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ABSTRACT: In this paper we present a detailed study of the four-body decay B° —
KT7n= 074~ where tensions with the Standard Model predictions have been observed. Our
analysis of the decay with P- and S-wave contributions to the KT7~ system develops a
complete understanding of the symmetries of the distribution, in the case of massless and
massive leptons. In both cases, the symmetries determine relations between the observables
in the B® — K+t7n~¢*t¢~ decay distribution. This enables us to define the complete set of
observables accessible to experiments, including several that have not previously been iden-
tified. The new observables arise when the decay rate is written differentially with respect
to mi.. We demonstrate that experiments will be able to fit this full decay distribution
with currently available data sets and investigate the sensitivity to new physics scenarios
given the experimental precision that is expected in the future.

The symmetry relations provide a unique handle to explore the behaviour of S-wave
observables by expressing them in terms of P-wave observables, therefore minimising the
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dependence on poorly-known S-wave form factors. Using this approach, we construct two
theoretically optimized S-wave observables and explore their sensitivity to new physics.
By further exploiting the symmetry relations, we obtain the first bounds on the S-wave
observables using two different methods and highlight how these relations may be used
as cross-checks of the experimental methodology and the parametrization of the B° —
K*Tn=¢t¢~ differential decay rate. We identify a zero-crossing point that would be at a
common dilepton invariant mass for a subset of P- and S-wave observables, and explore
the information on new physics and hadronic effects that this zero point can provide.
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1 Introduction and motivation

Recent years have witnessed rising interest in the B-flavour anomalies as potential hints of
New Physics (NP). On the one side quantitatively, due to the observation of an increasing
number of observables deviating from their Standard Model (SM) predictions; and on
the other side, qualitatively, via an enhancement of the statistical significance of the NP
hypotheses in b — s¢T¢~ global analyses. Recent analyses [1, 2] (see also [3-6]), show
that some NP hypotheses exhibit a pull with respect to the SM of more than 7o and
point to a NP contribution that is dominantly left-handed with a vector (or axial-vector)
coupling to muons that breaks Lepton Flavour Universality. Solutions with additional
small NP contributions from right-handed currents or Lepton Flavour Universal (LFU)



NP contributions [7] are also compatible with the data. Measurements of B® — K*(—
K*n~)¢t¢~ decays with the K7~ system in a P-wave configuration give rise to several
of the anomalies observed and an improved understanding of these decays is essential
to distinguish between the SM and possible NP scenarios. The LHCb collaboration has
observed the presence of a large K7~ S-wave component in B — K7~ ¢T/~ decays [8, 9].
However, the lack of reliable B — KT7n~ S-wave form factors means that the physics
potential of this component remains untapped.

In this paper we present the potential of B®— K7~ ¢/~ transitions to search for
physics beyond the SM, considering both P- and S-wave contributions to the K7~ sys-
tem. For other works studying the impact of the S-wave contribution we refer the reader
to refs. [10-17]. Key to this work is the identification of the symmetries of the five dimen-
sional decay rate that underpins the complete set of B?— K7~ ¢t/ observables and the
relations between them. In particular, we identify new observables related to the interfer-
ence between the S- and P-wave amplitudes of the K7~ system, and use the symmetry
relations to investigate the potential of S-wave observables as precision probes of NP. We
work under the hypothesis of no scalar or tensor NP contributions in our study of the sym-
metries. In addition, we present a new and robust way to extract information on both NP
scenarios and non-perturbative hadronic contributions by studying the common position
in dilepton mass squared at which a subset of P- and S-wave observables cross zero.

Using pseudoexperiments that account for both background and detector effects, we
make the first study of the capability of the LHCb experiment to extract the complete set
of P- and S-wave observables from a single fit to the five-dimensional differential decay
rate of B — K+tn 0T/~ decays. We also investigate the potential of combinations of the
new S-wave observables to separate between relevant NP scenarios, in light of the current
anomalies, for both current and future data sets. The complexities of both experimen-
tal and theoretical techniques to study B°— KT7~¢*¢~ transitions lend themselves to
systemic errors. We therefore use the symmetry relations to devise stringent and model-
independent cross-checks of the validity of both experiment and theory methodologies.

The paper is organised as follows. In section 2, we discuss the structure of the differ-
ential angular distribution including P- and S-wave contributions. In the case of P-wave
observables with massive leptons, we study the sensitivity of previously identified observ-
ables to new scalar and pseudoscalar contributions. In the case of the S wave, we define new
observables. In section 3 we first perform an analysis of the degrees of freedom required to
fully describe the angular distribution, identify the symmetries of the angular distributions
and derive a set of relations between P- and S-wave observables that are a consequence of
the transformation symmetries of the angular distribution. These relations offer control
tests for both experimental and theoretical analyses. Significantly given the lack of knowl-
edge of S-wave form factors, these relations also enable predictions for some combinations
of S-wave observables in terms of P-wave observables. In section 4, the relations are used
to obtain the first bounds on the complete set of S-wave observables and the potential to
observe NP with some of these observables is discussed. In section 5, a set of P- and S-wave
observables that share a zero at the same position in dilepton invariant mass is highlighted
and the resulting information on both NP scenarios and on hadronic effects is discussed.



The experimental prospects for determining all of the P- and S-wave observables discussed,
in both massless and massive cases, are presented in section 6. Finally, a summary and
conclusion are presented in section 7.

2 Structure of the differential decay rate: P and S waves

The differential decay rate of the four-body transition B — Kmf*¢~ receives contributions
from the amplitude of the P-wave decay B — K*(— Kr)¢{*{~, as well as from the ampli-
tude of the S-wave decay B — K{j(— Km)¢T¢~, with K being a broad scalar resonance.
The rate can then be decomposed into:
d°T d°Tp d°T's
dZdml_d0  d@dmi_dQ | dg? dmZ_dQ

where d€) = dcosbpdcosfrdep and I'p contains the pure P-wave contribution and I'g

(2.1)

contains the contributions from pure S-wave exchange, as well as from S-P interference.
Here, ¢? denotes the square of the invariant mass of the lepton pair and my, the invariant
mass of the K system. The angles 0y, 0 describe the relative directions of flight of the
final-state particles, while ¢ is the angle between the dilepton and the dimeson plane (see
ref. [18] for definitions). The differential rate for a BY decay to a final state in the P-wave
configuration is
5
m = % {Jls sin? O + Ji. cos? O + Jog sin? O cos 26,

+ Joe cos® Ok cos 20, + J3sin? O sin? 0 cos 2¢

+ Jysin 20k sin 20, cos ¢ + J5 sin 20 sin 0y cos ¢

+ Jgs sin? O cos O + Jg cos® Ok cos Oy

+ J7sin 20k sin 6y sin ¢ + Jg sin 20 sin 20, sin ¢
+ Jo sin? O sin® 0y sin 26| x [BWp(micr)[?, (2.2)

with a similar form for the B? rate. The my, dependence, denoted by BWp(mx,), can be
modelled by a relativistic Breit-Wigner amplitude describing the K* resonance, including
the apposite angular momentum and phase-space factors. The Breit-Wigner amplitude is
normalised such that the integral of the modulus squared of the amplitude over the my,
region of the analysis is one. For the exact form of the Breit-Wigner functions BW;(mg )
we refer the reader to ref. [10].
The differential rate of the S-wave final state configuration is
5
G i U+ T cos20) | BWs (i

+ J§, cos O + JS, cos 20, cos O 23)
+ j4 sin 20; sin 05 cos ¢ + j5 sin 0; sin Ok cos ¢ .

+ Jo sin 6 sin O sin ¢ + Jg sin 26, sin 0 sin ¢] :

The coefficients J;, J¢, and Js, are functions of ¢?. Those for the interference, J¢,, JS,
and j4_8 depend on both ¢? and mg,. The mg, amplitude for the S wave, BWg(mgr)



may be described with the LASS parameterisation [19, 20]. Similarly to the P wave, the
S-wave my-amplitude is normalised such that the integral of the modulus squared of the
amplitude over the analysed mg, range is one.

If not explicitly stated otherwise, we will not consider the presence of scalar or tensor
contributions in the following (this implies, in particular, that Js. in eq. (2.2) is taken to
be zero). The decays B — K*¢(*¢{~ and B — K¢1t{~ are described by seven complex
ﬁ,’J_R,O’ Ay and three complex amplitudes AgL’R, Aj, respectively, where the
upper index L, R refers to the chirality of the outgoing lepton current, while in the case of

amplitudes A

the P-wave the lower index ||, L, 0 indicates the transversity amplitude of the K*-meson.

Since the distribution is summed over the spins of the leptons, the observables J; and
J; are described in terms of spin-summed squared amplitudes of the form AiL*A]L + AZR*Af.
This structure suggests that the amplitudes can be arranged in a set of two-component
complex vectors:

Aﬁ Aﬁ A(I;J A{)L / Aé)L
nH - Aﬁ%* , Ny = _Af* y o= A(?* » N§g = A6R* o Mg = _A6R* ’

(2.4)
Two vectors are needed to parametrize the L and R components of the A{ amplitude,
and the A; and A} amplitudes are not expressed in terms of two-complex vectors. Except
for the lepton mass terms that mix the L and R components and include the A; (or A})
amplitudes, one can express the coefficients of the distribution in terms of these vectors.
The expression for the coefficients in the P-wave terms can be found in ref. [18] and [21].
For the S-wave terms we find

Too = 2 [1AFP 41482 + (1 - 82) (|7 + 2Re [a A7)

7c 3 2 102 IR12\ _ 3 2 2
J5, = =38 (146 P +145°7) = — 2 Ins” (2.5)

Similarly for the P-S (real) interference terms
-~ 3
Jiy = JV3Re | (A AG" + ATAT + (1= 57) (AP AG" + AFAT™ + 4147 ) ) BWsBW|
= JG Re(BWsBW}) — J5 Tm(BWsBW})
. 3
J5, = V38" Re (A AL + AT AF) BWsBW]
= J5;"Re(BWsBW}) — J5 Tm(BWsBW})
T 3 3 * * *
Jy = 4\652&3 [(AgLAﬁ + AT Af )BWSBWP]
= JIRe(BWsBW}) — JiIlm(BWsBW3)
3 3
Js = 2\@51% (Al — At Al BWg B

= JRe(BWsBW}) — Jim(BWsBW3) (2.6)



and finally for the P-S (imaginary) interference terms

- 3 [3 x
J7:2\/; AIm [(A’LA” — ATA )BWSBWP}

= JiIm(BWsBW?}) + JiRe(BWsBW})
Js = \f (Im A’LA +AgRAf*)BWSBW,i}

= J{Im(BWsBW3) + JiRe(BWsBW3), (2.7)

where 3 = /1 — 4m?/q? and the superscript indices 7 and i (here and for the rest of the
paper) refer to the real and imaginary parts of the bilinears, respectively.

The form of the differential decay rate given through egs. (2.2), (2.3), (2.6), (2.7)
assumes that the ¢> and my, dependence of the B — K form factor can be factorized [10,
11, 22]. The breaking of this factorization, as presented for instance in the analysis of
generalized S-wave B — K7 form factors in ref. [15], may be tested through the validity
of the symmetry relations between the observables derived in section 3.

