycles reveals that we can identify p, with the image of the map H(F) k) —
HY(F;,ad7) which is attached to the short exact sequence

0 k ad7r adg 7 0.

Let us assume that 7(c,) is equal either to (1,,1)7 or (¥,,1)7. Let t C ad7 denote the diagonal Cartan
subalgebra, and consider the exact sequence of k[G +]-modules

0 k t—t/k 0.

Then t C ad7 admits a G Fio -stable complement (consisting of matrices with 0’s on the diagonal), so we can
finish the proof of the lemma by analysing what happens inside t.

If 7(ey) = (1n,1)7 (so we are in the second case of the lemma), then G+ acts trivially on each
term in this sequence, which is therefore a split exact sequence of k[G j+]-modules. The desired assertions
follow immediately from this. If 7(c,) = (¥, 1)7 (so we are in the third case of the lemma), then ¢, acts on
t =2 k2" by reversing the order of coordinates. The usual calculation of cohomology of cyclic groups shows
that H'(F,\,t) = 0, which implies the desired statement in this case also. O
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2.3.2 Taylor—Wiles deformations

Let v be a finite place of F* which splits in F((,) and at which 7 is unramified, and suppose that 7(Frob,)
is semi-simple. Let «, € k be an eigenvalue of 7(Frob, ) of multiplicity n, say. We can decompose

p|GF{,*' :Zv @Evv (4)

where A, (Frob,) = a,-1,,. We define a subfunctor D'V C LiftvIj as follows: if R € CNLp and r € LiftE (R),
then we say that r € DI'W(R) if there is a decomposition

p=A,® B, (5)

lifting the decomposition , and such that B, is unramified and A,|l = 1y - 1, for some character
Uy o P R*. The deformation problem DIV depends on the choice of a,, although we do not include it

in the notation. It is known (see [Thol2, Lemma 4.2]) that DIV is a local deformation problem.
Let A, = k(v)*(p) denote the p-part of the finite abelian group k(v)*. We observe that if p €
DIW(R), then there is a canonical homomorphism A, — R*, given by ), o Art Pt

2.3.3 Potentially crystalline deformations

Now suppose that v € Sp; then v splits in F, by assumption. We now recall, following [BLGGT14, §1.4],
some local deformation problems whose existence and basic properties have been established by Kisin [Kis08§].
Let Z" C Z" denote the set of tuples (Ar,...,A,) with A; > --- > A, and let A, € (Z)1omer (F7Q) | Let
K be a finite extension of F inside F, .

According to [BLGGTT4, §1.4], there is a reduced, p-torsion free quotient R} 5= of RY with the
following properties:

e The quotient RY — R} X~ defines a local deformation problem. We write D)5~ for the corre-
sponding set-valued functor in CNLe. In the case K = Ff, we omit the superscript from the notation
and simply write D).

o Let p7: G r+ — GLy (RY) denote the universal lifting, and fix a homomorphism f : RY) — @,. Then

f factors through the quotient RUD — RM K=< if and only if fo pD|GK is crystalline, of Hodge—Tate
type Ay.

e The ring R} K ~<'[1/p] is formally smooth over E, of dimension 1 +n? + [EF} : Qpln(n — 1)/2.

The ring R)*K =" = R} K=" @, Q, is independent of the choice of coefficient field E (see [BLGGT14,
Lemma 1.2.1]). This fact will be used in

2.3.4 A useful local deformation problem

Now suppose that v € S — (S, U Sy) splits in F. We write R for the maximal reduced, p-torsion free
quotient of RY[1/p], and D for the corresponding set-valued functor on CNLe. It is easy to see that D is
a local deformation problem.

The ring R has the following useful property (see [BLGGTI4, Lemma 1.3.2]). Let p5 : Gp+ —
GL,,(RY) be the universal lifting, and let f : RY) — @, be a homomorphism (that therefore factors through
the quotient R). Then there is an irreducible admissible representation 7 of GL,,(F, ) over @p such that
rec£+ (m) 2 (f o pP)F5. Suppose that 7 is generic. Then the ring R [1/p] is formally smooth over E at the
closed point corresponding to f.

The ring R = R ®c Q, is independent of the choice of coefficient field E (see [BLGGT14, Lemma
1.2.1]). This fact will be used in

12



2.4 Taylor—Wiles systems
Consider a global deformation problem

S=(F7,0,x, 5 {Dv}ves)-
Let T =S5 — S, and p = T|gp s-

Definition 2.18. Let N > 1 be an integer. A Taylor—Wiles datum of level N is a pair (Q, (cw)veq) satisfying
the following conditions:

(i) Q is a finite set of finite places of F+.
(ii) For each v € Q, v & S and v splits in F((,~).
(iii) For each v € Q, p(Frob,) is semi-simple and «, € k is one of its eigenvalues.

If (@, (aw)veq) is a Taylor-Wiles datum, then we define the augmented global deformation problem
Sq = (F,7,0,x,SUQ, {Du}ves U{D, " }oeq),

where for each v € Q the local deformation problem DIV is defined with respect to the eigenvalue o, € k,
as in 32.3.2 Let Ag = [[,cqk(v)*(p). Then there is a canonical homomorphism O[Ag] = Rs,, and a
canonical identification Rs, ®o[a,) O = Rs.

Lemma 2.19. Let (Q, (aw)veq) be a Taylor-Wiles datum. Then there is an exact sequence

HéJ_ﬁT @vGQka

1
0——>H},

the last arrow being given by [¢] — (tr €Frob,,a, Y (Froby))veq. (Here we write epyob,,a, € adT = M, (k) for
the unique idempotent in k[p(Frob, )] with image equal to the a,-eigenspace of p(Frob,,).)

Proof. If v € Q, let £, C H*(F,f,ad7) be the subspace corresponding to DIV (k[e]), and let LY be the
subspace corresponding to the functor of unramified deformations. Then £ C L£,. By definition, we have

HYi g = ker [Hl(F(S UQ)/F*,ad7(1)) —

[[ B2 EFadr)/uy x [ H'(EFad7(1)/cy < ]| Hl(FJ,ad?(l))/(EZ‘r)L},

veT veS-T veEQ

and
Hé‘é—,T =ker Hg. 7 — H (LY /Ly
vEQ

To show the lemma, it is therefore enough to show that for each v € Q, there is an isomorphism (L£Y)+ /£t =

k, given at the level of cocycles by the formula [¢)] — treprob, o, ¥ (Frob,). Writing F|GF+ =A,® B, asin

v

the definition of DIW  we calculate ad 7 = End(4,) ® Hom(A,, B,) ® Hom(B,, 4,) ® End(B,), hence
HY(F,ad7) = HY(F, ,ad A4,) @ H (F,},ad B,)

(as the other two summands have trivial cohomology). The representation A, is assumed to be scalar, so
ad A, is a trivial Galois module, and we have a canonical isomorphism H!(F;}F,ad A,) = HY(F,[, k)®ad A,.
The group H'(F,", k) is a 2-dimensional k-vector space, endowed with a perfect duality; the subspace of
unramified classes is 1-dimensional, and equal to its own orthogonal complement. Writing Z C ad A, for the
subspace of scalar endomorphisms, we can therefore identify

Ly ={(z,y) € Ly C H'(F},adA,) ® H'(F},ad B,) = H'(F,} ,ad7) | (z, H'(F,}, Z)) = 0}
= HL(Ff k)@ ad” 4, @ HL(FF,B.).

This expression is equivalent to the desired result. O
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The following definition of adequate subgroups is taken from [GHT].

Definition 2.20. Let K be a field. We say that a subgroup H C GL,(K) is adequate if it satisfies the
following conditions:

(i) We have H'(H, K) = 0 and H'(H,ady) = 0.

(i1) For each simple K[H]-submodule W C ad, there exists a semi-simple element o € H with an eigenvalue
o € K such that treq, oW # 0.

The second condition implies that M, (K) is spanned as a K-vector space by the semi-simple elements
o € H C ad. In particular, an adequate subgroup acts absolutely irreducibly in its tautological representation
on K.

Proposition 2.21. Let S = (F, 7,0, x, S, {Dy}ves) be a global deformation problem, and let T = S — Sx.
We make the following assumptions:

(i) For each v € Ss, p(cy) = =1 and D, = LiftE.

(ii) If p # 2, then F = F*((,). If p=2, then F = F*(y/—1).

(i) If p = 2 and n is even, then there exists v € So, such that 7(c,) is GL,(k)-conjugate to (1,,1)7 (cf.

'PE)

(tv) The group p(Gr) C GL, (k) is adequate.
Letq=ht, .—1andg=q+|T|—-1—[FT :Qn(n—1)/2. Then for each N > 1, we can find infinitely many

ST
Taylor—Wiles data (Q, (ay)veq) of level N such that #Q = q and the map Rg’CT — REQ can be extended to

a surjection RS [X1,..., Xg] — RS,

Proof. We first note that Rg"if = R};’C‘;’T by definition, and that R?.;Q can be topologically generated as
an R?&T—algebra by h}SQ’T elements. To prove the proposition, it is therefore enough to show that for
each N > 1, we can find infinitely many Taylor-Wiles data (Q, (ay)veq) of level N such that |Q| = ¢ and
hfs T=9
Q>
On the other hand, we have by Corollary and the local calculations of an equality
Xso.r =1 |T| = 1Q| + [F": Qn(n —1)/2.
Combining this with Lemma [2.15] we obtain an equality
hsor =hs,r —hs,r—1+|T|+[Q| = [F": Qln(n—1)/2 = h}%’T — 24T+ Q| — [F" : Qn(n —1)/2.

