NON-DIAGONAL FOUR-DIMENSIONAL COHOMOGENEITY-ONE
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ABSTRACT. Most known four-dimensional cohomogeneity-one Einstein metrics are diagonal in
a basis defined by the left-invariant one-forms, though some essentially non-diagonal ones are
known. We consider the problem of explicitly seeking non-diagonal Einstein metrics, and we
find solutions which in some cases exhaust the possibilities. In particular we construct new
examples of neutral signature non—diagonal Bianchi type VIII Einstein metrics with self—dual
Weyl tensor.

1. INTRODUCTION

A (pseudo) Riemannian four-manifold (M, g) is said to have cohomogeneity—one if it admits
an isometry group G acting transitively on codimension-one surfaces in M. Cohomogeneity-one
Einstein metrics have been much studied both in the literature of general relativity, where they
provide a simple generalisation of the Friedman-Roberson-Walker cosmological models (see e.g.
[4]), and in Riemannian geometry where they provide large classes of explicit solutions (see
e.g. [11]). In the Riemannian case, the metric on the surfaces of homogeneity is inevitably
positive-definite, while in general relativity the surfaces of homogeneity are generally taken to
be space-like when the metric is again definite (positive or negative according to convention).

When the surfaces of homogeneity are 3-dimensional, which is the case most-studied in rel-
ativity, the most general case has a 3-dimensional transitive group of isometries and these are
classified by the Bianchi classification of 3-dimensional Lie algebras, which has been an impor-
tant part of mathematical cosmology for many years(see the historical account in [6]). We won’t
review the classification here, for that see e.g. [4] or [11], but we will use the language of the
classification. In [3] the authors exhibited an explicit Bianchi type VIII Einstein metric with
self-dual Weyl tensor (a so-called ‘SD’ solution) which is nondiagonal in the sense that the metric
on the surfaces of homogeneity (which for brevity we shall call the spatial metric) is not diagonal
in any basis of left-invariant one-forms associated with the symmetry. The metric has signature
(2,2) (or neutral signature) so that the spatial metric is indefinite. It is known that an Einstein
type VIII or IX metric with definite spatial metric may always be assumed to be diagonal in the
sense used here: locally M = R x G, and the group coordinates do not appear in the Einstein
tensor. The problem of finding cohomogeneity—one Einstein metrics therefore reduces to solving
a system of second-order ODEs on the spatial metric with independent variable that can con-
veniently be called time regardless of the signature; if the spatial metric is diagonalised at one
time, then one of the Einstein constraints forces it to stay diagonal at all times. This depends
crucially on the field equations and does not necessarily hold for the Einstein equations with
matter sources. This is made explicit in [11] for Riemannian signature and in [4] for many cases
in relativistic cosmology. By an examination of the proofs in those references one can see that
real type IX metrics of any signature can be assumed to be diagonal without loss of generality,
but if one wants nondiagonal type VIII metrics, one may find them in neutral signature. The
interplay between diagonalisability and various signatures of ¢ is related to the applicability of
Sylvester’s Law of Inertia, and can be seen as follows: A general cohomogeneity—one metric
takes the form

g = dt* + hij(t)o'o,
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where the o’ are the left—invariant one forms on G such that
1
do' + §C;k03 Aok =0.

The matrix n” = C’,imekmj is symmetric for type VIII. If h;; is positive (or negative) definite,
then one can diagonalise h and n simultaneously by changing the basis . This is not always
true if g is neutral, so that h has indefinite signature.

Nondiagonal Einstein metrics of other Bianchi types are known (see e.g. [7] for a Lorentzian
vacuum solution and [1] and [10] for a variety of solutions). It is worth noticing that all types
apart from VIII and IX have an isometry group with a 2-dimensional Abelian subgroup, and
when this group acts orthogonally-transitively the Einstein vacuum equations in any signature
are integrable and can be solved by the twistor methods of Mason and Woodhouse and collab-
orators, [8], following [13] and [12].

