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Abstract

Moderate or Intense Low-oxygen Dilution (MILD) combustion is a combustion technology
that can simultaneously improve the energy efficiency and reduce the pollutant emissions
of combustion devices. It is characterised by highly preheated reactants and a small
temperature rise during combustion due to the large dilution of the reactant mixture
with products of combustion. These conditions are generally achieved using exhaust gas
recirculation. However, the physical understanding of MILD combustion remains limited
which prevents its more widely spread use.

In this thesis, Direct Numerical Simulation (DNS) is used to study turbulence,
premixed flames and MILD combustion to obtain these additional physical insights. In a
first stage, the scale-locality of the energy cascade is analysed by applying a multiscale
analysis methodology, called the bandpass filter method, on DNS of homogeneous isotropic
turbulence. Evidence supporting this scale-locality were obtained and the results were
found to be similar for Reynolds numbers ranging from 37 to 1131. Using the same
method in turbulent premixed flames, the scale-locality of the energy cascade was still
observed despite the presence of intense reactions. In addition, it was found that eddies
of scales larger than the laminar flame thickness were imparting the most strain on the
flame.

In a second part, a methodology was developed to conduct the DNS of MILD
combustion with mixture fraction variations. This methodology included the effect of
mixing of exhaust gases with fuel and oxidiser in unburnt, burnt and reacting states. In
addition, a specific chemical mechanism that includes the chemistry of OH∗ was developed.
From these DNS, the role of radicals on the inception of MILD combustion was studied.
In particular, due to the reactions initiated by these radicals, the initial temperature rise
in MILD combustion was occurring concurrently with an increase in the scalar dissipation
rate of mixture fraction which is contrasting to conventional combustion.

The reaction zones in MILD combustion were also analysed and extremely convoluted
reaction zones were observed with frequent interactions among them. These interactions
yielded the appearance of volumetrically distributed reactions. Furthermore, the adequacy
of some species to identify these reaction zones was assessed and OH showed a poor



correlation with regions of heat release. On the other hand, OH∗, HCO or OH × CH2O
were found to be well correlated. Through the study of the flame index, the existence of
non-premixed and premixed modes of combustion were also highlighted. The premixed
mode was observed to be dominant but the contribution of the non-premixed mode to
the total heat release was non negligible.

Because of the presence of radicals and high reactant temperatures, auto-igniting
regions and propagating reaction zones are both observed locally. The balance between
these phenomena was investigated and it was found that this was strongly influenced by
the typical lengthscale of the mixture fraction field, with a smaller lengthscale favouring
sequential autoignition. Finally, using the bandpass filtering method, the effect of heat
release rate in MILD combustion on the energy cascade was studied and this showed
that the energy cascade was not unduly affected.
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of Step 3 for case AZ1. The results are shown for the mid x-y plane. The
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B.1 Lewis numbers used for each species in the MS-58 mechanism . . . . . . 164
B.2 Methane-air combustion mechanism used with OH∗ chemistry. Rate

coefficients are in the form k = AT n exp(−E/(RT )), in moles, cc and
cal. units. SMOOKE, KEE58 and KATHROTIA in the table denote
the reactions from respectively Smooke & Giovangigli [1991], Bilger et al.
[1990] and Kathrotia et al. [2012]. . . . . . . . . . . . . . . . . . . . . . . 166

xxiii





Nomenclature

Roman Symbols

Q̇ Heat release rate

Q̇+ Normalised heat release rate

ℓc Initial progress variable field lengthscale

ℓZ Initial mixture fraction field lengthscale

q Heat flux vector

u Fluid velocity

uLb Velocity bandpass filtered at lengthscale L

V(c) Correction velocity

Vα Diffusion velocity of species α

aT Tangential strain rate

cp Mass specific heat capacity of mixture at constant pressure

cT Progress variable based on temperature

cY Progress variable based on a species mass fraction

cp,α Mass specific heat capacity of species α at constant pressure

Dα Diffusion coefficient of species α

E Total energy

FL→S
b Enstrophy flux function from scale L to S

xxv



Nomenclature

hα Total enthalphy of species α

kb,m Backward rate coefficient of the m-th reaction

kf,m Forward rate coefficient of the m-th reaction

l Integral lengthscale

NZ Scalar dissipation rate of mixture fraction

p Pressure

Q Heating value

R0 Universal gas constant

sL Laminar flame speed

Sij Strain-rate tensor

T Temperature

Tp Products temperature

Tr Reactants temperature

Tign Mixture autoignition temperature

Uin Average inflow velocity

Wα Molar mass of species α

Xα Mole fraction of species α

Y c
α Incoming non-reacting mass fraction of species α

Yα Mass fraction of species α

Z Mixture fraction

ZMR Most reactive mixture fraction

Zst Stoichiometric mixture fraction

F Filamentarity

P Planarity

xxvi



Nomenclature

Greek Symbols

¯̇ωα,m Molar production rate for species α in the m-th reaction

ω Vorticity vector

δth Laminar flame thickness

ω̇α Reaction rate of species α

η Kolmogorov lengthscale

κ Flame stretch

λ Taylor microscale

λth Mixture thermal conductivity

τ Viscous stress tensor

µ Mixture dynamic viscosity

ν ′
α,m Reactant stoichiometric coefficient of species α of the m-th reaction

ν ′′
α,m Product stoichiometric coefficient of species α of the m-th reaction

Ω Enstrophy

ϕ Equivalence ratio

ΠL→S
V,b Energy transfer function from scale L to S

ρ Mixture density

τf Flow-through time

τt Turbulent time scale

τign Autoignition delay time

Other Symbols

Reλ Reynolds number based on u′ and λ

Rel Reynolds number based on u′ and l

Da Damköhler number

xxvii



Nomenclature

Ka Karlovitz number

Le Lewis number

Pr Prandtl number

Acronyms / Abbreviations

AJHC Adelaide Jet in Hot Coflow

CFD Computational Fluid Dynamics

CMC Conditional Moment Closure

CSE Conditional Source-term Estimation

DJHC Delft Jet in Hot Coflow

DNS Direct Numerical Simulation

EDC Eddy Dissipation Concept

EGR Exhaust Gas Recirculation

FI Flame index

HFDF Hot Fuel-Diluted Fuel

HODF Hot Oxidiser-Diluted Fuel

HODO Hot Oxidant-Diluted Oxidant

JHC Jet in Hot Coflow

LDV Laser Doppler Velocimetry

LES Large Eddy Simulation

LIF Laser Induced Fluorescence

MILD Moderate or Intense Low-oxygen Dilution

pdf Probability Density Function

PFR Plug Flow Reactor

PLIF Planar Laser Induced Fluorescence

xxviii



Nomenclature

PSR Perfectly Stirred Reactor

RANS Reynolds Averaged Navier-Stokes

WSR Well Stirred Reactor

xxix





Chapter 1

Introduction

1.1 Motivation

During the last century, energy consumption has been constantly rising and this increase
is expected to continue in the future. Over that period, fossil fuels have been the main
source of energy by which this increasing consumption has been met [EIA, 2013]. In
the coming decades, despite the forecast growth of renewable energies, fossil fuels are
still predicted to be the major source of energy worldwide. This is highlighted in Fig.
1.1 where forecasts predict that more than 75% of the energy consumption will still be
provided for by fossil fuels. Thus, in this context, the improvement of combustion devices,
in terms of energy efficiency and pollutants reduction, remains of the utmost importance.

To meet these two objectives, research is extensively carried out in developing novel
combustion methods. Fuel lean combustion has been studied as a possibility. But it
is sensitive to thermo-acoustic instability. To mitigate this effect, preheating of the
reactant mixture through exhaust heat recovery systems can be used. This increases the

Fig. 1.1 World energy consumption by fuel type (quadrillion Btu in ordinate, year in
abscissa) from EIA [2013].
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combustion efficiency as well as the combustion stability leading to quieter combustion.
However, the peak temperatures are also increased leading to an increase in thermal NOx

production. This negative effect has limited the improvement of combustion efficiency by
means of conventional combustion techniques.

A more promising alternative lies in Moderate or Intense Low-oxygen Dilution (MILD)
combustion, also called flameless combustion, which can play a key-role in meeting these
two objectives. It involves the preheating and dilution of reactants using products of
combustion. This method increases the combustion efficiency and reduces pollutants
and noise emissions compared to conventional combustion mechanisms. Most commonly,
MILD combustion is defined as a combustion process where the reactants are preheated
at a temperature Tr which is higher than the mixture autoignition temperature, Tign,
and where the maximum temperature rise, ∆T = Tp − Tr, is smaller than Tign, with Tp

being the products temperature [Cavaliere & de Joannon, 2004]. The limited increase in
temperature during the combustion process is achieved by the high dilution level with
products and the low level of available oxygen for the combustion. The combustion
is maintained and stabilised by the high reactants temperature. MILD combustion
offers several advantages over other conventional combustion processes. First, the use
of recovered exhaust heat increases the combustion efficiency. Secondly, the emission of
NOx is reduced as the peak temperatures in MILD combustion are significantly lower
than in conventional combustion. Indeed, maximum temperatures in MILD methane-air
combustion remain usually lower than 1900K [Cavaliere & de Joannon, 2004; Wünning &
Wünning, 1997] and at these temperatures, the formation of NOx takes several seconds
compared to the milliseconds needed in conventional combustion where temperatures
reach up to 2300K [Wünning & Wünning, 1997]. Another beneficial effect of this small
temperature rise and high reactants temperature is the reduced combustion noise and
instabilities [Katsuki & Hasegawa, 1998]. The high preheating temperature also allows
for high-velocity combustion without the use of flame-holders or bluff bodies giving
more freedom in the design of combustors [Cavaliere & de Joannon, 2004]. Finally,
MILD combustion is relatively easy to implement in practical devices by exhaust gas
recirculation (EGR) [Katsuki & Hasegawa, 1998; Wünning & Wünning, 1997]. It has
already been used in furnaces [Woelk & Wünning, 1993; Wünning, 1991] but its use for
gas turbines remains limited [Kulkarni et al., 2014; Nemitallah et al., 2018].

These advantages have spurned a growing interest in MILD combustion. However,
the fundamental understanding of MILD combustion remains limited and research is still
required to develop appropriate modelling frameworks for MILD combustion.
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1.2 Background on MILD combustion

1.2.1 On the definitions of MILD combustion

In the past, several definitions of MILD combustion have been proposed [Cavaliere &
de Joannon, 2004; Oberlack et al., 2000; Wünning & Wünning, 1997]. The original
proposition by Oberlack et al. [2000] related MILD combustion processes to the behaviour
of a stochastic homogeneous reactor. This definition was motivated by the initial
experimental observations where homogeneous temperature fields were measured. In
this context, MILD combustion was considered as the conditions where the ignition and
extinction points no longer exist in the classical S-shaped curve and there is a monotonic
shift from unburned to burned conditions.

Following the work of Oberlack et al. [2000], this can be shown formally by considering
the conservation of fuel and temperature in a Perfectly Stirred Reactor (PSR), also called
Well Stirred Reactor (WSR), evolving in time. These equations are:

m
dYF
dt

= ṁ(YF,r − YF ) − ω̇FWFV (1.1)

mcp
dT

dt
= ṁcp(Tr − T ) + ω̇FWFQV (1.2)

where m is the mass inside the reactor with volume V and ṁ is the mass flow rate through
the reactor. The mass fraction of the fuel in the incoming stream at a temperature Tr is
YF,r and its molecular weight is WF . Q is the heating value of the fuel. The reaction
rate is expressed using a single-step reaction, with an activation energy E, as

ω̇F = B
(
ρYF
WF

)
exp

(
− E

R0T

)
(1.3)

for fuel-lean premixed combustion. The universal gas constant is R0. The residence
time through the reactor is tr = m/ṁ, which can be used to normalise the time, t. If
one normalises YF using YF,r, T by Tr and recognising that ρ = m/V , the above two
equations can be written as:

dŶ

dτ
= 1 − Ŷ − DaŶ exp

(
− Ê

T̂

)
(1.4)

dT̂

dτ
= 1 − T̂ + Q̂DaŶ exp

(
− Ê

T̂

)
(1.5)

where Da = Btr, Q̂ = QYF,r/(cpTr), Ê = E/(R0Tr) and τ = t/tr. It can be shown
that Ŷ = (1 + Q̂− T̂ )/Q̂ by multiplying the dŶ /dτ equation by Q̂ and adding it to the
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dT̂ /dτ equation and recognising that the steady state solution of the resulting equation is
(1 + Q̂) = T̂ + Q̂Ŷ . By using this result, the above temperature equation can be written
as

dT̂

dτ
= 1 − T̂ + Da(1 + Q̂− T̂ ) exp

(
−Ê

T̂

)
(1.6)

which gives

1 − T̂s + Da(1 + Q̂− T̂s) exp
(

− Ê

T̂s

)
= 0 (1.7)

for steady state. The variation of T̂s with Da is shown in Fig. 1.2 for Q̂ = 2.5, for various
values of Ê. The ignition point is denoted as I and the extinction point is Ext. For the
given value of Q̂, the ignition and extinction (turning) points move towards one another
as Ê value decreases and for a particular value of Ê, the distinction disappears and there
is a monotonic variation from unburned to burned state, which is seen for Ê = 5 in Fig.
1.2. The condition for the absence of turning points can be deduced from Eq. (1.7) using
dDa/dT̂s = 0 and this condition is given by:

Ê ≤ 4
(

1 + Q̂

Q̂

)
(1.8)

This can be deduced to be

Ê ≤ 4
(

1 + cpTr
QYF,r

)
≈ 4

(
1 + Tr

∆T

)
(1.9)

The second part is obtained by approximating (QYF,r)/(cpTr) by (T − Tr)/Tr = ∆T/Tr.

E=1 E=5 E=10

E=15

I

Ext

I,Ext

^

^^^

Fig. 1.2 S-shaped curves illustrating the conditions of premixed conventional and MILD
combustion (as in [Oberlack et al., 2000]).
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As mentioned earlier, another more commonly used definition was proposed by
Cavaliere & de Joannon [2004] and according to which MILD combustion occurs when
Tr > Tign and ∆T < Tign, where Tign is the autoignition temperature for the mixture at a
given thermo-chemical condition. This definition is widely used as it clearly differentiates
MILD combustion from the other combustion types as shown in Fig. 1.3. In particular,
MILD combustion differs from feedback (conventional) combustion as the former cannot
be sustained without reactants preheating, and from high temperature combustion as it
achieves a relatively low temperature rise.

High Temperature
Air Combustion
(HiTAC)

MILD
Combustion

Feedback
Combustion

Tr -Tign

ΔT-Tign

Piloted
Combustion

0

Fig. 1.3 Combustion types diagram with typical examples shown. Feedback combustion
is from de Joannon et al. [2000]. Piloted case is from Dunn et al. [2010], HiTAC case is
from Fujimori et al. [1998] and MILD cases are from Medwell et al. [2007] and de Joannon
et al. [2000].

It should be noted that the above two definitions could be applied for premixed
combustion configurations because of the use of the residence time, tr, inside the reactor.
The mixing time, which is denoted by the scalar dissipation rate of the mixture fraction,
NZ = DZ |∇Z|2 where DZ is the diffusivity of Z, plays an important role in non-premixed
situation. Hence, the analysis of Oberlack et al. [2000] was reformulated by Evans et al.
[2017c] using unsteady flamelets equations. That formulation, which was based on earlier
work of Pitsch & Fedotov [2001], gave:

dθst
dτ

+ NZ,st

N0
Z,st

θst − ω̇(θst) = 0 (1.10)
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where τ is time normalised using N0
Z,st and θst = (Tst − Tst,u)/∆Tst. The reaction rate is

ω̇(θst) = Da exp(βref − β) (1 − α)(1 − θst)2

[1 − α(1 − θst)]θst
exp

(
− αβ(1 − θst)

1 − α(1 − θst)

)
(1.11)

It is to be noted that Eq. (1.10) is written for stoichiometric conditions, i.e. at Z =
Zst, in the mixture fraction space. The various symbols are defined as follows: β =
Eeff/(R0Tst,b) = Ta/Tst,b, α = (Tst,b − Tst,u)/Tst,b = ∆Tst/Tst,b, Da = B/N0

Z,st. Under
steady state conditions, Eq. (1.10) gives:

NZ,st

N0
Z,st

θst = ω̇(θst) (1.12)

The variation of θst with ln(NZ,st/N
0
Z,st) is shown in Fig. 1.4 for Da = 100. As for the

premixed case, here one also observes the S-shaped curve showing ignition and extinction
(turning) points which disappear for particular combination of β and α. The turning
points are obtained by using dNZ,st/dθst = 0 for Eq. (1.12) which gives:

(β2 + 6β + 1)α2 − (6β − 2)α + 1 < 0 (1.13)

for monotonic variation from unburned to burned state (MILD combustion). This
equation yields:

∆T
Tr

< (1 +Q)f(β) ; f(β) = (6β − 2) ±
√

32β2 − 48β
2(β2 + 6β + 1) (1.14)

for MILD combustion.

The three conditions, Eq. (1.9), Eq. (1.14) and ∆T ≤ Tign are plotted in Fig. 1.5
for an example case with Tign = 1000K and Eeff = 40 kcal/mol. Although this is a
useful information, one must be mindful of the various approximations used for the above
analysis. Just to spell them out, (i) a single-step reaction was assumed, (ii) the combustion
was taken to be fuel-lean in the analysis of premixed system, (iii) adiabatic conditions
were assumed, and (iv) the Lewis number was taken to be unity. The Lewis number
could be seen as a second order effect for MILD combustion. The one-step reaction used
includes the temperature sensitivity and finite rate chemistry effects but does not account
for the presence of radicals and intermediates, which play a key-role in the thermochemical
explosions required to stabilise MILD combustion as highlighted by Wünning & Wünning
[1997]. As noted by Oberlack et al. [2000], the analyses may be extended to include
chain reactions but the analytical treatment is likely to be intractable. This would also
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Fig. 1.4 S-shaped curves illustrating the conditions of conventional non-premixed and
MILD combustion (as in [Evans et al., 2017c; Pitsch & Fedotov, 2001]).

be the case for non-adiabatic conditions. However, the numerical solutions with chain
reactions and also for non-adiabatic conditions would give similar conclusions. More
importantly, practical MILD combustion involves inhomogeneous mixtures containing
unburned, partially and fully burned mixtures undergoing simultaneous mixing and
chemical reactions and thus, it may not fit into one of the idealised cases investigated in
past studies. Hence, further investigations are required to fully define MILD combustion.

W
SR

W
S
R

No
n-p
rem
ixe
d

Pre
mi
xe
d

Fig. 1.5 Combustion regime map for MILD combustion according to the definitions of
Cavaliere & de Joannon [2004] (in black), of Oberlack et al. [2000] (in dashed-dotted
blue) and Evans et al. [2017c] (dashed red).
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1.2.2 Experimental explorations

Early experimental work in MILD combustion mainly studied configurations involving a
large amount of internal exhaust gas recirculation akin to furnaces [Katsuki & Hasegawa,
1998; Ozdemir & Peters, 2001; Plessing et al., 1998; Wünning & Wünning, 1997]. These
works demonstrated the advantages of MILD combustion and provided experimental
evidences for NOx reduction with MILD combustion. In addition, various physical
features of MILD combustion could be observed. In particular, Wünning & Wünning
[1997] highlighted the absence of visible and audible appearance of combustion leading
the authors to use the term flameless oxidation to name MILD combustion.