It is therefore enough to show that for each N > 1, we can find infinitely many Taylor—Wiles data

(@, (aw)veq) of level N such that h}sL r=1= ht. —]Q|. We will do this by killing cohomology classes in
& ;

HéLAT in the usual manner, using Lemma
Fix now a choice of N > 2, large enough so that Fy = F((,~) strictly contains F. Let [¢] €
HY, . C HY(F(S)/F*,ad7(1)) be a cohomology class with non-zero image in H*(F(S)/Fy,ad7(1)). We

claim that we can find infinitely many Taylor-Wiles data ({w}, ) of level N such that [¢] ¢ Hg, .
{wy

We first show that this claim implies the proposition. Indeed, let s denote the dimension of the
image of H} in H'(F(S)/Fy,ad7(1)). By applying the claim repeatedly we can find infinitely many

L,T
Taylor—Wiles data (Q, {aw }veq) of level N such that |Q| = s, h}%j = h}SL,T — s and the map H;’é,T —
HY(F(S)/Fn,ad7(1)) is trivial.
It follows that Hé . is contained inside
Q’

ker [H'(F(S)/FT,ad7(1)) - H'(F(S)/Fy,ad7(1))] = H'(Fy/FT,ad7(1)%").
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Our assumption that 5(Gr) is adequate implies that 5(G ry ) = p(Gr) and ad7(1)“F~ = k (i.e. the subspace
of scalar matrices). At this point, we split into cases according to the parity of p. If p is odd, then it is
easy to see that Hé‘é.T = HY(Fyn/F7*,k) is 1-dimensional. It follows that s = ¢ = |Q|, and the proof of the
proposition is completed in this case. If p = 2, then H'(Fy/F7T, k) is 2-dimensional. However, it follows
from our hypotheses and the second part of Lemma [2.17] that there exists a place v € S such that the map
HY(Fx/F*,k) — HY(FE}, k) — HY(F,},ad7(1)) is injective, and hence that HL, .. is again 1-dimensional.

85,1
Q y
(We observe that classes in Hé g are locally trivial at v € S, by definition, because v ¢ T.) We again see

that s = ¢ = |Q|, and the proof of the proposition is completed in this case also.

We now return to the proof of the claim. Let [¢] € HéL’T C HY(F(S)/F*,ad7(1)) be a cohomology
class with non-zero image in H'(F(S)/Fy,ad7(1)). By Lemma it is enough to find a place w of F¥
and an element «,, € k satisfying the following conditions:

e w splits in Fy and p(Frob,,) is semi-simple.
e o, € k is an eigenvalue of p(Frob,,) such that tr epcob,, o, ¥ (Frob,,) # 0.

By the Chebotarev density theorem, it is even enough to find elements o € G, and a € k such that 5(o)
is semi-simple, and « is an eigenvalue of p(o) such that tre, o9 (c) # 0.

Let K/F be the extension cut out by adp, and let Ky = K - Fiy. Let f = ¢|k,, an element of
HY(F(S)/Ky,ad7(1))¢F ¢ HY(F(S)/Kn,adp)%F~. The image of [¢/] in H'(F(S)/Fy,ad7) is non-zero.
On the other hand, the group H'(Ky/Fn,ad7) = HY(K/F,adp) = 0, as follows from the assumption that
p has adequate image. It follows that f is non-zero, as a homomorphism f : Gal(F'(S)/Ky) — adT.

Let V' C adp denote the k-span of the image of f, a k[G gy ]-module. We can find a simple k[G g, -
submodule W C V', an element oy € G, such that p(og) is semi-simple, and an eigenvalue ag € k of p(0yp)
such that tresy oW # 0. If treq, 0,9 (00) # 0, then we are done on taking o = gy and a = «p.

Let us suppose instead that tr ey, q,%(00) = 0, and choose an element 7 € K such that tr ey, o, f(T) #
0. We claim that we are now done on taking o = 70g. Indeed, there is an eigenvalue « of p(o) such that
€og,00 = €o,a, a0d we calculate using the cocycle relation

tr €a7a¢(0) =tr 6007110 (’(/J(T) + ¢(Uo)) =tr 6007a0f(7) 7é O

This completes the proof. O

3 Galois representations and automorphic representations of GL, (Ar)

In this section, we recall the class of automorphic representations with which we work and make some
preliminary observations about their attached Galois representations.

Definition 3.1. Let n > 1 be an integer.

(i) Let F' be an imaginary CM number field. A RACSDC automorphic representation is an automorphic
representation © of GL,(AF) satisfying the following conditions:

(a) 7 is regular algebraic.
(b) 7 is conjugate self-dual, i.e. ¢ = ¥, c € Gal(F/F*) the non-trivial element.

(c) m is cuspidal.

(i) Let F be a totally real number field. A RAESDC automorphic representation is a pair (m,x) consisting
of an automorphic representation ™ of GL,(AFr) and a continuous character x : Aj — C*, satisfying
the following conditions:

(a) 7 is reqular algebraic.

(b) m is essentially self-dual, i.e. m = ¥ ® (x o det).

15



(c) 7 is cuspidal.

It is usual to require in the definition of a RAESDC automorphic representation that the value
Xv(—1) is independent of the choice of place v|oco of F'; however, Patrikis [Patal, Theorem 2.0.1] has recently
shown that this follows from the other conditions.

If F is an imaginary CM field or a totally real field, and 7 (resp. (m,x)) is a RACSDC (resp.
RAESDC) automorphic representation of GL,(Ar), and ¢ : Q, = C is an isomorphism, then there exists
a continuous semi-simple representation r,(r) : Gp — GL,(Q,), which satisfies the following local-global
compatibility condition at each finite place v of F’:

WD(r, (7r)|GFU )F'SS o~ recgv (flm).

In particular, if v|p then 7,(7)|q,, is de Rham, and there is a recipe for the Hodge-Tate weights of m in
terms of ¢ and 7 see [CT14, §2.1] for a precise statement and list of references.

3.1 The sign of a conjugate self-dual Galois representation

Let F be an imaginary CM number field with maximal totally real subfield F'*, and let ¢ € G+ be a fixed
choice of complex conjugation. Let k be a field, p : Gp — GL,,(k) an absolutely irreducible representation,
and p: Gp+ — k™ a character.

Suppose that there is an isomorphism p¢ & pV ® u; equivalently, that there exists a pairing (-, -) :
k™ x k™ — k such that for all § € G, z,y € k™, we have {p(0)x, p(6°)y) = u(d){x,y). The pairing (-,-) is
then uniquely determined up to scalar, and (after possibly replacing p by pdp/p+, as in the proof of Lemma
we have

(2, ) = —(c) (y, o) (6)

for all z,y € k™. Following [BLGGT14, §2], we say that a pair (p, s1) satisfying the condition (6) is polarized.
By Lemma this is equivalent to asking that p extend to a homomorphism r : Gp+ — G, (k) such
that v or = p. This condition is independent of the choice of c. We have the following result, due to
Bellaiche-Chenevier [BCTI].

Theorem 3.2. Let m be a RACSDC automorphic representation of GLy,(Afr), ¢ : @p =~ C an isomorphism,
and suppose that r,(m) is irreducible. Then the pair (r, (), el_"(Sg/IH) is polarized.

Now suppose that k is a perfect field of characteristic 2 and that n is even, and that the pair (p, u)
is polarized. We can attach a discrete invariant to p at each infinite place v of F¥ as follows. Let ¢, € Gp+
be a choice of complex conjugation at this place, and let r : G+ — G, (k) be a choice of extension of p such
that vor = p.

According to Lemma there are two distinct possilibities for the GL,,(k)-conjugacy class of
r(cy) € Gn(k): it is conjugate either to (1,,1)7, or to (¥,,1)7. We observe that the matrix ¥, admits
skew-symmetric lifts in GL,,(W(k)), while the matrix 1,, does not. (Here W (k) denotes the ring of Witt
vectors of k.)

Definition 3.3. Let k be a perfect field of characteristic 2, and suppose that n is even. Let (p, ) be polarized,
and let v be an infinite place of FT. We say that the pair (p, ) is strongly residually odd at v if r(c,) is
GL,, (k)-conjugate to (1,,1)7.

To motivate this definition, we have the following simple lemma.

Lemma 3.4. Let p =2, and let n be an even integer. Let E be a finite extension of Qp, and let r: Gp+ —
Gn(O) be a homomorphism such that (setting p =r|gp, p=vor) p is absolutely irreducible. Then the pair
(p, ) is polarized. If v|oo is a place of F¥, and (p, ) is strongly residually odd at v, then u(c,) = —1.

Lemma 3.5. Let k be a finite field, and let 0 : Gp+ — GLa(k) be a continuous representation such that
ol is absolutely irreducible. Let x = deto, and let ¢ : Gp — k™ be a character such that Yip° = ex, and
set p=o0l|g, @=L, Then:
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(i) The character x is totally odd if and only if the pair (p,e ') is polarized.

(ii) Suppose that k has characteristic 2, and let v be an infinite place of F+*. Then (p,e~1) is strongly
residually odd at v if and only if o(c,) € GLa(k) is non-trivial.