In this paper we set out to find real non-diagonal cohomogeneity-one Einstein metrics. We
shall occasionally consider complex metrics h;j(t) and/or complex time ¢, but this will usually
be in order to connect real metrics of different signatures or different types. We begin in Section
2 with the simplest case, type I, which has a three-dimensional Abelian isometry group. This
case is fairly well-known but the calculation highlights the interaction between the signature
and the variety of canonical forms. Some new examples are given by formulae (11) and (15).
In Section 3 we show how to obtain nondiagonal real type VIII from complex type IX, both
diagonal and nondiagonal. In particular the class of metrics (29) contains the self-dual Einstein
example [3] with A # 0 as special case, and the three-parameter family of vacuum (equivalently,
Ricci—flat) metrics (30) generalises the Eguchi-Hanson solution. In Section 4 we briefly consider
other types. For vacuum, where these have orthogonally transitive subgroups of the isometry
group they can be solved by twistor methods so we consider direct integration of some examples
which do not have orthogonally transitive subgroups of the isometry group. An example of a
non—diagonal, self-dual vacuum Bianchi II metric is given by (40).

2. TypE I

The integrations are particularly simple in this case, but this enables one to see how the
different metrics arise from the classification of minimum polynomials of a relevant matrix, and
introduces the methods needed later for the more complicated types.

2.1. The vacuum and Einstein equations. For type I, the invariant one-forms are all exact

so that one may choose three spatial coordinates (x!, 22, 2%) and the metric can be taken to be

g = dt* + hij(t)dz'da?. (1)

We may calculate the curvature in an unsophisticated manner. First the Christoffel symbols are
given by
0 0 ‘ j
Ioo =T =T =1 =0

while
1.
. 1 s
0j = "Nk,

with overdot for d/dt. Then with the definition of the Riemann tensor as

ade = _2Fg[c,d] - QFz[ch]@

'In particular all the examples in [1] and [10] do have orthogonally transitive G2 actions, and this is in a sense
the reason why the integrations there lead to Painlevé equations.
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we find

0 _ . kmi, )
Ri()j - _ihzg + Zh hzmhk]7
Roijk = 0, (2)

(It follows rapidly from here that self-duality or anti-self-duality of the Riemann tensor at once
implies that the curvature entirely vanishes.)

For the Ricci tensor we obtain

1 ... 1 .

Ry = —ih”hijJrthmhkjh”him,

Ry = 0, (3)
1. 1 .. 1 . .

R = —ihij+5hkmhimhkj—Z(hmnhmn)hij.

For the vacuum equations, double the last of (3), multiply by —h** and adopt a matrix notation:
. . .1 . .
h=th — b= hh T h + 5mf(h—lh)irlh =0. (4)
To simplify this introduce V' by

) . d
2V/V =tr(h~th) = p log(deth),

so that |deth| = V2, then (4) becomes
d(Vh™Yh)/dt =0

which integrates at once to

Vh~th = M = constant, (5)
or equivalently
h=V~thM. (6)
Take the trace of (5) to find
tr(M) =2V

so that V = 0 and V is linear in .
Go back to the first of (3) to get another vacuum equation which becomes
tr(M?) — (trM)? =0, (7)

and which constrains M. Since h and h are both symmetric, M is also constrained by (6).
Clearly the 4-metric is flat if M = 0.
At this point it is worth noting the Einstein equations with A # 0. Suppose these are

R;; = Ahjj, R = A

then .
d(Vh™1h)/dt = —2AVT (8)
with 2V /V = tr(h~'h) as before. Now however, using the (00) equation
V = —3AV.

Solve this with V(0) = 1,V(0) = 0 to find
V = cos(3Ht) or cosh(3Ht)
when H? = A/3 or —A/3 respectively. Integrate (8) once to find

. 2.
Vh th=M+ gvn,
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with constant M. Introduce k = V~2/3h then k satisfies

Vi k=M
which is (6) back again. Thus the solutions with A # 0 are readily obtained from the solutions
with A = 0.
2.2. Classification of vacuum solutions. The solutions depend on the canonical forms of A
and M.