The study of the S-wave observables presented in this paper is the first to consider
the complete set of observables that arise when the decay rate is written differentially with
respect to mg,. As a consequence, the interference between the S-P-wave mg, lineshapes
projects out additional bilinear combinations of S- and P-wave amplitudes, giving rise to
the 12 new observables J| " given in eqs. (2.6) and (2.7). Previous studies, such as those
of ref. [23], only considered the differential decay rate integrated over my,. In this case,
one obtains the six well-known S-P interference observables .J; that can be described by a
single two-dimensional S-wave amplitude vector ng, without the need for n'y. Concerning
possible contributions from D- and higher partial waves, in ref. [12] the authors considered
the role of such terms and concluded that S+P+D contributions correct S+P at the few
permille level, beyond the precision viable at any near-future facility.

2.1 P-wave massive observables

The so-called optimized observables are designed to reduce form factor uncertainties. The
set of such observables that describes the P-wave K7 system has been discussed at length
in a series of papers [21, 24, 25]. However, due to improvements in experimental precision,
there is increasingly sensitivity to observables that are suppressed by factors of the lepton
mass. For the optimized observables, F;, the impact that lepton masses have in the very
low ¢? region via the kinematical prefactor § is well known.

Our interest here is to explore two further optimized observables M7 and Ms, intro-
duced in ref. [21], that can be neglected in the massless limit. These observables are defined
in terms of the coefficients of the distribution as follows:!

Jls ch
\/i = - \/i pu— 2.8
! 3J25 2 JZC ( )

In order to make the comparison with experimental prospects easier, in this work we have slightly
changed the definition of M > by removing the constant terms appearing in ref. [21].



For this specific type of observable it makes sense to explore the impact from scalar and
pseudoscalar NP contributions. Therefore, we will relax in this section the hypothesis of
no scalar or pseudoscalar contributions.

Even considering a large set of NP scenarios, the observable M; is found to be practi-
cally insensitive to NP and is not analysed further. By contrast, Ms can potentially provide
information on scalar and/or pseudoscalar NP scenarios. In order to explore reasonable val-
ues of (pseudo)scalar contributions, we constrain the range for the coefficients Cp g by con-
sidering only those values allowed by the experimental measurement of B(Bs — uu). Thus,
we write the following ratio [26], which is used to define the 1o region from B®*P(Bs; — uu):

B*P(Bs — pp)
BB, = (B, = )

=|S]> + 1P, (2.9)

where the quantities S, P? contain the different NP contributions and are given by:

5 2 o
§= |1—4 0 "B (Cs CS), (2.10)

mZBS 2mpmy, CIS(%
Cls(l)\g 2mpmy, Clsé\ﬁ

Figure 1 shows the allowed region for S and P once the latest experimental value for
B(Bs — pp) = (2.8540.34) [27] is included, corresponding to Rp, ., = (0.78 £0.10). In
this analysis we have not allowed for the presence of right-handed currents.

We perform an analysis of the behaviour of M, under different hypotheses for
(pseudo)scalar NP contributions that are compatible with figure 1. The case S =0,P =1
corresponds to the SM, as can be seen from egs. (2.10) and (2.11). We consider three other
possible scenarios, corresponding to maximal values of .S, P:

i) §=-40094,P =0,
i) S =P =0.66,
iii) $=0,P=—0.94.

These three benchmark cases are: i) only a scalar contribution (with two possible signs)
and no pseudoscalar NP, ii) both S and P contributions present and equal in magnitude and
iii) the opposite sign of the SM case with a negative pseudoscalar contribution. Figure 2
shows the theoretical prediction of the large- and low-recoil bins of M5 in the four scenarios
mentioned above.

It is evident from figure 2 that the rather small sensitivity of My to (pseudo)scalar
contributions makes it difficult to get a significant distinction between the different scenar-
ios. This is especially the case in the very low ¢? region, where the uncertainties associated
with the theoretical prediction of this observable are larger. Only for the S =0, P = —0.94

2Not to be confused with the P- and S-wave components of the decay, this S, P refer to Scalar and
Pseudoscalar NP contributions entering Rp, ... The latter includes the SM axial-vector contribution.
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Figure 1. Region of allowed values for S, P that fulfill the condition |RSB¥_>W — Rgf—me < 0.10.
In order to illustrate the sensitivity of this observable to NP contributions, we display its value in
the SM (black star) and in one of the favoured scenario from ref. [2] (blue dot): {Cy, = —C)p,, =

—0.30,Cy = —0.92}. Only the dependence on Cio, is displayed in the plot. The tiny difference of
this scenario with the SM illustrates that My is an observable with low sensitivity to the preferred
scenarios of present global fits. For this reason we explore its sensitivity under other types of NP,
namely scalars and pseudoscalars.

[ = BS=0P=1(SM
125! [ (M)
. S =4094P=0

I S =0.66P=066 |
120f 1
I [S=0P=-0094
1.15) 1

EN I ]
110} 1
1050 == ]
L '-*' | E—
[ = (—
1.00 —
0 5 10 5 20
¢*(GeV?)

Figure 2. Binned theoretical predictions for My in the SM and in selected NP scenarios including
pseudoscalar and scalar contributions.



scenario in the large-recoil region is a clean separation between hypotheses possible, given
suitably high precision measurements. The situation is somewhat better in the low-recoil
q? region, where the theoretical errors are smaller but an even higher experimental resolu-
tion will be required. The experimental prospects for such a separation of NP hypotheses
is outlined in section 6.3.1.

2.2 Definition of S-wave observables: massless and massive case

In this section we define the list of S-wave observables that can be constructed using the
coefficients of the distribution. They follow from the previous section including P and
S waves in the massless case but also taking into account lepton mass terms. The S-
wave observables that were mostly treated as nuisance parameters thus far will become an
interesting target for future experimental analyses.

Our goal here will be to define the S-wave observables but it is beyond the scope of this
paper to provide SM predictions and enter into a discussion of the form factors or other
hadronic uncertainties. Our first interest is to determine how many of the observables are
genuinely independent. The question of the number of degrees of freedom is critical for the
stability of experimental fits and is discussed further in section 3.

As discussed in section 2, the new S-P interference observables defined in egs. (2.6)
and (2.7), can be defined in terms of the vectors in eq. (2.4) as follows:

3 1 ; 3 1
S = —ZﬁﬁﬁzRe(ng ns) + CP, Sg1 = —zﬁﬁﬁﬁm(”g ng) + CP,

Sy = i\/grlvﬁzRe(nT ns) + CP, Sky = i\/jrl,ﬁﬁm(n*n’s) +CP,
Sy = ;’\/jrl,ﬁRe(nj ng) + CP, Shy = ;’\/jrl,mm(nﬂn{g) +CP,
Soy = g g%BRe(nﬁn'S) + CP, Sk, = Z\/grlvﬁlm(nﬁns) +CP
Sgs = % g%ﬁzRe(nlng) +CP Sk = Z S%BQIm(nlns) +CP (2.12)
where
I"=Tp+Ts+CP

3 1
93 = Z(zjls + ch) - Z(2J28 + J2c) + cpP
2
3

Here the prime stands for the differential distribution. Note that once we include lepton

Iy = 2J¢, — = JS5, + CP. (2.13)

mass terms, Fg should be extracted from J§, and not from the combination with J¢,

such that: : ~
nfns| _ 8 Js
Fg = S = _W F’a' (2.14)

In order not to overload excessively the notation it should be understood that from

eq. (2.14) to eq. (2.23) each explicit .J or .J is accompanied by its C' P-conjugate partner. In



the case that B® and B° decays were experimentally separated, a set of C'P-asymmetries
corresponding to each J and .J observable would also become accessible (see section 6.1).

In terms of these observables, the angular distribution in the massless limit (taking
g — 1in eq. (2.12)) is given:

1 d®(' +T)
AT +T)/dg? dm?%, dg?dSd|g,
1 T 4T
= (1 — Fs)|BWp|? 1 SV 2( . )q
(T +T1)/dg? dm?,, dg?dQ|p
13 9 . 2
+ I [4Fs|BWS sin” 0y
— 2[8%,Re(BWgBW}) — 8%, Im(BWsBW3)] sin? 6, cos 0 (2.15)

+ [S%,Re(BWsBW}) — Sk, Im(BWgBW})] sin 20, sin x cos ¢
+ [S53Re(BWsBW3) — Sk Im(BWsBW})] sin 6 sin 0 cos ¢
+ [S54Im(BWsBW}) + S&,Re(BWsBW})] sin 6 sin 0 sin ¢

+ [S5sIm(BWs BW}) + SisRe(BWsBW})] sin 260, sin ¢ sin 6| .

The corresponding angular distribution in the massive case can be obtained from eq. (2.3)
using optimized® S-wave observables and mass terms defined by:

M} = = ) (2.16)
Jia
together with the extra S-P interference massive optimized terms:
ap = “PPI = T
\/ ‘JQCJ;Ca
2 Fe,i Fc,i
—B4J = Jy
Mg = T~ (2.17)

V J2CJ%Q

Then the massive distribution becomes:

1 d®( +7T)
d(T' +T)/dg? dm3,_dq?dS}

S+P
1 d®(' +T)
(T +T)/dg® dm2_dq? d9

= (1= FR)IBWf? <

P

Lr/3 N3 o ) 2
+47r |:<8FS(1+M3) 8ﬁ Fscos26; | |BWg|

3These observables are considered optimized in the same sense as the P-wave optimized observables but
under the assumption that the ¢ and mx, dependence of the B — Kn form factor factorizes.



1
1
5

+ [S5 Re(BWsBW3) — Sk Im(BWsBW})] cos 26; cos O

+—(Sk; + MgNL)Im(BWSBW;’;)> cos O

+ [S5oRe(BWsBW3) — Sk Im(BWsBW3)] sin 26, sin 6k cos ¢
+ [S53Re(BWsBW3) — Sk Im(BWsBW3)] sin 6 sin 0 cos ¢
+ [S5,Im(BWsBW3) + Sk Re(BWsBW )] sin 6 sin 0 sin ¢

+ [StsTm(BWsBW3) + SkoRe(BWs BW3)] sin 26, sin 0 sin 4 . (218)

We define

— 1 /3,
Np =/ J2cJs5, = 2\/§5 '/ (1 - F{)FsFy,
— 1 /3,
Ny = =dauds, = 2\ [2 e [ Ry (2.19)
where the definitions of F, and Fr can be found in eq. (6.1) and

I 1
Fg = ﬁ? =Fs—es es= ZFS(1—52—3M§)- (2:20)
Notice that in the massless limit (MZ-(/) — 0, = 1) eq. (2.18) reduces to eq. (2.15).
Finally, in order to write the whole distribution with massive terms and optimized
observables, the substitution:
Ny,

/i r/i r/i r/i N7
e = PS{ L S g5 — PSy!

s (2.21)

is needed, where the optimized observables for the interference terms in all ¢ bins are

) ze,r/i ) jr/z
psjfi= tn_ pgi s (2.22)

Y J2CJ;ca, \V _JQS'];CCL '

Using the expressions*

1 1 1
Jos = ZNh Joe = —No, J3 = §P1N1, Jy = 3 N3, Js = Pi{Ns,

1
Jos = 2Py N1, Jp=—PiNs,  Jy=—3PNs,  Jy=—PsN, (2.23)

4One may add to this list another observable, related to the presence of scalars, associated with the
coefficient Jg.. Given that in the present paper we only allow for scalars when analyzing the observable
My, we direct the reader to ref. [21], where this case is discussed.