To understand this unique characteristic of “invisible” reaction zones, advanced laser
diagnostics have been carried out in previous studies of a furnace-type burner operating
under MILD combustion conditions, to measure instantaneous temperature and species
fields [Dally et al., 2004; Ozdemir & Peters, 2001; Plessing et al., 1998]. Distributed
reaction zones were observed under MILD conditions in comparison with conventional
combustion cases in laser thermometry images. OH-LIPF and Rayleigh temperature
measurements were also performed [Ozdemir & Peters, 2001; Plessing et al., 1998]. Here,
homogeneous temperature fields were observed and the OH measurements showed a
much lower intensity and lower gradients than in conventional premixed combustion.
Furthermore, additional Laser Doppler Velocimetry (LDV) highlighted the existence
of recirculation regions and their importance. These recirculation regions played an
important role in mixing flue gases with reactants allowing to sustain the reactions.
Furthermore, the reaction kinetics are slowed down and the burning intensity is reduced
because of this recirculation. This combination led the authors to suggests that chemical
kinetics time scales had become similar to typical flow time scales.

To more finely analyse the features of MILD combustion, other kinds of configuration
were also proposed by Dally et al. [2002]; Duwig et al. [2012]; Oldenhof et al. [2010]; Sidey
& Mastorakos [2015b] and Veríssimo et al. [2011]. Among these configurations, the Jet in
Hot and diluted Coflow (JHC) of Adelaide [Dally et al., 2002] or Delft [Oldenhof et al.,
2010] has become the most studied configuration with many subsequent works focusing
on this configuration both experimentally and numerically. In this configuration, there
is a high momentum central fuel jet issuing into a coflow of air mixed with combustion
products. The hot products come from a secondary burner at an upstream position. A
surrounding cold air can be used to cool the combustor walls, as in [Dally et al., 2002].
Because of the high momentum fuel jet, shear layers develop between the hot coflow
and fuel. This induces mixing between the two streams leading to the ignition of the
mixture which then stabilises further downstream. The main difference between the
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1.2 Background on MILD combustion

Delft JHC, denoted DJHC, and the Adelaide JHC, denoted AJHC, is the possibility in
the former to have a coflow that comes from partially premixed flames and not fully
premixed flames like in the Adelaide JHC. It was suggested that this configuration
could be representative of MILD combustion as it exhibits this mixing with products of
combustion. The following paragraphs will summarize the physical observations obtained
from these experiments and how these observations extend or not to other configurations.

As mentioned previously, MILD combustion occurs without visible reaction zones.
As a result, advanced laser diagnostics were performed to identify these reaction zones.
Medwell et al. [2007] performed CH2O-PLIF (Planar Laser Induced Fluorescence) in a
JHC configuration with CH4-H2 as fuel. Visual inspections of these CH2O-PLIF images
suggested the presence of spatially distributed reaction zones. Similar observations
were made by Duwig et al. [2012] on another experimental set-up. However, OH-
PLIF measurements obtained in both experiments suggested a different picture. These
measurements showed the existence of a clear location of peak OH concentration with
a clear gradient which indicates the presence of thin reaction zones. However, the
intensity of the OH-PLIF were found to be much smaller and the general thickness of
OH structures to be larger than in conventional flames. Furthermore, other OH-PLIF
measurements performed by Dally et al. [2004] in a furnace-like configuration showed
OH and temperature to be spatially distributed with a patchy appearance. However, a
bimodal pdf was reported for the temperature which again suggests the existence of thin
reaction zones. The shape and structure of the reaction zones in MILD combustion thus
remain unknown as patchy and distributed reactions are reported but, at the same time,
the existence of thin reaction zones is suggested by OH-PLIF measurements.

In addition, the identification of reaction zones in MILD combustion remains chal-
lenging. In particular, the use of only OH-PLIF to identify reactions and heat release
rate in MILD combustion may be insufficient as there may be recirculating OH radicals
coming from the exhaust gas which do not correlate with reacting regions. Along these
lines, analysis of chemiluminescent OH, called OH∗, were also performed by Veríssimo
et al. [2011] in a laboratory scale combustor. It was found that OH∗ images showed
that reaction zones were uniformly distributed over a large volume of the combustor
compared to the OH-PLIF found in other experiments that showed thin regions of OH
[Medwell et al., 2007]. Furthermore, Sidey et al. [2014] compared OH-PLIF with OH∗

chemiluminescent images in a Jet in Hot Crossflow configuration. For the OH-PLIF,
similarly to what was observed by Medwell et al. [2007], clear gradient of OH could
be identified, suggesting the presence of thin reaction zones. However, discrepancies
between the location of OH and OH∗ could be observed. Indeed, mean measurements
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from OH-PLIF showed that OH radical was present in locations where they were not
observed in the OH∗-chemiluminescent pictures. This suggested that the presence of
OH in MILD combustion does not necessarily coincide with the region of primary heat
release. Oldenhof et al. [2013] also suggested that OH might not be an appropriate
marker of reactions for MILD combustion. Indeed, in the DJHC, it was suggested that
fuel decomposition was also taking place in fuel rich region where OH is not an adequate
marker. As a result, OH may not cover all the region where first autoignition is taking
place, and another marker like CH could prove more accurate.

The existence of thin gradient of OH in MILD combustion observed by Duwig et al.
[2012]; Medwell et al. [2007] and Sidey et al. [2014] suggested the presence of thin reaction
zones supporting the existence of flame propagation phenomena in MILD combustion.
However, autoignition is also thought to be of importance given the high reactants
temperature [Cavaliere & de Joannon, 2004]. The ignition process was studied using
CH2O-PLIF by Medwell et al. [2007, 2008] in a JHC configuration. It was observed that
the heated coflow played a key role in sustaining the combustion by initiating the ignition
of a mixture after localized extinction. This extinction was due to recirculation with the
surrounding cold air. Oldenhof et al. [2010] used further UV-luminescence recordings
to study the evolution of those ignition kernels in an experimental set-up similar to
a JHC. In this work, an ignition kernel was identified as a region displaying enough
luminescence. As these kernels evolve, they were then tracked from the UV-luminescence
images. Contrarily to conventional lifted diffusion flames, it was found that ignition
kernels were constantly produced by autoignition of the mixture. These kernels were
then convected downstream, growing in size during the convection process. In a jet
in hot crossflow, Sidey & Mastorakos [2015b] observed a similar mechanism with the
formation and growth of ignition kernels. The importance of autoignition was also
stressed by Abtahizadeh et al. [2013]. In this work, ignition kernels were appearing at the
most reactive mixture fraction, ZMR, on the lean side of the jet. Further downstream,
these kernels were progressing towards stoichiometric and richer mixtures. Evans et al.
[2017a,b] analysed the importance of the fuel blend and the coflow composition and
temperature on this ignition and stabilisation mechanism by using natural gas and C2H4.
The effect of the coflow temperature was also analysed and it was shown that natural
gas yielded more diffuse flames with lower gradients and luminosity compared to C2H4

and were more sensitive to the coflow temperature and composition.

As mentioned previously, MILD combustion involves intense recirculation between the
fuel stream and the diluted oxidiser. The chemical time scale is also relatively large due
to the intense dilution. As a result, the interaction between turbulence and reaction zones
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is generally significant compared to conventional combustion. In particular, Medwell
et al. [2009] studied the effects of turbulence and strain on the reaction zones in MILD
combustion. It was suggested that vortices could lead to a convolution and stretching of
the reaction zones, and as a result, a spatial thinning of the reaction zone. In addition
to this OH-"weakening", CH2O-PLIF showed an increase in the level of their signals.
Furthermore, an increase in the strain rate combined with the accompanying reduction
of the reaction rate contributed to an additional transport of O2 across the reaction zone
which led to partial premixing. This behaviour was thought to lead to a stabilization of
the reaction zones by increasing the formation of intermediate radicals. Oldenhof et al.
[2011, 2013] also studied the turbulence–flame interaction in a JHC configuration using
simultaneous PIV and OH-PLIF measurements. It was reported that the flow could
be divided into a turbulent jet-influenced region and a quasi-laminar coflow-influenced
region. The separation between these two regions was sharp and similar to a viscous
superlayer. It was also observed that most reactions were residing in the quasi-laminar
region. A correlation between regions of low vorticity/strain and strong OH signals was
also measured. This was suggested to be because of the strong role of mixture fraction
on the chemistry. Indeed, for the considered mixture, autoignition phenomena and most
chemical reactions occur at relatively small mixture fraction, which thus yields a flame
residing in the lean part of the mixing layer. As this lean mixture resides more in the
quasi-laminar coflow, most reactions would occur in that same region.

It should be noted that most of the previous literature mentioned here concerns
experimental studies focused on a Jet in Hot Coflow configuration because it allows for
precise laser measurements of various flow and thermochemical quantities. However, in
this configuration, other representative characteristics of MILD combustion present in
practical burners with internal EGR, like the homogeneous temperature field and mild
gradients of species, do not appear. Thus, recent experimental studies by Sorrentino
et al. [2017, 2016] have been devoted to a MILD combustion burner with EGR using
a strong swirl - called a cyclonic burner. This burner was used to study the effect of
preheating temperature and dilution levels on the pollutant emissions.

Finally, recent research has also been devoted to extend MILD combustion to spray
combustion. Reddy et al. [2015] developed a burner with a strong swirl able to operate
under MILD combustion conditions with liquid spray. In the same configuration, Sharma
et al. [2018] studied the effect of asymmetric fuel injection and observed that these
extended the length of recirculation zones and thus yielded improved combustion stability
and lower emission through improved mixing. The structure of reaction zones in spray
MILD combustion in a JHC was studied by Correia Rodrigues et al. [2014] who showed
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that the hot and diluted coflow had a strong influence on the spray flame structure. The
peak temperature was found to be shifted towards leaner mixtures and the droplets
vaporization rates were increased by the hot coflow temperature. This led to richer
mixture close to the spray centerline yielding lower peak temperatures.

1.2.3 Investigations based on laminar model reactors

As discussed above from experiments, MILD combustion shows a large variety of in-
tertwined phenomena. To isolate each effect, several authors have used simplified
configurations to try to explain some of the fundamental features observed. In particular,
the research groups of Prof. Cavaliere, Prof. de Joannon and Dr. Sabia from Naples have
conducted extensive work in that direction using canonical laminar configurations such
as the Well Stirred Reactor (WSR), counterflow flame and Plug Flow Reactor (PFR)
both experimentally and computationally. The focus of their work has been to study the
combustion behaviour, influence of dilution levels and diluent, the autoignition process
and chemical pathways under MILD conditions. Their main findings are summarised
below.

Well Stirred Reactor The use of a WSR configuration for MILD combustion was
originally motivated by the homogeneous temperature fields with smaller gradients of
species observed in initial experiments. Using this configuration for the MILD combustion
of methane, de Joannon et al. [2000] showed that the flameless features of MILD
combustion were compatible with a two-stage oxidation process by analysing the chemical
pathways. The first stage corresponds to an oxidation in rich diluted conditions (oxygen
starved environment) which is followed by further mixing of the radicals with oxygen
ensuring the completion of the oxidation. The flameless feature of MILD combustion would
come from the relatively low production of chemiluminescent species from this particular
two-stage oxidation mechanism. The transient behaviour of this configuration was further
studied by de Joannon et al. [2005, 2004] both numerically and experimentally. The
existence of dynamic combustion modes, with temperature oscillations, was highlighted
for inlet temperature and dilution levels typical of MILD combustion. This was caused by
the competition between the oxidation and recombination pathways at the temperatures
and dilution levels encountered in MILD combustion. Finally, Sabia et al. [2007] showed
that adding hydrogen to the MILD mixture increased the range of stable conditions
(in terms of inlet temperature and dilution levels) for MILD combustion by inhibiting
these temperature oscillations. It should be noted that the previous studies were for
non-adiabatic conditions. Thus, the temperature oscillations could have been amplified
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by a coupling with the heat losses in addition to the kinetic competition. However, work
by Sabia et al. [2015b] under adiabatic conditions still showed this dynamic behaviour.

The above observations from the studies on the WSR highlighted the importance of
the various chemical pathways existing under MILD combustion. This highlights the
importance of developing appropriate chemical kinetics for MILD combustion.

Counterflow flame The counterflow configuration was also used to study MILD
combustion [de Joannon et al., 2007, 2012a, 2009, 2012b]. In particular, these various
studies have covered the influence of the preheating and dilution of either fuel or oxidiser on
MILD combustion. In this configuration, there are two opposing flows whose compositions
and temperatures are varied to be representative of MILD combustion. From these studies,
combustion behaviour maps were developed based on the shape of the heat release rate in
mixture fraction space when varying the dilution level and temperature of the inflowing
streams. de Joannon et al. [2007] considered the case where a mixture of CH4-O2 at
various equivalence ratios was impinging against a flow of hot inert (N2). In addition to a
classical deflagrative regime (associated to classical mixture inside the flammability limits
of the CH4-O2 mixture), the existence of a mode called Homogeneous Charged Diffusion
Ignition (HCDI) was observed. This mode was appearing for high inert temperature and
low temperature increase, ascribing it to the MILD combustion regime. Furthermore,
this mode presented typical features of MILD combustion, namely a distribution of
reactions over a wide range of mixture fraction and a smooth transition from HCDI to
deflagrative regimes. de Joannon et al. [2009] considered a counterflow flame with, on
one side, a stream of hot air and, on the other side, methane diluted with nitrogen at
ambient temperature (Hot Oxidiser Diluted Fuel, HODF, condition). Compared to a
conventional case without dilution, a large broadening of the reaction zone in mixture
fraction space and thus also in physical space, was observed. Similar observations were
made when considering air at ambient temperature opposing a stream of hot and diluted
methane (Hot Fuel Diluted Fuel, HFDF, condition) [de Joannon et al., 2012b]. The final
configuration considered is the Hot Oxidant Diluted Oxidant condition (HODO) where
methane at ambient temperature opposes a hot and diluted oxidant [de Joannon et al.,
2012a]. In all these configurations, the oxidation could only take place if the temperature
of the preheated stream was high enough to promote autoignition. Furthermore, in
those regions limited by the autoignition phenomena, the location of peak heat release
rate was uncorrelated with the stoichiometric mixture fraction. Figure 1.6 shows typical
temperature profiles (black) and heat release rate variations (gray) with mixture fraction,
Z, for these three configurations HFDF, HODF and HODO for MILD conditions (dashed

13



Introduction

lines) and conventional conditions (full lines). In particular, the double peak of heat
release rate, present in conventional high temperature combustion, disappears under
MILD conditions. The absence of a pyrolytic region can also be observed at high dilution.
These counterflow solutions were obtained using CANTERA [Goodwin et al., 2017] for
a low strain-rate to ensure the existence of a fully burning solution, using the GRI3.0
mechanism.

Air
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CH4/N2
1400K

Air
1400K

CH4/N2
400K

Air/N2
1400K

CH4
400K

HFDF

HODF

HODO
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Fig. 1.6 Evolution of temperature (black) and heat release rate (gray) with mixture
fraction for an undiluted case (full lines) and a MILD combustion case (5% in volume
of fuel or air) (dashed lines) in the counterflow flame configuration associated. The
temperature mixing line is plotted using a dotted line.

The transient evolutions of the HODF and HFDF configurations were further studied
by Sorrentino et al. [2013]. This was done by performing 2D laminar simulations using
FLUENT. Compared to the steady analysis performed in earlier studies, the range of
conditions (in terms of dilution and preheated temperature) yielding MILD combustion
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was found to be smaller. This meant that higher temperatures were needed to obtain
autoignition.

Finally, the counterflow flame configuration was also used by Sidey & Mastorakos
[2016] for the study of kerosene impinging against oxygen preheated and diluted with
hot combustion product. Contrarily to the work discussed above, no large broadening
of the reaction zones was observed and the existence of a clearly defined peak of heat
release rate and OH radical was highlighted.

Plug Flow Reactor The tubular flow reactor or plug flow reactor (PFR) has also been
used in past studies both experimentally and numerically [Sabia et al., 2014, 2013, 2015a,
2016]. The focus of these studies was on the ignition delay time for mixture under MILD
conditions and chemical pathways analysis. Sabia et al. [2013] and Sabia et al. [2014]
considered a mixture of oxygen with respectively CH4 and C3H8 preheated and diluted
with nitrogen. They showed that there was a significant slow down of the kinetic pathways
during the ignition process. In addition, a comparison with traditional chemical kinetics
suggested that existing chemical mechanisms may need to be revised to appropriately
capture the competition between the various chemical pathways (oxidation/recombination)
existing in MILD combustion. The use of CO2 or H2O instead of N2 for the dilution was
examined by Sabia et al. [2015a]. Compared to N2, these diluents decrease the system
reactivity. Furthermore, the effect of these products on the autoignition time was found
to be affected by the temperature: at low temperature, the presence of CO2 and H2O
favoured reactions while at higher temperature, they inhibited them. The extension
of this work to C1 − C2 fuel blend was performed by Sabia et al. [2016]. The addition
of C2 species decreased the autoignition time. It should be emphasized that for the
studies above, a significant discrepancy was observed between the ignition delay times
obtained from numerical calculations and experimental measurements, especially for
fuel-rich regions. This suggests a strong need to develop chemical mechanisms adapted
to MILD conditions.

Finally, Sidey et al. [2014] also considered the plug flow reactor but the dilution of
the reactant mixture was obtained from either the major products of a laminar flame
calculation or all the products. The presence of intermediate radicals was observed to
decrease the ignition delay. It also supported that dilution significantly slows down
chemical reactions.

Insights from laminar calculation All the studies discussed above have highlighted
some fundamental features of MILD combustion. In particular, they have stressed the
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importance of the chemical kinetics in MILD combustion. It was observed both in the
WSR and PFR configurations that there is a strong competition between oxidation and
recombination pathways which could lead to dynamic behaviours. Furthermore, from the
counterflow flame configuration, the shape of the heat release rate in MILD combustion
was observed to be significantly different from conventional high temperature combustion.
Indeed, no double peak nor pyrolysis regions were observed in MILD combustion. Finally,
as mentioned previously, MILD combustion involves highly inhomogeneous mixture
(burned, unburned, fuel, oxidiser and intermediates) and thus despite the insights provided,
these laminar configurations represent large simplifications of the actual physics of
practical MILD combustion.

1.2.4 Turbulent calculations

Many studies have been devoted to the numerical simulations of MILD combustion.
More generally, computational fluid dynamics (CFD) has become a crucial tool in the
study of turbulence and combustion thanks to the recent large increase in computational
resources. In CFD, there exist three levels of simulation which can be classified based on
the time and spatial scales resolved during simulations.

In the least precise level, called the Reynolds Averaged Navier-Stokes (RANS) simula-
tions, only time-averaged quantities are resolved. In this context, the Reynolds averaged
(or Favre averaged, if they are density weighted) balance equations are deduced by averag-
ing the instantaneous Navier-Stokes equations, to be presented in chapter 2. As a result
of the averaging process, additional terms appear in the equations, the Reynolds stress,
turbulent flux terms and mean reaction rate. These require some form of modelling.

The next level of computational approach is called Large Eddy Simulation (LES). In
this paradigm, LES explicitly captures large scale motions of turbulence while the effect
of small scales (subgrid scales) requires modelling. The balance equations for LES are
obtained by space-filtering the instantaneous Navier-Stokes equations. Similar modelling
concepts as for RANS can be applied to LES. These, however, require some modifications
as LES deals with subgrid scales effects while RANS models are concerned with variations
around mean flows effects.