Proof. The proof is by explicit calculation. Fix a place v|oo of F© and a choice ¢ = ¢, € Gp+ of complex
conjugation at v. Note first that p is absolutely irreducible and p¢ = p¥ ® €~!. Define

0 1
=(500)

so that ‘o (y)Jo(y) = x(v)J for all ¥ € Gp+. An easy calculation then shows that the relation
"p(8)A7 p(6%) = e H(9)AT!

holds if we take A = o(c¢)J !, in which case A = —x(c)A. We can therefore define an extension 7 : Gp+ —
Go(k) of p by setting r(c) = (A, e 1x(c))s. This shows the first part of the lemma.
For the second part, we observe that the only two possibilities for o(c¢,) (up to conjugation in GLy(k))

are o(cy) = 1 or
o(cy) = ( (1) | )

In the first case, we obtain A = J~! = W,. In the second case, we obtain

1 1 0 1 11
a=(o ) (To)=(h o)
and this symmetric matrix is GLo(k)-conjugate to 1o. This completes the proof. O

3.2 Irreducible components of Galois deformation rings

In this section we recall some important ideas from [BLGGT14], which formalize the idea of two global Galois
representations having the same local properties (compare the statement of Theorem [I.1). Fix a prime p.
Let [ be a prime, and let K be a finite extension of Q; inside Q.

Definition 3.6. Fiz continuous representations p1,ps : Gg — GLn(Zp), and let r1,r9 : Gg — GLn(E,) be
the corresponding residual representations r1 = p1 mod my 12 = p2 mod my . Suppose that ry = ry.

(i) Suppose that | # p. We say that py connects with pa, and write py ~ pa, if p1, p2 define points on a
common irreducible component of Spec(RI'® Q,), where Rl Q,, is the ring defined with respect to rq

(ii) Suppose thatl =p. We say that p1 connects with p2, and write p1 ~ pa, if there exists a finite extension
K'/K and A, € (Zi)HOI”@P(K’QP) such that each of p1la,, and pa|g,., is crystalline of Hodge—Tate
type )\/1,, andfl,pg define points on a common irreducible component of Spec(Rf}‘“’K/_”'@@p), where
R} K —erg Q, is the ring defined with respect to ry in .

(We use the notation ry, 73 instead of 7,, 7, because of our convention that p, is the semi-simplified
residual representation of p.) It follows from [BLGGTI4, Lemma 1.2.2] that these definitions make sense,
independently of the choice of isomorphism 71 2 rs.

Now let F' be a number field, and suppose that p : Gp — GLn(@p) is a continuous representation
such that p is absolutely irreducible. Then after conjugating, we can assume that p takes values in GL,(Z,),
and p is then unique up to GL,(Z,)-conjugation.

Suppose p1,p2 : Gp — GLn(@p) are continuous representations such that p; and p, are absolutely
irreducible and p; = p,, and let v be a finite place of F'. We will say that pi|g,, connects to p2|cy, , and
write pi|g., ~ p2|lGg,, if this relation holds as in Definition with respect to these choices of integral
lattice.
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4 Automorphic forms on definite unitary groups

In this section we define spaces of algebraic modular forms on definite unitary groups, and use them to prove
an R = T type result. Apart from the Galois-theoretic ingredients of there is nothing in the current
section that will be new to an expert. In order to avoid repetition, we therefore refer to [Thol2l §6] for
detailed definitions and proofs, and merely recall notation and basic properties here. We first fix a prime p
and an integer n > 2. At the beginning of [Thol2l §6], it is assumed that p is odd, but this plays no role
in the parts recalled here. We fix a coefficient field £ C @p with ring of integers O, maximal ideal A, and
residue field k.

We begin with an imaginary CM number field F with maximal totally real subfield F'*, satisfying
the following conditions:

e The extension F//F* is everywhere unramified, and each prime of F'™ above p splits in F.
e We have n[FT : Q] = 0 mod 4.

Let ¢ € Gal(F/F™") denote the non-trivial element. We can then find a unitary group G over F'*, split by
F', and satisfying the following conditions:

e For each finite place v of F™, G(F,") is quasi-split.
e The group G(F'* ®g R) is compact.

We can extend G to an affine group scheme over Op+, still denoted G, with the following property: for
each place v of F'T split as v = ww® in F, there is an isomorphism ¢y, : G(Op+) & GL,(OF,). We use the
following notation:

e S, is the set of places of F© above p. For each v € S, we choose a place U of F above v and write
S, = ﬁj |veS,}. We write Iy for the set of embeddings F* < Q,, and I, for the set of embeddings
F — Q, inducing a place of S,.

o Let ZF = {(\,...,\n) €Z" | Ay > --- > A\,}. For each A = (\;), € (Zf{)fp7 there is a finite

free O-module My, with a continuous action of the group [[,cq G(Opys) = Hwegp GL,(OF,). Tt is
constructed from the tensor product (over 7 € fz,) of the algebraic representations of GL,, of highest

weights ..

o If U =1]],U, C G(A%,) is an open compact subgroup such that U, C G((’)Fj) for each v € S, and
A € (Z)}), and A is a O-module, then we write Sx(U, A) for the set of all functions

[ GFING(AF,) = My o A

satisfying the following condition: for all u € U, g € G(A%, ), we have f(gu) = u;lf(g), where u,,
denotes projection to the p-component.

e If v is a finite place of F™ and U, C G(F,') is an open compact subgroup, then we write H(G(F,"),U,)
for the convolution algebra of U,-biinvariant functions f : G(F,f) — Z (with the Haar measure giving
U, total measure 1). If v = ww® is split in F and U, = 1,}(GL,(OF,)), then we write T, i = 1,...,n
for the standard unramified Hecke operators given as the characteristic functions of the double cosets

Uyt (diag(we, - - ., @y 1, -« ., 1)U,y
3 n—
If U =][,U, C G(A%,) is an open compact subgroup, and A is an O-module, then for each finite
place v of F'™, the algebra H(G(F,"),U,) acts on Sx(U, A) in a natural way.
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o If U=]],U, C G(A%,) is an open compact subgroup and T is a finite set of finite places of F™ such
that for each v € T', U, is a hyperspecial maximal compact subgroup and v is prime to p, then we define
T (U, O) to be the O-subalgebra of Endo(Sa(U, ©)) generated by the operators T, i = 1,...,n, as

w)

w ranges through the set of all finite places of F which are split over F'* and prime to T

o We define B
AA = @SA(Uv Qp)?
U

the direct limit running through all open compact subgroups U = [], U, C G(A%,). Then Ay is an

semi-simple admissible Q,[G(AS )]-module. If ¢ : Q, = C is a fixed choice of isomorphism, then for

each irreducible submodule 7 C A, « ®g ., C is the finite part of an automorphic representation of
P
G(Ap+), with an infinite part that can be described explicitly in terms of A.

Theorem 4.1. Let U = [[, U, C G(A,) be an open compact subgroup, and let T be a finite set of finite
places of FT such that TX (U, O) is defined.

(i) Let @ C Ax be an irreducible submodule such that 7Y # 0. Then there exists a continuous semi-simple
representation py(m) : Gp — GL,(Q,), satisfying the following conditions:

(a) pplm)° = py(m)V el

(b) If v is a finite place of F* such that U, is a hyperspecial mazximal compact subgroup, and w is a
place of F dividing v, then py(7)|ay, is unramified.

(¢) If v € Sy, then py(m)|G,. is de Rham, and for each T € fp, we have
HT,(rp(m)) = {1+ (n—1), 20+ (n—2),..., A}

(d) Ifv is a finite place of F split in F asv = ww®, then there is an isomorphism WD(p,(7)| ., )75 =
rec, (my 0 ty'). In particular, if v € S, and m, is unramified, then pp(T)|Gp. is crystalline.

1—

(e) If pp(m) is irreducible, then the pair (pp(7), € "(5;?/F+) is polarized.

(i) Let m C TL (U, O) be a mazimal ideal with residue field k. Then there exists a continuous semi-simple
representation Py, : Gp — GL,(TA(U, O)/m) satisfying the following conditions:

(a) P = De' "
(b) If v & T is a finite place of F™ and w is a place of F above v, then py|ay, is unramified. If
moreover w is split over FT, then the characteristic polynomial of py,(Frob,,) is equal to
XU e (1) gV PTIXT e (1) gD € (TA (U, 0) /m) [X].
(c) If Dy, is irreducible, then the pair (Pp., 61’”(5;/]“) is polarized.

(iii) Let m C TL(U,0) be a mazimal ideal with residue field k, and suppose that py, is irreducible. Let
Tt Gp+ = Gu(TA(U,0)/m) be a choice of extension of p,, (which exists, by Lemma and satisfies
VOoTy = 61’"5?/F+, by the second part of the theorem). Then there exists a lifting ro : Gp+ —
Gn(TA(U,O)wm) of T satisfying the following conditions:

(a) vory, = 61*”5?/F+,

(b) If v € T is a finite place of F* and w is a place of F above v, then ro|a,, is unramified. If
moreover w is split over F™, then the characteristic polynomial of rw|c, (Froby,) is equal to

X7 (CI I VRTIX o (1) g VT € T (U, O)m X,

Moreover, ry is uniquely determined by these conditions, up to strict equivalence.
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Proof. The first part follows by the argument in the proof of [Guelll Theorem 2.3], together with local-global
compatibility for RACSDC automorphic representations of GL,,(Ar), in its strong form (see [Car12} [Car14]),
and Theorem [3.2] The second part follows from the first part by reduction modulo p.