~10 -



where N2 = 82Fr I'p, N3 = 8%/ FrFIs (and the addition of the CP conjugate in I'p
is implicit) and including the definitions of M 2, one finds:

1 d4(I'+ 1)
dC+T1)/dg? dg2dQ |,
9 3. R
= — {FTMl sin? O + F; My cos® 0k
327 |4

1 . 1. 4
+ <4FT sin? 0y — FJ cos? 0K> cos 20; + §P1FT sin? O sin? 6; cos 2¢
PO 1
++\/ FrFr, <2Pi sin 20 sin 26, cos ¢ + P% sin 20 sin 0, cos qb)
N PN 1
+2P, Fpsin? 0 cos 0, —\/ FrFy, (Pé sin 20 sin 6; sin ¢+ §Pg sin 260 sin 26, sin ¢>
— PyEpsin? O sin? 0, sin 24 . (2.24)

where a global pre-factor 42 has been absorbed inside the re-definition FT, L= ﬁQFT, . In
order to write the angular distribution above including both P- and S-wave contributions
in terms of optimized observables, one would need to make the substitutions given in
eq. (2.21).

3 Symmetries of the distribution

In this section we present the explicit form of the symmetry transformations of the am-
plitudes that leave the full distribution (including P and S wave) invariant, and obtain
explicitly the relations among the observables. The massless and the massive cases are
discussed separately.

The number of symmetries of the distribution is determined by performing an infinites-
imal transformation A’ = A+4, , where A is a vector collecting the real and imaginary parts
of all the amplitudes entering the distribution (the vector A depends on whether the mass-
less or massive hypothesis is taken), and the condition to be a symmetry is that the vector
§is perpendicular to the hyperplane spanned by the set of gradient vectors:

Vie Ji, Ji: Vi L6, (3.1)

(see, for instance, section 3.1 of ref. [18] for an explicit example). The gradients are defined
then by the derivatives of the coefficients with respect to the real and imaginary parts
of all the amplitudes. The difference between the dimension of the hyperplane that the
gradient vectors span if they are all independent (equal to the number of coefficients of
the distribution) and the dimension of the hyperplane that they effectively span tells us
the number of relations among the coefficients that exist. By relations we will refer only
to non-trivial relations. We will discuss these relations in the following subsections. For
completeness, we first find explicitly the form of the continuous symmetries.

In ref. [21], the massless and massive symmetries were discussed for the P wave. There
it was found that, in the massless case, four symmetries (two phase transformations for the
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left and right components and two “angle rotations") leave the P-wave part of the distri-
bution invariant. Alternatively, using the vectors n; we can implement the four symmetry
transformations by means of a 2 x 2 unitary matrix, i.e, n; = Un; with i =L, ||, 0. However,
the inclusion of the S wave that requires two different vectors ng and n/y breaks two of the
symmetries® and only the two independent phase transformations survive, i.e.,

Af = P AL, AT - €AY, AT s efrAR, A s rAT (32)
with i =0, L, ||.

The massive case is relatively similar and again only two phase transformations sur-
vive. However, the existence of interference terms between left and right components fixes
¢ = ¢dr = ¢, but this is compensated by the independent transformation of the extra
amplitudes Agl):

AL 5 oAl Al 9 AR
A — e A At — AR
At — BiwAt, Ag — ewA; (33)

with ¢ =0, L, [.9

3.1 Counting degrees of freedom: massive and massless cases

One important question is how many degrees of freedom there are or, in other words,
how many observables in the set discussed in section 2.2 are independent. The number
of independent observables to fully describe the distribution depends on whether massless
or massive leptons are considered. We again work under the hypothesis that there are no
scalar contributions but pseudoscalar ones are allowed in the massive case.
The number of observables that can be constructed out of the complex amplitudes is
given by:
Nobs = 2NA — Nsym - (3.4)

Each symmetry transformation of the amplitudes that leaves the distribution invariant
reduces the number of independent observables.

In the following, we determine the number of relations for the massless and massive case
and consequently the number of independent observables required to have a full description
of the corresponding distribution.

Massless case: assuming the absence of scalars, we have 11 coefficients for the P-wave
and 14 coefficients for the S-wave distribution. Under the approximation of negligible
lepton masses, there are two trivial relations for the P-wave coefficients:

Jis =3Jas  Jie = —J2c (3.5)

SThis is easily shown by simply transforming the sum ns + n’s
S Another example of the convenience of using symmetries but in the semileptonic charged-current b —
clv transition can be found in ref. [28].
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and three trivial relations for the S-wave coefficients:

Jia=—J5, T =-J%  Jy=-Jy, (3.6)
reducing the number of coefficients to n. = 20. The vector A in the massless case is
given by:

A= (Re(Aﬁ),Im(Aﬁ),Re(Aﬁ),Im(Aﬁ),Re(Ag),Im(Ag),Re(Ag’),Im(AOL’), (3.7)
Re(Af), Im(AR), Re(Af), Im(AfY), Re(AF), Im(AF), Re(AF), Im(A{f’)) .

Using eq. (3.1), we find that the dimension of the space spanned by the gradient vectors
(given by the rank of the matrix M;; = V;X; with X = J, J and i being the elements of
Ain eq. (3.7)) is nyank = 14. This rank gives the number of independent observables ngps.
According to the discussion above, the number of relations fulfills:

Nyrel = Ne¢ — Nrank - (38)

Therefore for the massless case n, = 6. There is one well-known relation among the
coefficients for the P wave (see refs. [18, 29]) and five, previously unknown, relations for
the S wave. An independent cross check of the rank of the matrix is provided by the
fact that the number of degrees of freedom counting amplitudes minus symmetries, or
coefficients minus relations should agree. This implies the equation:

2n4 — Nsym = Mrank = T¢c — TNrel - (39)

The number of complex amplitudes ng = 8 and the number of symmetries of the full
distribution (P and S wave) is neym = 2 (see eq. (3.2)).

The set of 14 independent observables consists of 8 (9 coefficients minus one relation)
independent observables for the P wave and 6 (11 coefficients minus 5 relations) indepen-
dent observables for the S wave. This implies that in the massless case the basis of 20
observables,

Om[:() == {P/7FL7P17P27P37P417PE£7P(§7P£,§7
Fs, 551, 5%, 553, 54, 555, 551, S50, 53, S64, S5}, (3.10)
has some redundancy. Among these 20 observables there are 6 relations leading to only
14 independent observables. The set of 6 massless relations can be obtained from the 6

massive expressions given below, after taking the massless limit. Notice that the seventh
relation, given in the appendix, is exactly zero in the massless limit.

Massive case: the counting in this case, following the same steps as in the massless case,
goes as follows. Our starting point is the same number of coefficients 11 (14) for the P
wave (S wave), but now there are no trivial relations, i.e., n, = 25. Here the vector A is:

A= (Re(Aﬁ),Im(Aﬁ),Re(Aﬁ),Im(Aﬁ),Re(Ag),Im(Ag),Re(AOL’),Im(Ag’),
ReAy, ImA;, Re(A}), Im(A%), Re(Af), Im(Af), Re(AL), Im(AY),
Re(Af"), Im(Afl"), ReA], TmA}). (3.11)
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Notice that pseudoscalar contributions are included in the amplitude A;. Evaluating the
rank of the corresponding matrix M;;, one finds npank = 18, indicating that in the massive
case the number of independent observables is nq,s = 18. Following eq. (3.8), one imme-
diately finds that the number of relations should be 7. These relations are discussed and
presented in the next subsection.

As in the previous case, we can repeat the counting using the amplitudes that build
the observables. The number of complex amplitudes is n4 = 10 with the same number
of symmetries ngym = 2 (see eq. (3.3)) as in the massless case, such that we confirm that
there are 18 independent observables.

The set of 18 independent observables in the massive case consists of 10 (11 coeffi-
cients minus one relation) independent observables for the P wave and 8 (14 coefficients
minus 6 relations) independent observables for the S wave. The corresponding basis of 25
observables is:

Omg;ﬁo = {F/7FL7M17M27P17P27P37P417PEI)7P617P8/7 (312)
FSvMZg’Mz/hME/)’Sgth'QvSE‘SvSg‘4aSg5vsg175g2’5g3>5g475g5}'

Therefore, among this set of 25 observables there are 7 relations and only 18 observables
are independent.

3.2 P-wave and S-wave symmetry relations among observables

In this subsection we present for the first time the full set of symmetry relations of the
P and S wave in the massive case. These complete the previous partial results given in
refs. [18, 21, 23, 29]. It is helpful to express the observables J; and J; in terms of scalar
products ngnj, as shown in eq. (2.12). All the relations found in this section are functions
of J; and J; and an equivalent set of relations in terms of the C'P-conjugate partners J;
and J; can be written. However, the observables are functions of the coefficients and their
CP partners. This means that when writing one of these relations in terms of observables
the substitution J; — aP; is strictly speaking J; — a(P; + PET)/2 (with a being some
normalization factor). The observable PiCP is the C'P asymmetry associated with the
observable P;, defined in refs. [24, 29], and similarly for .J;. For the following analysis and
for simplicity, we will neglect the C'P asymmetries for both the P and S wave. This is
a very good approximation, given that such asymmetries are tiny both in the SM and in
presence of NP models that do not have large NP phases.

Following the strategy in ref. [23], we exploit the fact that a couple of n; vectors (with
i=1,],0,Sori=L1,],0,5") span the space of complex 2-component vectors. We therefore
express the other vectors as linear combinations of these vectors. For instance,

n; = a;in| + bn,, 1=0,8. (3.13)
Contracting with the vectors n and n, we obtain a system of linear equations [23]

nﬁnl = ai]nH|2 + bi(nﬁnL),

nj_nl = ai(nﬂ_n”) + bi|nL|?, (3.14)
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which can be solved for a;, b;:

P = (@l ey Pe]ne) — () (a]na)

Iy 2n | = nf ny 2

(3.15)
) 2|, ]? — |nlnH|2
Using the decomposition of ng,ns in terms of nj,ny (eq. (3.13)) to calculate the scalar
products |ng|?, |ng|?, ngng, the first three relations are obtained. We leave the expressions
explicitly in terms of J; to let the reader choose between different bases or conventions to
write the P-wave observables.

I. From i = 0 in eq. (3.13) one finds |ng|? = ao(ngnH) + bo(ngm_) yielding the first
relation:

0 = +J5c(16J3, — 4J5 — B2 TG, — 4J3) + 2(J3(4TF + B*(= T3 + J7) — 4J%)
+2J25(4JF + B2 (J3 + JZ) + 4J3)
—2(52(J4J5J65 + JgsJ7Jg + J5J7J9) — 4J4J8J9)) . (3.16)

This first relation was found in the massless case in ref. [18] and in the massive case
in ref. [24] and its consequences discussed in ref. [29] once re-expressed in terms of
optimized observables:

P/PL+§ 1
(P, Py 1)+

o, 2hif \/(—1 + Py + PP) (=1 — Py + 82P2) + 03 + 03Py + 6, P12

(3.17)

Py =

where the parameters k; and §; (with ¢ = 1,...4) are defined in ref. [29].

I1. Similarly for i = S in eq. (3.13) one finds |ng|? = ag(ngn”) + bg(ngm_) and this
translates to:

27 . |
0= e Fs iy +T'| = 8(2Jas + J3) S5 — 16055, Sks + 8(—2as + J3)SE)

27 -
4202 (SFS(AT, — T8 = )+ T'[(~2as + 2)SE + 21455y
(2o + )+ 20u(S52S5s + ShaShs)] ). (3.18)

once expressed in terms of S-wave observables.