(1) If h is definite (positive or negative) then, at any fixed instant say to of ¢, it can be
diagonalised with an orthogonal matrix and reduced to the identity by a diagonal matrix.
At this instant, (6) forces M to be symmetric so it too can be diagonalised by an
orthogonal matrix preserving h. But M is constant so now h is diagonal for all time.
These are the Kasner solutions.

(2) If h is indefinite, it can still be reduced at any fixed instant to a diagonal matrix whose
entries are £1. For simplicity suppose this is

h(to) =1n:= dlag(L 1, _1)7
since the other possibility not so far covered follows by x/ — ix/. We are at liberty to
perform the transformation
h—h=L"hL, M —M=L"'ML,
where L is a three-dimensional Lorentz matrix. By (6), at time tp the matrix S := nM
is symmetric.
To classify canonical forms of M we consider the eigenvalue equation
M, PX* =X,
where Greek indices are 3-dimensional Lorentz indices (and sometimes omitted) and
h = nqp is the Lorentz metric. There are three possibilities:
(a) If there are three distinct real A then M can be diagonalised and we obtain Kasner
again.
(b) If there are repeated real roots we need to consider the minimum polynomial m(x)
of M. Taking account of (7) there are three nontrivial cases namely
(1‘ - )\)(.’IJ - M)Q, x2’ 373
(we don’t need to consider (z — A)* for nonzero A as this would violate (7), and we
don’t need to consider m(z) = z as this gives flat space).
(i) m(z) = (z — \)(x — p)? with A, u distinct. Necessarily A and p are real and
(7) requires
p(A +2p) =0,
so in particular A = 0 implies ¢ = 0 and we have the next case so w.l.o.g.
A # 0; also A = p implies A = 0 and is therefore ruled out.
There is a basis of vectors X,Y, Z (omitting the indices) with
MX =XX, MY =uY, MZ =uZ+Y.
In terms of the matrix S = S,3 we deduce
AXoY® = 8,5 X°YP = uX, Y
S0 XoY? =0 and similarly X,Z% = 0. Next
(Yo Z = SogYOZP = Yo 2% + Y, Y

so that Y is a null vector.
Since we are free to add multiples of Y to Z and perform Lorentz transfor-
mations, we can assume

X =(1,0,0%, vy=(0,1,1)T, Zz=(0,4,-4)7T,
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for some nonzero, real A and we find

A 0 0
M=| 0 pu+tv —v
0 v w—v

where v = 1/(2A), and still (A + 2u) = 0. To find the metrics, take

a B v
h=\| 68 6 € |,
v o€ ¢
with ~(0) = n and substitute into (6). Symmetry of h requires

(u+v—=NB+w=0=-PBv+y(p—v—2N), v(2e+4d+ ) =0.
Since A — p # 0, the first pair imply 8 = v = 0 and the vacuum equations

reduce to
a = %/\a
5 = %(5@ +v)+ev)
¢ = G(-dvte(u—v) (9)
R AR ))
Vo= %(A+2u)
There are two cases:
(A) p =0 when
h = (14 t/tg)%dz? + dy® — d2° + QTV log(1 + t/to)(dy — dz)* (10)

The resulting 4-metric (1) is a pp-wave (see e.g. [9])).
(B) A+ 2p =0 when

h = e 2t da? 4 et ((dy? — d2?) + vt(dy — dz)?). (11)

(ii) m(x) = x2: this follows from the previous case by setting A = y = 0 in M,
and in fact in (11), but the metrics turn out to be flat.
(iii) m(z) = 23: there will be a basis XY, Z with

MX =0, MY=X, MZ=Y,
and we are free to perform the changes
Z—=Z+aX+p8Y, Y—=>Y+5X.
By similar considerations to those used above, we deduce
XoX=0=X,Y=X,2Z2°-Y,Y*
so, using Lorentz transformations and the available freedom, w.l.o.g.
X=(0,1,0)", vy=4,0,0", z=(, D, -D)T,
with AD # 0. We can deduce S and from it calculate M:
—A

0 ],
0

M =

> > O
S O >
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with A # 0. Note trM = 0 so w.l.o.g. V =1, and taking

a B v
h=| 68 6 € |,
v e ¢

with h(0) = 7, substitute into (6). Symmetry of A forces

a=0+e=—C—€ B+7=0,
reducing the vacuum equations to the system

@ = 0
B:)\a
b5 = N8
.~ g
( = -\

which are solved by

1 1 1
a=1, B=—y=X, 6=1+ §A2t2, €= —§A2t2, C(=-1+ §A2t2.