To prove the third part, we use the Galois representations constructed in the first. The algebra
T (U, O)w is O-flat and reduced, of dimension 1. For each minimal prime p C T4 (U, O)n, we can find an
O-embedding T3 (U, O)w/p — @p and an irreducible subrepresentation 7 C Ay such that 7V # 0 and for
each unramified Hecke operator T}, € T% (U, O), the image of T in T (U, O)m/p C Q, equals the eigenvalue

i U
of T}, on 7".

In particular, we can find (by combining the first part of the lemma, Lemma and Lemma a
finite extension K, of T} (U, O)w/p[1/p] inside Q, with ring of integers Ok, , together with a representation
rp 1 Gp+ — Gn(Ok,) satisfying the following conditions:

i rplGF ®0Kp @p = 7ﬂp(ﬂ—)'

e If v ¢ T is a finite place of F™ and w is a place of F above v, then ry|¢ r, is unramified. If moreover
w is split over F', then the characteristic polynomial of 7|, (Frob,,) is equal to

X7 (P IRTIX T o (1) VT € (TE (U, O /B

e We have rp, mod mp, = Tw (ie. equality, not just GY(k)-conjugacy).

Let O?{p C Ok, denote the subring consisting of elements whose image in the residue field O, /m@K|u in
fact lies in k. Then r, is valued in G,(O%, ), and we can form the lifting 1y, = x,rp, valued in the ring

A= xpO%p = {(zp)p € H O%p | zp mod mo,. independent of p}.
p

(Thus the pullback is taken relative to k.) There is a natural embedding T4 (U, O) < A, and for each
§ € Gp, we have trrl|g.(6) € TX(U,O)n. Indeed, by the Chebotarev density theorem it suffices to check
that trrl |, (Frob,,) lies in T% (U, O)w, when w is a finite place of F split over F'* and not dividing T’; but
this follows from our knowledge of the characteristic polynomial of rQ|g . (Froby,).

By Lemma therefore, we can find a G2(A)-conjugate ry of r% which is valued in G,,(T% (U, O)w).
Then ry, is a lifting of 7, which clearly has the desired properties. By Lemma[2.5] 7, is uniquely determined
by these properties, up to strict equivalence. This completes the proof. O

We now specialize to our situation of interest. Fix a finite set 1" of finite places of F'*, split in F, and con-
taining S, and let U =[], U, C G(A%,) be an open compact subgroup satisfying the following conditions:

e Ifv e S, then U, = 15" GL,(OF,).
e If v ¢ T is a finite place of U, then U, is a hyperspecial maximal compact subgroup of G(F,").
e For all g € G(A%,), the (a priori finite) group U N gG(F1)g~! is trivial.

Fix a choice of X € (Zﬁ)fp, and let 7 C Ay be an irreducible submodule such that 7% # 0 and p,(7) is
irreducible. Let m C T4 (U, O) be the maximal ideal associated to the Hecke eigenvalues of 7. Then there is

an isomorphism ry,(m) = p,,. We fix a choice of extension 7, and lifting 7, as in the statement of Theorem
Let S =T U S, and consider the global deformation problem

S = (F> Fnh Oa 61—%5};/F+’S’ {Di\v’cr}vesl, U {Dg}veT—Sp)-

(The local deformation problems have been defined in ) It follows immediately from the construction of
Theoremthat the lifting 7y is of type S, so is classified by a surjective homomorphism Rs — T3 (U, Q).

Theorem 4.2. Let f : Rs — O be a homomorphism corresponding to a lifting r : Gp+ — Gn(O) of Tm-
Suppose that:
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(i) The subgroup pn(Grp) C GLy (k) is adequate, in the sense of Definition[2.20,

(i1) For each v € T, we have p|GFv+ ~ rp(w)|GFU+.

(iii) If p is odd, then F = F*((,). If p=2, then F = F*(y/-1).

(iv) If p =2 and n is even, then there exists a place v|oo such that (ﬁm,el_"ég/FJr) is strongly residually
odd, in the sense of Definition[3.3

Then there exists an irreducible submodule o C Ax such that oV # 0 and p,(0) = r|G,.

Proof. The proof is essentially the same as the proof of [Thol2, Theorem 6.8], with references to Proposition
4.4 of op. cit. replaced with references to Proposition [2.21] of this article. We therefore feel free to only
sketch parts of the proof that are substantially the same as the proof of [Thol2, Theorem 6.8]. After possibly
enlarging O, we can find a homomorphism [’ : T (U, O)w — O such that (f/ o rm)|c, ®o Q, = pp(7).

Let ¢ = h}si,T —land g=gq+|T|—1-[FT :QJn(n—1)/2. By Proposition we can find for each
N > 1 a Taylor-Wiles datum (Qn, (aw)veq) of level N such that #Qnx = ¢ and the map R}é’CT — R?;QN can
be extended to a surjection R?CT [X1,...,X,] — REQN. (We write here S, for the auxiliary deformation
problem constructed in We remark that in applying Proposition we are using hypotheses (4),
and (i) and (iv) of the theorem.) We define Agy = [[,cq, k(v)*(p), as in Then Rs,  is an
O[Ag,]-algebra, and there is a canonical isomorphism RSQN RolAg,] O = Rgs.

Let H = Sx(U,O)n. Then H is a faithful Tx (U, O)y-module, and becomes an Rg-module via the
surjective homomorphism Rs — Tx (U, O)n constructed above. Arguing exactly as in [Thol2, §5] and the
proof of [Thol2l Theorem 6.8], we can construct for each N > 1 an Rs, -module Hg,, free over O[Aq,],
together with an isomorphism Hgy ®o(a an] O H of Rs,,  -modules. (We remark that it is assumed at
some point in [Thol2| §5] that the residue characteristic is odd; however, this assumption plays no role in
the proof.)

Let T = O[Xy,...,Xm241)71-1]. Choose a representative rs : Gp+ — Gn(Rs) of the universal
deformation, and for each N > 1 a representative TSoy Gp+ — Qn(RSQN) lifting Rs. These choices
determine canonical isomorphisms RE = Rs®eT and REQN = Rs,, RoT, and give HT = HRpT and
ng = Hg,®oT the structure of RL and RgQN-module, respectively.

We choose for each N > 1 a surjection RG[X1,..., X ] — REQN. We let Roo = RS [X1, ..., X ]

and Sy = O[[Zgﬂ@oT, and choose for each N > 1 a surjection Z¢ — Ag, (which gives rise to a surjection
Seo = T[AQxD)-
After patching exactly as in the proof of [Thol2l Theorem 6.8], we obtain the following objects:

e A ring homomorphism S, — R, together with an R.,-module H,, free over S.
o A surjection Ro, — Rs of Sw-algebras, together with an isomorphism Ho, ®g_ O = H of R.-modules.

In particular, we have
depthp_ Heo > depthg Hoo = dimSe =1+ g+ (n® +1)|T| — 1 =g+ (n® + 1)|T| = dim Rw.

It follows that depthp  Ho = dim Roo, and Suppp_ Hoo C Spec Ry is a union of irreducible components,
by [Tay08, Lemma 2.3]. For each v € T, let C, be the unique irreducible component of Spec R} or
Spec R containing the point corresponding to r, (). (If v € S,, it is unique because R}>*[1/p] is formally
smooth over E. If v € T'— §,, it is unique because m, is generic, cf. §2.3.4) Let RSv denote the affine
ring of C,, endowed with its reduced subscheme structure, and let R = (®,erRS*)[X1,...,X,]. Then
Spec R, C Spec R, is an irreducible component, which lies in the support of Ho, as R..-module; indeed,
the closed point z’ of Spec Ry [1/p] corresponding to the composite

R — Rs — TX(U,0)n — O
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given by f’ lies in Spec R/_[1/p], and Spec R._[1/p] is (by hypothesis 2 of the theorem) the unique irreducible
component of Spec Roo[1/p] containing this closed point. It follows that the closed point x of Spec Roo[1/p]
corresponding to f is also in the support of H,, and hence that

Ho ®r..r O[1/p] = H ®rg 5 O[1/p] # 0.

This is only possible if f factors through the quotient Rs — ﬂ(U, O)m or, equivalently, if there exists an
irreducible submodule o C Ajx such that oV # 0 and r|e, ®o Q, = pp(c). This completes the proof. O

We now state as a corollary a consequence of Theorem for Galois representations valued in GL,,.

Corollary 4.3. Let F be an imaginary CM number field with totally real subfield F, and let T be a finite
set of finite places of F* containing S, and split in F. We assume that F satisfies the following conditions:

(i) The extension F/F* is everywhere unramified, and n[F* : Q] =0 mod 4.
(ii) If p is odd, then F = F*((,). If p=2, then F = F*(y/-1).

Let p: Gr — GL,(Q,) be a continuous representation satisfying the following conditions:
(i) The group p(Gr) is adequate. In particular, p is absolutely irreducible.
(ii) We have p¢ = pVel™m.
(iii) If w is a finite place of F' not dividing T, then p|ay,, is unramified.
(iv) If w is a finite place of F' dividing p, then p|a,, is crystalline.
(v) There exists a RACSDC automorphic representation I of weight X and an isomorphism v : @p = C
satisfying the following conditions:
(a) There is an isomorphism r, (I1) = 7.
(b) If w is a finite place of F not dividing T, then IL,, is unramified.
(c) If w is a finite place of F dividing p, then I, is unramified.
(d) If w is a finite place of F' dividing T, then r,(I1)|Gp, ~ plap, -

(e) If p=2 and n is even, then there exists a place v|oo such that p is strongly residually odd at v.