ITI. Finally, the scalar product ngns leads to the third relation:

0 = 2[~16J3, +4J3 + B2 I3, + 4J3)S%, + A[B%TsJos — 4T3 Jg — 8Jas s — 4J3.J4)S%y
+48% [Ty des + Jrdg — 225 T5 + J3J5)S%s + 48%[JesJs + J5Jo
—2 o5y — J3J7]Shy + 432 JesJr — 4Ty Jg — 8Jos Ty + 4J3.J3]Sks. (3.19)

Eq. (3.18) and eq. (3.19) are the generalizations of the massless limit (5 — 1) expres-
sions found in ref. [23].
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Following the same methodology but using instead the vector ny yields three new
relations. Expressing ny in terms of n and Ik

ng = agn| + bgn, (3.20)
and contracting with n and n, we get a system of linear equations

nlnls = ag(nlng) +bslni 2,

nﬁnfg = dlg|ny|* + bg(nﬁm_) (3.21)

We can determine a’s and b’S:
,_ sl — hng)mpny) - (njeg)hny) = ()l 522)
g = 5 g = . (o.
[y PIn |2 = |nf ny 2 Iy |2 — [y [2]n L |2

Using the properties of the vector ny we then obtain the following three relations.
IV. From the equality of the modulus of both vectors ng and n'y one obtains
sl = [ns|® = as(ndny) + Vs(ndny). (3.23)
which implies the following relation:
27 o 4
0= + 1B Fs(16J3, — 473 — B2J5, — 4J3) = 21" | - 2(8JsSs> Sks — 5 oS35
+4J9S% 555 + 2 J655545%5) + 4553 (Js + 2J0) + 52555 (225 — J3)
+B2853 (Js + 2as) + 4S5 (22 — Js)|. (3.24)
V. Above we focus on relations constructed from the real part of the product of vectors.
The imaginary parts provide additional new relations:
Im[n{n's] = Tm[a(nfny) + bs(nfn )], (3.25)
which leads to:
0 = 2[-16J3, +4J3 + B2J2, + 4J3)S%,
+[4B% 5 g5 — 16JgJg — 16.J3.J4 — 32J95J4]S%s
+4,32[J4J6S + Jrdg + J3J5 — 2J25J5]qu3
482~ JosJs — JsJo + JaJv + 25 J7] S5y
+[—452 Jos J7 4+ 164 Jg — 16.J3J3 + 32.J25.J3] Sks. (3.26)

VI. Finally, combining the vectors ng and ng one finds:
Tm[nfn] = 0 = ds(nkny) + bs(nkn.), (3.27)
which corresponds to
0 = B%J6s|—S525%3 — S425%53 + S64555 + S45%6s]
+Jo[— 323564 + B°S535%6, + 455955 — 45525565
+2J25[4552 555 + B°(S535%53 — S64554) — 4555 5%s]
+J3[45%,S%59 — B°(S435%3 + S64554) + 4S5%5S%5). (3.28)
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These six relations are common to the massive and massless case, and they reduce to
the massless case when taking the limit 8 — 1. There is a very long seventh relation that
applies only in the massive case, i.e. it is zero in the limit of massless leptons. For this
reason and given that it is difficult to extract information from such a long relation, we
refrain from writing it explicitly and, instead, provide only the main steps to obtain this
relation in the appendix.

The relations between the observables presented here are based only on symmetries of
the B — K+~ putp~ differential decay rate, and on the assumption that the coefficients
of the decay rate factorize in terms of ¢ dependent amplitudes and terms that contain the
m?. dependence, as shown in eqgs. (2.3), (2.6) and (2.7).

In case there is a sizeable breaking of this factorization, the separation between the S-
wave observables and the modelled BWs may manifest experimentally observing violations,
in particular in relations II and IV that lead to the construction, as discussed in the next
section, of testable S-wave observables.

4 Bounds on S-wave observables and W; ; observables

Following the strategy of ref. [23], the relations found in the previous section enable bounds
to be placed on the S, observables and the newly defined Sgi observables. For instance,
solving for Sg, and imposing a real solution in relation II gives:

0 < A(S5) = —B2(S%3)? — 42(855)* — B*(2P3S4s + (L + P1) S5, — APy Sks5)?
27
+Eﬁ4ng(1 — FO)Fr(14 Py), (4.1)

where
x=1—P?—4p8*P} —4P? >0 (4.2)

(see ref. [23]) and A stands for the discriminant of Sg, when solved from rela-
tion II (eq. (3.18)). The first three terms are negative definite and each of them separately
has to be smaller than the last positive definite term. In a similar way but solving for S&,
and imposing a real solution one finds:

0< A(Sf%) = _52$(Sf94)2 - 435(552)2 - 4(2P3552 -(1- P1)qu5 + 52P2S§4)2
27
+1—654sz(1 — FY)Fr(1 - Py). (4.3)

This implies the following constraints for Sg, 5:

3 /3 3
S8l < 7 [P PP - P 15l < 80\ BES(- PRy P, (44)

and for Sg4 5

) 3 . 3 /3
S8l < B BES(L- F)Fr(1- ). 1851 < 822\ Bs1 - B P4 P 05)
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Figure 3. Bounds for ng binned observables with ¢ = 1,2,3,4,5. The dashed line corresponds
to the central value of the bound in the SM, while the green regions include the uncertainty of the
observables that define the bound in the SM.
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Figure 4. Illustration of the sensitivity of the central value of the bound to the preferred NP
scenarios for two observables S¢; and Sg;. We have checked explicitly that the variation of the
bound in the most significant NP scenarios amounts to at most a 20-25% enhancement.
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Similarly using relation IV, one finds
0<A(S5) = _5295(533)2 - 437(555)2 —4(2P3Sg5 + (1 + Pl)ng - 52P2S§3)2
+%ﬁ4sz(1 — FQ)FPr(1+ P), (4.6)
and
0< A(Sgs) = _»3295(52'4)2 - 433(5%2)2 - 52(4]325%2 - (1= Pl)Sg:a + 2P3S§4)2
+%ﬁ4ng(1 — F§)Fr(1-Py), (4.7)

which leads to the following bounds:

3 3 /3
1S54 < B2\ BES(L— F)Fr(L—Pr). 18551 < 870\ Fs - FFr( 4 P (1)

and

) 3 /3 : 3
|S%,| < 624\/4F5(1 — F{)Fr(1—Pp), |Sss] < 51\/3FS(1 — FO)Fr(1+P).  (4.9)

In summary,

T3 k1 T8 T8 T8 ko
‘55"2| §/82?7 ‘853’ SBk?v |SS4‘ Sﬂklv ’5575‘ §62?7 (4'10)

with ky = 3\/3Fs(1 — F§)Pr(1— Pr)and ky = 3,/3Fs(1 — F§)Fr(1+ Pp). All the bounds
above can alternatively be obtained using the Cauchy-Schwarz inequalities. For the observ-
ables S¢; this is the only way to obtain the bounds. For instance, from \ngn5|2 < |nol?|ns|?
and a corresponding inequality with n/y using the properties of the vectors eq. (2.4) one

arrives at 3
9511 < B2V Fs(1 = Fg)Fr. (4.11)
All the bounds on the other observables can be re-derived using the four inequalities:
nfn 2 < oy Pins?,  Infnd? < niPnsf?. (4.12)

We have computed explicitly the bounds of the Sg; observables in the SM in figure 3.
The relatively low sensitivity of the central value of the bound for SE’QS on the dominant
NP scenarios is illustrated in figure 4. We work under the approximation of substituting ¢>
dependent observables by their binned equivalents, where we denote the latter using angu-
lar brackets. This introduces some uncertainty but, as shown in ref. [29], this uncertainty
is negligible, especially for slowly varying observables like those involved in the bounds. To
compute the binned form of the bounds from eq. (4.10) we consider the theoretical predic-
tion for the observables (Fy, r), (P1), taking into account the 1o ranges of such observables.
Therefore figure 3 shows the maximum value allowed for such constraints. For (Fs) we
extract the value from a reduced mp, resonance window, 0.795 < mg, < 0.995GeV. In
figure 4 we evaluate (Fr,r) and (P;) in the corresponding NP scenarios, while taking the
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SM prediction for (Fg). The computation of (Fg) is the only place where we use S-wave
form factors. If (Fg) is taken as an experimental input, then no S-wave form factors are
required. Finally, notice that the bounds include a term (1 — Fg). However, in evaluating
these bounds we have neglected a small lepton mass dependent term (see eq. (2.20)) taking
Fg instead of FY.

The third term in eqs. (4.1), (4.3), (4.6), (4.7) should tend to zero when z(g?) — 0,
in order not to violate the condition of a real solution. Indeed, if we repeat the same
procedure using relation II but impose a real solution for A(S%,) and A(SLy) and for
relation IV impose a real solution for A(S%,) and A(S%,), we find respectively:

((1+ Pr)S5y — B P2S%; 2P3555)q,f =0,
(4PoS5s — (1= P1)Sks — 2P35§4>q% =0,
(4PoS5s — (1+ P1) S5 + 2P35g3>q% — 0,
(1~ Py)SEs — B2PaSTy + 2P38§2)q% = 0. (4.13)

Neglecting quadratically suppressed terms, Pgsfgj < PQng with j = 2...5, the previ-
ous equations can be combined to obtain:

p1-P
Sholoz = | 24—t S

g |1+P,
SS5| 2 = [2 1554 ) (4‘14)
q2

1-P

and from z(g?) = 0, neglecting PZ, one finds at ¢? that Py = /1 — P2/(28).

Another example of the information that can be extracted from the relations, neglecting
quadratic terms of the type O(Pgng, P3), are the following expressions. These are valid for
all ¢ and derive from relations II and IV, respectively. They can be tested as a cross-check
of the experimental analyses:

A A A A 1
Wi = (285:)7 + p(89%)° + 08585 = 38— o (415)
+ P
where g )
N 4 [
Ssi=3 Si _F Z_psr, (4.16)
(1— FL)FsPy V6
withi=2...5,p=(1—P;)/(1+ P) and ¢ = —83?P,/(1 + P1). Similarly,
A A A A 1
Wa = (2855)7 + 1/ (885.)° + ¢ 5% = 38— 5w, (417)
- P

where p' = (1+ P1)/(1 — P) and ¢ = —83?P,/(1 — Py).
Eq. (4.15) is particularly interesting because at the zero of S5, (or equivalently PS3)
one can predict the absolute value of S’gz (or PS3) as a function of P-wave observables
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Figure 5. SM and NP predictions for the observables W; and W, as continuous functions of ¢?
and binned in ¢2.

with no need to rely on any S-wave form factors. In the case of eq. (4.17), at the zero
of 5'54 one can predict the absolute value of 5’55 at this particular value of ¢°>. These are
valuable tests to compare with future predictions using calculations of the form factors.

Given that eq. (4.15) and eq. (4.17) are functions of P- and S-wave optimized observ-
ables (P; and PS]), Wi are also optimized observables. The SM and NP predictions
for these two observables can be computed using the second equality in eq. (4.15) and
eq. (4.17), respectively. The experimental measurements of the observables W7 and Wy
are obtained from the first equality in eq. (4.15) and eq. (4.17); namely from the direct
measurement of the S-wave observables, and the P-wave observables entering p”), ¢), and
Fr (where the latter three are measured in the presence of the S-wave observables). These
relations then give access to the n, || o components inside the new S-wave observables, can-
celling the dependence on ng and n/y and hence their predictions do not require the S-wave
form factors. The W 2 observables bring new information that can help to disentangle the
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SM from different NP scenarios, as illustrated in figure 5. From Wj in the region above
4 GeV?, the SM and CgLP = —C%P;L are not distinguishable but all the other scenarios shown
can in principle be distinguished from the SM. The expected experimental precision for
such measurements is detailed in section 6.