The metric is

1
g = dt? + dz? + dy? — dz? + 2\ tdx(dy — dz) + 5A2t2(dy —dz)%

(13)

For this metric, the components of the Riemann tensor as in (2) are constant
(and not all zero) but the resulting space-time is not homogeneous as the

Riemann tensor is not parallel?.

(c) If there is one real root, say A and a complex conjugate pair, say p =+ iv with real
w,v (and v # 0 or we are in an earlier case) then there are real Lorentz vectors

X,U,V with
MX =X, MU +iV) = (u+iv)(U +iV).

With the aid of the symmetric matrix S we can write these equations as

SapX? = AXa, Sap(UP +iVP) = (u+iv)(Us +iVa),
and deduce
XU =0= XV =UU+V, V™
By rotating U and V in the 2-plane they span:
(UY4iVY) = (U 4+ iV

we can arrange that U,V® = 0. Now they cannot both be null so one, say U is
space-like and then the other, V, is time-like. Since X is orthogonal to both, it
must be space-like and we have an orthogonal triad which we can suppose to be

normalised. Choose

X = (10,007, U=(0,1,0T, v =(0,0,1)T

then
A0 0
M= 0 pu —v
0 v u

We need to impose (7), which implies
2\ + i+ v = 0.

2This is the metric found in [10] equation (4.10)
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We know that v # 0 so this also forces pu # 0 and we can solve for A:

Ao )
2p
To find the metric explicitly, first parametrise h:
a By
h=1| 8 6 € |,
7 e ¢

with h(0) = n and substitute into (6). Symmetry forces § =~y = (+J = 0 and
leaves the system

& = V)\oz
1
b = V(,ué—k ve) (14)
1
¢ = —(—vd+ pe)
. 1
(i) If A+ 2 # 0 then
Veld b am (14592, 64ie= (14 1)t
to to to
with
A . (p—iv) 2
b A+2u’ grer A+2p 0T A+2u
Note that

p+(g+ir)+(g—ir)=1=p"+ (g+ir)* + (¢ —ir)?,

so that this metric is essentially a real slice of a complex Kasner metric. This
family of metrics appears in [10] as Harrison metrics.

(i) If A + 2x = 0 then also v = 4p+/3 and there is just one free parameter. We
can assume V = 1 without loss of generality and then

a=e M §=clcos(vt), €= —elsin(vt). (15)

We have found all type I vacuum metrics of all signatures, of which (11) and (15) seem to be
new. All type I Einstein metrics with nonzero A can then be found by the method at the end
of section 2.1.

3. TypeEs VIII AND IX

As noted in the Introduction, real type IX Einstein metrics of any signature can be assumed
to be diagonal without loss of generality. Similarly type VIII Einstein with positive or negative
definite spatial metric can be assumed diagonal without loss of generality. Thus for nondiagonal
real Einstein metrics one should consider neutral signature type VIII.

3.1. Nondiagonal type VIII from diagonal type IX. It is possible to obtain all real analytic
nondiagonal definite or indefinite type VIII examples by taking real slices of complex type IX
solutions. This can be seen as follows: suppose the left-invariant one-forms are 3; for type IX
and o; for type VIII, so that

d¥1 =Yg ANX3, dd¥g=X3AX, dX3=231ANXo

and
do1 = o9 AN o3, dog = —o3 Aoy, dog = o1 A oo, (16)
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then given a real analytic type VIII metric g set
o1 =1X1, 09 = Yo, 03 = —iX3 (17)

which, following [5], we shall call ‘Kamada’s choice’, to obtain a complex type IX metric; either
this can be diagonalised at any choice of time and will then remain diagonal, so that the original
type VIII metric is defined on a real slice of this complex (and diagonal) type IX metric, or it
cannot be so diagonalised in which case there are different solutions (that we find below).