Then p is automorphic: there exists a RACSDC automorphic representation ¥ of weight A and an isomor-
phism p = r, (X).

Proof. After possibly enlarging T', we can assume that it contains a place vy, prime to p, such that both
II and p are unramified above vy. We introduce a unitary group G as at the beginning of By [Lablll,
Théoréme 5.4], there exists an isomorphism ¢ : @p 2 C and an irreducible submodule 7 C Ay satisfying the
following conditions:

e If v is an inert place of F'™, then =, is unramified.
e If v = ww® is a split place of F™, then there is an isomorphism 7, = =!I, 0 ¢ .

Then p,(m) = r,(II). By Lemma and Lemma together with the fact that p,(7) & p, we can find a
coefficient field F and a homomorphism r : Gp+ — G, (O) satisfying the following conditions:

o rla, ®o Q, = p.

1—n6n

e voT =¢€ P

Let U =[], Us C G(A%,) be the open compact subgroup defined as follows:

e If v ¢ T, then U, is a hyperspecial maximal compact subgroup of G(F,}).
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o If v e S, then U, = L%l(GLn(OFF)).
e If v €T — S, then U, is any torsion-free subgroup of G(F,") such that 7 = 0.

Then 7V # 0, and for all g € G(A%,), the group U N gG(F+)g~! is trivial. We can then apply Theorem
to r, to deduce the existence of an irreducible subrepresentation o C Ay such that p = r,(0). We then
deduce from [Lablll Corollaire 5.3] the existence of a RACDSC automorphic representation 3 of GL,,(AF)
such that p = r,(X). This completes the proof. O

5 An automorphy lifting theorem

Theorem 5.1. Let n > 2. Let F be an imaginary CM number field with totally real subfield F*. Fix a

prime p and an isomorphism v : Q, = C, and consider a continuous representation

p:Gp — GLn(@p).

Suppose that p satisfies the following conditions:

(i) There is an isomorphism p¢ = pVel =",

(ii) The group p(Gp(,)) C GLn(Fy) is adequate, in the sense of Definition ,
(iii) The representation p is almost everywhere unramified.

(iv) There exists a RACSDC automorphic representation m of GLy,(Ar) such that:

(a) There is an isomorphism r,(mw) = p.

(b) For each finite place v of F', we have r.(7)|c., ~ plgy,. (This condition is automatic if m,
and plgy, are both unramified.) In particular, if v|p, then pla,, and r.(7)|c,, are potentially
crystalline.

(v) If p=2 and n is even, then there exists a place v|oo of Ft* at which the pair (p, 61*"5§/F+) is strongly
residually odd, in the sense of Definition[3.3

Then p is automorphic: there exists a RACSDC automorphic representation 11 of GL,(Ar) such that p =
r,(II).

Remark. Before giving the proof of Theorem [5.1} we compare it with [Thol2l Theorem 7.1], in the case that
the character p in loc. cit. is taken to be trivial. Then the hypotheses and conclusions of the two theorems
are essentially the same, except for the following:

(i) Here we do not assume that the residue characteristic p is odd (the main point of this paper).
(ii) We do not assume that ¢, ¢ F.

(iii) The definition of ‘adequate subgroup’ used here (i.e. Definition [2.20]) is more general than that of
[Thol2l, Definition 2.3] in the case that p is odd and p|n.

Proof of Theorem[5.1, We reduce the theorem to Corollary [4-3] using the technique of soluble base change
(i.e. using [BLGGT14, Lemma 2.2.2]). First, we can replace F by F((,) (if p is odd) or F(v/=1) (if p = 2).
If p =2 and n is even, then it is necessary to check that this preserves the condition that (p, el_"(S;, / ) 18
strongly residually odd at some infinite place, but this follows easily from the definitions.

It now suffices to observe that we can find a soluble extension L/F satisfying the following conditions:
e n[LT : Q] =0 mod 4 and L/L" is everywhere unramified.

o 7(G1) = 5(Gr).
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e If v is a place of L dividing p, then p|q,, is crystalline and v is split over L.

e If v is a finite place of L not dividing p, then p|g,. is unipotently ramified and 7, has an Iwahori-fixed
vector. If either of p|g,, or m, is ramified, then v is split over L.

We can now apply Corollary to deduce that p|g, is automorphic, and hence that p is automorphic. This
concludes the proof. O

6 Application: the case of GL,

In this section, we apply Theorem to improve a modularity lifting theorem of Kisin [Kis09] for 2-adic
potentially Barsotti-Tate representations. More precisely, we remove the local conditions at p but add a
local condition at co. The theorem we prove is the following:

Theorem 6.1. Let F be a totally real number field, and let p : Gr — GL2(Qy) be a continuous representation
satisfying the following conditions:

(i) p is almost everywhere unramified.

(ii) For each place v|2 of F, pla,, is potentially crystalline. For each embedding T : F, — @p, HT.(p) =

{0,1}.

(iii) p is absolutely irreducible, and has non-soluble image. There exists a place v|oco of F such that p(cy)
18 non-trivial.

(iv) There exists a RAESDC automorphic representation (,x) of GLa(AFr) and an isomorphism ¢t : Qy = C
such that r,(7) = p.

Then p is automorphic: there exists a RAESDC automorphic representation (o,v) of GLa(Ap) such that
p=r (o).

(We remind the reader that the condition that p has non-soluble image is equivalent, by the clas-
sification of finite subgroups of PGLy(Fy), to asking that the projective image of p(G ) is a conjugate of
PSLy(Fae) for some a > 1. In particular, the projective image is a simple group.) By [Kis09, Proposition
3.2.9], to prove Theorem [6.1] it is enough to show the following result:

Theorem 6.2. Let F' be a totally real number field, and let (7, x) be a RAESDC automorphic representation
of GLo(Ar). Fiz an isomorphism 1 : Qy = C. Suppose that r,(m) is absolutely irreducible, with non-soluble
image, and that there exists a place vloo of F such that r,(m)(c,) is non-trivial. Then there exists a soluble
totally real extension F'/F and a RAESDC automorphic representation (o,v) of GLa(Ag) satisfying the
following conditions:

(i) o has weight 0 and r, (o) = r,(7)|a,, -
(ii) For each place v|2 of F', o, is unramified and t-ordinary.

The idea of proving a result like Theorem [6.2] and applying it to improve Kisin’s results is due to
Barnet-Lamb, Gee, and Geraghty, and has been carried out by them in the case that the residue characteristic
p is odd [BLGG12, BLGG13]. Here we will use our main theorem to generalize their technique to the case
p=2.

The main idea, as in [BLGGI2, Introduction], is to construct lifts with prescribed local properties
by using tensor products. However, we cannot use automorphic induction from GLs to GL4, as the induction
of a representation from an even degree extension can never be adequate in characteristic 2. Instead, we
use the GLg x GLy — GL4 tensor product functoriality, and check that adequacy is preserved in our case of
interest.

We begin with some preliminary results about tensor products.
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Lemma 6.3. Let F' be a number field, and let k be a finite field of characteristic 2. Let r1,7m9 : Gp — GLa(k)
be absolutely irreducible representations with non-soluble image, and suppose that the extensions F(adr) and
F(adry) are disjoint over F. Then the group (r1 @ r2)(Gr) C GL4(k) is adequate.

Proof. Let Hy = r1(GF), Hy =12(GF), and r = r1 @ ro and H = r(Gp) C GL4(k). We recall that we must
show the following:

e We have H'(H,k) =0 and H'(H,adgr) = 0.

e For each simple k[H]-submodule W C ad r, there exists a semi-simple element o € H with an eigenvalue
o € K such that tre, oW # 0.

We first note that the groups H;, Hy are adequate. Indeed, they have no 2-power quotients, and the group
H(H,adgr) is 0, by [Dic01, Lemma 42]. The unique simple k[H;]-submodule of ad r; is the subspace Z; of
scalar matrices, and we have tre, oZ1 # 0 for any element ¢ € H with two distinct eigenvalues o, 8 € k.

It follows immediately that the group H has no 2-power quotients, since it is itself a quotient of
Hy x Hs. To show that H'(H,adyr) = 0, it is enough (by inflation-restriction) to show that H'(H; x
Hy,adgr) = 0. By the Kiinneth formula, we have

HY'(H, x Hy,adr) = H' (H, x Hy,adr, ®; adry) =0,

so it is enough to show that the map H?(H; x Ho, k) — H?(H; x Ho,adr) arising from the short exact
sequence

0 k adr adgr 0

is injective. However, this map is identified under the Kiinneth isomorphism with a map
H?*(H, x Hy, k) = H*(Hy, k) © H*(Hy, k) — H?(Ha,adry) @ H*(Hy,adr) = H*(Hy x He,adr),

since H'(Hy,k) = H'(Ha, k) = 0. Tt is therefore a sum of the maps H%(H;, k) — H?(H;,adr;), which are
injective because the groups H; are adequate.