Finally we can use relation III, again neglecting all terms including quadratic products
of observables sensitive to imaginary parts of bilinears (P3, Py g and Sg3,5), to find:

1 Fy
x \/Fr,Fr

however, this does not give any additional experimental insight.

S = — (2(P(1+ Pr) = 282 P P}) Sy + B2(P5(1 = P1) — 2PP)S3) , (4.18)

5 Common zeroes of P- and S-wave observables

The optimized observable P, can be rewritten in terms of the g>-dependent complex-vectors
ny and n) in the following way:

_ i 1 (TLJ_ —TL”)T(TLJ_ —n||)+CP
273 \an—i—]nH\Q—i-CP

In the absence of right-handed currents, the maximum of P», denoted P3"**, occurs at

Py

(5.1)

a certain value of ¢?, which we denote ¢7. At the maximum, P (¢?) ~ 1/(28). To a very
good approximation, this maximum occurs when

ny(q5) ~ny(q3) (5.2)

where in principle a different ¢? is involved. This is because this expression is in fact four
equations (two for the real and two for the imaginary part) and, moreover, they have to be
combined with their C'P conjugated equivalents. Strictly speaking this would require that
real and imaginary parts and left and right handed parts have the zero at the same point
in ¢%, which is not the case. If we restrict ourselves to only Re(A%(¢)) = Re(Aﬁ(q%))
the obtained position of the zero g2 is in very good agreement with the position of the
maximum given by ¢7, as illustrated in table 1.

In the presence of right-handed currents the condition n (¢3) ~ n”(qg) can only be
fulfilled if a very concrete combination of Wilson coefficients is realized in Nature:

eff
cq

Corw —— T
eff
ClOILL - Cgu

(Crorp + Corp)- (5.3)
One of the NP scenarios that presently has the highest pull with respect to the SM, (C7 =
0, C&P,Cglu = —Cyo) indeed fulfills this condition. From now on we will refer to this
combination (eq. (5.3)) as conditiong.

In the SM, in the absence of right-handed currents, or in the presence of right-handed
currents that fulfill conditiong, table 1 illustrates that g2 and ¢7 are within 1% of each other.
This can be understood due to the small phases entering, but also because the equation:

Re(Af(45)) = ~Re(Af'(a3)), (5:4)
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Hypotheses q @ q3
SM 2.03 | 2.02 | 2.02
Chy 2.31 | 2.30 | 2.30
Hypothesis 5: (Cé\lﬂp7Cg/# = —Ciorp) 2.37 | 2.37 | 2.36
LFU Scenario 8: (Cy,, = —C},,,CS’) 243 | 2.46 | 2.45
Hypothesis 1: (C5 = —Co/y., Cipy, = Crory) | 245 | 2.34 | 2.18

Table 1. Position of the zero evaluated from: a) Re(A L (¢3)) = Re(A|(¢3)), b) position of P3**(q?)
and c) the exact position given by X5(¢3). This shows that only in the presence of right handed
currents that do not fulfill conditiong, as in Hypothesis 1 [2], do the zero points differ significantly
from one another.

is exactly fulfilled in the large recoil limit in the absence of right handed currents, or if
such currents are present but obey conditionyp. Under these conditions, deviations from

this relation then owe to departures from the large recoil limit. We can parametrize these

tiny deviations and the effect of imaginary terms in the following form:”

1 1 AR@) - Af@) [ e
v (mm) =5 (Af*(qg) - Aﬁ"((}%)) - <5 + i6R>’ )

where N is the normalization factor defined:

G%oﬂ 5 11 m2
— | /2 4t
N =\ gt A 145 (5.6)

For new physics scenarios with right handed currents that satisfy conditiong or in the

absence of right handed currents, a number of other observables are zero at the same point
in ¢® at which P, is maximal. The relevant observables are formed from pairs of P- and
S-wave angular observables:

X; = P"™(q?), Xo=pBP,—P;, X3=pShy—2S%, X4=pS5;—25%. (5.7)

In figure 6 the dependence of the position of the zero for several P-wave observables is
shown for different NP scenarios. The observables Ps and Pé,g would also in principle

"Besides the fact that we can compute 6, ez and eg, these quantities can be bounded experimentally
using eq. (5.1) and eq. (5.5) and rewriting P» at the point of its maximum (again, for new physics scenarios
with right-handed currents that satisfy conditiong, or in the absence of right handed currents) as:

Pa(q3) = % (1 -N

This implies that the tiny difference between 1/(23) and the maximum imposes a bound on each term ||,

2|0F +|es|® + ler|* + CP
[ni|?+ |ny|?2+CP
ler| and |er| separately:
167, lec |, ler|? < (1/(28) — P (q3)) Fr(dT/dg®) /N?.

However, measuring the difference 1/(28) — P34 (42) would require an experimental precision that is
presently unattainable.
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give a further zero. However, given that they are numerically small over the entire low-q?

region, they are difficult to determine experimentally. Moreover, the small contribution
coming from the A\, = V,;,VJ, piece of the Hamiltonian distorts the position of the zero for
such observables, which motivates their omission from the list above. For the same reason,
the Sgi observables and P in the absence of right handed currents are also not included.

The X5 34 observables then offer the possibility of looking at the compatibility of mul-
tiple zeros, rather than just the zero of single variables such as Apg. In the presence of
sizeable right handed currents that do not fulfill conditiong, P» does not reach the maximal
value 1/(23), and a small difference between the X; observables should be observed. Mis-
alignment between the zeroes of the X; observables could then help confirm a right handed
current scenario, although another possible reason for a tiny misalignment is the presence
of scalar or pseudoscalar contributions. The observable X is not included in the list above
because it is difficult to identify precisely the position of the maximum experimentally.

The point where P and Pj cross gives the zero of Xs, as shown in figure 6. Unfor-
tunately, when including theory uncertainties using the KMPW computation [30] of the
form factors V, Ao 12,7123 and long-distance charm, the overlap between the zeroes of
different NP scenarios is as shown in figure 7. This implies that further efforts are required
to improve on the theoretical uncertainty of the observables.

We use the complete perpendicular and parallel amplitudes given by:

2m Ms ,e
AbE — N\/§)\1/2{Sb [ (@H +Cr + mbC7ﬂC> T+ (1+ Tl(s))TL]

)\u lon 14
+ [(Cg +Co) F (Cio + Cror) + (1 +71(s)) Ve + )\TY“ Ter g(s)sl} mB—i-mK*}

(5.8)

2m
Aﬁ”R = — NV2(m% — m%(*){sb

2 _
(C?H — C7/ — :ZZC?H) Ty + (1 + 7"2(8))71%28)]

mp

)\u lon, Al
+ [(Cg —Cy) F (Cr0 — Cror) + (1 +12(s)) Y + )\TYu +¢ g<3)3} mB—mK*}
(5.9)

and the longitudinal amplitude:

LR N off Ms Loff (m% — s)
AO = —W{2mb[<<67 —C7/ — mibc’? >T2+ (1“‘7’2(3))7]_517%
Ms o A
X (mZB + Bm%* —S) — ((Cgﬂ —Cp — Tan7ff> T3 + (1 + 7"3(8))7] + TJ_) M]
B K*

Au on;
+ {(Cg — Cg/) F (Clo — Clo/) + (1 + 7’3(8))Yt + )TgYu + C}] g(s)s()}

AA
X {(mQB — miee — s)(mp + m-) A — mB_i_anJ } ) (5.10)
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where 7, | are defined in ref. [31], 7123(s) correspond to the different types of non-

long
J‘?”’O

tion of long distance charm contribution (see refs. [33, 34] for the definition of the

factorizable power corrections included in our analysis [32], and ¢ (s) is a parametriza-

parameters):

long o cc cc cc 1
crj(s) = (‘u,n 07 (eL) S)S) (e, —9)s

1
(" —s)(s+1)

e (s) = (af + b (c6” — s)(s + 1)) (5.11)

Finally, the corresponding theoretical position of the zero is the solution of the following
implicit equation:

1 m 1 m%—q2
- csft [T1(1+%z))\2 + Ti( —m—i)(m%—mﬁ(*)} +T1 |22 + (m% — m%.) f;LQqu
= l b
2y (C10 — C§T (@) (ot V o+ (i + ) Ar)
(5.12)

where CSH(qQ) collects all pieces and, in order to simplify the expression, we take all non-
factorizable power corrections at their central values but keep long distance charm explicit

.. . 1 1
inside C§T (taking "¢ = C”()ng = clong).

A 1

Col () =Co+Yi + )\—“Yu +eE(s)s L) (5.13)
t b

The form factors include soft form factors, as and power corrections and 7, also

includes the non-factorizable QCDF contribution. Eq. (5.12) offers an interesting combined

test of form factors, Wilson coefficients and long-distance charm at a specific point in ¢2.

5.1 A closer look at the observable Xs: from new physics to hadronic contri-
butions

In this section the properties of the observable Xy = SP! — P; are analyzed in detail,
focusing on the ¢? bin where the zeroes fall both in the SM and in the NP scenarios consid-
ered [1, 2]. While all the relevant observable information is already included inside global
fits, analyzing particular observables like X5 can provide guidance on how to disentangle
NP effects in the longer term. This observable has a simple structure in terms of Wilson
coefficients when evaluated in the ¢2 bin [1.8,2.5]:

(Xa2) 1825 ~ —0.14 4 0.22 (C}, — Coyr ) + €, (5.14)

where € in this equation refers to a tiny contribution that is non-zero only in the
presence of right handed currents, in particular contributing to Cy,, that can be
cast as —0.02Cy, (1 + 2(Cy,, —C&P)). As can be seen immediately from this equation,
<X2>[Sll\'/é72.5] ~ —0.14. Independent of the details of the physics model, almost all NP sce-
narios with C; # 0 yield 0.88 < CJj, — C57 < 1.26, implying 0.05 < (Xa)[1.82.5 < 0.14.
Onme relevant exception is Scenario 8, corresponding to (X2)[1.825 = 0.19. This scenario
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Figure 6. Predictions for different P; observables in (top left) the SM, (top right) Scenario 8,
(bottom left) Hypothesis 5 and (bottom right) Hypothesis 1.

contains a LFU contribution in Cy, which would imply a contribution to the electronic
mode t00, (Xoe)1.82.5) = (BF5 . — Pic)pszs =~ 0.07.

In summary, given that (Xa)(; 825 is predicted to be approximately —0.1 in the SM
and up to +0.2 in some relevant NP scenarios, an experimental precision of +0.1 would
allow some of the NP scenarios to be disentangled from the SM. However, as shown above,
with the present theoretical accuracy the theory predictions in ¢? bins yield a large overlap,
preventing any clear discrimination. This is not surprising, because the deviation of P}
in the [1.8,2.5] bin is not so large compared to the anomalies in the bins [4,6] or [6,8].
Moreover, given that Pj is quite SM-like (see discussion below), it is expected that the
largest deviation for this observable will occur in the [4,6] and [6,8] bins. This is confirmed
in figure 8.