Finally, in the most precise level, called Direct Numerical Simulation (DNS), all the
instantaneous fully compressible Navier-Stokes equations are solved without using any
models for turbulence nor combustion. All scales of turbulence are explicitly resolved but
DNS requires a large amount of computational resources which limits its use to simplified
flow configurations with small domains (typically a domain of a few centimeters).
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All three types of simulations, RANS, LES and DNS have been used in previous
studies of MILD combustion and the next few sections summarise the insights obtained
from these works.

RANS

Various modelling attempts have been carried out to simulate MILD combustion in a
RANS context. These various approaches are summarised hereunder.

Flamelets based approach Coelho & Peters [2001] used an Eulerian Particle Flamelet
model to simulate the configuration of Peters [2000]. Reasonable agreements with
experimental results were obtained for the mean velocity. However, the predicted NO
production was three times larger than what was measured. Dally et al. [2004] used the
same model to study the effect of fuel mixture. The simulations could predict the general
trends of temperature and NO production but peak temperatures were overpredicted in
some cases by up to 100K. It should be noted that the use of flamelets based models is
generally questionable for MILD combustion. Indeed, the flamelets model assumes that
reactions occur in thin reaction layers, typically smaller than the Kolmogorov lengthscale.
Consequently, the internal structure of the reaction zones is not affected by turbulence.
However, as has been underlined in PLIF measurements [Dally et al., 2002] or laminar
calculations [de Joannon et al., 2012b], MILD combustion is characterised by a broadening
of the reaction zones. Thus, this underlying assumption may not be valid for MILD
combustion. This has been further demonstrated in comparative studies by Christo &
Dally [2005]; Rebola et al. [2013] and Shabanian et al. [2013] who compared the flamelets
model to other modelling frameworks, like the Eddy Dissipation Concept (EDC) model
or the transported PDF method. It was observed that the flamelets model consistently
performed poorly when compared to the other models.

Eddy Dissipation Concept model The EDC model relies on the assumption that
reactions occur in regions where the dissipation of turbulent kinetic energy happens,
the so-called fine structures of turbulence [Magnussen, 1981]. These regions are then
modelled as perfectly stirred reactors. The mass fraction of these fine structures and the
residence time in these are estimated from an energy cascade model. This model has
been used in many numerical studies of MILD combustion [Aminian et al., 2011; Christo
& Dally, 2005; De et al., 2011; Evans et al., 2015; Frassoldati et al., 2010; Galletti et al.,
2009; Lupant & Lybaert, 2015; Mardani et al., 2013]. It was shown to perform better
than the flamelets model [Rebola et al., 2013; Shabanian et al., 2013]. Furthermore,
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Christo & Dally [2005] showed that the EDC model presented a reasonable agreement
with experimental values as long as a detailed chemistry was included. This supported
the observation of Sabia et al. [2013] that capturing the appropriate chemical pathways
for MILD combustion was crucial. This ability of the EDC model to include finite rate
chemistry was also stressed by Lupant & Lybaert [2015] and Parente et al. [2011] as
a reason for the quality of the simulations obtained using this model. It was further
observed that the accuracy of numerical results was extremely sensitive to the definition
of the turbulence quantities at the boundaries. This emphasised the importance of
turbulence in MILD combustion. Similar observations were reported by Mardani et al.
[2013] who used the same model to study the effect of different chemical mechanisms
and analyse the chemical pathways. Aminian et al. [2011] also drew similar conclusions
with regards to the importance of the boundary turbulence definition, especially as it
influences the development of the shear layers between the fuel jet, the hot coflow and
the cold surrounding air.

This ability of the EDC to include finite rate chemistry and adjust the reaction
rate was further studied by Aminian et al. [2012]. In that study, it was shown that a
modification of the model constants, inducing longer residence times in the fine structures
of turbulence or a larger volume fraction of those structures, improved the numerical
results. The choice to modify the usual EDC constants was motivated by the fact that
MILD combustion is characterised by more distributed reaction zones, lower gradients
of species and temperature. This led to an improvement in the prediction of peak
temperatures and species production, by lowering the values obtained from simulation,
signifying a weakening of the reaction zones. A similar independent numerical analysis
by De et al. [2011] for the JHC of Oldenhof et al. [2010] yielded similar conclusions on
the importance of modifying the constants of the EDC model when simulating MILD
combustion. This approach to providing improved EDC model constants has been further
developed by Evans et al. [2015]; Mardani [2017] and Parente et al. [2016]. Evans et al.
[2015] and Mardani [2017] performed a parametric study of the EDC model constants.
Simulations performed with the optimized values yielded reasonable trends and result
over the range of oxygen dilution levels considered. However, the peak OH value was
overpredicted by a factor of two and the radial location of peak temperature was also
overpredicted. In the methodology of Parente et al. [2016], the values of the EDC
constants are estimated from the local values of Reynolds and Damköhler numbers.
Improved results were found compared to the use of global optimal values for these
coefficients. However, there still existed a clear overestimation of OH, especially for
low oxygen levels, suggesting that a RANS-EDC simulation could not appropriately
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capture the localized extinction happening at the very low oxygen level. Li et al. [2017]
extended the work of Parente et al. [2016] by proposing to model reactions in the fine
structures of turbulence in the EDC model using Plug Flow Reactor (PFR) equations.
This helped improved the robustness of the calculations and offers the possibility of
In-situ Adaptive Tabulation. Aminian et al. [2016] also extended the EDC model to
include extinction effects. This was done by including a criterion on the mixing timescale
of the fine structures of turbulence. Improved results were obtained when simulating the
AJHC in the downstream regions where there is mixing with the surrounding cool air.

It should be noted that overall, the applicability of the EDC model for MILD
combustion remains also questionable. Indeed, the assumption that reactions occur in
the fine structures of turbulence may not be true in MILD combustion as reactions occur
over larger regions. This can be partly remediated by modifying the constants of the
EDC models. However, these modifications can appear somewhat arbitrary and more
quantitative insights are needed to appropriately modify these constants.

Conditional Moment Closure (CMC) based model CMC models use conditional
moments of reactive scalars to solve closure problems. It relies on the idea that fluctuations
of reactive scalars are mainly linked with fluctuations of the mixture fraction. No
assumption on the length scales of chemistry or turbulence is done and CMC methods
should thus be able to simulate a wide range of combustion regimes without parameters
tuning [Klimenko & Bilger, 1999]. This model was used by Kim et al. [2005] with Bilger’s
mixture fraction as a conditioning variable. Generally, good agreements were obtained
with the experimental measurements of Dally et al. [2002] except for the NO concentration
that was underestimated. A similar model, the Conditional Source-term Estimation
(CSE) model was used by Labahn et al. [2015]. Two conditioning variables were used, the
fuel mixture fraction and the oxygen mixture fraction. This model shares many features
with the CMC model but in CSE, the conditional averages are obtained by inverting an
integral equation while they are transported in the CMC model. Overall good agreements
were obtained with experimental data from Oldenhof et al. [2010] for the temperature
and velocity fields. The CSE model was also used to simulate a semi-industrial MILD
furnace [Labahn & Devaud, 2016]. Good agreements for major species were obtained but
discrepancies could still be observed for minor species, such as H2 or CO.

Transported PDF model Transported PDF methods usually rely on the transport
of the composition PDF [Haworth, 2010]. By solving this PDF, any thermochemical
moments, among which the mean reaction rate, can be deduced. In this framework, the

19



Introduction

modelling shifts from the reaction rate to the modelling of the turbulent transport terms
and the micromixing terms [Haworth, 2010]. This model was used in various studies for
MILD combustion [Christo & Dally, 2004; De et al., 2013; Evans et al., 2015; Gordon
et al., 2007; Lee et al., 2015].

The study by Christo & Dally [2004] showed that this method yielded better results
than the EDC model (without the modification of the model constants). De et al. [2013]
also used this model to simulate the configuration of Oldenhof et al. [2013]. The various
micromixing models, Coalescence-Dispersion (CD), Interaction-by-Exchange-with-Mean
(IEM) and Eulerian Minimum Spanning Tree (EMST), as well as two transported PDF
approaches, the Lagrangian PDF (LPDF) and the Multi-environment Eulerian PDF
(MEPDF) were compared. The ability of these transported PDF methods to appropriately
capture the experimental trend was highlighted. It was also stressed that the results
obtained from the MEPDF method were of comparable quality to the one obtained
using the LPDF. The MEPDF method was also used by Lee et al. [2015] to simulate the
configuration of Dally et al. [2002] and generally showed good agreements except in the
lean side of the flame where the cold shrouded air may play a great role in extinguishing
the flame. In that region, the peak temperature and CO mass fraction were greatly
overestimated.

Other modelling frameworks A recent study by Chen et al. [2017] proposed to
use the PSR model to simulate MILD combustion based on findings from Minamoto
& Swaminathan [2014a, 2015]. This model was based on the framework of Ruan et al.
[2014a] and Chen et al. [2015] where transport equations are solved for the Favre-averaged
progress variable c̃, mixture fraction Z̃, their variances, c̃′′2, Z̃ ′′2 and their covariance Z̃ ′′c′′.
From these quantities, the joint PDF, P (c, Z), is modelled using the copula method
from which the mean reaction rate can be estimated as ω̇c =

∫ 1
0
∫ 1

0 ω̇c(ξ, ζ)P (ξ, ζ)dξdζ.
And ω̇c(ξ, η) were obtained from tabulated PSR calculations. This model provided good
results even when compared to results from Lee et al. [2015] despite its simplicity and
lower computational cost.

Overall comparison Several authors have performed comparative studies between
various existing models for MILD combustion. Dally et al. [2004] used the flamelets model
and original EDC model and showed that the flamelets model was clearly insufficient
for the simulation of MILD combustion. More comprehensive comparisons have been
made by Shabanian et al. [2013] for ethylene and De & Dongre [2015] for methane
combustion. It was found that EDC and transported PDF based methods generally

20



1.2 Background on MILD combustion

yielded better result than flamelets based ones. Furthermore, the quality of the results
between transported PDF methods and EDC with modified constants were comparable
to one another. This observation was also made by Evans et al. [2015]. However,
discrepancies between numerical and experimental results for the temperature and minor
species profiles were still found for these models.

LES

It is generally accepted that results from LES are an improvement over RANS results.
Indeed, LES explicitly solves the large scales of turbulence whereas models are used
for the subgrid scale effects. Hence, LES can provide better predictions than RANS.
This is of particular importance for MILD combustion as it has been largely reported
that results were particularly sensitive to turbulence conditions [Galletti et al., 2007]
and that the onset of reactions in MILD combustion was occurring in lean regions with
low scalar dissipation rates [Oldenhof et al., 2013]. However, up to now, few studies of
MILD combustion have been performed in a LES context. As such, the quality of the
various models used is relatively difficult to assess. Nonetheless, this section will provide
a succinct summary and will highlight the insights obtained.

Kulkarni & Polifke [2013] used the Eulerian Monte-Carlo (stochastic fields) method
with tabulated chemistry from PSR calculation to simulate the configuration of Oldenhof
et al. [2010]. The velocity field was appropriately predicted and the lift-off height was
reasonably well captured as well as its decreasing trend when increasing the Reynolds jet
number. Bhaya et al. [2014] used the transported PDF method to simulate the same
configuration. The velocity field was observed to be captured reasonably well. Further
insights into the flow structure were provided. From the shear layer between the fuel
jet and the hot coflow, Kelvin-Helmholtz instabilities were developing leading to the
existence of Kelvin-Helmholtz toroidal structures further downstream. In these regions
where these vortex rings were formed, recirculation was occurring and the ignition kernels
started to ignite under the mixing between fuel and hot oxidizer. The evolution of these
kernels was also captured in the simulation, and similarly to what was found in the
experiments [Oldenhof et al., 2010, 2011, 2013], these kernels were convected downstream
as they were growing in size. Furthermore, the apparition of multiple independent
ignition kernels was observed during the simulation supporting the views expressed by
Oldenhof et al. [2010] that MILD combustion was governed by multiple ignitions occurring
continuously. The LES-CSE model was also used by Labahn & Devaud [2015] to simulate
the same configuration. Qualitatively, the flame stabilization process, with the continuous
formation of ignition kernels and their convection and growth, was also observed. Results
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in that studies showed a clear improvement over the previous RANS-CSE study by
Labahn et al. [2015]. However, this LES study was contradicting experimental results by
predicting an increase in the lift-off height with increasing jet velocity. Furthermore, it
should be noted that all these LES studies underpredicted the lift-off height suggesting
that there was an overestimation of the reaction rate close to the jet exit.

A tabulated chemistry model was also used in a LES context by Ihme & See [2011];
Ihme et al. [2012] to simulate the configuration of Dally et al. [2002]. The Flamelets-
Progress Variable (FPV) model was used. This model relies on the transport of a mixture
fraction (defined between the fuel and oxidizer), an oxidizer split (quantifying the mixing
with the shrouded air), their variances and the mean progress variable. The reaction
rate is then obtained by use of tabulated chemistry from flamelets tables. Overall, a
good agreement was observed between the numerical and experimental results. On the
fuel-rich side, an overestimation of the CO species was observed and the temperature field
was also overpredicted in the mixing region between the hot coflow and the shrouded air.
The sensitivity of the burner to the scalar boundary conditions at the inlet was further
stressed. Similarly, Abtahizadeh et al. [2017] used the Flamelet Generated Manifold
(FGM) model based on igniting mixing layer with differential diffusion effects to simulate
the DJHC. The flame stabilization mechanism was analysed. Similarly to other studies,
it was suggested that the flame is stabilised by autoignition: multiple ignition kernels
form, grow and are convected downstream. A similar FGM model based on counterflow
flames was also developed by Ma & Roekaerts [2016a,b]. It was used to simulate the
spray flame configuration of Correia Rodrigues et al. [2014]. Reasonable agreements for
the droplets distribution and temperature profiles were obtained.

DNS

Previous sections have been devoted to the numerical studies of MILD combustion that
relied on some form of modelling both in a RANS and LES context. By comparison,
Direct Numerical Simulation (DNS) does not require any model and can thus directly
provide physical insights into MILD combustion. However, DNS is largely limited to
simplified configurations due to the high computational cost involved. To the author’s
best knowledge, only two different groups have performed DNS of MILD combustion and
have focused on different aspects of MILD combustion.

In the studies by van Oijen [2013] (in 2D) and Göktolga et al. [2015] (in 3D), focus
has been put on capturing the ignition of the mixing layer between the fuel and a hot
coflow, thus trying to accurately simulate the micro-scale of an experimental setup like
the JHC of Dally et al. [2002]. The numerical configuration consisted of a rectangular
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1.2 Background on MILD combustion

domain with fuel in the middle layer surrounded by a hot and diluted oxidizer. This
layer in the middle is flowing in a direction while the coflow is flowing in the opposite
direction, resulting in a shear layer between fuel and oxidizer. The main findings from
these DNS were about the ignition. It was observed that autoignition was occurring along
the iso-surface of most reactive mixture fraction, ZMR, with various ignition delay times
depending on the local temperature and scalar dissipation rate, rather than by some
ignition kernels developing into propagating flames. Furthermore, the importance of real
3D turbulence over the simplified 2D configuration of van Oijen [2013] was emphasised
as 3D turbulence could account for small scale structures that induced more variations
in the species distribution. Based on these DNS data, Göktolga et al. [2017] proposed a
Multistage FGM-based model. The particularity of this model was to use two different
progress variables to describe MILD combustion, one based on a precursor of autoignition
and the other based on the production of combustion products. It was observed in an a
priori assessment of the 2D simulation that this model could reasonably well capture the
evolution of heat release and species production.

In contrast, the studies by Minamoto et al. [2013]; Minamoto & Swaminathan [2014a,b,
2015]; Minamoto et al. [2014a,b] simulated the physics corresponding to MILD combustion
where internal exhaust gas recirculation is taking place, as in the furnace-like configuration
of Peters [2000]. These studies considered premixed MILD combustion. It was observed
by Minamoto et al. [2014b] that there existed regions of strong chemical reactions similar
to flamelets. However, compared to conventional premixed combustion, these regions
were spread over a much larger portion of the domain and strongly interacted with each
other leading to an apparent thickening and spreading of the reaction zones. Furthermore,
these interactions were increasing in frequency with an increase of the turbulence level or
of the dilution level. As a result, clearly non bimodal PDF were observed for the progress
variable leading to the conclusion that flamelets-based models were inadequate for MILD
combustion. This was further confirmed by Minamoto & Swaminathan [2014b] where it
was found that the tangential scalar gradient in MILD combustion was not negligible
with regards to the normal gradient, further supporting a non-flamelets behaviour. A
closer study of the reaction zones using Minkowski functionals analysis showed that their
most probable shape was pancake-like and not sheet-like, which is the case in turbulent
premixed combustion [Minamoto et al., 2014a]. This shape emerged because of the
combination of autoignition phenomena, flame propagation and the spatial variation
of the mixture containing at the same time unburnt, burnt and reacting mixture. The
study of chemical markers for MILD combustion was also performed by Minamoto &
Swaminathan [2014b]. It showed that the use of the LIF-signal from OH and CH2O,

23



Introduction

or HCO could be adequate for the detection of heat release in MILD combustion, but
may prove insufficient to study the actual characteristics of MILD combustion and the
structure of reaction zones. From these DNS results, modelling attempts have also been
made in RANS and LES contexts [Minamoto & Swaminathan, 2015; Minamoto et al.,
2014a]. A priori assessment of a PSR model with a presumed β-pdf was shown to be
a suitable candidate for MILD combustion. This model was also validated in the a
posteriori study of Chen et al. [2017].

From these studies using DNS, various insights into MILD combustion have been
obtained. However, they should be nuanced. On one hand, the DNS from Göktolga et al.
[2015] only focused on the autoignition process and, features of MILD combustion such as
a more homogeneous temperature field and the spatial distribution of reactions were not
observed. On the other hand, the DNS of Minamoto [2013] considered a fully premixed
configuration which does not represent the majority of MILD combustion applications.
Thus, it still remains to verify whether the results obtained from this latter study can be
extended to a non-premixed configuration.

1.3 Outstanding issues and modelling challenges

From the studies summarised in the previous section, it is clear that several aspects of
MILD combustion still remain to be researched and understood.

The first aspect concerns the fundamental definition of MILD combustion. Indeed,
three different definitions of MILD combustion have been proposed and while the one
proposed by Cavaliere & de Joannon [2004] has become the de facto conventional
definition, its applicability to non-premixed system remains ambiguous. The more recent
definition by Evans et al. [2017c] constitutes an attempt at improving this. It uses a one
dimensional counterflow flame as a representative model of ignition in MILD combustion.
This new definition cast doubts on several works on MILD combustion as it considered
that various experiments conducted in the past were not actually in the MILD combustion
regime (see Fig. 2 of Evans et al. [2017c]). However, all these definitions rely on large
simplifications of MILD combustion and are thus unable to account for some key-aspects
of MILD combustion like the presence of intermediates and radicals in the stabilisation
of MILD combustion. This has, however, been shown to be a key feature of MILD
combustion [Wünning & Wünning, 1997].

In addition to this difficulty to appropriately define what represents MILD combustion,
several physical aspects of MILD combustion remain unclear. First, the structure of the
reaction zones remains largely unknown. Indeed, experiments have yielded contradicting
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views with some highlighting the existence of thin reaction zones [Medwell et al., 2007;
Sidey & Mastorakos, 2015b] while more distributed reactions were also observed by Dally
et al. [2002] and in the laminar calculations of de Joannon et al. [2012a, 2009, 2012b].
Additional DNS calculations showed that this observation could be due to the frequent
interactions of flamelets-like structures [Minamoto & Swaminathan, 2014b]. Thus, the
actual structure of the reaction zones remains largely unknown and there is uncertainty
as to which assumptions can be made when trying to model them. This put in question
the use of flamelets-based or EDC-based models for the simulation of MILD combustion.