However an explicit general solution of the vacuum equations for type IX metrics is not known
(and, being chaotic, is never likely to be known) so to find explicit solutions we impose an extra
condition, namely self-dual or anti-self-dual (SD or ASD) Weyl tensor. Now we may follow the
method of [11], at least for diagonal type IX.

With the conventions of [11], write the type IX metric as

WoW3 9 = W3W]1 9 , WIW2

X1+ 5+
w1 w9 w3

g = wiwywsdT? + 2. (18)
In [11] the SD Einstein equations are solved for this metric. In brief, the Levi-Civita connection
is coded into three connection variables (Aj, As, A3) obtained as first-derviatives of the w;, and
the first-order system for the A; is reduced to a Painlevé VI equation for the variable x = ﬁ.

We shall find nondiagonal real type VIII solutions by imposing a particular set of reality
conditions, different from Kamada‘s choice, and we shall show in an Appendix that these two
choices are the only two choices, up to an appropriate equivalence.

We set

¥ = —il = —i01, X9 = ig = (0'2 + iO’S) (19)

Sl

for real o;, then relations (16) hold, as required.
To obtain a real metric, we have

1
h = AY? + BY3 + CY3 = —Ao? + 5B+ C) (03 — 03) +i(B — C)ogo3, (20)

which will be real if A is real and B = C. Returning to (18) we see that these conditions require
w1 real and wy = +w3 (w.l.o.g. we take wy = W3 as the other choice simply changes the overall
sign of the metric).

Following the conventions of [11], we find that the functions A; that encode the connection
coefficients must satisfy 41 € R, Ay = As. Introduce

r A — Az
xr—1 A — Ay’
in terms of x(T) (with T related to t in (1) by dt? = wiwswsdT?) then the reality conditions

force 2z = 1 or equivalently « + = 1. Substituting = % + iy into (4.8) of [11] we obtain an
equation for y:

z =

d 3/2 L 32 1y
— ()~ ") = =(y)*2+—2—, where '=d/dT.
This will have real solutions for y, which will in turn give appropriate z. To find the metric,
continue as in [11], and there will be new SD vacuum metrics in this class.

3.2. Nondiagonal type VIII from non-diagonalisable type IX. While every real sym-
metric 3 X 3 matrix can be diagonalised by conjugation with a real orthogonal matrix, this is not
true for complex symmetric 3 x 3 matrix. Consequently a real analytic type VIII metric may
complexify to a nondiagonalisable type IX metric and then it will not lie in the previous class.

There are two relevant canonical forms of nondiagonalisable complex symmetric 3 x 3 matrix,
which are distinguished by the minimum polynomial. If the minimum poynomial has distinct
roots then the matrix is diagonalisable so for nondiagonalisability there must be repeated roots
and the cases are:
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(1) Minimum polynomial (z — A\)(z — p)? with A # p, which leads to a spatial metric of the
form

A0 0
0 pt+v w
0 w pu—v

(2) Minimum polynomial (z — \)? which leads to spatial metric

A—iu 7 v
I A+ip
v w A
From these by the Kamada choice we obtain two type VIII metrics. Choose the invariant
one-forms to satisfy (16) and parametrise the metrics as

(1)

g =dt* — A%6% + (03 — 03)((B + C)oy + (B — C)o3), (21)
with AB # 0.
(2)
g =dt* — (01 + 02)((A* + B)oy — (A% — B)oz + 2Co3) — A3, (22)
with A # 0.

These are evidently real for A, B, C' real, and both have neutral signature. We will solve the
Einstein equations in the two cases, sometimes completely and sometimes reducing to a second-
order linear ODE which can be regarded as integrable.