Due to the stability of X9 under most NP scenarios, it is essential to improve on its
theoretical uncertainties. In parallel we can explore the sensitivity that P and P; may offer
individually in the [1.8,2.5] bin. For completeness, we provide the relevant expressions here:

(PP is25 ~ 0.13 = 0.22(Cyy, — Cror) 4+ 0.03(Cp — Cor)? (5.15)
(P85 ~ —0.01+0.22C1¢,, — 0.26Cq), + 0.06C1,Croy -

For the most prominent NP scenarios, we find the ranges 0.04 < <P4>[1,872,5] < 0.33 and
0.10 < (P§)[1.8,2.5) < 0.38, with theory uncertainties of +0.20 and +0.13 for (P;)[;.5 2.5 and
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Figure 7. Xs predictions for the SM, Hypothesis V and Scenario 8, including theory uncertainties.

(P)11.8,2.5), respectively. These show that (Pf)(; g 2.5 exhibits a SM-like behaviour (in the
absence of right handed currents) and gets a wider range only if right handed currents are

rather large, as in Hypothesis 1 (see table 1 and refs. [1, 2]). This is different in the case
NP
o
Moreover, the current size of the theory uncertainty of <P11)[1.8,2.5] erases any possibility of

of (P5)[1.8,2.5, Which exhibits an enhanced sensitivity to Cg, that drives the wider range.
discrimination between the SM and NP scenarios, but in the case of (P5)[.g2.5 the smaller
size of the error leaves some discrimination power.

In order to discern hadronic contributions, the following strategy can be employed.
The best fit point from a global fit that excludes P and Pj can be used to predict the NP
contributions entering (X2)(; 8 2.5), as well as Py and Pj individually. These predictions can
be constrasted with the experimental results in order to assess the SM contributions to P}
and Pj. As noted above, the SM predicts (X2)[1.825 = —0.14, but (P§)[1.825 = —0.01
and <P4)[1_872.5] = 0.13. Such values arise from a complex interplay between several SM
sources, among them the hadronic form factors, 71,7 (these pieces encode, in particular,
the non-factorizable power corrections), the value of the Wilson coefficients in the SM but
also perturbative charm-loop contributions. Here we parametrize the remaining charm loop
long-distance contributions in a manner that matches the non-perturbative computation
from ref. [30]. In practice, when quoting long-distance charm loops we refer to eq. (5.11)
for the transverse and perpendicular components and for the longitudinal one.

_97 —



= Standard  Model

[ 2C)F = ~1.06 =

= Standard  Model

=Cyr = —Cp, = —0.44

I
5 [ 5
0 2 4 6 8 0 2 4 6 8
7*(GeV?) ¢*(GeV?)
2 2
Standard Model Standard Model
= Cs = —0.14, Cp = +0.14 1y ; =Ch = —1.26, Cyy = —Cior = +0.25
mm —&
<o i S |

“=

S

0y o o NS 5 | :l::_‘\;
2 r 6 8 ) 7} 6 8
7*(GeV?) 7*(GeV?)

= Standard  Model

- | BCY, = —C, = —0.30, C§ = —0.92

L]

l:ll:h:L

5 > i
7*(GeV?)

Figure 8. SM and NP predictions for X, binned in ¢2.

Using egs. (5.8)—(5.10) we can write the observables as follows:®

(P1)8.25 = 0.35+10.63ReTL + 1.43 ReT) +49.30 (ReT1)* + 0.01s) — 0.05s0,
(P)k 25 = —0.34 — 11.71ReT] + 1.57ReT) — 55.32 Re(71)” — 0.01s — 0.05s0,
(X2)7'§05 = —0.68 —22.33ReTL + 0.13Re7) — 104.62 (ReT1)* — 0.01s) — 0.01s .,

(5.16)

where in the SM in this particular bin one expects: ReT1 ~ —0.028, Re7| ~ +0.025, and
in refs. [1, 2, 35] s, |0 is taken as a nuisance parameter allowed to vary in the range s; €

[—1,1]. The constant coefficients of the nuisance parameters in eq. (5.16) are complicated

combinations of masses, Wilson coefficients and form factors in the SM, as they enter at
the level of the transversity amplitudes in egs. (5.8)—(5.10).

The first point to notice is that both (Pj)[1.g25 and (P5) .25 are dominated by
Re71 and the dominant long distance comes from sg, in both cases with a very similar
magnitude. Subleading contributions arise from 7 and s, j. Secondly, (X2)[1 825 has a

8We neglect tiny contributions from Im7; .
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negligible sensitivity to 7| and sp, and the first long-distance piece enters via subleading
contributions from s, ;. Thus this observable is basically dominated by Re7) and proves
to be quite robust against long-distance charm loop contributions in this bin.

Finally, recalling the stability of (X32)(; 25 under different NP scenarios, we can
parametrize this observable to a very good approximation as:

(Xa)[1.82.5) = —0.68 — 22.33ReTL — 104.62 (ReT1)* + 0.22(C]y}, — Coy1 ) (5.17)

where the interplay between NP and the non-factorizable QCDF hadronic contributions
is clearly encoded. This implies that a measurement of (Xa)(; 825 could provide an ex-
perimental constraint on Re7] in [1.8,2.5], correlated with the NP scenario used, to be
confronted with the SM prediction. The determination of Re7 | can be seen as a non-trivial
test of QCDF. Notice also that, as discussed at the beginning of this section, Re7| has a
significant impact on the position of the zero of X5. As soon as 7 is experimentally deter-
mined, the correlated measurement of the individual observables (Pj)(; 8 2.5 and (P5)(1.5.2.5)
will provide a handle on sy, the dominant long-distance charm loop in this bin. The size of
such effects should be clearly seen with the precision that should be attained during Run 4
of the LHC.

6 Experimental prospects and precision

The angular observables in B — K*tn~utpu~ decays are usually extracted by means of
a maximum likelihood fit of the decay rate in egs. (2.1), (2.2) and (2.3) to experimental
data in bins of ¢2 [36]. Practically, such a fit is achieved by the minimisation of a negative
log-likelihood. Section 3 has elucidated that from the combination of the decay amplitudes
not all of the angular observables are independent. In a fit to experimental data however,
each observable is simply the coefficient of an angular term and is therefore an independent
parameter. In the massless lepton case one can impose relations, for example the trivial
Si. = —Sa¢, where the CP-averaged observables are defined by S; = (J; + J;)/(Tp 4+ T'p).
However, these do not apply in the low ¢? region where the leptons should be treated
as massive. In principle, the new relations of section 3 may also be used to reduce the
number of free parameters in the fit. However they are too complex to be implemented
in a minimisation procedure, as they cause discontinuities in the negative log-likelihood.
Therefore the full bases of angular observables must be fitted in each of the massive and
massless cases. The symmetry relations may instead be checked after the fit has been
carried out in order to ensure that physically reasonable results have been obtained.

For a given data set there is no guarantee that all observables may be determined
in a single maximum likelihood analysis. There may be large correlations between fit
observables, apparent degeneracies due to the limited sample size, detector resolution effects
and physical boundaries that distort the likelihood. Furthermore, the determination of the
new interference observables that arise in the complete five-dimensional description of the
decay can be distinguished only by making use of the mg, line shape, which has not been
done experimentally before. All of these effects could impinge on the success of any new
experimental analysis of the five-dimensional decay-rate. In order to study the stability of
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a fit to all the angular observables and to obtain an estimate of the experimental precision,
a simple simulation was used to perform LHCb-like pseudo experiments. As the dominant
effects on the experimental fits are statistical, rather than contingent on the experimental
details, the results presented here will apply equally to future Belle II analyses.

6.1 Experimental setup

Data sets are generated with the expected sample sizes collected by the LHCb collaboration
at various points in time. The data the experiment currently has in hand, referred to as the
Run 2 data set, is the combination of the Run 1 and Run 2 data with integrated luminosity
of 9fb~!. Projections are made for future LHCb runs: Run 3 with 23fb™!, Run 4 with
50fb~1 [37], and Run 5 representing the total data collected by the proposed Upgrade II
with 300 fb~! [38]. The signal yields are extrapolated from those in ref. [36], scaling for the
integrated luminosity, the B production increase from Run 1 to Run 2, and an enlarged
mgr window of 0.750 < mg, < 1.200 GeV that is used to help determine the additional
S-wave terms. The expected combinatorial background yields are similarly scaled. In a real
analysis such a large m g, window would bring in extra partially-reconstructed backgrounds
as well as more significant contributions from other P- and D- wave transitions, which
would need to be accounted for in the systematic uncertainties. Furthermore, the exact
form of the P- and S-wave lineshapes becomes more important in a wider window as the
interference observables gain greater significance. Careful consideration is required for the
systematic uncertainties associated with both the choice of the mpg, lineshapes and the
neglect of higher D-wave states. The trade-off between these systematic uncertainties and
the statistical precision of the angular observables will define the mg, window needed to
achieve the best overall precision. However, all of these effects go beyond the scope of
this paper.

The effect of the detector reconstruction and selection criteria is modelled using an
angular acceptance function approximated to that in ref. [39]. For the my, window con-
sidered, the acceptance is assumed to be constant with mpg, following ref. [8].

The ¢? bins used are the same as those in ref. [36]. An alternative configuration with
each bin split in half is also trialled. In contrast to previous experimental analyses, the fit is
performed simultaneously with both B flavours, in principle allowing the CP-symmetric and
CP-asymmetric observables? to be determined from a single fit. In order to fit the complete
set of CP asymmetries (including those for the S-wave and interference observables) one
cannot solely rely on the angular description. The overall scale of the decay rate needs to
be constrained with an extended term in the likelihood. The constraint may be the CP
asymmetry of the total decay rate, or the branching fraction of the average of the B” and
B° decays. The latter is preferred. It gives complementary information for use in global
fits to the Wilson Coefficients that describe these decays and is thus of interest in its own
right even when the CP-asymmetries are not being extracted. An angular analysis is the
only way to measure it in a model independent way, as the experimental efficiency can be

F_g /i Fr/i_gr/i
i—i for the P-wave observables and ASgil = m

9 . o
The CP-asymmetries are defined as A; = Firs

for interference observables.
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corrected over all the kinematic variables of the K+ 7~ "~ system (within a ¢? bin these
are the three angles and mg).

Measuring absolute branching fractions is difficult due to systematic uncertainties that
are hard to control. Instead the total P+S-wave rate relative to the mode B — J/ K+ r~
is taken, with the normalisation decay finishing in the same K7~ p*u~ final state as the
rare mode signal.' Using the measured S-wave fractions the P-wave relative branching
fractions in each ¢ bin may be readily ascertained.!!

The SM values of the angular observables are used in the generation of the pseudo-data,
except where stated. For the P-wave observables (and only for this experimental sensitivity
study), the B — K* form factors are taken from ref. [42] and rely on a combination of
Light Cone Sum Rules and Lattice QCD calculations. For the S-wave observables, the
B — Kj form factors are taken from ref. [15]. For all observables the non-local charm
contribution is taken from ref. [43], with the longitudinal and S-wave phase difference for
all JP¢ = 17~ dimuon resonances relative to the rare mode set to zero. The exact choice of
these parameters has no impact on the conclusions of this study. The stability of the fit and
the experimental precision on the P-wave observables is largely independent of the details
of the model. Background events are simulated using a representative PDF constructed as
the product of second order polynomials for each angular fit variable and an exponential
function in mpo.