The identification of reaction zones in MILD combustion has also been shown to
be challenging with a possible non-correlation between usual markers like OH and heat
release [Sidey & Mastorakos, 2015b]. This was supported by numerical studies from
Evans et al. [2015]. DNS of Minamoto & Swaminathan [2014b] suggested that the use
of only one species would be insufficient and suggested the use of OH × CH2O as a
potential substitute. Whether this is also valid for non-premixed configuration remains
to be determined.

The mechanism by which MILD combustion stabilised has also been a subject of
research. In the JHC configuration, the general picture that emerged from experimental
[Oldenhof et al., 2010; Sidey et al., 2014] and numerical [Bhaya et al., 2014] studies was
that ignition kernels were constantly produced near the flame base. These kernels are
then convected downstream and grow in size stabilising the flame. This mechanism was
also supported by the DNS from Göktolga et al. [2015] who observed the autoignition
of these kernels in regions corresponding to the most reactive mixture fraction. Thus,
there appears to be a coexistence between ignition and propagating flames phenomena
in MILD combustion.

The importance of turbulence on MILD combustion has also been noted in many
different studies. For example, the presence of ignition kernels were observed to be
favoured in regions of low scalar dissipation rate [Göktolga et al., 2015; Oldenhof et al.,
2010]. Further studies [Oldenhof et al., 2011, 2013] showed the importance of the
entrainment flows and how the flame was stabilising with regards to the mixing layer
between the fuel stream and the hot oxidizer. How to appropriately reproduce this
relation in MILD combustion models remains to be understood.

The kinetic pathways in MILD combustion have also been observed to be different
from usual kinetics [de Joannon et al., 2000; Sabia et al., 2014, 2013, 2016, 2015b].
Adapted chemical kinetics may thus be necessary for MILD combustion. This is of
particular importance in MILD combustion as autoignition is thought to be of particular
importance and thus capturing the appropriate oxidation paths is crucial.
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Considering all these uncertainties about the physics of MILD combustion on the
characteristics of the reaction zones, its stabilization and chemical kinetics, results
obtained from numerical simulations should be taken with caution. Indeed, the validity
of the assumptions underlying the various models is still unknown for MILD combustion.

1.4 Aims and objectives

The present work aims to provide some physical insights into non-premixed MILD
combustion using numerical simulations further to those gained by Minamoto [2013].
As mentioned previously, there exist three different paradigms in computational fluid
dynamics: RANS, LES and DNS. Given the relative novelty of MILD combustion, its
unique features and the limited understanding of MILD combustion, the use of any
existing models is questionable and results obtained with LES or RANS can only be used
cautiously. Accordingly, this thesis work will use DNS to simulate MILD combustion
with mixture fraction variations to obtain these physical insights.

However, before tackling the analysis and study of MILD combustion, a few initial
questions need to be answered. Indeed, a major limitation of DNS for turbulent reacting
flows is the relatively low level of turbulence, and thus low turbulence Reynolds numbers,
achievable. In this context, and considering that turbulence is understood to play a major
role in MILD combustion [Galletti et al., 2007; Plessing et al., 1998], studying the effects
of turbulence in these low turbulence simulations may raise some questions. Hence, some
initial analysis will be conducted on pure turbulence to study whether the mechanisms
of turbulence, in particular the vortex stretching mechanism and the energy transfer,
show the same dynamical features at low and high Reynolds numbers. Subsequently, this
analysis is extended to turbulent premixed flames to provide further understanding on
how chemical reactions influence the presence and intensity of vortical structures and
the way by which flames are strained. These investigations on turbulent premixed flames
would provide a basis of comparison for the analysis of turbulence-chemistry interaction
in MILD combustion. Thus, the first part of this thesis work will aim to answer the
following questions:

1. In non-reacting flows, are the dynamical features of turbulence similar at low and
high Reynolds numbers? If that is the case, then performing DNS of reacting
flows at low or moderate Reynolds numbers should already provide useful physical
insights as the interaction of scales would be representative of cases at high Reynolds
numbers.
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2. In turbulent premixed flames, what is the relevant scales of eddies most influencing
the flame structure and does heat release influence the interaction of turbulent
structures among different scales?

In a second part, the DNS and the analysis of MILD combustion will be carried out
and the objective is to answer the following questions arising from the literature review
discussed earlier:

3. What is the role of radicals in the inception of MILD combustion? Given that
in internal EGR MILD combustor, a large amount of radicals are recirculating
with the inflowing fuel, these may play an important role in the onset of MILD
combustion.

4. What are the structures of MILD combustion reactions zones and in particular,
do thin regions exist and which process leads to their thickening? Furthermore,
given the presence of recirculating radicals like OH, which species are appropriate
to identify these reaction zones? Finally, in these regions, what are the modes of
combustion involved?

5. What are the physical mechanisms of MILD combustion? Specifically, what is the
balance between autoignition and flame-propagation? Given the high reactants
temperature, autoignition is likely to play a significant role, but as mentioned in
the review discussed earlier, thin reaction zones have also been observed.

6. How are different turbulent scales interacting in MILD combustion? In MILD
combustion, it was suggested that chemical reactions and turbulence were occurring
over similar scales and thus the interaction between reaction zones and turbulent
structures could be significant.

These questions are tackled in this thesis using DNS data. DNS is used here because
of the physical insights that can be obtained from them as they resolve all scales of
turbulence and chemistry. The first part of this thesis will rely on the analysis of DNS
data of homogeneous isotropic turbulence and premixed flames. For the study of MILD
combustion, a methodology to conduct DNS of MILD combustion with mixture fraction
variation is developed and the DNS data generated are then analysed to answer the
questions listed above.

27



Introduction

1.5 Thesis structure

The structure of this thesis is as follows. Chapter 2 describes the governing equations and
the methodology used to perform the DNS of MILD combustion with mixture fraction
variations. The turbulence and thermochemical characteristics of the DNS data of MILD
combustion generated here is also detailed.

Chapter 3 discusses the first part of this thesis work. In particular, the analysis of
non-reacting turbulence and turbulent premixed flames, answering the points 1 and 2
of the above list, is presented. In particular, a multiscale analysis method, called the
bandpass filtering method, is presented and applied to DNS of homogeneous isotropic
turbulence to study the vortex stretching mechanism and the scale-locality of the energy
cascade at various Reynolds numbers. Subsequently, the same method is applied to DNS
of statistically planar turbulent premixed flames propagating in homogeneous turbulence.
This latter analysis is focused on the vortex stretching mechanism and on identifying the
scales of eddies imparting the most strain on the flame.

The analysis of the DNS of MILD combustion generated in this thesis work starts in
chapter 4 where the inception of MILD combustion is studied. In particular, the role of
radicals on the onset of MILD combustion is analysed and the implication for previously
proposed definitions of MILD combustion is discussed.

In chapter 5, the structure of the reaction zones in MILD combustion, which is the
subject of the point 4 above, is analysed to provide some fundamental insights. The use of
typical species for the identification of reaction zones is also discussed. Furthermore, given
the existence of mixture fraction variations, the modes of combustion, from non-premixed
to premixed, are studied.

The mechanism of MILD combustion and its stabilisation are investigated in chapter
6. In particular, the balance between ignition and propagative flame processes is analysed
and described using a flux analysis of the species transport equation.

Chapter 7 presents a multiscale analysis of the energy cascade and vortex stretching
in MILD combustion using the bandpass filtering method and evaluate the effect of the
volumetric heat release on these mechanisms.

The main findings of this thesis work are summarized in chapter 8 along with directions
for future work.
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Chapter 2

Direct Numerical Simulation

This chapter describes the governing equations for turbulent reacting flows. The DNS
methodology used for the simulation of MILD combustion is also presented, with details
on the configurations and conditions of the DNS cases of MILD combustion run for this
thesis.

2.1 Governing equations

The instantaneous governing equations for a fully compressible reacting flow consist of
[Cant, 2013; Poinsot & Veynante, 2011]

• Mass conservation equation:

∂ρ

∂t
+ ∇ · (ρu) = 0 (2.1)

where ρ denotes the mixture density and u is the velocity vector.

• Navier-Stokes momentum equations:

∂(ρu)
∂t

+ ∇ · (ρu ⊗ u) = −∇p+ ∇ · τ (2.2)

where τ is the viscous stress tensor:

τ = µ
(
∇u + (∇u)T

)
− 2

3µ(∇ · u)I (2.3)

µ is the mixture dynamic viscosity, I the identity matrix and T denotes the transpose
operation.
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• Species mass fractions conservation equations:

∂ρYα
∂t

+ ∇ · (ρuYα) = ω̇α − ∇ · (ρVαYα) (2.4)

where Yα is the mass fraction of species α with a diffusion velocity Vα and chemical
reaction rate ω̇α. The following compatibility conditions apply on Yα, Vα and ω̇α:

N∑
α=1

Yα = 1
N∑
α=1

YαVα = 0
N∑
α=1

ω̇α = 0 (2.5)

with N being the number of species involved in the description of the combustion
chemical kinetics.

• Internal energy equation:

∂E

∂t
+ ∇ · (ρuE) = −∇ · (pu) − ∇ · q + ∇ (τ · u) (2.6)

where q is the heat flux vector and E, the stagnation internal energy. These are
defined as:

q = −λth∇T +
N∑
α=1

ρVαhα (2.7)

E =
N∑
α=1

Yαhα − p

ρ
+ 1

2u · u (2.8)

where λth is the mixture thermal conductivity.

The enthalpy of species α is defined as:

hα =
∫ T

T0
cp,α dT + ∆h0

f,α (2.9)

where cp,α is the mass specific heat capacity of species α at constant pressure and
∆h0

f,α is the species formation enthalpy at the reference temperature T0.

• Thermal equation of state for the mixture:

p = ρR0T
N∑
α=1

Yα
Wα

(2.10)

R0 is the universal gas constant and Wα is the molar mass of the species α.
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2.1.1 Thermodynamic and transport quantities

For a semi-perfect gas, the molar specific heat capacity at constant pressure, c̄p,α depends
on temperature. This dependency is modelled using a polynomial of the form [Cant,
2013]:

cp,α
R0 =

J∑
j=1

a
(l)
α,jT

j−1, (2.11)

In the present work, polynomials of degree 5 are used. The coefficients a(l)
α,j are different

depending on the species and the temperature interval. They are obtained from the
CHEMKIN database [ReactionDesign, 2015].

The molecular transport terms are represented using the relation [Smooke & Gio-
vangigli, 1991]

λth
cp

= Aλ

(
T

T0

)r
(2.12)

where cp = ∑
Yαcp,α is the mixture specific heat capacity at constant pressure. Aλ, r and

T0 are constants. The mixture dynamic viscosity, µ, is then given by

µ = λth
cp

Pr (2.13)

where Pr = 0.7 is the mixture Prandtl number which is assumed to be a constant. The
diffusive mass flux for species α is represented using Fick’s law:

ρVαYα = −ρDα∇Yα (2.14)

where the diffusion coefficient Dα for each species is given by

Dα = λth
ρcpLeα

(2.15)

Leα is the Lewis number of the species α and is assumed to be constant, but takes
different values for different species.

The use of constant Lewis numbers does not guarantee that the continuity equation
will be recovered by summing all the species mass fraction equations. Instead, this yields

∂

∂t
ρ+ ∇ · (ρu) =

N∑
α=1

∇ · (ρDα∇Yα) (2.16)

where the compatibility conditions have been applied. By comparison to the continuity
equation, the quantity on the right hand side is an error term. It can be removed by
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adding a correction to the diffusion velocity [Ern & Giovangigli, 1994]:

ρVαYα = −ρDα∇Yα + ρV(c)Yα (2.17)

where the correction velocity V(c) is given by:

ρV(c) =
N∑
α=1

ρDα∇Yα (2.18)

2.1.2 Reaction rate

For a reaction mechanism involving M steps, the chemical reaction rate, ω̇α, for the
species α, is evaluated using:

ω̇α = Wα

M∑
m=1

¯̇ωα,m (2.19)

where ¯̇ωα,m is the molar production rate of species α in the step m.
In this mechanism, forward and backward reaction steps are expressed as

N∑
α=1

ν ′
α,mMα ⇌

N∑
α=1

ν ′′
α,mMα (2.20)

where the molar production rate for a species, ¯̇ωα,m, is given by

¯̇ωα,m =
(
ν ′′
α,m − ν ′

α,m

) kf,m(T )
N∏
β=1

c
ν′

β,m

β − kb,m(T )
N∏
β=1

c
ν′′

β,m

β

 . (2.21)

The forward and backward coefficients kf,m and kb,m are evaluated using an Arrhenius
expression of the form:

km(T ) = AmT
nm exp

(
− Em
R0T

)
(2.22)

In the above expression, usually, only the forward rate coefficients are provided while the
backward rate coefficients are evaluated using the equilibrium constant for concentrations
[Cant, 2013].

For a reaction step, m, involving third bodies:

N∑
α=1

ν ′
α,mMα +M →

N∑
α=1

ν ′′
α,mMα +M (2.23)
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the molar production rate is evaluated with the following formula

¯̇ωα,m =
(
ν ′′
α,m − ν ′

α,m

)
km(T )cM

N∏
β=1

c
ν′

β,m

β . (2.24)

The molar concentration of the third body, M , is given by

cM =
N∑
α=1

ηα,Mcα (2.25)

where ηα,M are the third-body efficiencies for the species M and cα is the molar concen-
tration of species α.

Certain reaction steps may have a dependency with pressure. In the low-pressure
limits, they would require a third body collision to provide the energy necessary for the
reaction, i.e. they are of the type

N∑
α=1

ν ′
α,mMα +M →

N∑
α=1

ν ′′
α,mMα +M (2.26)

In the high pressure limits, the third-body collisions are not necessary, and the reaction
step can thus be represented by

N∑
α=1

ν ′
α,mMα →

N∑
α=1

ν ′′
α,mMα (2.27)

For intermediate pressure, the dependency of the reaction with the pressure has to be
taken into account. The Lindemann form is used for that purpose [Lindemann, 1922]

kL,m = k∞

1 + kfall/cM
(2.28)

where k∞ is the high pressure limit constant, kfall = k∞/k0 is the fall-off rate coefficient,
k0 is the low pressure limit rate constant, cM the third body concentration. Reactions
falling into that pressure regime, called the fall-off region, will be indicated with (+M)
rather than a +M following the convention used in CHEMKIN:

N∑
α=1

ν ′
α,mMα(+M) →

N∑
α=1

ν ′′
α,mMα(+M) (2.29)
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2.2 Non-premixed MILD combustion

This section describes the methodology used to perform the DNS of MILD combustion.
The numerical code used is SENGA2 [Cant, 2013]. It is a fully compressible code that
solves the continuity, momentum, internal energy and species mass fractions equations,
presented in section 2.1, for turbulent reacting flows. The spatial derivatives are discretized
using a tenth order central difference scheme that reduces gradually to a fourth order
scheme near the boundaries. The time integration is performed using a third order
Runge-Kutta scheme. In this section, the methodology, configuration and conditions
used for the simulation of MILD combustion are explained.

2.2.1 Numerical flow configuration

MILD combustion of mixtures having spatio-temporal variationz of mixture fraction
with recirculated exhaust gases is of interest in the present thesis work. However, typical
MILD combustion systems are of a few tens of centimeters in size involving EGR or either
spatially or temporally staged fuel injection techniques. DNS of such system is not feasible
at this time because of the heavy computational cost involved and thus a simplified
two-stage approach is used here following earlier studies [Minamoto et al., 2014b]. The
first stage mimics the mixing of fuel, air and exhaust gases yielding inhomogeneous
mixture field which subsequently undergoes combustion in the second stage. This two-
stage process is illustrated schematically in Fig. 2.1. The left box titled “Preprocessing”
represents the first stage elaborated in section 2.2.2. The symbol Q̇out represents the
cooling of exhaust gases.

The computational domain for MILD combustion (second stage) is a cuboid with
periodic boundary conditions in the y and z directions. Reflecting inflow and non-
reflecting outflow are specified for the x-direction using the Navier-Stokes characteristics
boundary condition (NSCBC) approach [Poinsot, 1992]. Spatially and temporally varying
mixture of vitiated air and fuel (generated in the first stage) is fed at an average velocity
of Uin through the inlet located at x = 0 of the computational domain. The turbulent
velocity, u, species mass fractions, Yi, of the partially premixed mixture and temperature,
T , of the inflowing mixture are specified as

u(x = 0, y, z, t) = û(x(t), y, z) (2.30)
Yi(x = 0, y, z, t) = Ŷi(x(t), y, z) (2.31)
T (x = 0, y, z, t) = T̂ (x(t), y, z) (2.32)
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where û, Ŷi and T̂ are the turbulent velocity, species mass fractions and temperature
obtained during the (first) preprocessing stage to be explained in section 2.2.2. The
x-location of the scanning plane, x(t), moves with a velocity of Uin = 20 m/s inside the
preprocessed field.

Fuel

Yiui,^ ^

Air Exhaust gas
dilution

Preprocessing (steps 1-5)

step 5

mixture
steps 3-4

Combustion
DNS

Qout

level

Uin

.

T
YCH4
^YCH4

^

x

Fig. 2.1 Schematic illustration of DNS steps followed for MILD combustion of inho-
mogeneous reactant mixture field obtained with internal recirculation of exhaust gases.
Steps 1-5 are discussed in section 2.2.2.

2.2.2 Generation of initial and inflow fields

The flow and mass fraction fields for the combustion DNS are generated by extending the
methodology described by Minamoto et al. [2013]; Minamoto & Swaminathan [2014b];
Minamoto et al. [2014b]. This preprocessing step mimics the mixing of vitiated air
with fuel (first stage of the two-stage approach) before autoignition occurs. Earlier
studies [Minamoto et al., 2013; Minamoto & Swaminathan, 2014b; Minamoto et al.,
2014b] considered premixed MILD combustion and thus there was no variation of mixture
fraction. Since the influence of mixture fraction variation on the MILD reaction zones
structure is of interest for this thesis, appropriate modifications are introduced to generate
fields which are representative of non-premixed MILD combustion system. The steps
described below are followed to obtain the desired fields of û and Ŷi.

Step 1: A turbulence field is generated first by conducting a DNS of freely decaying,
homogeneous isotropic turbulence inside a periodic cube. The initial turbulence
field is specified using a prescribed turbulent kinetic energy spectrum as described
by Rogallo [1981]. Here, the Batchelor-Towsend spectrum [Batchelor & Townsend,
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1948] is used with the following two controlling parameters, c0 = 14000 and k0 = 1.6.
Additional information on this turbulent energy spectrum can be found in appendix
A. This simulation is run until the turbulence is fully developed, which is recognised
when the velocity derivative skewness reaches a value of about −0.5.

Step 2: One-dimensional freely propagating premixed laminar flames for a wide range of
mixture fractions (or equivalence ratios) are simulated with CANTERA using the
same kinetic mechanism to be employed for the combustion DNS. The reactants
considered are a mixture of methane and diluted-air (without intermediate species)
with desired dilution levels (specified in section 2.2.4). Based on the earlier stud-
ies [Minamoto et al., 2013; Minamoto & Swaminathan, 2014b; Minamoto et al.,
2014b], the reactant temperature is set at Tr = 1500 K, which is higher than the
reference autoignition temperature. This step yields a database of one-dimensional
laminar premixed flames having thermochemical conditions of interest and these
flames are parametrised using the mixture fraction (or equivalence ratio) and
progress variable. Such database is illustrated in Fig. 2.2 for some representative
species mass fractions.