3.2.1. Solving the FEinstein equations for the metric (21). The Einstein equations Rgy = Agap
for (21) are

piedpoo(Z0) <o
B _Ap A 1

5B 24B 232 ' B

where

1 ) .
P=—(BC - CB).
2B(C CB)

Only the third of (23) contains C' so we leave it until last. From the others, by elimination of
second derivatives, we obtain

B> _AB A2 2
H = g #2505 4 o — 5 + 20 =0, (24)
which is the Hamiltonian constraint (and is conserved by virtue of the others).
Define
B2 1
A2B B’
then ¢ = 0 by virtue of (23), so ¢ = ¢;. Evidently the system (23) is now equivalent to this and
(24), together with the equation for P, and we deduce

LR
14+ ¢B

q:=

(25)
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for constant ¢;. Use this to eliminate A from (24) to find

.. (2 — ClB) -9
B+— —- _B“=1-AB.
T IB(t aB)
This integrates to give, if ¢; # 0
B%? = F(B)
with
2 2A
F(B) := =5 <_3(1 + a1 B)3 +2(c1 4+ 20) (14 ¢1B)? + 2(c; + A)(1 + e1B) + (1 + 613)3/2) ,
1
(26)
with a second constant of integration ¢y, while if ¢; =0
B*=F(B):= - +B— "B 2
(B)=2+B-2 (21)

Now go back to (23) to find C. First note

B (ic o\ BRB) d (C
20+ aB)Y2\dB B)  2(1+cB)/2dB ’
so that the third of (23) is

38 (s ammas (5) = saramm (F ) @

This is a second-order linear ODE for C which we can suppose has been solved, the solution
incorporating two more constants c3, c4. The metric is

g =dt* — A%0% + (09 — 03)((B + C)oy + (B — C)o3),

B

so use B as time-coordinate to obtain a solution depending on ¢y, ...,c4 and A:

dB?2  F(B)

FB) 13050t B3~ oD +CB)(o ) (29)

g =
where we are assuming F'(B) and C(B) are known.

In the special case ¢; = co =0 we have F' = B — %BQ and (28) has the general solution

B2(1 - AB/6) 8A2B? — 8AB +3

U= i oap/3)? T4 1 —2AB/3)°B

which, with ¢4 = 0, is recognisable as the solution in equation (7.5) of [3]. Thus that particular
nondiagonalisable type VIII Einstein metric complexifies to a nondiagonalisable type IX metric.

There is another simple special case: ¢; =0 = A. Then F(B) = B+ c;B~!, and (28) has the
general solution

c3B + 3040232 + C4B4
C= ,
Cco + B2
with constants of integration cg, c4. With B = r2/4 the metric can be written
dr® r? N2, o o des 4 4y— 2
QZW—Z(1+C5/7’ )0—1+Z<0-2_0-3)+ ﬁ+3C4C5+C4T (1+C5/7’) 1(02—03) .

(30)
The Riemann tensor for this metric is SD iff ¢4 = 0. This metric bears some resemblance to the
Eguchi-Hansen metric but it seems to be new.
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3.2.2. Solving the Einstein equations for the (22). The metric is

g =dt? — (014 09)((A% 4+ B)oy — (A2 — B)oy + 2Co3) — A2,
with A # 0. Choose the basis of forms to be

1 1
0 =dt, 0' = Aoy, 0° =01+ 09, 0= 5(142 + B)oy — 5(A2 — B)og + Cos,

so that
goo = —g11 = —g23 = L.
Now calculate the Einstein equations as

= A 1
35 (31)
A A2 1
" 2@ Tz = —A (32)
AC A 1
C — 0 2C (A A?> =0 (33)
.. .. . . 2
. AB A 1 C? C AC
B—A—2B<A+A2> = 6A4+<A_2A2> (34)
Eliminate A from the first pair to obtain
A2 1
— - ——— =-A
A2 4A2 /3,
which is the Hamiltonian constraint. Solutions are
1 1
For A=-3H*, A 5H sinh Ht; for A=3H", A 5H sin Ht. (35)

We can deal simultaneously with both signs of A by introducing

‘ 1/2 1/2 1/2
z=—2A (3) , so that 2 =2A <A> = <1 — Az2) .
A 3 3

Set C = F/A? in (33) then

< A >d2F 4Nz dF 4N
3

_727 — — — p—
=37 )zt 5 3i=0

which is solved by
1 2
F=cz+c <z4— A8z2—AZ> .
Then with B = G/A?, (34) becomes

A L\ G 4AzdG 4N, . C N2

with solution
18 27
G =PI +czz+ca <z4—Az2— A2>’
where PI is the particular integral. Again the metric is obtained subject to solving a second-
order linear ODE.