The space ad r has a unique simple submodule Z; ®; Zs = Z, the subspace of scalar matrices. To
establish the second point in the definition of adequacy, it is therefore enough to show that H contains a
semi-simple element ¢ with an eigenvalue of multiplicity 1. Since the projective images of H; and Hy are
assumed equal to conjugates of PGLgy(Fqq;) for some a; > 1, it is easy to see that this can be achieved. [

Lemma 6.4. Let F'/F be a Galois extension of totally real number fields, let (m,x) be a RAESDC auto-

morphic representation of GLn(Ap:) (n > 2), let p be a prime, and let v : Q, = C be an isomorphism such

that r,(m) is drreducible. Let p : Gp — GLn(Q,) be a continuous representation such that p|a,, = r.(r).
Finally, let S be a finite set of places of F', containing the infinite places, the places above p, and any place
above which p or F' is ramified. Then the L-function

L%(tp, s) = H det(1 — tp(Frob,)q, *)~*
vgS

has a meromorphic continuation to C and is analytic and non-vanishing at the point s = %(1 +n—a), where
a € Z is the unique integer such that x| - ||z has finite order.

Proof. By Brauer’s theorem, we can find subfields F'/F;/F, i =1,...,m, with Gal(F’/F;) soluble, integers
n;, and finite order characters ¢; : G, — @; , such that

Gr,
p=">> niIndgr (plas, @ ¥i)

in the Grothendieck group of continuous representations of Gg. Let S; denote the set of places of F; above
S; we then have a similar identity of L-functions (valid a priori in a right half-plane where the relevant Euler
products converge absolutely)

m

L¥(up,s) = [[ L5 (d(y (eplar, @ i), )™ = T L5 (wolar, © s s)™.
i=1 i=1

25



For each i = 1,...,m, the representation m descends to a cuspidal automorphic representation m; of
GL,,(Ap,). We can therefore rewrite the above product as

i n n TT -5 o 1 .
L8Gp,s) = [T 2% Gl -1 @ s = [T 25 (mall - 15772 @ iy s - S+ 1 =)™,
i=1 =1

Each ;| - H;ia/ * @ u; is a unitary cuspidal automorphic representation of GLy, (A, ). It is known (see [JS77,

Theorem 1.3]) that each of the L-functions L (7 - ||1;1_°‘/2 ® 11);, s) has a meromorphic continuation to the

whole complex plane, and is holomorphic and non-vanishing at the point s = 1. Tt follows that L (cp, s) has
a meromorphic continuation to the whole complex plane, and is holomorphic and non-vanishing at the point
5= %(1 + n — «). This completes the proof. O

Proposition 6.5. Let I' be a totally real number field, let p be a prime, and let p1,ps : Gr — GL2(Q,) be
continuous representations such that p1 ® pa, Sym? py and Sym? py are irreducible. Suppose moreover that
each of p1 and ps is unramified outside finitely many places, and de Rham with distinct Hodge—Tate weights.
Fiz an isomorphism ¢ : @p = C.

(i) Suppose there exist RAESDC automorphic representations (w1, x1) and (72, x2) of GLa(Ap) such that
r.(m) = p1 and r,(m) = pa. Suppose moreover that p1 @ pa is Hodge—Tate regular (i.e. for each
embedding T : F — @p, the set HT;(p1 ® p2) contains 4 distinct elements). Then there exists a
RAESDC automorphic representation (o,v) of GLy(Ar) such that r,(c) = p1 ® pa, where 1 = x1X2|| -
[

(i) Suppose that there exists a RAESDC automorphic representation (o,) of GL4(Ar) such that r,(o) =
p1 ® pa and 7,(v) = (det py)(det p1)e®. Suppose moreover that there exist Galois totally real exten-
sions Fy/F, F5/F and RAESDC automorphic representations (I11,&1) and (Ila,&2) of GLa(Ap,) and
GL2(AR,), respectively, such that r,(Il1) = p1|gp, and r,(Il2) = p2|Gy, . Then there exists a RAESDC
automorphic representation (w1, x1) of GLa(Ap) such that r,(m) = p;.

Proof. The first part follows from [Ram00, Theorem M] (take o = 7 W ms). For the second part, let S be a
finite set of places of F' containing the infinite places, the places dividing p, and any places at which Fy, Fy,
p1, p2, or o is ramified. Then we have an equality

L0 xa¥,8) = L%(0 x op™ 1, 8) = L(0,Sym® @y~ 1, s) L5 (0, A2 @ 471, 5).

Both sides have a meromorphic continuation to the entire complex plane. The left-hand side has a simple
pole at s = 1, because o is cuspidal. On the other hand, we have

Lo, A? @9 s) = LO([APru (o)) @ () e, 5), (7)
and decomposing the representation A%r, (o) allows us to factorize this L-function as
= L%(:Sym? py @ det(po)r, (¥) '€, s) L5 (e Sym® py @ det(p1)r, (1) '€’ s). (8)

It follows from our assumptions, Lemma and the existence of the symmetric square lifting for GLo
that the function in is analytic and non-vanishing at the point s = 1. We deduce that the function
L%(o,Sym? @', s) has a simple pole at s = 1. Tt then follows from [FIS09, Corollary 3.2.1] (see also [AS14]
Theorem 4.26]) that there exists a cuspidal automorphic representation ¥ of GSpin, (Ar) with weak transfer
equal to 0. (Here we write GSpin, for the split general spin group in 4 variables.)

Let us now write H = GSpin,, G = GL2 x GL9, and Zy, Z¢ for the centres of these groups. There
is a short exact sequence

0 H G Gm 0,

the map G — G,,, being given by the formula (g1, g2) — det(g1)/ det(g2). This identifies Zp with the group
{>\17)‘2 € Gm X Gm | A% = A%} C Zg.
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We have G(F)N (H(Ar)Zg(Ar)) = H(F)Zg(F). The argument of [Pathl Proposition 3.1.4] then
allows us to construct a cuspidal automorphic representation 7’ = 7 @ 75 of G(Ap) = GLa(Ar) x GL2(AFR)
with the property that 7'|g (s, contains ¥. The representations 7}, 75 are necessarily essentially square-
integrable at infinity, and it follows from [Patbl Proposition 2.6.7] that there exist continuous homomorphisms
Ry, Ry : Gp — PGLy(Q;) with the following properties:

e The representations R, Ry are unramified at all finite places v &€ S of F.
e Forallv € S, we have WD(Ry|q,, )" = ad’ recy, (¢~'m ) and WD(Rs|q,, ¥ = ad” rect, (v='mh,).

Combining [Patbl Corollary 3.1.6] with the Chebotarev density theorem, we see that there is an isomorphism
R & Ry = ad’ p1 D ad’ p2, hence (after possibly swapping R; and Rs) we can identify R; = ad’ p1 and
Ry = ad’ ps.

The existence of the representation p; implies that 7] has a twist 7} which is regular algebraic, hence
RAESDC (see [Path, Proposition 2.6.7]). The representations p; and r,(7}) satisfy ad’ p; = ad”r,(7/),
which implies that there is a character i : Gp — Q, such that p; ® 5 = r,(7/). To complete the proof of
the proposition, we just need to show that the character 7 is geometric (so that p; = r,(7]) @ =1 is itself
automorphic). However, this follows from the existence of an inclusion n C py ® r,(77) and the fact that the
property of being de Rham is stable under tensor products. O

We now construct an auxiliary automorphic Galois representation which has the right local properties
at 2.

Proposition 6.6. Let I be a totally real number field, and let K/F be a Galois extension. Then there

exists a soluble totally real extension F'/F, an isomorphism ¢ : Qy = C, and a RAESDC automorphic
representation (m,%) of GLa(Ap/) satisfying the following conditions:

(i) m is t-ordinary and unramified at every finite place.

(i1) m has weight 0 and is of trivial central character.

(#ii) The residual representation r, (1) is absolutely irreducible, with projective image conjugate to PGLo(Fy).
For each place vico of F', r,(7)(cy) is non-trivial.

(iv) The extension F'(adr, (7))/F is linearly disjoint from K.

Proof. After possibly replacing F' by a preliminary soluble extension, we can find an everywhere unramified
and totally odd representation p : Ggp — GLy(C) with projective image isomorphic to As. It then follows
from [PSL Théoreme 0.3] that p is automorphic (i.e. associated to a cuspidal automorphic representation
of GLy(AF) of limit of discrete series type at infinity). The representation p is absolutely irreducible,
with projective image a conjugate of As = PGLy(Fy). (Of course, p makes sense because of our fixed
identification ¢ : Q, = C.) By Hida theory, in the guise of [Wil88, §1], we can find an t-ordinary RAESDC
automorphic representation (o, ) of weight 0 such that r,(7) = p. Finally, passing to a further extension
F'/F and arguing as in [Ger, Lemma 5.1.7], we can replace the base change of 7 to F’ by another RAESDC
automorphic representation which satisfies all the requirements of the proposition. O

In the next proposition, we use potential automorphy techniques as in [Tay02] to construct auto-
morphic ordinary lifts of our residual Galois representation of interest.

Proposition 6.7. Let k be a finite field of characteristic 2, let F' be a totally real field, and let p : Gp —
GLa(k) be an absolutely irreducible representation with non-soluble image. Let K/F be a Galois extension.
Then we can find a Galois totally real extension F'/F, an isomorphism 1 : Qy = C, and a RAESDC
automorphic representation (w,x) of GLo(Ap/) satisfying the following conditions:

(i) m is t-ordinary and unramified at every finite place.