As is customary, the observables F7, 1 are used, here defined by

2 B2
Soe = —B7F, Sos = ZFT (6.1)

such that in the limit of no CP violation FJ, is exactly representative of the longitudinal
polarisation fraction divided by the total P-wave rate. The CP asymmetry observable

AFy, is defined by (Jo — Joo)/(Tp + Tp) = —32AF. Furthermore the forward-backward
asymmetry is used as a fit parameter, with the customary definition

Ap = —S6s + < S6¢- (6.2)

Similarly for the S-wave contribution the observable Fg is used, defined by S5, =
(JS, +Js.)/T" = —% B%Fs. Again, Fy is a direct representation of the relevant transversity
amplitude (|ng|?), divided by the total P- and S-wave rate. In the massless-lepton limit the
integral of the S-wave component is therefore Fg (the S-wave fraction). The corresponding
CP asymmetry observable, AFg is defined by (J5, — Js,)/T" = —%ﬁQAFS.

10Making the measurement relative to the B® — J/i K7~ mode ensures that, to a large extent, nuisance
production and detection asymmetries cancel. However, in an analysis of real data the normalisation mode
is affected by contributions from exotic J/ip 7~ states [40], both in terms of the signal yield and the angular
distribution. Corrections to the fitted results will therefore need to be ascertained to produce the correct
relative P-wave only rate and are beyond the scope of this paper.

" Recent developments in calculations of B® — K ¥~ form factors in a P-wave configuration [41] rely on
a model to describe the lineshape of the K7~ system. For a correct comparison between measurements
and predictions of the branching fraction, any differences in the lineshape models used both in theory and
experiment must be taken into account.
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Figure 9. Summaries of the (green) means and (blue) standard deviations of the pull distribution
for the optimised P-wave observables and normal interference observables in two bins of ¢2. The
red lines are references at 0 and 1.

For the ¢° bins in which the leptons are considered massless, which are those where
q® > 1.1 GeV?, there are 19 CP-averaged (8 P-wave, 1 S-wave and 10 interference split into
real and imaginary parts) angular observables to be fitted as listed in eq. (3.10), plus the
total P+S-wave rate. In these bins 82 = 1. For the ¢® bins in which the lepton is treated
as massive, where ¢> < 1.1 GeVZ, there are 24 CP-averaged observables, as per eq. (3.12);
and one may again choose to fit the total rate as well. For these bins ¢? is evaluated at the
centre of the bins.

6.2 Results with massless leptons

Initially only the CP-averaged observables are free to vary in the fit; those for the CP
asymmetry are fixed to 0. For both the Pl-(/) and S; basis, despite the inclusion of all the
S-P-wave interference terms, > 99% of the pseudoexperiment fits for massless leptons in ¢>
bins with ¢> > 1.1 GeV? converge and the P-wave CP-averaged observables are determined
without any significant bias (approximately 20% of the statistical uncertainty or less) and
with good statistical coverage. A summary of the distribution of the pulls resulting from
the pseudoexperiment fits of the angular observables in two ¢? bins is shown in figure 9,
including fits using the optimised (PZ-(/)) P-wave observable basis. For an observable the
pull is defined as the difference between the fitted value and true value, divided by the
statistical uncertainty estimated in the fit. It should be noted that both the real and
imaginary parts of the interference observables can be determined by the fit.

Furthermore the optimised interference observables, P.S;, may also be readily deter-
mined with the data that LHCb already has in hand. Summaries of the fit behaviour with
this configuration are shown in figure 10. The estimated statistical uncertainties for these
new observables as a function of the integrated luminosity collected are shown in figure 11.
The points show the expected luminosity for future LHCb runs.
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red lines are references at 0 and 1.
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Figure 11. Estimated statistical uncertainty for the (left) real and (right) imaginary optimised in-
terference observables PS; as a function of integrated luminosity for the ¢2 bin 4.0 < ¢% < 6.0 GeV>.

For the alternative narrower ¢® binning, the situation is not so ideal; summaries for
two ¢2 bins are in figure 12. In general, the central fit values for all the variables do not
show biases above 20% of statistical uncertainties. The exception is the two bins in the
region 1.1 < ¢ < 2.5GeV? (the bins are 1.1 — 1.8 GeV?, shown on the left of figure 12
and 1.8 — 2.5 GeV?), where the predicted values of Fj, and App lie close to the edge of
the physically allowed parameter space. For the narrower bins this boundary distorts the
likelihood close to where the minimum should be. The result is an imperfect determination
of these variables, or P, in the optimised basis, as the fit crosses into the unphysical region.
However, as the other observables in these bins behave well and all the other bins behave
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Figure 12. Summaries of the (green) means and (blue) standard deviations of the pull distribution
for the optimised P-wave observables, PS;, in two narrow bins of ¢2. The red lines are references
at 0 and 1.

well, there is motivation to use the finer ¢? bins even with the Run 2 data set. As the
uncertainties are shown to be too small by the pull distributions the Feldman-Cousins
method [44] will need to be employed to establish confidence intervals. The problems of
bias and error determination are readily ameliorated with more data and even by the end
of Run 3 the fit behaviour will be much improved.

When including the CP-asymmetry observables as free parameters in the fit it is again
found that the fits converge successfully. These parameters themselves are found to be
unbiased, although the estimated uncertainties are in general too small. Examples are
shown in figure 13. The extracted relative branching fraction is also found to be unbiased.
However, the extra free parameters lead to larger biases in the CP-averaged observables
of up to 40-50% in some cases. With more data the situation will be improved and after
50fb~! it will be possible to extract all CP-averaged and CP-asymmetry observables in a
single fit with minimal biases and good coverage.

6.3 Results for massive leptons in 0.1 < g2 < 0.98 GeV?2

In the 0.1 < ¢%2 < 0.98GeV? bin for massive leptons, the situation is more complex. For
the basis fitting only unoptimised observables (both P- and S-wave) the fit in general gives
unbiased pull distributions. The exception is for the observables F;, and Si. which have a
large anticorrelation between them. For the regular optimised P-wave observables the fit
also does not converge well, likely due to the small value of F7, in this bin, which appears in
the denominator of the optimised observables. The Feldman-Cousins method will therefore
be required to obtain the correct confidence intervals for all observables in this ¢ bin.
For the new optimised P-wave observables in the massive lepton ¢ bin, M; and Mo,
good behaviour is only obtained with the integrated luminosities expected from the LHCb
upgrade. These observables are problematic for the fits as they are essentially the ratio
of two angular coefficients with the same mpg, dependence. Therefore they are almost
completely anti-correlated and the fit struggles to converge, as shown in figure 14. However,
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Figure 14. The pull distributions for the optimised P-wave observables (left) M; and (right)
Ms from pseudoexperiments with the estimated LHCb Run 2 yields. The overlaid red curve is a
reference of the ideal distribution for the pulls, a Gaussian function with o = 1.

with enough data the fit will improve and even by the end of LHCb Upgrade I reasonable
behaviour for these observables can be expected, as shown in figure 15.

For similar reasons the S-wave only optimised observable Mj is poorly behaved. Due
to the small S-wave contribution an even larger data set, such as the 300fb~! expected
with LHCb Upgrade II, would be required for its successful extraction. This is shown in
figure 16.

Finally the optimised P- and S-wave interference observables that occur when account-
ing for the lepton mass, Mj and M}, have been considered. These can be extracted with
the Run 2 data set as displayed in figure 17. The observables are not straightforward ratios
of two other observables, which lessens the correlations in the fit. Furthermore they are
functions of P-wave and S-wave observables, which are likely to be well constrained by the
rest of the angular PDF'; in particular they have different mg., shapes.

— 35 —



M, - 0.1<¢?<0.98 GeV? M, - 0.1<¢?<0.98 GeV?

50
4

&

L, =50 b

L, =50 b

4

S

4

S

3!

G

3

S

2!

o

2

S

20

o

=)

H\‘\H\‘HH‘HH‘HH‘\\H‘HH‘HH‘H\WHH

o

I

c b e b e b S
-3 2 -1 0 1 2

e

3 = 4 3 4
(fit - true)/c (fit - true)/c

Figure 15. The pull distributions for the optimised P-wave observables (left) M; and (right)
M from pseudoexperiments with the expected LHCb Upgrade I yield from 50 bt integrated
luminosity. The overlaid red curve is a reference of the ideal distribution for the pulls, a Gaussian

function with ¢ = 1.

M, - 0.1<¢?<0.98 GeV?

100 —

80

60

40

20

=)

J\\\‘\\\‘\\\‘\\\‘\\\

L, =9fb!

4!

o

4

s & 8 R 8 & &
AR L U A R

o

M’ - 0.1<¢?<0.98 GeV?

Ly, =300 fb’!

IS

3 4
(fit - true)/c

2

3 4
(fit - true)/c

Figure 16. The pull distributions for the optimised S-wave observable M} from pseudoexperiments
with (left) the expected LHCb Run 2 yields and (right) the yields estimated after 300 fb ! integrated
luminosity.

M, - 0.1<g?<0.98 GeV?

My - 0.1<¢?<0.98 GeV?

50

40

3

2

S

\\\\‘\\\\‘\\\\‘o\\\\‘\\\\‘

L, =9fb!

n.

4!

o

4

s & 8 8 8 & &
AL LALRTRAA RN AR LLARNEAAY AARTRARL AL

o

Ly, =9fb!

2

3 3
(fit - true)/c

e

! -
(fit - true)/c

Figure 17. The pull distributions for the optimised P-wave observables (left) M and (right) M{
from pseudoexperiments with the expected LHCb Run 2 yields. The overlaid red curve is a reference
of the ideal distribution for the pulls, a Gaussian function with ¢ = 1.

— 36 —



Ogtat
T

]J
|
|
]

|
I

107"

i
1
]

|

[

1072

—— Run1+2-9fb"
—+— Run 3 - 23fb™"
Run 4 - 50fb™

-1
1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 I Upgrade II - 300fb

0 2 4 6 8 10 12 14 16 18 20
o* [GeV?]

I R
l
]

10°°

Figure 18. The expected statistical uncertainty of the observable M, as a function of ¢? for various
future integrated luminosities.

For a judicious choice of observable quantities, future experimental analyses should
therefore be able to use the full angular distribution, including both the additional S-wave
terms, and assuming massive leptons.

6.3.1 Results with a possible scalar amplitude

If one wanted to fit the data without assuming the absence of scalar amplitudes one must
introduce the observables Sg. and Si. in all bins. For maximal theoretical reach Si. would
ideally be replaced with its optimised equivalent My (see the discussion in section 2.1). The
precision on this has been estimated for various future integrated luminosity scenarios, as
shown in figure 18. Even with 300 fb~! of data, the expected statistical uncertainty is much
larger than that required to measure significant scalar new physics.

6.4 Symmetry relations

The six symmetry relations may be applied to the results of the binned fits as an indepen-
dent check of the robustness of the experimental methodology. As the fitted observables
are averaged over a g2 bin the relations are not exact in this experimental context. This
is particularly apparent in the lowest ¢ bin, where the changes in the variables with ¢>
are most notable. Furthermore, as only the bins for ¢*> < 1GeV? are treated as having
massive leptons there is some small imprecision in the symmetry relations for the bins im-
mediately above 1 GeV? due to residual effects of the massless lepton treatment. Example
distributions of the relations are shown in figure 19.