Step 3: Following the method described by Eswaran & Pope [1988b], two scalar fields
bounded between 0 and 1 are generated by specifying scalar-energy spectrum
functions having prescribed length scales, ℓc and ℓZ , and means, ⟨c⟩ and ⟨Z⟩. These
two fields are taken to be the initial reaction progress variable, ĉY , and mixture
fraction, Ẑ, fields. The progress variable is defined as

ĉY = YCH4 − YCH4,p

YCH4,r − YCH4,p
, (2.33)

where the subscripts r and p in the methane mass fraction, YCH4 , denote respectively
the reactant and product mixtures of a laminar flame computed in Step 2. The
mixture fraction is defined using Bilger’s definition [Bilger et al., 1990]:

Ẑ = β − βox
βf − βox

(2.34)

where the subscripts f and ox denote fuel and vitiated air streams respectively
(see Fig. 2.1), and β = 2YC/WC + 0.5YH/WH − YO/WO with the elemental mass
fractions and atomic masses for the elements carbon, hydrogen and oxygen. Typical
variations of these two fields generated are shown in Fig. 2.3 for the mid x-y plane of
the computational domain and additional details on the methodology are provided
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(a) (b)

(c) (d)

Fig. 2.2 Species mass fractions of MILD premixed flames parametrized on Z and c used
for the MILD combustion DNS pre-processing stage (step 2).

in appendix A. As expected ĉY presents variations bounded between 0 and 1 by
construction with a prescribed lengthscale. On the other hand, Ẑ has a smaller
range of variation with a typically larger lengthscale. The probability density
functions (pdfs) of these two fields are also shown in this figure. The pdfs of ĉY for
the various cases show a clearly bimodal behaviour for the choices of ⟨c⟩ and ℓc.
On the other hand, the pdfs of Ẑ vary according to the case considered. For cases
AZ1 and BZ1, the pdfs have a peak value centred around the specified mean value
of Z while for case AZ2, the pdf does not present a peak value. It should be noted
that there are no pocket of pure fuel in the present domain as a result of the small
value for ⟨Z⟩ and the limited variations for ℓZ . Further details about the various
cases considered are provided at the end of this section and in section 2.2.4.

Step 4: The species mass fractions obtained in Step 2 are used to initialise the scalar mass
fraction fields depending on the local values of Ẑ and ĉY . If the local value of Ẑ is
beyond the flammability limits then the mixing line solution in the mixture fraction
space is used to obtain the local species mass fraction values. The temperature
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Z

(a) (b)

(c)

^ cŶ

Fig. 2.3 Representative spatial variation of (a) ĉY and (b) Ẑ, obtained at the end of
Step 3 for case AZ1. The results are shown for the mid x-y plane. The pdfs of ĉY and Ẑ
for the sample from the entire domain are shown in (c) for all cases.

is set to 1500 K. The scalar field obtained thus has partially premixed mixture
(varying equivalence ratio) containing reactants, partially burnt mixtures and
products. These conditions would be quite similar to those in the recirculation
zones of a MILD combustion burner investigated experimentally, for example the
one in [Ozdemir & Peters, 2001]. The fluctuations in the scalar mass fraction fields
obtained in this step do not have any correlation with the turbulence field obtained
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in Step 1. This lack of correlation may lead to some non-physical transients, which
are overcome using the method described in the next step.

Step 5: The scalars and the turbulence from Step 1 are allowed to interact and evolve
inside the periodic domain without any chemical reactions for a duration of about
one large eddy timescale, l/u′ where l and u′ are the integral length scale and
root-mean-square (rms) value of the turbulence field. Based on past studies, the
duration of this simulation was kept deliberately below the ignition delay time to
avoid occurrence of combustion but sufficiently long for the interactions between
the scalar and velocity fields to have developed in a meaningful way. Indeed, past
DNS studies of scalar mixing using the same methodology to generate initial scalar
fields [Eswaran & Pope, 1988b; Ruetsch & Maxey, 1991; Yeung & Pope, 1993] have
shown that such durations already allow for these correlations to develop. The
scalar fields obtained at the end of this step are shown in Figs. 2.4, 2.5 and 2.6.
These are shown for the 3 cases run in the present work. The characteristics of
each case are further discussed in section 2.2.4. It is clear that unburnt (ĉY = 0),
partially burnt (intermediate values of ĉY ), and fully burnt (ĉY = 1) mixtures
are present. Furthermore, the equivalence ratio, ϕ̂ = Ẑ

(
1 − Ẑst

)
/
(
Ẑst

(
1 − Ẑ

))
,

ranges from 0 to 10 inside the computational domain. Intermediate species and
radicals are also present as seen in Figs. 2.4d, 2.5d and 2.6d. These fields serve as
the initial and inflowing fields for the combustion DNS.

A desired level of dilution is obtained by changing the reactant mixture used for the
laminar calculations in Step 2. The length scales ℓc and ℓZ denote typical eddy sizes for
the progress variable and mixture fraction fields respectively and they will influence the
spatio-temporal evolution of mixing and reactions. The chemical (flame) length scales
are usually smaller than the mixing length scale and so the case of ℓc > ℓZ is excluded.
Hence, three cases, which are discussed in section 2.2.4, are considered here. The first
two cases, noted AZ1 and AZ2, have almost the same dilution level but different ℓc/ℓZ
values. The third case, called BZ1, has the same length scale ratio as the first case but
substantially higher dilution level. The PDFs of ĉY and Ẑ for the initial and inflowing
fields of these three cases are shown in Fig. 2.7. The maximum Ẑ observed in the domain
is about 0.1 which corresponds to ϕ̂ ≈ 11 for cases AZ1 and AZ2 and ϕ̂ ≈ 19 for case
BZ1, but the pdf for Ẑ > 0.04 is small and thus is not shown in Fig. 2.7. The value
of Ẑ = 0.04 corresponds to ϕ̂ = 4.1 for cases AZ1 and AZ2, and ϕ̂ = 7.1 for case BZ1,
implying a substantial variation in equivalence ratio. Compared to the initial pdfs of Ẑ
shown in Fig. 2.3, the pdfs of Ẑ after the mixing in Step 5 have not changed much since
this mixing simulation time is kept to be about one eddy turnover time and the peak of
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(a)

(c)

(b)

(d)

Fig. 2.4 Spatial variation of (a) ĉY , (b) Ẑ, (c) ŶO2 and (d) ŶOH in the mid x-z plane at
the end of Step 5 for case AZ1.

(a)

(c)

(b)

(d)

Fig. 2.5 Spatial variation of (a) ĉY , (b) Ẑ, (c) ŶO2 and (d) ŶOH in the mid x-z plane at
the end of Step 5 for case AZ2.
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(a)

(c)

(b)

(d)

Fig. 2.6 Spatial variation of (a) ĉY , (b) Ẑ, (c) ŶO2 and (d) ŶOH in the mid x-z plane at
the end of Step 5 for case BZ1.

the Z pdf is already close to ⟨Z⟩. On the other hand, the pdfs of ĉY present much more
variation showing the presence of unburnt, intermediate and burnt mixtures. The mixing
process has also created high probability for intermediate values of c. Finally, the large
variations of Z in the inflowing mixture yields a large variation in the reactivity of the
mixture with various ignition delay times. This is shown in Fig. 2.8 where the pdf of
ignition delay time computed from laminar calculations in a 0D adiabatic homogeneous
reactor with CANTERA is shown for the inflowing mixture. It should be noted that
those laminar calculations consider the unburnt mixture and thus the presence of radicals
is not accounted for in these calculations. This particular aspect of MILD combustion
will be further elaborated in chapters 4 and 6.

2.2.3 Combustion mechanism

The fuel considered for this study is methane as in previous studies [Minamoto et al.,
2013; Minamoto & Swaminathan, 2014b; Minamoto et al., 2014b] with similar turbulence
and dilution conditions. This helps us to contrast the difference between premixed
and non-premixed turbulent MILD combustion. The skeletal mechanism of Smooke
& Giovangigli [1991] is selected following earlier studies. Since the chemiluminescent
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(a) (b)

Fig. 2.7 Pdf of (a) ĉY and (b) Ẑ for the initial and inflowing mixture fields (after Step 5)
used for combustion DNS.

Fig. 2.8 Pdf of τign for the initial and inflowing mixture field (after Step 5) used for
combustion DNS.

species such as OH∗ and CH∗ are also of interest from the perspective of experimental
investigation [Evans et al., 2015; Sidey & Mastorakos, 2015b], the Smooke & Giovangigli
mechanism is modified to include precursor species required for OH∗ chemistry taken
from Kathrotia et al. [2012]. The elementary reactions required for the precursor species
are taken from Bilger et al. [1990]. The kinetic mechanism assembled thus involves
19 species and 58 reactions in total and this mechanism is listed in appendix B along
with sources for the respective rate constants. This modified mechanism is referred as
MS-58 and that from Bilger et al. [1990] is called KEE-58 in the discussion below.

Figures 2.9, 2.10 and 2.11 compare the measured and computed laminar flame speeds
and ignition delay times. The laminar flame speeds are computed using CANTERA with
4 different chemical mechanism, viz., GRI-3, Smooke & Giovangigli, MS-58 and KEE-58
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Fig. 2.9 Comparison of computed and measured laminar flame speeds at standard
conditions. Experimental data are taken from Vagelopoulos & Egolfopoulos [1998];
Vagelopoulos et al. [1994].

using the following expression [Poinsot & Veynante, 2011]:

sL = − 1
ρuYCH4

∫ +∞

−∞
ω̇CH4dx (2.35)

The experimental results are taken from Vagelopoulos & Egolfopoulos [1998]; Vagelopoulos
et al. [1994]. It is clear that the MS-58 mechanism assembled using reactions from Smooke
& Giovangigli [1991] and Bilger et al. [1990] predicts the laminar flame speed, sL, variation
with equivalence ratio, ϕ, for methane-air mixture very well. These results are comparable
to GRI-3 values and MS-58 slightly under-predicts sL for ϕ ≥ 1.4.

The computed ignition delay times for methane-air mixture at 1 and 4 atm and various
equivalence ratios over a wide range of temperatures are compared to measurements in
Figs. 2.10 and 2.11. These were computed with CANTERA by simulating the ignition
process in an adiabatic zero-dimensional reactor. As one would expect, the GRI-3
mechanism estimates the ignition delay time accurately and, Smooke & Giovangigli and
MS-58 mechanisms overestimate the ignition delay time for both pressures but the level
of overestimation, in comparison to GRI-3, remains almost constant over the temperature
range. The KEE-58 mechanism substantially overestimates the ignition delay time as
shown in Fig. 2.11 for the case at 4 atm. At 1 atm, it performs better than the other two
mechanisms for relatively high temperature, but substantially over predicts the ignition
delay time for the temperature of interest here, T = 1500K.
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It seems that the mechanism MS-58 is very good for flame propagation, quite good for
ignition delay time estimates and also includes OH∗ precursors, and thus it is adequate
to address the objectives of this study. However, the over estimate of the ignition delay
time must be borne in mind while investigating the simulation results. As expected, the
reactions involving OH∗ do not affect these estimates while allowing us to track OH∗ in
the DNS. It is also worth remarking here that CH∗ and other chemiluminescent species
are not included because C2 and higher species acting as precursors for them are not
available in the MS-58 mechanism. The accuracy for the ignition delay times can be
improved by including C2 chemistry. However, including a comprehensive mechanism
such as GRI-3 with C2 and higher species is prohibitively expensive for DNS at this time.
Also, there is no chemical mechanism with OH∗ precursor which is suitable for DNS and
so MS-58 mechanism is assembled for this study.
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Fig. 2.10 Ignition delay time for CH4-air mixture at atmospheric pressure and for (a)
ϕ = 0.5, (b) ϕ = 1.0 and (c) ϕ = 2.0. Experimental data are from Hu et al. [2015].
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Fig. 2.11 Ignition delay time for CH4-air mixture at 4 atm and for (a) ϕ = 0.5 and (b)
ϕ = 1.0. Experimental data are from Snyder et al. [1965].

2.2.4 MILD combustion conditions

Two dilution levels are considered, the reference case has 3.5% oxygen by volume in
the oxidiser mixture, which is the same as for the Case B of Minamoto et al. [2014b]
in terms of dilution conditions. The earlier study considered the premixed case but
this study is with non-premixed counterpart which includes spatio-temporally varying
mixture fraction. The oxygen level is reduced to 2% by volume for the case BZ1. The
mole fractions of major species in the diluted oxidiser mixture for these two conditions
are listed in Table 2.1. The sum of the mole fractions must be equal to 1 and so the rest
of the mixture is N2.

Table 2.1 Oxidiser composition for the MILD mixture.
Case XO2,ox XH2O,ox XCO2,ox

AZ1-2 0.035 0.134 0.067
BZ1 0.020 0.146 0.073

The turbulence and thermochemical conditions for the combustion DNS are summa-
rized in Tables 2.2 and 2.3. The values in those tables are for the initial conditions of
the reacting DNS of MILD combustion (at the end of step 5, as described in section
2.2.2). The turbulence conditions used here are similar to the Case B of Minamoto
et al. [2014b] and are the same for all cases. The turbulence field obtained at the end of
Step 5 has an rms value of u′ ≈ 16.66 m/s, for the velocity fluctuations and an integral
length scale of l ≈ 1.42 mm. This gives a turbulence Reynolds number of Ret ≈ 96
and Taylor micro-scale Reynolds number of Reλ ≈ 34.73. There are about 7 integral
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eddies inside the computational domain of size Lx = Ly = Lz = 10 mm. Since there are
spatial variations of mixture fraction and progress variable (unburnt and burnt mixtures)
fields, the ratio of their integral length scales is an important parameter. The influence
of this parameter is also investigated by changing the value of ℓc/ℓZ from 0.77 to about
1 while keeping the dilution level the same. This case is denoted as AZ2 in Table 2.2.
The condition of ℓc/ℓZ > 1 is seen to be unphysical because the thickness of either a
propagating flame or an ignition kernel at a reactant temperature of about 1500 K is
expected to be thinner than a representative mixture fraction length scale resulting from
turbulent mixing of fuel and vitiated air.

Table 2.2 Initial scalar conditions for the MILD combustion DNS.
Case l/ℓZ ⟨XO2⟩ Xmax

O2 ℓc/ℓZ ⟨Z⟩ Zst σZ ⟨c⟩ σc
AZ1 0.60 0.0270 0.035 0.77 0.008 0.010 0.0084 0.56 0.26
AZ2 0.79 0.0285 0.035 0.99 0.008 0.010 0.0105 0.56 0.28
BZ1 0.60 0.0160 0.020 0.77 0.0046 0.0058 0.0057 0.56 0.26

Table 2.3 Initial turbulent and mixing conditions for the MILD combustion DNS. τt = l/u′

is a turbulent time scale.
Case u′ [m/s] l [mm] λ [mm] τt/⟨τign⟩ τt/⟨δth/sL⟩ ⟨NZ⟩ [s−1] σNZ

[s−1]
AZ1 16.66 1.42 0.51 0.0109 0.1876 0.0303 0.1678
AZ2 16.66 1.42 0.51 0.0109 0.1876 0.0826 0.3615
BZ1 16.66 1.42 0.51 0.0073 0.0798 0.0142 0.0087

From Table 2.2, it can be observed that all cases correspond, on average, to a lean
condition with an equivalence ratio of approximately 0.8. The variance of the mixture
fraction in case AZ2 is higher than for case AZ1 as that case was initialised with a smaller
ℓZ which allows for more variations of Z. Furthermore, the maximum O2 concentrations
found in the computational domain for all cases correspond to the concentration from the
oxidiser composition (see Table 2.1) meaning that pure oxidiser (vitiated air) is present
in the domain. All cases share similar statistics, ⟨c⟩ and σc, for the progress variable
field which is to be expected because similar initial c field was used. An average value
of c equal to 0.56 signifies the presence of both burnt and unburnt mixture. Table 2.3
highlights the ratio between the turbulent timescale and the chemical timescales for the
average mixture (ϕ = 0.8) and it is seen that the turbulent timescale is smaller than the
chemical ones. Some mixing characteristics, the mean scalar dissipation rate of mixture
fraction ⟨NZ⟩ and its standard deviation σNZ

, are also provided. These indicate that
case AZ2 has a stronger mixing field than the other cases. This is to be expected as that
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case has initially the smallest ℓZ . Thus, there are the most variations of Z in that case
compared to the others.

The computational domain is discretised using 512 × 512 × 512 uniform grid points
which ensures that there are about 30 grid points inside the smallest chemical thickness
for the mechanism MS-58 used here. This thickness is related to OH∗ species reaction
rate. The timestep used is 1 ns which is smaller than the shortest chemical timescale
imposed by OH∗ chemistry.

Each of these simulations has been run for about 1.5 flow-through time, which is
defined as τf = Lx/Uin. Statistics were collected after the first flow-through time to
ensure that the transients from the initial conditions had left the domain before data
sampling. These simulations have been run on ARCHER, a Cray XC30 system, and each
simulation took about 550 hours on a wall-clock using 4096 cores.

2.2.5 On the choice of laminar configuration

Previously, in section 2.2.2 describing the methodology used to obtain the initial and
inflowing fields, for Step 2, the choice was made to use a laminar premixed flame to
construct the initial scalar fields. However, it can be argued that a PSR or counterflow
flames could be alternative choices. As such, a comparison was performed between these
various laminar configurations to assess whether they would have a high influence on the
initial conditions.

Figure 2.12 compares the species mass fractions distributions, Yi(Z, c), obtained from
premixed and PSR configurations for the AZ1-2 mixture conditions used in the DNS
(see Table 2.1). There are very minor differences in the variations of major and minor
species and thus the DNS solution would not be influenced by the choice of the canonical
configuration used to get the initial field. The major and minor species variations with
Z in a fully burning non-premixed combustion established in a counterflow configuration
using the DNS mixture are shown in Fig. 2.13. The solutions from premixed and PSR
configurations for the minimum and maximum values observed in these configurations
are also shown using respectively crosses and circles. It is observed that the counterflow
flame solution shown for a strain rate of 50 s−1 lies between the minimum and maximum
of the premixed flame solution, mostly towards the reacting situation except for CH2O
which is a radical.

Thus, the variations of Yi with Z and c are observed to be very similar for premixed,
PSR and counterflow non-premixed configurations under fully reacting conditions. Fur-
thermore, Z and c vary in the local normal direction across the reaction zone and thus
the reaction zone structure in Z-c space does not depend on the flow configuration. From
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these observations, it is thus clear that the choice of the canonical configuration will not
greatly affect the DNS solution.

MILD Premixed Flame MILD PSR

CH4

O2

OH

CH2O

Fig. 2.12 Species mass fractions distribution for MILD premixed flames or MILD PSR.
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Fig. 2.13 Species mass fractions for a counterflow flame (dashed-dotted) with minimum
and maximum of the associated premixed flame (cross) or PSR (circle).