(i) m has weight 0 and is of trivial central character.
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(iii) There is an isomorphism r,(7) = pla,., .
(iv) The extension F'/F is linearly disjoint from K.

Proof. Let N/Q be a totally real number field of degree [k : Q] in which 2 is totally inert. Let  be the unique
place of N above 2, and fix an identification k(x) = k. We recall (following [Tay02], §1]) that a N-HBAV
over a field K is a triple (4,1, ), where:

e A is an abelian variety over K of dimension [N : QJ.
e ¢ is an embedding ¢ : Oy < Endg (A).
e j is an isomorphism O}, = P(A, 1) of ordered invertible O y-modules.

(An ordered invertible Oy-module is an invertible Oy-module M with choice of connected component of
M ®q R; P(A,i) is the module of Op-linear polarizations of A; (’)JJ{, is the standard invertible Oyn-module
given by the identity component of On ®g R.)

Let p > 5 be a prime split in N and unramified in F, and let E/F be an elliptic curve such that
the mod p Galois representation pp , of £/ has image GLa(FF,), the mod 3 Galois representation pp 5 has
image GL2(F3), and E has ordinary reduction at each place v|3 of F. Let y be a place of N above p, so
that k(y) = Fp. Let V, be the F-scheme in k(x)-vector spaces corresponding to g, and fix a choice of non-
degenerate, Galois equivariant, symplectic pairing V, x V; — k(x)(1). Let V}, be the F-scheme in k(y)-vector
spaces corresponding to E[p], and fix a choice of pairing V;, x V;, = k(y)(1) (for example, the Weil pairing
of E).

There is a fine moduli space X/F' for tuples (A,4,,7.,ny), where (A,4,7) is an N-HBAV, and
N : Vo = Alz] and n, : V,, — Aly| are isomorphisms which take our fixed pairings to the j(1)-Weil pairings
on Alz] and Aly], respectively; see [Rap78], §1]. Using the complex uniformization, one sees that X is smooth
and X (C) is connected, hence X is geometrically connected.

We now claim the following:

e For each place v|2 of F', there exists a Galois extension L, /F, and a Galois-invariant subset Q,, C X (L,)
such that for each P € Q,, the corresponding N-HBAV A over L, has good ordinary reduction.

e For each place v|oco of F'; X (F,) is non-empty.

We establish each point in turn. We first observe that if E'/F is any elliptic curve, then E' ®7; Oy has
a canonical structure of N-HBAV. In particular, there exists an N-HBAV (A, i, j) over F which has good
ordinary reduction at each place v|2 of F'. Let L, /F, be a Galois extension such that A[2p], p, and E[p] are
all trivial as G, -modules; then A defines a point P of X (L,). Having good ordinary reduction is an open
condition, so any sufficiently small open neighbourhood 2, C X(L,) of P satisfies the first point above.

For the second point, it is enough to show that there exist N-HBAV (A, i,7)/F, such that ¢, acts
trivially on A[z] (if p(c,) is trivial) or that ¢, acts non-trivially on A[z] (if 5(c,) is non-trivial). Indeed, if v|oo
then there are exactly 2 isomorphism classes of representations G, — GL2(k) and exactly 1 isomorphism
class of representations Gp, — GLa(k(y)) with odd determinant. However, this follows from the above
observation and the existence of elliptic curves E’/F with E’[2] either trivial or non-trivial as G g, -module.

By the theorem of Moret-Bailly (see e.g. [BLGGTI14, Proposition 3.1.1]), we can find a Galois
totally real extension F'/F and a point P € X (F’) such that for each place v|2 of F and each place w|v of
F', we have F! = L, as F,-algebras and P € Q,. In particular, writing (A, 1, ) for the N-HBAV over F’
corresponding to P, we see that A has good ordinary reduction at each place w|2 of F’, A[z] = p|q,.,, and
Aly] = pg plc,. - We can moreover choose I/ F' be disjoint from K/F. By first enlarging K/F' to contain the
extension of I’ cut out by p and E[3p], we can therefore assume that p(Gr/) = GF, pg ,(Gr) = pg ,(GF),
and pp 3(Gr') = Pp3(Gr).

It follows from the theorem of Langlands-Tunnell that g 3|c,., is modular, hence E/F" is modular
by [GeeQ9, Theorem 1.1], hence A/F’ is modular by [BLGGT14, Theorem 4.2.1], i.e. there exists a RAESDC
automorphic representation (7,%) of GLy(Ap/) and an isomorphism ¢ : Q, = C such that r,(7) = T, A.
We observe that 7 has weight 0, is t-ordinary and unramified at the places above 2, and has trivial central
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character. The proposition now follows on replacing F’ by a soluble totally real extension and applying the
main theorem of [SWO1]. O

Lemma 6.8. Let F be a totally real number field, and let p : G — SLa(F2) be a continuous, absolutely
irreducible representation with insoluble image. Suppose that p is everywhere unramified, and that for each
place v|2 of F, Dla,, is trivial. Then there exists a continuous lifting p : Gr — GL2(Qy) of p satisfying the
following conditions:

(i) For each finite place v 12 of F, p|a, is unramified.

(ii) For each place v|2 of F and for each embedding T : F, — Qs, plar, is crystalline ordinary and
HT,(p) ={0,1}.

(iii) detp = e~ 1.

(iv) There is a totally real Galois extension F'/F, a RAESDC automorphic representation (m, x) of GLa(Afp)
and an isomorphism v : Qg = C such that p|g,, =, (7).

Proof. This follows from Proposition and the method of Khare-Wintenberger, as we now sketch. Fix a
coefficient field E with ring of integers O and residue field k, such that p takes values in GLy(k). Let us
say that a totally real extension F’/F is allowable if F’ and F(p) are linearly disjoint over F. If F'/F is
allowable, we write D, : CNL — Sets for the functor of liftings p : Gp — GLa(R) of pla,, satisfying the
following conditions:

e If v{2is a place of F, then p|g,, is unramified.

e If v|2 is a place of F', then p|g,, is crystalline and ordinary with Hodge-Tate weights {0,1}. More

precisely, p|¢; , defines a point of the ring R%rd’l’D which is defined in [Kis09, Proposition 2.4.6]. We

1,0

note that it is shown in loc. cit. that under our hypotheses, the ring R%rd’ is a domain.

o detp=c1t.

We write Dgs for the corresponding functor of deformations (i.e. quotient of DF, by the free action of
P/G\Lg). We write Rps € CNLp for the representing object of Dps (which exists). A standard calculation in
obstruction theory (cf. [KW09c, Proposition 4.5]) shows that dim Rgs > 1 for any choice of F’ as above.
By Proposition m we can find an allowable extension F’/F such that Rps has an automorphic Q,-
point. It then follows from a patching argument (cf. [KW09c, Proposition 9.3]) that Rp- is a finite O-algebra,
and every Q,-point of Ry corresponds to an automorphic Galois representation. The map Rp» — R is finite
(cf. [KW09a, Lemma 3.6]), so Rp is a finite O-algebra, so has a Q,-point (as dim Rp > 1) corresponding
to a representation p : Gp — GL2(Q,). We see that pla,, is automorphic. This completes the proof of the
lemma. O

6.1 The proof of Theorem (6.2

We can now finish the proof of Theorem Recall that in the situation of the theorem, F' is a totally real
number field and p; : Gr — GLy(F2) is a continuous, absolutely irreducible representation with insoluble
image. Moreover, there is an isomorphism ¢ : Qy = C and a RAESDC automorphic representation (my, x1)
such that r,(m) & p;.

After replacing F' by a soluble totally real extension and 71 by another automorphic representation,
we can assume the following:

e The representation m; has weight 0 and trivial central character. For each finite place v of F', my, is
unramified. For each place v|2 of F, 71, is not t-ordinary and p,|g,, is trivial. Let p; = 7 (m1).
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e There exists a continuous lift pj : Gp — GL3(Q,) of p;, unramified outside 2, crystalline-ordinary
above 2, and with HT,(p}) = {0,2} for each embedding 7 : F — Q,. Moreover, p} is potentially
automorphic. (Use Lemma and Hida theory to change the weight.)

We can also assume given the following:

e A continuous, everywhere unramified representation p, : G — GLy(F2), with projective image con-
jugate to PGLy(F4). For each place v|2, py|q;., is trivial and for each place v|oo, py(c,) is non-trivial.
Moreover, the extensions F(adp,) and F(adp,) are linearly disjoint over F. (Use Proposition [6.6])

e A RAESDC automorphic representation (s, x2) of GL2(Ar) which is everywhere unramified, of trivial
central character, t-ordinary, and of weight A = ()\T)TeHcﬁsm, Ar = (1,0) for all 7. Moreover, we

have r,(72) = p,. We write ps = r,(m2). (Use Proposition and Hida theory to change the weight.)

e A RAESDC automorphic representation (75, x5) of GL2(Ar) which is everywhere unramified, of trivial
central character, and of weight 0. Moreover, we have r,(m3) = py and for each place v|2 of F', m , is
not ¢-ordinary. We write ph = r,(7}). (The existence of 74 is can be deduced from that of m, together
with our freedom to make a base change.)

Let r = p1 ® ph, and 7’ = p} @ pa. Then we have T 2 7 = 5, ® p,. To prove the theorem, it is enough to show
that the representation r’ is automorphic. Indeed, it then follows from the second part of Proposition
that p} is automorphic, and another application of Hida theory implies the existence of an ordinary weight
0 automorphic lift of p;.