These distributions of the symmetry relations may be used for a ready check by an
experimenter of their fit to real data. If the relation calculated from the data lies outside
these distributions the fit can be discounted and the experimenter invited to check their
method. Care must be taken however as the experimental relations are calculated with g2
averaged observables. This introduces some model dependence in the distributions of the
pseudo-experiments.
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line is a reference at 0 for the case when the relations are exact. The spread of the distributions is

a reflection of the statistical precision of the fit.

6.5

Zero points

The zero points of the observables X5, X3 and X4 provide a good test of the SM. From
the experimental results they are found by taking the independent fit results from each ¢?
bin for the relevant observables. The three observables are plotted in ¢? and a 2 fit of
second-order polynomials is carried out simultaneously for each observable. The point at

which the polynomials are zero is a common fit parameter. The correlations between the
fitted observables within a ¢ bin are included in the y? fit.
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The value of § is taken to be 1.

As the ¢? dependence of the observables is of most interest, it makes sense to employ
the half-sized binning, doubling the number of ¢? points. The fits are found to behave
well in these finer ¢? bins with the expected yield for the LHCb Run 2 data set for those
variables of interest.

Example fits of the ¢? distributions for the expected LHCb Run 2 data set are shown
in figure 20. Alternative fits are performed with no common zero between the observables
and the change in x? determined in order to test the hypothesis of a common zero crossing
point. Three hypotheses have been tested: the SM and two NP models from the fits to
current experimental results in ref. [2]. The two NP scenarios are: i) ‘Scenario 8’, which
corresponds to only left-handed new physics and includes a LFU new physics contribu-
tion; and ii) ‘Hypothesis 1’, which introduces right handed currents that do not satisfy
conditiong (defined by eq. (5.3)), and should lead to the three X observables not having a
common zero crossing point. See table 1 and figure 5 for the definitions of these scenarios
in terms of the Wilson coefficients. For each scenario, 900 pseudo-experiments are carried
out and the expected Ay? distributions ascertained. It is found that the distribution is
indistinguishable between these three physics simulations with 9fb~! of data, as shown in
the left of figure 21. With 300fb~ !, as displayed in the right of figure 21, it can clearly be
seen that the x? of the fit with a common zero is worse than that for independent zeroes,
giving discrimination between Hypothesis 1 and the SM.
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Even if the common-zero y? fit is unable to distinguish between the three physics
hypotheses with the available data, the position of the zero may enable them to be sep-
arated. The expected precision on the common zero crossing point with 9fb~! of data is
~ 0.18 GeV?, becoming 0.07 GeV? with 50 fb~!. For comparison, the estimated uncertainty
on the zero using the regular ¢? binning is found to be marginally worse: ~ 0.19 GeV?
for the Run 2 data set. The uncertainty is completely dominated by the precision with
which the P} — Pj observable is determined. The distribution of measured zeros for the
three observables fitted independently is shown in figure 22. It is clear that the S-wave
interference observables are comparatively imprecise, which is to be expected given their
small simulated contributions of ~ 10%. Figure 22 suggests that with the just the Run 2
data set there is little discrimination between the SM and the trialled NP hypotheses from
the position of the zero point. However, figure 23 demonstrates that with 50 fb~! there is
clear distinction between the SM and the scenario 8 NP model.

6.6 S wave in the global fits

Equations (4.15) and (4.17) allow us to include S-wave interference observables in Wilson
coefficient fits for new physics without having to calculate the S-wave form-factors. The
expected precision for W; and Wy with only the P-wave observables, with the interference
observables, and the combination of the two has been assessed. Pseudo-experiments are
run with the SM hypothesis and using the new optimised interference observables, PSZ-" /i
introduced in section 2.2. For each of the 1000 pseudo experiments used, W7 and W5 are
calculated along with their uncertainties, accounting for the correlations between the fitted
parameters. The correlation between the expressions involving only P-wave observables and
that including the interference observables is assessed for each of Wy and Ws. Subsequently
the average and statistical uncertainty when combining the P wave only part with the
interference part is found for each observable.

For the Run 2 data set the narrow bins cannot reliably be used to extract the optimised
observables. Therefore here the wider ¢ bins are used. The expected precision of W; and
Wy is shown in figure 24. It can be seen that the combination of P-wave only with the
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Figure 25. Pseudo-expriment results for (left) W, and (right) Ws with the expected LHCb Run 4
data set of 50fb~*.

P- and S-wave observables is only marginally more precise than for the P-wave only alone.
This is to be expected due to the small contribution of the S wave that is simulated and
the presence of P-wave parameters in the combination with the interference observables
such that the contribution of the S wave is not statistically independent.

In the future the size of the data sets will become sufficient for the narrower bins to
be readily used. An example is shown in figure 25 of the putative LHCb Run 4 data set
with 50 fb~ 1.

7 Summary and conclusions

This paper presents the fully differential decay rate of B — K+t7x~¢T¢~ transitions, with
the KT7n~ system in a P- or S-wave configuration, which can be used to analyse such
decays in current and future experiments. This work paves the way for the next step in
the analysis of this decay, going beyond previous analyses by identifying and exploring the
experimental prospects of massive and S-wave observables that were previously neglected
or treated as nuisance parameters. Our analysis relies on a complete description of the
symmetries that apply to the full distribution. This enables us to define the complete set
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of observables that describe the decay and the relations between them, excluding only the
presence of NP scalar or tensor contributions.

Our study shows, in particular, that the symmetries of the B® — K7~ ¢t/ decay
rate give rise to relations that allow a combination of S-wave observables, Wi 2, to be
expressed in terms of P-wave only observables. These combined observables then have no
dependence on the poorly known S-wave form factors and therefore offer genuine probes
of physics beyond the SM. This opens a new seam in the phenomenology and, for the first
time, will allow S-wave events in the data to contribute to global fits for the underlying
physics coefficients.

We also present strong bounds on the set of new S-wave observables using two different
methods, the relations themselves and Cauchy-Schwartz inequalities relying only on the
structure of the observables in terms of 2D complex vectors. They serve as important
experimental cross-checks.

From the point of view of experimental analyses, it has been shown that all of the P- and
S-wave angular observables for the BY — K7~ ut ™ decay may be extracted with a five-
dimensional fit to the data sample that the LHCb collaboration already has in hand. Our
analysis includes the complete description of the mg, dependence of the differential decay
rate for the first time, as well as the treatment of the leptons as massive at low values of
¢>. The exploitation of the symmetry relations for the observables will allow an immediate
test of the veracity of the fits to data without resorting to theoretical predictions. Finally,
the common zero crossing point of a set of P-wave and S-wave interference observables may
contribute to the discrimination between the SM and NP independently of global fits, and
can offer insight into the hadronic contributions.
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A The 7th massive relation

In this appendix we will provide the necessary steps to determine the last relation. This re-
lation vanishes in the massless limit and is particularly lengthy. For both reasons, specially
the latter, is of limited practical use. Therefore we will present here the steps to derive
this relation but will not write it out explicitly. The derivation is based on five steps.
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Step 1: our starting point will be a particular combination of the 2D vectors that will
allow us to introduce the structure of the observable M; for the first time.

(nﬁns + nﬁnfg) X (nﬁns - nﬁn'S) + (nlns + nlnfg) X (nlnfg - nlns)

= FA(AF AT+ AT A A AT (A

In order to avoid repeating the coefficient 4m% /q* of My, we introduce a reduced
version, that we will call m; defined by

2
q k *
my = —5—(B7J1s — (2+ B7)Jos) = Re(AT AT + Af A7) (A.2)
4mj B;
We will use the freedom given by the symmetry (see section 3) to choose the phase
such that A6L has only a real component. Then we solve eq. (A.1) for m; and its imagi-
nary counterpart:

—bIm[AfY] + a Re[A{F]
4] A ?Re[ AF]
Lx 4R Lo qry _ @Im[AF] + bRe[Af]

(A.3)

mi =

where

1 /4172 i 2 . i \2 r
o= oz () (PS5 + (S5 + (85" + (S5
i 2 r i \2 r
(S5 + (S52)” + () + (S55)%)
2 [4TN\?, . i ar r qi i gr
b=t () (S5aSby — S5k — SkSks + SksSts) (A.5)

Step 2: wusing ng = eng + fr)y and multiplying this e(lquatilon by o.ng, o.ny and o.ng,
where o = ((0,1),(1,0)) one can show that all terms A((])LAé)R can be written in terms
of Al ALF*.
AF AT + A AR = 2e AR A
—AGAT" + A AT = —2f AT A

Af AR = (2 = A AT (A-6)
where
__ () nlno) = (mjno)(n) )
(n|nls)(nl ns) = (nfns)(n) nf)
I (nns)(n' o) — (njno)(n! ns) A
(njns)(n! ) — (njnfs)(n! ns) '

Both coefficients e and f can be trivially rewritten in terms of P- and S-wave observables,
as in eq. (A.5).
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Step 3: we define a set of reduced observables related to the corresponding remaining
massive observables:

2 = |Ai]* + 2Re(AF AGY)
my = |A}? + 2Re( AL AT
m) = Re(A}A}) + Re(Agr Al + AL AR
mb = Im(A, A7) + Im(AL AR + AL AR (A.8)
().

We can combine them in one single equation cancelling the dependence on A;
(m2 — 2Re[AFAG™]) (mf — 2Re[AFAG]) = + (m) — Re[AFAG™ + AF AF"))?
+ (mg — Im[AFAG™ + AT AT (A9)
and using egs. (A.6) we can rewrite this equation in terms of only Af Af*:
(m2 — 2Re[(e® — f*) AG"AG™]) (m — 2Re[AG"AG™]) = + (m, — Re[2e A5 AF™])
+ (mh — Im[2e AL AI*])?, (A.10)

giving the desired relation but involving Af and Aj* amplitudes that still need to be
expressed in terms of observables.

Step 4: using the decomposition n;, = gng + hnly and after determining g and h by
multiplying by n and n|, we find the following relation:

(h*? — )nsfng = h*nLnS —g ”1“57 (A.11)
where
P <ans> (nfn1) (0! n)
(nfng)(nf ns) — (nfns) (' )
i P(@)ns) = (njno)(lns) 1o
. o) — (nfni(nf ne) (A.12)
(n”nS)(nJ_nS) (anS)(nJ_nS)

Then combining the previous equation with the observable Fg, one can determine ]A6L|2
and |A|? (remember that A’ is taken to be real using the symmetry properties) by
solving the system:
12 IR|2 h*nins - 9*”1”/5
‘AO ’ - ’AO | = B2 _ 9*2 =A, (Al?’)
|AE12 4+ |AR)2 = FoT. (A.14)

Now we have all the necessary ingredients to arrive at the relation. If we define
z = Re[AIRe[Aff],
y = Re[Af)m[ A, (A.15)
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we have two equations in terms of x and y (using eq. A.3 and eqgs. A.13 and A.14):

— —by + ax
te 4(z? + y?)
1
Pyt = ((Fs1)? = A?) (A.16)

These two equations can be solved to determine x and y in terms of observables.

Step 5: finally, the last step consists of trivially expressing Af, AfF in eq. (A.10) in
terms of x and y (all other quantities like the m; and the coefficients e and f are already
direct functions of observables). Then after solving the system for x and y using eq. (A.16)
insert the result in eq. (A.10) to get a final lengthly expression written entirely in terms of
observables.

Notice that in order to relate the reduced observables to the measured massive observ-
ables M 23 45 one needs to multiply the previous relations involving the m;’s on both
sides by factors of 4m?2/q?. For this reason in particular eq. (A.10) vanishes exactly in the
massless limit.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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