2.3 Summary

In this chapter, the governing equations for turbulent reacting flows have been introduced
and the methodology used to conduct DNS of MILD combustion with mixture fraction
variations has been described. The turbulence and thermochemical conditions for each
case considered have been presented. The data obtained using this methodology will be
analysed to address the objectives listed in section 1.4. However, before embarking on
that analysis, the next chapter will study the interactions of scales in turbulence and
premixed flames to answer the two initial objectives.
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Chapter 3

Multiscale Analysis of Turbulence
and Premixed Flames

3.1 Background and objectives

As suggested by Duwig et al. [2012]; Galletti et al. [2007]; Minamoto et al. [2014b] and
Plessing et al. [1998], the turbulence-chemistry interaction is of great importance in the
understanding, and thus modelling, of MILD combustion. Indeed, there exists a strong
coupling between turbulence and chemistry, both occurring over similar time scales which
makes this analysis more complex than in conventional cases. One of the key mechanism
of turbulence is the vortex stretching mechanism by which eddies are formed over multiple
length scales. In this work, it is proposed to analyse how this mechanism and the energy
cascade is affected in MILD combustion as the development of vortical structures will
be greatly influenced by the presence of chemical reactions. Conversely, the presence
of reactions and the mixing process will be affected by the turbulence field. However,
DNS of reacting flows are subject to computational restrictions that limit the range
of turbulent scales present in the numerical domain and thus limiting the conclusions
that can be drawn from a study of turbulence-reaction zones interactions. As such, the
present chapter presents some analysis in turbulence and conventional premixed flames
to support the analysis subsequently applied to the DNS of MILD combustion and to
provide some comparison basis.

First, as the computational cost to simulate reacting flows is much higher than for
non-reacting flows, limitations exist on the turbulence field and turbulence scales that
can be solved by DNS. In particular, one aspect is the relatively low Reynolds number
achievable. Indeed, Taylor-microscale Reynolds number, Reλ, of reacting flows DNS
would typically be of the order of magnitude of about 100 while in non-reacting cases, it
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can attain values up to about 1000 in recent simulations [Ishihara et al., 2013]. Thus,
the question arises as to whether turbulence-flame interaction studies using simulations
with those low Reλ are meaningful. As a first step towards answering that question, the
present chapter will first study the mechanism of development of turbulence, namely the
vortex stretching mechanism and the energy cascade. This can be studied by analysing
the alignment statistics between vorticity at a given scale and the strain-rate coming from
another scale. To do so, a multiscale decomposition technique, the bandpass filtering
method of Leung et al. [2012] is used. The influence of the Reynolds number on that
statistics is also analysed to draw conclusions concerning the use of low Reynolds numbers
turbulence fields in the simulation of turbulent reacting flows.

In a second stage, this chapter will present a multiscale analysis of flame-turbulence
interactions in conventional premixed flames. Indeed, the understanding of flame-
turbulence interactions remains relatively limited and the present chapter proposes to
use this multiscale decomposition method to identify the scales of turbulence imparting
the most strain on a flame. Obtaining these informations in the context of turbulent
premixed combustion should help indicate how to perform a similar analysis in MILD
combustion. Furthermore, this should give indications as to which scales of turbulence
may be relevant for MILD combustion compared to conventional premixed flames.

This chapter first presents the DNS data used for this analysis. The multiscale
analysis method, called the bandpass filtering method, is then described. The results
obtained by applying this technique to turbulence to study the energy cascade and
vortex stretching mechanism are presented, followed by the analysis of turbulence-flame
interactions in premixed combustion. Finally, a summary and implications for DNS of
MILD combustion are discussed.

3.2 DNS data used

3.2.1 Homogeneous isotropic turbulence

To study the interaction of scales in turbulence, various DNS of homogeneous isotropic
turbulence are considered. Elaborate details on these datasets can be found in the relevant
references. These datasets, from Donzis et al. [2008]; Ishihara et al. [2013]; Kobayashi
et al. [2011] and Tanahashi et al. [1999], cover Reλ from 37 to 1131 (or integral length
scale Reynolds number, Rel, from 97 to 36,345) as listed in Table 3.1. These datasets
cover the widest range of Reynolds number currently available and are from a variety of
research groups. The computational domain for each dataset is a triply periodic cube

52



3.2 DNS data used

of length 2π with N grid points in each direction. Two cases at Reλ = 140 and 1131
have forced turbulence while all the others have freely decaying turbulence. The case at
Reλ = 140 uses stochastic forcing at large scale, applied on wave numbers smaller than
Kc = 2

√
2 [Donzis et al., 2008; Eswaran & Pope, 1988a]. For the case at Reλ = 1131,

the forcing is performed in wave-number space as f̂(k) = cû(k) where f̂ is the Fourier
transform of the forcing and c is a non-zero coefficient independent of k and is equal
to a parameter, noted Γ, for k < KC and 0 otherwise. The value of Γ was adapted at
each time step so as to maintain the total kinetic energy inside the domain. The value
of Kc was taken to be 2.5 for the Reλ = 1131 case [Ishihara et al., 2013]. It should be
noted that these forcing schemes mainly affect structures of turbulence of a scale of about
2π/Kc and have a decreasing influence as one considers smaller and smaller scales. This
scale of 2π/Kc corresponds to approximately 190η or 4900η respectively for the case at
Reλ = 140 and Reλ = 1131, where η is the Kolmogorov lengthscale. Thus for the range
of scales considered here, which are smaller than the integral lengthscale, the influence of
the forcing scheme should be limited.

The analysis which will be presented in section 3.4 is performed on snapshots of the
data taken once the turbulence is fully developed, as judged by the velocity derivative
skewness approaching −0.5. Since only instantaneous snapshots are available for analysis,
the temporal aspects of the energy cascade is not studied here. Characteristics of each
case required for this study are summarised in Table 3.1 and more detail on these datasets
can be found in the relevant references.

Table 3.1 Characteristics of the (forced or decaying) homogeneous isotropic turbulence
DNS database. l is the integral lengthscale, λ the Taylor microscale and η the Kolmogorov
lengthscale.

Reλ N l/η λ/η Forced or Decaying Reference
37.1 128 31 11.8 D [Tanahashi et al., 1999]
64.9 128 55 17.1 D [Tanahashi et al., 1999]
97.1 256 100 20.9 D [Tanahashi et al., 1999]
140 256 101 28.0 F [Donzis et al., 2008]

141.1 400 200 24.0 D [Tanahashi et al., 1999]
222.7 640 494 29.3 D [Kobayashi et al., 2011]
393.8 1536 1146 39.0 D Unpublished (from Tokyo Tech)
1131 4096 2137 66.5 F [Ishihara et al., 2013]
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3.2.2 Turbulent premixed flames

Five sets of turbulent premixed flame DNS data from Gao et al. [2014]; Minamoto et al.
[2014a] and Rutland & Cant [1994] will be analysed in section 3.5 to study flame-turbulence
interactions in a conventional premixed combustion context. These simulations are of a
statistically planar premixed flame propagating into homogeneous isotropic turbulence
in the reactant mixture. The various characteristics of these data are listed in Table 3.2.
The turbulent Reynolds number, Rel, is based on the integral length scale l and the root
mean square of turbulent velocity fluctuation u′ entering the computational domain. The
laminar burning velocity is sL and the thermal thickness is δth. The Damköhler number
is Da = l sL/ (δthu′) and the Karlovitz number is Ka = (u′/sL)3/2 (δth/l)1/2.

Table 3.2 DNS data attributes for the turbulent premixed flames.

u′/sL l/δth Rel Da Ka Ref.
1.41 6.16 56.7 4.37 0.67 [Rutland & Cant, 1994]
2.19 2.11 38.5 0.97 2.22 [Minamoto et al., 2014a]
7.5 2.45 47.0 0.33 13.2 [Gao et al., 2014]
9.0 4.31 100.0 0.48 13.0 [Gao et al., 2014]

11.25 3.75 110.0 0.33 19.5 [Gao et al., 2014]

The combustion conditions of these five flames span from corrugated-flamelets to the
thin reaction zones in the regime diagram of Peters [2000] as shown in Fig. 3.1. The flame
of Rutland & Cant [1994] is in the corrugated-flamelets regime and that of Minamoto
et al. [2014a] is in the lower part of the thin reaction zones regime. The cases from Gao
et al. [2014], first described by Chakraborty et al. [2011], are in the upper part of the
thin reaction zones regime. A single-step chemistry is used for the DNS of Rutland &
Cant [1994] and Gao et al. [2014], which is sufficient for the future analysis of this data
because the focus will be on kinematic aspects of turbulence-flame interaction. The
skeletal mechanism of Smooke [Smooke & Giovangigli, 1991] was used by Minamoto
et al. [2014a] and thus the analysis of this data will give first glimpses on the influence of
chemistry on the present findings. All cases are stoichiometric flames except the case
from Minamoto et al. [2014a] which is a lean methane/air flame with an equivalence
ratio, ϕ, of 0.8. Elaborate information on these datasets is available in the references
cited above.

These data have already been used in previous studies [Minamoto & Swaminathan,
2014b; Swaminathan & Grout, 2006] to investigate velocity and scalar gradients in
premixed flames and thus the numerical resolution used for those simulations is good to
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Fig. 3.1 Combustion regime diagram showing conditions of flames in [Rutland & Cant,
1994] ×, [Minamoto et al., 2014a] ◦, [Gao et al., 2014] △,▽,□.

address the objectives of this study. It should be further noted that for the data from
Gao et al. [2014], the mesh size is such that the grid spacing is either smaller or equal to
the Kolmogorov length scale which is enough to resolve the scales of turbulence under
study here.

3.3 Bandpass filtering method

In past studies of turbulence, several methodologies have been proposed to extract its
hierarchy of scales. For example, Farge [1992] proposed to use the wavelets decomposition
method. This was later extended by Bermejo-Moreno & Pullin [2008]; Bermejo-Moreno
et al. [2009] to the use of curvelets. While these studies have shed some lights on the
multiscale geometrical decomposition of enstrophy and dissipation, these methods are
complicated and are yet to lead to a clear conclusion on the hierarchy of turbulence.
On the other hand, methods based on filtering in Fourier space have shown to be both
practical and straightforward to apply [Goto et al., 2017; Leung et al., 2012] and are thus
used here.

In particular, the bandpass filtering method described by Leung et al. [2012] is used
for the multiscale analysis of the different DNS datasets. This procedure allows one to
educe structures of a particular lengthscale L. It is summarized hereunder.
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Let us first consider a low-pass filtered velocity field uL(x):

uL =
∫

u(x − r)G(L, r)dr (3.1)

where L is the length scale at which the velocity field is filtered, G(L, r) is the low-pass
filter and r = |r|.

Here, low-pass is interpreted in the frequency sense and thus uL contains information
about scales greater than L. As a result, the derivative of uL with regards to L, ∂uL/∂L,
should contain information about scales centred around L. The bandpass filtered velocity
field can then be defined as

uLb = − αL√
L

∂uL

∂L
(3.2)

where α is a constant depending on the low-pass filter chosen.

Applying the Fourier transform, the following relations are deduced from the previous
equation

ûL = T (κ)û(k) (3.3)

where k is the wavenumber vector, κ = kL/2 with k = |k| and T (κ) is the transfer
function of the filter. And the transform of the bandpass filtered velocity field is

ûLb = − ακ√
L

dT

dκ
û(k) (3.4)

The spectrum of the bandpass filtered velocity field can be deduced

EL
b (L, k) = α2κ2

L

(
dT

dκ

)2

E(k) (3.5)

where E(k) and EL
b are respectively the energy spectra of the unfiltered and bandpass

filtered velocity fields.

The coefficient α is chosen so that the following condition is satisfied∫ ∞

0
EL
b (L, k)dL = E(k) (3.6)

In all subsequent analysis, the low-pass filter considered is the Gaussian filter:

G(L, r) = 1
π3/2L3 exp

(
− r2

L2

)
,

∫
G(L, r)dr = 1 (3.7)
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In this case, Eq. (3.4) reads

ûLb = α√
L

2κ2 exp(−κ2)û(k) (3.8)

and α =
√

2. An inverse Fourier transform can then be applied to obtain the bandpass
filtered velocity field, uL

b , and one can use that bandpass filtered velocity field to deduce
typical turbulence quantities such as the vorticity, strain rate tensor, Reynolds stresses
or flames quantities such as the tangential strain rate.

3.4 Energy cascade in turbulence

A key description of turbulence relies on the existence of a hierarchy of eddies of different
scales whose morphology and spatial clustering depend on the turbulence Reynolds
number. Many views have been proposed in the past to describe the interactions of these
eddies and how the energy cascades through these scales from the large energy-containing
eddies to the small dissipative structures. In particular, the Richardson/Kolmogorov
energy cascade [Kolmogorov, 1941; Richardson, 1922] conjectured that kinetic energy
introduced at large scales is progressively transferred to smaller and smaller scales through
the inertial range, eventually reaching the Kolmogorov scale where it is dissipated by fluid
viscosity. The key assumption of this conjecture is the scale locality of the cascade, the
idea by which eddies mainly interact with and transfer energy to eddies of neighbouring
(smaller) sizes.

Historically, turbulence and turbulent structures have often been described in spectral
space and their wave numbers become a surrogate for their physical scales. In this
formalism, the locality of the energy cascade is understood as the proximity between
interacting wave numbers. From this perspective, various closure models relying on this
notion of cascade for turbulence were developed based on algebraic expressions for the
spectral kinetic energy transfer function [Heisenberg, 1948; Obukhov, 1941; Pao, 1965]
with reasonable success. Furthermore, the locality of the energy cascade in wave number
space was assessed by studying the interactions between triads of wave numbers and their
contribution to the energy flux. It was shown that the energy transfer was dominated
by local wave number triad interactions [Aluie & Eyink, 2009; Brasseur & Wei, 1994;
Domaradzki & Carati, 2007; Eyink & Aluie, 2009]. Approaches analogous to the analysis
of the spectral energy transport equation had also been performed in physical space
using the two-point velocity correlation transport equation and the Karman-Howarth
equation [Davidson, 2015]. In this context, the family of closures proposed are the
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quasi-normal-type schemes which assume that for the fourth-order velocity correlations
terms, the joint-pdf of the velocity field measured at two points is Gaussian. This then
allows to close the Karman-Howarth equation and these closures are reviewed by Lesieur
[2008]. However, there is an inherent arbitrary nature to the approximations used and
the heuristic modifications required to correct these models. Thus, there is no consensus
on the locality of these scale interactions in physical space. Indeed, some studies have
both supported this assumption [Cardesa et al., 2015, 2017; Domaradzki et al., 1993;
Goto et al., 2017] while others have shown that energy could be transferred directly
from large scales to much smaller ones [Lumley, 1992; Tsinober, 2009; Yeung & Brasseur,
1991]. Clear evidence for this real space scale-locality of the energy cascade is scant.

Nonetheless, from the physical space perspective, since Taylor’s work [Taylor, 1938;
Taylor & Green, 1937], it has often been suggested that the mode of energy transfer
across the scales is through vortex stretching, in which vortical structures of a given scale
are stretched and intensified by larger vortices, leading to the transfer of energy from
the larger to the smaller eddies with the smallest eddies having a worm-like shape, an
idea that dates back to Burgers [1948]. In particular, the rate of generation of enstrophy,
Ω = |ω|2/2, by vortex stretching, ψ = ωiωjSij, is often taken as a proxy for energy
transfer in real scale space [Betchov, 1956; Cocke, 1969].

Despite the relatively wide acceptance of this classical picture interweaving energy
cascade and vortex stretching, rigorous evidence supporting this association remains
elusive and additional investigations are required to support the vortex stretching picture
and its locality in scale space. Indeed, past Direct Numerical Simulations (DNS) [Ashurst
et al., 1987; She et al., 1991; Vincent & Meneguzzi, 1994; Yoshimatsu et al., 2015] and
experiments [Mullin & Dahm, 2006; Su & Dahm, 1996] show that the vorticity aligns
preferentially with the intermediate strain rate, β, which suggests the formation of
vortex sheets rather than vortex tubes [Betchov, 1956]. By contrast, one would expect
ω to preferentially align with the most extensional strain rate, α, if the vortices being
stretched are tube-like (worms) [Betchov, 1956]. This apparent disconnect stems from
the influence of local (in physical space) straining associated with the self-induced strain
fields of vortices [Jiménez, 1992; Moffatt et al., 1994]. Indeed, when these effects are
excluded and only non-local straining in physical space retained, it is found that ω is
indeed aligned, on average, with α [Hamlington et al., 2008a,b; Leung et al., 2012]. The
effects of self-straining can be filtered out by using a bandpass filter to educe vorticity
and straining structures of different scales and examine their mutual interactions. This
shows that, for modest values of Taylor microscale Reynolds numbers, Reλ, a vortex of a
given size is stretched primarily by the α strain from structures that are 3 to 5 times
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larger than the vortical structure [Leung et al., 2012]. These results were obtained for
homogeneous isotropic turbulence and similar results supporting the scale-locality of
the energy cascade and the vortex stretching in shear flows were reported in [Elsinga
& Marusic, 2016; Lozano-Durán et al., 2016; Wei et al., 2014]. By contrast, if one does
only consider the alignment between vorticity and straining structures at the same scale,
and thus not excluding the self-straining effect, the preferential alignment of ω with β is
retained [Leung et al., 2012; Tordella et al., 2014].

The relatively low Reλ of 107 [Hamlington et al., 2008b] and 141 [Leung et al., 2012]
in the previous studies raises questions as to the validity of their findings for higher
Reynolds numbers, particularly as it is often suggested that high Reλ turbulence presents
dynamical features that differ from lower Reynolds number turbulence. For example,
Ishihara et al. [2013] examined data at Reλ = 1131 and highlighted the appearance of
thin shear layers consisting of clusters of thin intense vortex tubes. They suggested that
the spatial structure of turbulence undergoes a transition as Reλ approaches 1000, with
larger values of Reλ favouring the clustering of vortex worms into slabs or sheets. This
clustering is less apparent at lower Reλ. Thus, a definitive theory of the energy cascade,
applicable across all Reλ, remains elusive.

The objectives of the study here are (i) to revisit the classical cartoon of the energy
cascade using DNS data presented in section 3.2.1, to investigate its locality in scale space,
through a clear analysis of the energy and enstrophy transfers, and vortex stretching
mechanism between various scales; (ii) to investigate whether or not the nature of the
cascade changes with Reλ and in particular whether the results observed by Leung et al.
[2012] for Reλ = 141 are valid for smaller and larger Reynolds numbers and (iii) to study
the morphology of the straining and strained structures. These objectives are addressed
by analysing DNS data for Reλ ranging from 37 to 1131. Each dataset is analysed using
the bandpass filtering method [Leung et al., 2012] which allows one to focus on structures
of a chosen length scale, L. The morphological features of these structures are then
analysed using Minkowski functionals. The present work will thus mainly focus on the
scale-locality of the energy cascade using quantities in real space rather than in wave
number space and not on the spatial locality of the energy/enstrophy transfer.

3.4.1 Scale decomposition and interactions analysis

To analyse the scale-by-scale transfer and interaction, following earlier works [Davidson
et al., 2008; Frisch, 1995], one can decompose the velocity, u, and vorticity, ω, into large
and small scales such that u = uL + uS and ω = ωL + ωS, where the superscripts L and
S denote the contribution of structures respectively larger and smaller than a specified
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scale r. Such decomposition is not unique and depends on the low-pass filter used to
yield ωL and uL. This aspect will be tackled subsequently.