On the other hand, we know by the first part of Proposition that the representation r is auto-
morphic. We will now apply Theorem to deduce the automorphy of v/ from that of r. Let E/F be a
totally imaginary quadratic extension in which every place v|2 of F' splits. Let Sz denote the set of places of
F above 2, and choose for each place v € Sy a place ¥ of E above v. Let Sy = {7 | v € S,}. By [BLGGT14,
Lemma A.2.5], we can find a crystalline character u : Gg — @; such that uu® = ¢! and for each embedding

7: E < Q,, we have HT, (1) = 0 if 7 induces a place of Sz, and HT, (1) = 1 otherwise. We now claim the
following:

e There exists a RACSDC automorphic representation o of GL4(Ag) such that r,(0) 2 r|g, @ u. Indeed,
we can take o = (m M 7h)p @ (| - |20 o det), where (?) denotes quadratic base change to E.

e The group 7(Gg) C GL4(F2) is adequate. This is the content of Lemma

e If v is a place of E, then r|g, ® u ~ r'|g, ® p. (See for the definition of ~.) If v { 2, then
this is clear (as 7|g,, and r’|g,, are unramified, so r|g, ~ 7’|g,, and this relation is preserved
under character twists, cf. the remarks after [BLGGTI14 Lemma 1.3.3]). If v|2, then we observe that
pilar, ~ p2lap, (by [KisQ9, Corollary 2.3.13]) and pila, ~ phlar, (by [Ger, Lemma 3.4.3]). The
remarks in [BLGGTI4, §1.4] then imply that (p1 ® py)lae, ~ (01 ® p2)lGp,, hence (r @ p)le,. ~
' ® Wlan,

e Let v|oo be a place such that p;(c,) is non-trivial (which exists, by hypothesis). The representation
(7, €73) is polarized, and is strongly residually odd at v. (The proof is the same as the proof of Lemma
[3.5] given that 7(c,) is the tensor product of two regular unipotent matrices.)

The hypotheses of Theorem are therefore satisfied, and we deduce that the representation r’'|g, ® p is
automorphic, hence 7’ = p}| ® py is automorphic, by soluble descent. As indicated above, this implies the
desired result.

7 An erratum to [Thol2]

In this section we correct a mistake in [Thol2]. There is a gap in the reduction of [Thol2, Theorem 7.1]
to [Thol2, Theorem 6.8]. The same gap appears in the reduction of [Thol2, Theorem 9.1] to [Thol2
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Theorem 8.6]. The problem arises as follows. Let [ be a prime, let F' be an imaginary CM number field
with maximal totally real subfield F*, and let 7 : Gp+ — G, (F;) be a continuous representation such that
r~1(GS(F,)) = Gr, and p = T|g,. is absolutely irreducible. If F C F7({;), then Gp+(¢,) C Gp, and it is not
possible for the subgroup 7(Gp+(¢,)) C Gn (F;) to be adequate in the sense of [Thol2 Definition 2.3] (as this
definition requires in particular that the subgroup surject onto the component group of G,,).

The condition that 7(Gp+(¢,)) C Gn(F;) be an adequate subgroup is needed in the proof of [Thol2,
Theorem 6.8] in order to be able to invoke [Thol2 Proposition 4.4]. The hypotheses of [Thol2, Theorem 7.1]
do not rule out the possibility that ' C F*((;). This problem does not arise in e.g. the proof of [CHT0S,
Theorem 4.4.2] since it is assumed there that the prime [ is unramified in F', so in particular F NQ(¢;) must
be trivial.

In order to correct the mistake, we therefore state and prove a revised version of [Thol2 Proposition
4.4] which holds under more general conditions. This proposition is very similar to Proposition We
use notation and deformation-theoretic definitions as in [Thol2]. In particular, [ is a fixed odd prime.

Proposition 7.1. Let qy € Z>( and suppose that {; ¢ F. Suppose given a deformation problem
S= (F/F+7S7 gvana)(v {D’U}’UES>'

Suppose that p = T|q, is absolutely irreducible and that p(Gp(c,)) C GL,(F;) is adequate, in the sense of
Definition[2.20 Suppose also that for v € S —T we have

+. _ j
dimy, L, — dimy, H(G ., ad F) = { ([)Fv :Qn(n —1)/2 gz{é,

Let q be the larger of dimy, Héi +(Gp+,s,ad7(1)) and qo.
Then for any N € Z>1, we can find (Q,@, {¥,}veq) as in [Thold, Definition 4.1], such that

* #Q=q2=qo.
e ifv € Q then Nu=1 mod V.

° RE{; can be topologically generated over Rg)fT = Rfé’éj by

#Q— > [FES :Qn(n—1)/2—n) (1+ x(c))/2

veT,v|l v|oco
elements.

Proof. Fix N > 1 and let p = 7|g,. Just as in the proof of [Thol2l, Proposition 4.4], we can reduce to showing
the following claim: for any element [¢] € HE%T(G’FﬂS, ad7(1)), we can find an element o € Gp(, ) such
that p(o) is semi-simple, together with an eigenvalue « of (o) such that tre, o¢(o) # 0.
Let L be the extension of F*({;~) cut out by 7; equivalently, the extension of F({;~) cut out by p.
We first show that
HY(Gal(L/FT),ad7(1)) = 0. (9)

There is a short exact sequence
0——=HY(Gal(F({n~)/FT), ad?(l)GF“zN) )—=HY(Gal(L/F7T),ad7(1))—=H(Gal(L/F({;~)),ad T(1)).

(10)
Since p(Gr()) is adequate, it has no l-power order quotients. We find that p(Gr(c,y)) = P(Gr(,)) and

ad?(l)GF(‘zN) > k(edp/p+). The first term of can therefore be identified with
HY(Gal(F(G)/F(G)) k)*r/7+ = {f € Hom(Gal(F(Gx)/F(G)), ) |
Va € Gal(F (G )/F(G)).y € Gal(F (G )/F). flyzy™) = e s (4) F(2)).
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Since the extension F(¢;~)/F* is abelian, this group can be non-zero if and only if the character edp,p+ is
trivial on G+, if and only if F = F((;). However, we have assumed that (; € F, so we find that this group
is zero. The third term of (10 is also zero, because Gal(L/F((~)) = p(Gr(c,)) and this last subgroup is
assumed to be adequate.

There is another short exact sequence

0——=HY(Gal(L/F*),ad7(1))——=H(Gp+,ad7(1))—=H(Gp,ad7(1))%r+. (11)

We have shown that the first term of is 0, and hence the image of the cohomology class [¢] in
H'(Gp,ad7(1))%r+ is non-zero. There is an inclusion

HY(Gp,ad7(1))%r+ ¢ HY(Gp,adp)9Fen,

so we can identify this restriction with a non-zero, G p(¢,)-equivariant homomorphism f : G — adp.

By assumption, we can find an element og € G F(Gn) such that p(og) is semi-simple, together with
an eigenvalue « € k of p(og) such that trey, o f(Gr) # 0. If trey, o P(o0) # 0, then we're done on taking
o = 0p. Suppose instead that trey, o¢(c9) = 0, and choose 7 € G, such that trey,, o¢(7) # 0. We then
take o = 70 so that p(o) = p(0p), and calculate with the cocycle relation that

treg,aP(0) = trepy,aP(T) + tr €ry.aP(00) = trepy ad(T) # 0.
This concludes the proof. O
We then deduce:

Proposition 7.2. The results [Thol2, Theorem 6.8] and [Thol2, Theorem 8.6] hold with the assumption
T(GL+(¢)) is adequate, in the sense of [Thol2, Definition 2.3]" replaced with the following two assumptions:

(i) G¢ L.
(ii) Let p=7|g,. Then p(Gr,)) C GLn(k) is adequate, in the sense of Definition ,

Proof. As indicated above, the assumption 7(Gp+(c,)) is adequate, in the sense of [Thol2 Definition 2.2]’
is used only to invoke [Thol2, Proposition 4.4]. To prove the more general result, it is therefore enough to
replace references to [Thol2l Proposition 4.4] in the proofs with references to Proposition above. O

Corollary 7.3. The results [Thol2, Theorem 7.1] and [Thol2, Theorem 9.1] hold with the assumption
2(Gr(c)) C GLy(k) is adequate, in the sense of [Thol2, Definition 2.3]" replaced with the following assump-
tion:

(i) The group p(Gr(c,)) C GLn(k) is adequate, in the sense of Definition |2.20).

Proof. The same proofs apply verbatim, except that the results [Thol2, Theorem 6.8] and [Thol2, Theorem
8.6] should be replaced by the modified versions in Proposition O

We observe that if [ ¥ n, then [Thol2l Definition 2.3] is equivalent to Definition m However,
if {|n then a subgroup of GL,(F;) is never adequate in the sense of [Thol2l Definition 2.3] (because
H°(GL,(F;),ad") # 0), but there are many subgroups of GL,(F;) which are adequate in the sense of
Definition as follows from [GHT), Theorem 11.5].

It follows that in the case [ 1 n, we have merely fixed a gap in the proofs of [Thol2, Theorem 7.1]
and [Thol2l Theorem 9.1]. However, in the case {|n, Corollary is a new result, which relies upon the new
definition of adequacy given in [GHT].
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