For vacuum (A = 0) we can obtain the general solution in (4-parameter) closed form:

)
t c 4c? c
Azi, C:t—;+02t4, B:Tg—16c1cz+7cgt6+t—g+04t4.

This is flat iff B = C' = 0 and it has Weyl tensor which is SD for co = 0 = ¢4, or ASD for
c1 =0 =cs.
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4. OTHER TYPES

If the isometry group admits a 2-dimensional Abelian subgroup and the metric is orthogonally
transitive (OT) then the methods of twistor theory can be used to find all vacuum solutions
of any signature (see [8], examples in [1],[10] and self-dual K&hler examples in [2]). This will
include all Bianchi types except for VIII and IX. Generically, there should be a reduction to
a Painlevé equation (as happens in [1] for the Bianchi III examples treated there, which are
OT for the group generated by < 0,,0, >) but type I, as seen above, is actually solvable in
elementary functions (and the metrics found are all OT for the subgroup generated by (9y,0.)).
It is possible to solve type II and obtain some examples which are not OT (and not in [10]).

4.1. Type II. Consider the metric

g = dt* + a?0? + b%03 + (foa + co3)?,
with

do1 =09 No3, dog =0 = dos,
which is therefore Bianchi type II. It is convenient to introduce coordinates (x,y, z) by
o1 =dx +ydz, o9 =dy, o3 =dz,

with corresponding Killing vectors

X1 =0z, Xo=0y—20;, X3=0,.

Abelian subgroups of the isometry group are generated by < X1, Xo > or < X7, X3 > but in
both cases orthogonal transitivity implies diagonalisable, so that nondiagonalisable examples
will not be OT.
For later use we note that the differential algebra of invariant 1-forms has the symmetry
(017 02, 03) — (/’Lilyilala M710-27 V710-3)

for nonzero constants i, and under which the metric components change according to

(CL, b’ G, f) - (,LLV(Z, :ub> ve, Mf) (36)
We exploit this symmetry below to fix some constants.
The Einstein equations are

G 0 Chop =
a b ¢
i ab ac  a?
eI e e A |
a + ab + ac  2b%¢2?
b ab  be a?
-4 — 4+ — 2L = —A 37
b—l_ab—i_bc+ +26202 (37)
¢ ac be a?
S+ — 4+ =212 = —A
c + ac + be + 2b2¢2
i+ (“+2C>L _—
a
where
1(f fe
L—-(L_7%
2 (b cb) (38)
The Hamiltonian constraint is
ab  be  éa a2
— 4+ —4+ =17 A=0. 39
ab+bc+ca +4b202+ (39)
From the last of (37) deduce
L=
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In fact ¢ is one of the two twist potentials for the Abelian subgroup generated by < X7, X3 >,
the other being automatically zero. We insist that ¢; # 0 since otherwise the metric is both OT
and diagonalisable.
To proceed, change the time-coordinate by
o d

d
dt = ac’dr, so e ac TR

d (f\ B b
e (c> = 2abcL = 2¢; <c> .

Next set b = X¢, eliminate A between the third and fourth of (37) and substitute to find

for then

X (a e\ X
4 -+2- )= +4L2=0
x " (a * c> X" ’
or equivalently

d*X 9

W + 4ClX == 07

which is readily solved. Under the symmetry (36) we have X — pr~'X so without loss of
generality we may suppose that

X = sin(2¢17),
and the symmetry is reduced to (36) but with u = v. Next the second of (37) translates to
d (X da a 2 4
dq’(adq’) —7—Aa cX.