Nonetheless, using this formalism, an energy equation for the large and small scales
can be deduced by taking the dot product of uL and uS with the Navier-Stokes equations
and ensemble averaging the resulting equations [Davidson et al., 2008; Frisch, 1995]. This
gives

∂

∂t

〈1
2(uL)2

〉
= −ΠV − ν

〈
(ωL)2

〉
(3.9)

∂

∂t

〈1
2(uS)2

〉
= ΠV − ν

〈
(ωS)2

〉
(3.10)

for the energy in scales L and S respectively. The symbol ΠV is defined as:

ΠV (r) =
〈
SL
ijτ

S
ij − SS

ijτ
L
ij

〉
(3.11)

with Sij the symmetric strain-rate tensor, τLij = −uLi uLj and τ Sij = −uSi uSj are the Reynolds
stresses at large and small scales. In the present formalism, as ΠV (r) appears in both
equations with an opposite sign, it can be interpreted as the flux of energy from larger
to smaller scales across the scale r.

In a similar manner, by taking the dot product of ωL or ωS with the vorticity equation,
one can obtain the enstrophy equations for the large and small structures [Davidson
et al., 2008]:

∂

∂t

〈1
2(ωL)2

〉
= −F (r) +GL(r) − ν

〈
(∇ × ωL)2

〉
(3.12)

∂

∂t

〈1
2(ωS)2

〉
= F (r) +GS(r) − ν

〈
(∇ × ωS)2

〉
(3.13)

with
F (r) =

〈
ωL · (u · ∇ωS)

〉
= −

〈
ωS · (u · ∇ωL)

〉
(3.14)

GL(r) =
〈
ωL · (ω · ∇u)

〉
=
〈
ωL
i ωjSij

〉
(3.15)

GS(r) =
〈
ωS · (ω · ∇u)

〉
=
〈
ωS
i ωjSij

〉
(3.16)
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Here, GL(r) and GS(r) represent the generation of enstrophy via vortex stretching at
large and small scales respectively and F (r) is the transfer or flux of enstrophy across
the scale r, from larger to smaller scales.

From this formalism, the transfer of energy and enstrophy from scales L to S across
the scale r can be analysed by studying the flux functions, ΠV for the energy and F

for the enstrophy as has been done by Davidson et al. [2008]. However, the interest of
the present work is to investigate the interactions between a given scale L and various
smaller scales S to identify the range of scales interacting with structures at scale L and
thus assess the locality of the energy/enstrophy transfer. This is achieved by using the
bandpass filtering method proposed by Leung et al. [2012].

Indeed, by using the bandpass filtered velocity field at a scale L, as described in
section 3.3, one can compute the fields of vorticity, strain-rate and Reynolds stresses for
that particular scale L as:

ωL
b = ∇ × uL

b , SLij,b = 1
2

(
∂uLb,i
∂xj

+
∂uLb,j
∂xi

)
, τLij,b = −uLb,iuLb,j (3.17)

By using this technique, one can educe these “large” and “small” scales separately,
and not necessarily across a given scale r. The bandpass filtered velocity at some specified
scales L and S, with L > S, can be used in Eqs. (3.11) and (3.14) to directly compute
the transfer of energy or enstrophy from structures of scale L to those of scale S, i.e.,

ΠL→S
V,b = ⟨SLij,bτSij,b − SSij,bτ

L
ij,b⟩ (3.18)

FL→S
b = ⟨ωL

b · (u · ∇ωS
b )⟩ (3.19)

where the subscript b indicates the use of bandpass filtered fields.

Furthermore, to analyse the vortex stretching mechanism, one can analyse the interplay
between the vorticity at scale Lω and the strain rate at Ls. Indeed, the rate of generation
of enstrophy at scale Lω due to straining structures at scale Ls can be expressed as:

ψ = ωLω
i ωLω

j SLs
ij = |ωLω |2

(
αLs cos2 θα + βLs cos2 θβ + γLs cos2 θγ

)
(3.20)

where αLs , βLs and γLs are the principal components of SLs
ij with αLs > βLs > γLs

and θi are the corresponding angles between the vorticity vector and these principal
components. Thus, to analyse the vortex stretching mechanism, one can analyse the
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alignment statistics as measured by the pdf of cos(θi) between vortical structures at a
lengthscale Lω and straining structures at a larger lengthscale Ls.

The analysis presented above has been applied on the 8 DNS cases of homogeneous
isotropic turbulence with Reλ ranging from 37 to 1131, presented in section 3.2.1.

3.4.2 Morphology descriptor

The Minkowski functionals are used to perform an objective analysis of the morphology
of turbulent structures educed at various scales using the bandpass filtering methodology.
These Galilean invariants are commonly used in cosmology, for example by Mecke et al.
[1994], and describe the morphology of a given three dimensional structure. The four
functionals for a three dimensional structure are given by [Sahni et al., 1998]:

V0 = V, V1 = A

6 , V2 = 1
3π

∫
A

K1 + K2

2 dA, V3 = 1
2π

∫
A

K1K2 dA (3.21)

V is the volume enclosed by the three dimensional object with a surface area, A. The
principal curvatures at a given point on this surface are K1 and K2. Using these Minkowski
functionals, one can then define the shapefinders - length, ℓ, width, w, and thickness, t,
ordered as t < w < ℓ and computed using

t = V0

2V1
, w = 2V1

πV2
, ℓ = 3V2

2V3
(3.22)

It should be noted that particular care is taken with V3 as holes could be present in
the structure, thus yielding V3 ≤ 0. In those cases, ℓ is defined as ℓ = 3V2/(4(G + 1))
where G = 1 − V3/2 is the genus of the structure. The genus of the structure is the
number of cuts that can be made along a simple curve on the object without splitting
it [Sheth & Sahni, 2005]. From these three characteristics lengthscales, two quantities
called planarity, P , and filamentarity, F , can be defined [Sahni et al., 1998]:

P = w − t

w + t
, F = ℓ− w

ℓ+ w
(3.23)

These two dimensionless quantities are bounded between 0 and 1 and can then be used
to classify the considered three dimensional object in terms of simple shapes, such as
a blob or sphere (P ,F) = (0, 0), very long tube (0, 1), thin sheet (1, 0) and very long
ribbon (1,1) as noted by Leung et al. [2012].

This procedure has been applied on vortical and straining structures educed at various
lengthscales as will be detailed in section 3.4.3.
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3.4.3 Morphology of the turbulent vortices

The turbulent velocity fields have been obtained at various scales by using the bandpass
filter with length scale, L, varying from 5η to up to 1300η depending on the dataset.
From these fields, the strained (enstrophy) and straining structures can be deduced
using Eq. (3.17). Figure 3.2 shows examples of the strained and straining structures
for Reλ = 140 and 1131. The length scales Ls and Lω are respectively 24η and 5η for
Figs. 3.2a and 3.2c. These lengthscales are Ls = 75η and Lω = 24η for Fig. 3.2b, and
they are Ls = 750η and Lω = 150η for Fig. 3.2d. These specific combinations of Ls
and Lω are chosen based on the suggestions of Leung et al. [2012] which showed that
most stretching imparted on strained structures was coming from straining structures 3
to 5 times larger. The isosurfaces are thresholded at a value of µ+ 2σ, where µ is the
mean and σ is the standard deviation. This threshold was chosen following the work of
Leung et al. [2012] to focus on regions with intense vorticity or strain rate. Despite the
variations in the volume of these structures, it is observed that their general morphology
is not significantly modified by varying the threshold, as also observed by Leung et al.
[2012]. Indeed other thresholds of µ+ σ and µ+ 3σ yielded similar results (not shown
here for brevity). The enstrophy and straining structures are more space filling in the
larger Reλ case, irrespective of their scales. This was assessed by computing the volume
fraction occupied by these structures at various Reynolds numbers. For example, when
comparing the enstrophy structures of Fig. 1a to 1c, they occupy respectively 2.97% and
10.4% for cases Reλ = 140 and Reλ = 1131. Similarly, the straining structures of Fig.
1a for Reλ = 140 only occupy 4.3% of the volume compared to 24.64% for Reλ = 1131
shown in Fig. 1c. Furthermore, the enstrophy structures are predominantly tube and
blob-like with large strain fields at their periphery, as in the Burgers vortex model. This
is illustrated in Fig. 3.3 where a single enstrophy structure has been isolated from Fig.
3.2c along with its neighbouring straining structures.

The shapefinders, P and F , for the strained and straining structures seen in Fig. 3.2
are plotted in Fig. 3.4. The results are shown as contours of joint probability density
function of P and F for the strained structures and as scatter plots for the straining
structures. This particular choice is due to the small number of straining structures
at larger scales preventing the computation of a smooth pdf. For example, there are
only 18 straining structures observed in Fig. 3.2b for Ls = 75η and their P and F
are shown as a scatter plot in Fig. 3.4b. The ranges of P and F observed in Fig. 3.4
suggest that the educed structures seen in Fig. 3.2 are mostly blob-like (low P and low
F) or tube-like (low P and medium or high F) even for the largest Reλ and Lω = 150η
considered here. More specifically, the straining structures tend to have a blob-like aspect
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Fig. 3.2 Iso-surfaces of enstrophy (red) and straining (green) structures with a threshold
value of µ+ 2σ, where µ is the mean and σ is the rms. Panels (a) & (b) are for Reλ = 140
and (c) & (d) are for Reλ = 1131. In (a) and (c) Ls = 24η and Lω = 5η, in (b) Ls = 75η
and Lω = 24η and in (d) Ls = 750η and Lω = 150η.

ratio for all lengthscales considered here, while the small scale vortices with Lω = 5η
present a tube-like morphology (see Figs. 3.4a and 3.4c). However, as Lω increases, the
enstrophy structures starts to show blob-like morphology as observed by the shift in the
position of the joint-pdf towards lower value of F (compare Fig. 3.4a to 3.4b, and Fig.
3.4c to 3.4d). Similar observations about the difference in the shapes of the vortical and
straining structures were also made by Leung et al. [2012] using bandpass filters and
by Moisy & Jiménez [2004] based on the fractal dimensions for the intense vortical and
straining structures.
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Fig. 3.3 (a) Isolated single iso-surface of enstrophy (red) and dissipation (green) structures
with a threshold value of µ+ 2σ extracted from the case Re = 1131. (b) The associated
mid x-y plane distribution.

(a) (b)

(c) (d)

Fig. 3.4 Joint-pdf of planarity, P, and filamentarity, F , of the strained (or enstrophy)
structures seen in Fig. 3.2.

3.4.4 Energy and enstrophy transfer

The normalised energy transfer function, Π̂L→S
V,b = ΠL→S

V,b /max(ΠL→S
V,b ), is shown in Fig.

3.5 where it is plotted for three different Reynolds numbers Reλ = 97.1, 222.7 and 1131.
For each case, a large scale, L, is picked first and the small scale S is varied to determine
which small scale receives the most energy from the structures of size L. This can be
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repeated for various values of L to analyse if the range of scale interactions evolves across
scales of turbulence in a particular fashion or not.

Fig. 3.5 Normalised energy transfer function, Π̂L→S
V,b , for various cases.

It is observed that Π̂L→S
V,b peaks for values of S/L around 0.3 for all values of L. This

indicates that structures at scale L mostly transfer energy to structures having a size
of about ∼ 0.3L. Furthermore, the normalising quantity, max(ΠL→S

V,b ), increases with
decreasing L, for the range of L studied here, and increases with increasing Reλ. As
this analysis is performed for various L, the results in Fig. 3.5 show that there exists
a locality in the energy transfer for the range of scales across the turbulence spectrum.
This strongly supports the energy cascade picture which portrays that the energy is
transferred from one scale to its neighbouring smaller scale. Furthermore, this result is
observed to be insensitive for all the Reynolds numbers considered here suggesting that
the energy cascade picture is robust and does not change with Reλ.

A similar analysis is performed for the enstrophy flux between two scales, L and S.
The normalised value of the enstrophy flux, F̂L→S

b = FL→S
b /max(FL→S

b ), is shown in Fig.
3.6 for the same cases considered for the energy transfer in Fig. 3.5. The behaviour of
F̂L→S
b is very similar to that for the energy transfer. The enstrophy of scale L is mostly

transferred to scales of about 0.3L for all L considered and max(FL→S
b ) has the same

behaviour as max(ΠL→S
V,b ) with variations of Reλ and L. This similar behaviour between

F̂L→S
b and Π̂L→S

V,b hints at a close relation between the energy and enstrophy transfers
and the enstrophy still cascades from large to small scales just like the energy [Davidson
et al., 2008].

To further quantify the locality of this energy and enstrophy flux, one can plot the
value of the ratio S/L yielding the highest energy or enstrophy transfer for various L
and Reλ considered. These ratios, denoted as (S/L)Emax for the energy transfer and
(S/L)Ω

max for the enstrophy flux, are shown in Fig 3.7 with the uncertainty associated
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Fig. 3.6 Normalised enstrophy flux, F̂L→S
b , for various cases.

with the location of the peak. This uncertainty comes from the limited combination of
the ratios (S/L) computed for this study. Indeed, to estimate (S/L)Ω

max and (S/L)Emax,
first a large scale, L, is chosen and then a finite number of small scales, S, are considered
subsequently to compute the energy/enstrophy transfer and to determine for which S

the energy/enstrophy transfer is maximum for the chosen L. From this set of ratios
(S/L), (S/L)Ω

max and (S/L)Emax are determined. Thus, the uncertainty of the maximum
corresponds to the interval between the two consecutive (S/L) bracketing the peaks seen
in Figs. 3.5 and 3.6. This interval width is shown as vertical bars in Fig. 3.7.

(a) (b)

Fig. 3.7 Ratio (a) (S/L)Emax and (b) (S/L)Ω
max yielding the maximum energy or enstrophy

transfer from eddies of a scale L to a scale S.

It is observed that for all cases, the values of (S/L)Ω
max and (S/L)Emax lie between 0.25

and 0.4. This provides strong support for the scale-by-scale energy or enstrophy cascade
throughout the range of scales of turbulence and more importantly, for all Reynolds
numbers considered. The results shown in Figs. 3.5 and 3.6 have also been compared for
the decaying and forced cases with Reλ of about 140 and no significant differences were
observed (not shown) implying that the forcing of the turbulence at sufficiently large
scale does not influence the energy or enstrophy flux through the scales. Furthermore,
the similar behaviour of the results for both large and small scales in the cases with
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Reλ = 140 and Reλ = 1131 suggests that the forcing scheme does not influence the results
unduly.

3.4.5 Vorticity - strain rate alignment

As noted by Eq. (3.20), the generation of enstrophy through vortex stretching mechanism
is dictated by the alignment between the vorticity vector and the principal strain rates.

The probability density function of | cos θ| between vorticity at 5η and the principal
strain rates at various Ls is shown in Fig. 3.8 for four Reynolds numbers. This alignment
pdf is shown for both the α and β strain rates. The vorticity is observed to align
preferentially with the most extensional strain, α, when Ls > Lω and the alignment
with the β strain rate increases progressively as Ls/Lω → 1, as observed by Leung et al.
[2012] for Reλ = 141. Statistics similar to unfiltered alignment characteristics reported by
Ashurst et al. [1987], i.e. alignment with the β strain rate, are observed for Ls ≈ Lω. This
statistics with unfiltered field computed for the case Reλ = 1131 is shown for comparison
in the frame for Ls = 5η of Fig. 3.8 using gray lines.

Fig. 3.8 Pdf of alignment between the vorticity filtered at scale Lω = 5η and the principal
directions of the strain filtered at scales Ls. Solid line α and dashed line β. The gray
lines are for the case Reλ = 1131 computed using unfiltered fields.

One can also quantify the size of larger structures primarily responsible for stretching
a vortex of size Lω by studying the probability, P , of the alignment with the α strain rate.
As discussed by Leung et al. [2012], this can be obtained by simply integrating the results
in Fig. 3.8 for ξ1 ≤ | cos θα| ≤ 1 and the variation of this probability with L = Ls/Lω

is shown in Fig. 3.9, with ξ1 = 0.99, for the range of Reynolds numbers in Table 3.1.
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Figures 3.9a and 3.9b show this quantity respectively for Lω = 5η and Lω = 45η with Ls
ranging from 5η to 1300η depending on the dataset under analysis. (The additional case
of Lω = 150η is included for Reλ = 1131 in Fig. 3.9a). Evidently, for all cases considered,
the probability peaks for 3 ≤ L ≤ 5, implying that the vortical structures of scale Lω are
stretched mostly by structures that are about 3 or 5 times larger, as noted by Leung et al.
[2012]. Although the results shown in Fig. 3.9 are for ξ1 = 0.99, they are observed to be
insensitive to the choice of the ξ1 value. These results support the hypothesis that the
enstrophy structures are predominantly stretched by the extensional strain from larger
eddies, corroborating the idea that the most effective vortex stretching is incremental
in scale-space. More importantly, it is seen that this observation holds for all values of
Reλ investigated here and even for relatively large enstrophy structures at large Re (see
curve corresponding to Reλ = 1131 with Lω = 150η in Fig. 3.9a). This observation is
also consistent with the ratios of scales for the maximum energy or enstrophy transfer,
(S/L)Emax or (S/L)Ω

max, shown in Fig 3.7.

(a) (b)

Fig. 3.9 Variation of probability of near perfect alignment of ω with α versus L with (a)
Lω = 5η and (b) Lω = 45η.

The value of L associated with the peak probability for near perfect alignment between
ω and α, noted as L∗, is plotted against Reλ in Fig. 3.10 where various values of Lω,
ranging from 5 to 100η, are considered for the strained structures. It is clear that
this length scale ratio is between 3 and 5 and is more or less independent of Reλ, at
least for the range considered in this study and independent of the choice of Lω. This
provides further evidence of a scale-by-scale energy transfer. The results for larger Lω,
for example 45η, do not extend to lower Reλ because the larger straining scales required
for the analysis become larger than the size of the computation domain. Furthermore, in
light grayscale, the range of ratios (L/S)Emax for each Reλ case observed in Fig. 3.7 is
also plotted. This ratio also lies in the same range as L∗ which clearly shows that all
these phenomena related to the energy cascade picture are local in scale and more or
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less independent of the Reynolds number. This provides support and evidence for the
universality of the energy cascade picture, even at modest values of Reλ.

Fig. 3.10 Ratio L∗ = Ls/Lω yielding the highest probability for perfect alignment of ω
with the α strain rate (lines). The shaded region shows the minimum and maximum
values of (L/S)Emax yielding the highest energy transfer for the associated Reλ.