To make progress, set A = 0, when

da\? 1
X2 =) = >(a®+ ca?),
<d7’> 4< 20°)
for new constant co which we suppose for now is nonzero and positive. The residual freedom in
(36) allows us to set cg = 4. Now

2da dr

ala* +4)1/2 X
This can be simplified by setting a* = 16g/(g — 1)? for then

g = cs(tancyr) "2/

To find ¢ we go back to the Hamiltonian constraint and calculate

/ / I\ 2 N\ 2
9 4 d a X 1 /X 9 1
a2 H =S+ S+ ) (L) -
0=a%c <c+a+2X> 4<X aTxz

with prime for d/dr. With X known, this gives
acX'? = ¢y(tan ¢17)%/% where 8% = 2 + 1.

This will give ¢ and therefore the general vacuum solution. Solutions with co < 0 can be obtained
by analytic continuation and solutions with co = 0 are SD. They have neutral signature, and
are not cited in the list of type II solutions in [10]. The metric can be written in the form

1 2 —
g=—=(vg —v)e ?dv?® + a ot + (vo = v) e (coshv(o3 + 03) + 2sinhvogos) . (40)

8051)’ Vg — U 2¢1
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APPENDIX

Here we address the question of how many distinct ways there are to obtain real type VIII
metrics by taking slices of diagonal complex type IX metrics. We shall see that the two choices
made in Section 3.1 are essentially all, up to equivalences.

With o;, ; the invariant 1-forms for type VIII and type IX respectively, set o = (01, 09, 03)"
and ¥ = (X1, X9, ¥3)7. There is freedom

o — Lo, ¥ — Py
for real Lorentz transformation L and complex orthogonal P. Suppose the forms are related by
oc=MY =M,
where the second equation is the reality condition. The allowed freedom has the effect
M — LMP,

so, provided the top row of M is not a null vector we can use complex P to set the top row of
M to be («,0,0) with a # 0. (If the top row of M is a null vector then we can use real P to set
it to be a(1,4,0) for nonzero real a, in which case

o1 = a(Xy +iX9) when o1 A doy =0,

which is a contradiction.)
Now

01 =aX1, 0o =F%1+730 + 023, g3 = A1 + pda + vis
for some (3,7, 9, A, 4, v. From the exterior derivatives
do1 = adX| = aXs A X3
but also
=209 No3 = 2(621 + Yo + 523) A ()\21 + uda + 1/23).
Thus
Br—A6=0=Bu— Ny, 2(w—du)=aq,
whence =0 = A. With M parametrised as

v=(o %)
(57)

parametrise M as

then
dog = Bd¥s + yd¥3 = X3 A X1 + X1 A X
but also
= —0o3 Ao = —a(d0Xg + €X3) A ¥
so that

ad =, ae=—F.
Consideration of dojs similarly leads to
af =€ ay=-90,

so that, since e.g. 3 and 7 are not both zero, we deduce that o> = —1. Without loss of generality
we may choose o = ¢ whence also

e=18, § = —iv.
The remaining condition from consideration of doy now entails

B+ =1 (41)
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The complex type IX metric is
g =dt* + AY? + BY3 + C¥3,
and we wish to obtain a real type VIII metric as
= dt* — Ao} + B(Boy + ivo3)? + C(yoy — ifos)?
= dt* — Ao} + (BB* + Cy*)o3 4 2ify(B — C)ogo3 — (BY* 4 Cp*)o3.
For this to be real we require the following to be real
A, BB*+ 0+, By*+Cp? ipy(B - 0O).

By taking combinations of the last three (first minus second plus or minus twice the third) we
see that (8 £ iv)?(B — C) must be real and therefore so must (8 + iv)?/(8 — iv)?, so that

(B+i)*(B+7)* = (B—in)*(B —7)°
whence
(B8 = y7)(vB + B7) = 0. (42)
Note that
(BB =77)* + (B +67) =1
by virtue of (41) so that there is no loss of generality in supposing that whichever factor is zero

in (42) the other factor can be assumed to be one.
The reality conditions on the ; are

Y= -5, (824983 =2 +7%3, —ivSs + Y3 = 752 — i,
whence also

B2 = (B8 = 77)%2 + (VB + V)T, Tz = (Y8 + B7)%2 — (BB — )%
Now by(42) these simplify and we have just two choices: either
Yy =%, Y¥3=-X3

which is Kamada’s choice (17) or

dig = 33
which is (19), the other choice.
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