Furthermore, the importance of the alignment of vorticity with the α-strain, and
thus the actual vortex stretching, for the enstrophy production can be highlighted by
estimating the contribution of each principal strain to the total enstrophy production.
Indeed, the contributions of α, β and γ to the volume averaged enstrophy production
⟨ψ⟩ = ⟨ωiSijωj⟩ = ⟨ψα⟩ + ⟨ψβ⟩ + ⟨ψγ⟩ is known to be in the ratio of ⟨ψγ⟩ : ⟨ψβ⟩ : ⟨ψα⟩ =
−1 : 1.41 : 2.06. For a vortex of scale Lω, these contributions from strain rates of various
sizes of eddies can be estimated using

⟨ψLω⟩ = |ωLω |2
∫ ∞

1

(
αL cos2 θα + βL cos2 θβ + γL cos2 θγ

)
dL

= ⟨ψLω
α ⟩ + ⟨ψLω

β ⟩ + ⟨ψLω
γ ⟩ (3.24)

The ratio ⟨ψLω
γ ⟩ : ⟨ψLω

β ⟩ : ⟨ψLω
α ⟩ = −1 : 0.46 : 3.44 is observed for Lω = 5η and

Reλ = 140. If one considers Lω = 24η then this ratio becomes −1 : 0.49 : 4.93. For
Reλ = 1131, this ratio is −1 : 0.32 : 2.51 when Lω = 5η and −1 : 0.36 : 2.67 when
Lω = 150η. The α strain rate thus clearly dominates over the β strain for all the filtered
fields. Hence, the main mechanism of enstrophy production is through the axial vortex
stretching as suggested by the original energy cascade picture [Betchov, 1956; Richardson,
1922; Taylor & Green, 1937].
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3.4.6 Summary

In summary, the validity of the Richardson/Kolmogorov energy cascade picture has been
investigated using real space quantities by employing DNS data having Reλ varying from
about 37 to 1131. Through the detailed study of the energy and enstrophy fluxes, it
has been confirmed that there is a scale-locality in the energy and enstrophy transfer
across the cascade. In particular, it was observed that turbulent structures of a scale L
mostly transfer energy/enstrophy to smaller structures of a size ∼ 0.3L. Furthermore,
as it is generally thought that the energy/enstrophy transfer is made through vortex
stretching, this mechanism was studied by considering the alignment statistics between
vorticity at a scale Lω and straining structures at a scale Ls. It was confirmed that
vortical structures of a length scale Lω are mostly stretched by structures 3 to 5 times
larger than Lω for the range of Reλ considered. This was noted by Leung et al. [2012] for
Reλ = 141, but it is seen here that this result extends to Reλ as high as 1131 and as low
as 37. In particular, the statistics of near perfect alignment between the filtered vorticity
and filtered strain rate fields shows a clear maximum for a ratio of Ls/Lω between 3
and 5. Considering the similarity between all these findings, a close link between the
vortex stretching mechanism, energy transfer and enstrophy flux can be summarised.
At a given scale Lω, vortical structures are mostly stretched by structures of a scale
∼ 3Lω. This gives rise to a transfer of energy from this large scale ∼ 3Lω to this scale Lω.
Subsequently, at this scale Lω, enstrophy is being generated locally but this enstrophy
is directly transferred to a smaller scale ∼ 0.3Lω through vortex stretching at smaller
scales. And this process continues down the energy cascade until the Kolmogorov and
dissipative scales. Furthermore, the statistics found are qualitatively the same for all the
Reynolds numbers investigated here and choice of Lω. This suggests the existence of a
similar vortex stretching mechanism across a wide range of values of Reλ and turbulence
scales, and provides a strong support for the classical picture of the energy cascade and
its locality. The morphology of these vortical structures has also been studied using
the Minkowski functionals and were characterised as being tube-like, supporting the
vortex-worm structures proposed by Burgers [1948]. Thus, it is quite clear that the
classical mechanism for the energy cascade prevails even at Reλ as low as about 40 or as
high as 1131. Thus, this indicates that DNS at these low Reynolds numbers still show
dynamical features similar to those present at higher Reλ.

This is of particular importance for the DNS of turbulent reacting flows like those
conducted in the present work, as the Reynolds number is limited for reacting flows.
Indeed, this result implies that those low Reλ turbulent flows DNS still present the same
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scales interactions as in higher Reλ turbulence. Thus, meaningful results can still be
obtained when analysing scales interactions in these low Reλ DNS.

3.5 Interactions of scales in turbulent premixed flames

In the previous section, the interactions among various scales of turbulence has been
studied to shed light on the energy cascade. In reacting flows, there is an additional
interaction between the turbulence field and the reaction zones, which has been conjec-
tured to be important in MILD combustion. As an initial step towards studying that
effect in MILD combustion, this interaction is studied here in conventional turbulent
premixed flames.

Most of practical combustion occurs in turbulent flows involving a strong nonlinear
coupling between turbulence and chemical processes, and the flame is wrinkled and
strained by turbulent eddies [Bray & Cant, 1991; Hamlington et al., 2011; Peters, 2000;
Poinsot & Veynante, 2011]. The flame wrinkling and straining are caused respectively
by vorticity and strain-dominated structures in turbulence [Steinberg & Driscoll, 2009,
2010]. The heat release from combustion changes fluid properties such as density and
viscosity and they in turn affect the turbulence. Hence, the turbulence-flame interaction
is a two-way coupling. The premixed combustion is a small scale phenomenon having the
laminar flame thermal thickness and burning velocity as its representative scales while
the turbulence involves a spectrum of scales ranging from energy containing, integral, to
viscous, Kolmogorov, scales. One can query if the whole spectrum of these scales imparts
influences on the flame physics or only a certain part of this spectrum influences the
flame predominantly. This classical question has been raised in many earlier studies and
it has been suggested that the Gibson scale may be an appropriate cut-off scale [Peters,
2000], and Kolmogorov scale are too weak to wrinkle or strain the flame [Poinsot et al.,
1991; Roberts et al., 1993].

A key modelling quantity resulting from the turbulence-flame interaction is the flame
stretch, κ, which is a measure for the change of elemental flame area, δA, given by [Candel
& Poinsot, 1990]:

κ = 1
δA

d δA

dt
= (δij − ninj)Sij + sd

∂ni
∂xi

= aT + sdKm (3.25)

where δij is the Kronecker delta, ni is the component in spatial direction xi of the flame
normal vector n = −∇c/|∇c| with c as a reaction progress variable based on fuel mass
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fraction, sd = (Dc/Dt)/|∇c| is the displacement speed as defined by Peters [2000], and
Sij = 0.5 (∂ui/∂xj + ∂uj/∂xi) is the strain tensor with ui being the turbulent velocity
component in the direction i. The tangential strain rate, aT , and the curvature, Km,
coming from flame wrinkling are defined by Eq. (3.25). The flame stretch is typically
taken as a source for flame surface area in the context of Flame Surface Density (FSD)
formulation [Hawkes & Cant, 2001; Veynante & Vervisch, 2002] and there is a possibility
for the surface averaged stretch to be negative [Chakraborty et al., 2007; Dopazo et al.,
2015; Ruan et al., 2014b]. The stretch is used to obtain the flame wrinkling in LES for
the thickened flame model [Charlette et al., 2002; Colin et al., 2000] and is also required
to determine the local flame propagation speed in the G equation approach [Pitsch, 2006].
Various approaches such as strained flamelets and efficiency function have been proposed
in the past for both RANS [Kolla & Swaminathan, 2010; Meneveau & Poinsot, 1991]
and LES [Charlette et al., 2002; Colin et al., 2000; Knudsen et al., 2013] calculations
of premixed combustion, and these approaches work well for RANS calculations. Since
most of the dynamic scales are resolved in LES, the inclusion of the flame stretch induced
by subgrid eddies may not be required in these approaches because these eddies may be
too weak to stretch the flame.

These formulations mentioned above were proposed based on a general picture
that large scales stretch the flame while small scales merely broaden the preheat zone.
Nevertheless, this is only a conjecture which is yet to be validated. The Kolmogorov scales
were noted to have lower efficiency for flame stretching [Poinsot et al., 1991; Roberts
et al., 1993] but another study [Lipatnikov et al., 2014] suggested that this scale produced
the highest stretch. Taylor timescale was also suggested to be an appropriate scaling
factor for the tangential strain rate [Nada et al., 2004; Yenerdag et al., 2015]. These
qualitative arguments were based on tests using flows such as counter rotating vortices or
a weak homogeneous turbulence (with low intensity) interacting with a premixed flame.
The hydrogen-air flames of Nada et al. [2004]; Yenerdag et al. [2015] include thermo-
diffusive instabilities which will affect the flame-turbulence interaction. The efficiency
function [Meneveau & Poinsot, 1991] approach was developed using premixed flame
interacting with two-dimensional counter rotating vortices, which was developed further
for LES [Charlette et al., 2002; Colin et al., 2000]. However, turbulent flows involve
non-linear interaction of spectrum of scales (or eddies) having complex morphology and
topology which could challenge the presumption that the stretch efficiency can be taken
to be well described by an ensemble of interactions between pairs of counter-rotating
vortices. Indeed, measurements of Steinberg & Driscoll [2009, 2010] showed that the
flame stretching produced by turbulent flows is not described well by this canonical flow.
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Furthermore, previous DNS studies devoted to the analysis of stretch or tangential strain
rate in low Ka [Chakraborty, 2007; Chakraborty & Cant, 2005] or high Ka [Wang et al.,
2016, 2017] flames did not decompose the effects of the various scales of turbulence on
these quantities.

Thus, there are contradictory views and these qualitative analysis raise two questions
(1) what is the smallest turbulence scale imparting significant flame stretch? and (2)
what is its implication for the modelling of the filtered reaction rate in LES? The vortical
structures are produced by the vortex stretching mechanism in turbulence and hence the
influence of turbulence-flame interaction on this mechanism is also of interest.

3.5.1 Instantaneous features

The five sets of statistically planar turbulent premixed flame DNS data, from Gao
et al. [2014]; Minamoto et al. [2014a]; Rutland & Cant [1994] and presented in section
3.2.2, are analysed here. These simulations are of statistically planar premixed flames
propagating into homogeneous turbulence in the reactant mixture flowing from left to
right as illustrated in Fig. 3.11, which will be discussed in detail later. The various
characteristics of these data have been presented in details in section 3.2.2 and Table 3.2.

The compensated turbulent kinetic energy spectrum Πk(k) = E(k)k5/3ϵ−2/3, where ϵ
is the turbulent kinetic energy dissipation rate, is presented in Fig. 3.12 for the unfiltered
and three bandpass filtered velocity fields for the highest u′/sL case in Table 3.2. The
filtered fields have L = 15η, 10η and 5η and the peak energy is at

√
5/L [Leung et al.,

2012]. As expected, the energy in the filtered field is centred around the chosen length
scale and the energies of larger and smaller eddies are attenuated. The spectrum of
the unfiltered field is the envelop of the peaks in the filtered spectra. The compensated
energy spectrum, Πc, of the scalar, c, is also shown in Fig. 3.12, which has the peak at
kδth ≈ 0.49(kη = kδthKa−1/2 ≈ 0.11). These results are similar for the other flames in
Table 3.2. It should be noted that only a small inertial range is observed on the unfiltered
spectrum as a result of the limited range of scales and Reynolds numbers of the present
data. However, this does not affect the conclusion of this study as the flame scale is very
much smaller than the scales of the inertial range. Furthermore, what really matters for
the multiscale analysis is the presence of some scales and their relative range.

Typical spatial distribution of the filtered structures are shown in Fig. 3.11 with
contours of normalized progress variable reaction rate, ω̇+ which is threshold at ω̇+ = 1 for
its iso-surface shown in Fig. 3.11. The reaction rate is normalised using ρu sL/δth, where ρu
is the reactant density. The strain rate, SLs

ij , structures have a scale Ls = 14.6η ≈ 3.3δth
and the vortical structures identified using enstrophy, ΩLω = 0.5|ωLω |2 where ωLω is the
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Fig. 3.11 Reaction rate of c with bandpass filtered strain rate SLs
ij , at Ls ≈ 3.3δth and

enstrophy ΩLω , at Lω = δth, fields for u′/sL = 11.25 case in Table 3.2, x-z and x-y cuts
are shown.

vorticity vector, having Lω = 4.4η ≈ δth. Turbulent structures presented in Fig. 3.11 are
threshold at their respective mean plus half standard deviation value. It can be observed
in the plane cuts in Fig. 3.11 that downstream of the flame, less and sparser structures of
ΩLω and SLs

ij are found suggesting that the flame dampens the turbulence. Furthermore,
variations in the distribution and sizes of these structures are observed suggesting that
their effects on the flame will be different [Hamlington et al., 2011; Lipatnikov et al., 2014;
Treurniet et al., 2006]. Indeed, strain rate structures can be found in both upstream
and downstream of the flame front, even in its neighbourhood, whereas the enstrophy
structures representing small scales are present predominantly in far upstream of the
flame. This implies that small scales structures may have a reduced influence on the
flame. This will be discussed in further detail later in section 3.5.3. Furthermore, it is
important to analyse the effect of the flame on the vortex stretching mechanism which
produces these small scales.
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Fig. 3.12 Compensated energy spectrum for unfiltered and filtered at L = 15η, 10η and
5η (left to right) velocity fields and unfiltered progress variable.

3.5.2 Vorticity-strain rate analysis

In the present section, the vortex stretching mechanism is analysed to study how it may
be influenced by the presence of heat release and chemical reactions. Similarly to what
has been done in turbulence in section 3.4, the analysis is performed by studying the
alignment statistics between the strain rate at a give length scale and the vorticity at
a different scale. The pdf of | cos θi| for α and β strain rates for the bandpass filtered
fields of premixed flame with u′/sL = 11.25 is shown in Fig. 3.13 for Lω = δth and
0.5δth ≤ Ls ≤ 10δth. These pdfs are extracted from the entire computational domain.
Similar to the non-reacting flow results by Leung et al. [2012], a preferential alignment
of ω is found with α from eddies larger than the vortical structure and the alignment
with β is approached when Ls ≤ Lω. This alignement with β was also observed when
considering unfiltered fields in a high Ka jet flame [Wang et al., 2016]. The probability,
P , for 0.98 ≤ | cos θα| ≤ 1 as a function of L = Ls/Lω is shown in Fig. 3.14 for all the
flames in Table 3.2 to quantify the eddy scale imparting the most stretching on vortical
structures of scale Lω. The peak occurs for L between 3 and 4 for the flames, implying
that the vortical structure is stretched mostly by structures 3 to 4 times bigger than
itself, which was also observed in section 3.4 and by Leung et al. [2012].

In order to assess the role of reactions on this alignment statistics more effectively, the
alignment pdfs conditioned on the reaction rate can be investigated. This is done through
the joint-pdf of ψ = | cos θα| and ω̇+, noted as pψ,ω̇+ , and computing P conditioned on ω̇+

for the various L using P |ω̇+ =
∫ 1

0.98 pψ,ω̇+dψ/pω̇+ with pω̇+ as the marginal pdf. Figure
3.15 shows this result. It can be observed that the reaction rate does not have a strong
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Fig. 3.13 Pdf of the magnitudes of direction cosines between vorticity at Lω = δth and
principal strain rates at Ls in the case with u′/sL = 11.25.

Fig. 3.14 Probability of perfect alignment between the vorticity at Lω and α strain rate
at Ls = LLω.

influence on the behaviour previously mentioned as the maximum probability P is found
for 3 ≤ L ≤ 5 for all reaction rates.

The similarity between the present reacting and non-reacting results (from [Leung
et al., 2012] and those shown in section 3.4) suggests that the mechanism of vortex
stretching and the role of relative eddy sizes on this mechanism are not unduly influenced
by the presence of chemical reactions and heat release. Hence, the vortex stretching
mechanism is expected to play a key role in turbulent flows. Other mechanisms such
as baroclinic torque for enstrophy production [Hamlington et al., 2011; Lipatnikov
et al., 2014; Treurniet et al., 2006] are not considered because the main focus is on the
eddy-interaction and vortex stretching mechanism in reacting turbulence.
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Fig. 3.15 Probability of perfect alignment between the vorticity at Lω and α strain rate
at Ls = LLω conditioned on ω̇+ with the maximum probability shown (white line) for
case with initial u′/sL = 11.25.

3.5.3 Multiscale analysis of tangential strain-rate

The bandpass filtering technique can also be used to calculate the tangential strain
imparted by eddies of scale Ls through aLs

T = (δij − ninj)SLs
ij and its surface averaged

value is

ψ(L+
s ) = ⟨|∇c|aL

+
s

T ⟩/⟨|∇c|⟩, (3.26)

where L+
s = Ls/δth and ψint =

∫∞
0 ψ dL+

s gives the surface averaged contribution coming
from all eddies in the flow. Figure 3.16a shows the variation of fractional contribution,
ψ̂ = ψ/ψint, with L+

s . The peak contribution is for 5 ≤ L+
s ≤ 8 in the corrugated flame

with u′/sL = 1.41. The flame with u′/sL = 2.19 and a skeletal mechanism also has peak
ψ̂ from similar sized eddies of 6 ≤ L+

s ≤ 10 suggesting that the chemical mechanism does
not play a significant role in the kinematic aspect of flame-turbulence interaction. There
are no data for eddies larger than 13δth for the flame with u′/sL = 2.19 because larger
structures are bigger than the computational domain, however, the decreasing trend
is seen already. Furthermore, the length scale ratio, ℓ/δth, does not seem to influence
this behaviour unduly when u′/sL is similar. The peak value is shifted towards L+

s of
about 2 to 3 for flames with higher turbulence intensity. Furthermore there is a sharp
decrease in contributions from eddies of smaller size whereas the decrease is slower for
larger scales up to L+

s ≃ 17. This suggests that eddies in the range 3 ≤ L+
s ≤ 17 have

substantial effect on flame straining. This is confirmed further by the cumulative integral
ψ∗ =

∫ L+
s

0 ψ̂ dL+
s plotted in Fig. 3.16b. There is less than 20% contribution from eddies

smaller than 3δth and less than 10% for eddies larger than 17δth.
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(a) (b)

Fig. 3.16 (a) Surface averaged tangential strain rate from eddies of scale L+
s normalised

by total contribution and (b) its cumulative integral.

Roberts et al. [1993] defined a cutoff scale, lR, given by

(lR/δth) = 2.0 (u′/sL)−3/4 (ℓ/δth)1/4 , (3.27)

and eddies smaller than lR are thought to have nearly no impact on flame wrinkling
and straining. Also, Gibson scale lG = s3

L/ϵ, where ϵ is the turbulent kinetic energy
dissipation rate, was suggested to be the smallest eddy size that can interact effectively
with flames [Peters, 2009]. These cutoff scales, normalised by δth, are compared in
Fig. 3.17 for the five flames along with length scales corresponding to ψ∗ = 0.1 and peak
ψ̂. These two scales are l+10 and l+p respectively, and l+10 implies that eddies smaller than
l+10 contribute 10% or smaller to the total tangential strain rate experienced by the flame.
The l+p is about 10 for u′/sL = 2.19 and it approaches l+10 as u′/sL increases. The results
in Fig. 3.17 suggest that the range of eddies having weak influence in straining the flame
is larger than that originally thought.

Fig. 3.17 Comparison of various cutoff scales.
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This result has wider implications for LES combustion modelling. Indeed, this analysis
has shown that eddies of sizes larger than 2δth imparted the most influence on the flame
and it may not be required to resolve scales smaller than this in LES. The bandpass filter
used is efficient in cutting scales smaller than the specified one and cuts larger scales less
sharply. As a consequence the values found here for l+p and l+10 are conservative because
aL

+
s

T includes contributions from eddies of sizes L+
s and slightly larger. This suggests

that LES numerical grid resolving turbulence down to l+p or l+10 would capture the flame
stretching quite well and it may not be necessary to use a refined model for this aspect.
This is of practical importance because LES meshes typically resolve reacting turbulence
down to a size of the order of δth [Pitsch, 2006]. This finding is consistent with the inner
cut-off scale estimates based on fractal analysis found in several previous studies in the
context of FSD [Chakraborty & Klein, 2008; Knikker et al., 2004] and scalar dissipation
rate [Gao et al., 2014] closures.

3.5.4 Summary

From this analysis of DNS of turbulent premixed flames, it is observed that vortical
structures of scale Lω are stretched by larger eddies with the maximum stretching from
eddies of scale about 4Lω. This is similar to non-reacting turbulence, which suggests that
the premixed flame has negligible influence on the vortex stretching mechanism. The
influence of eddy on turbulence-flame interaction has also been investigated using surface
averaged tangential strain rate imparted by the eddy. It is shown that eddies smaller than
2δth contribute less than 10% of the total tangential strain rate and eddies larger than
17δth contribute less than 10%. This has implication for the subgrid modelling for LES of
premixed combustion. Indeed, these results suggest that resolving turbulence scales down
to few multiples of δth would be enough to capture most of the flame straining caused by
turbulence. These will be captured by the LES equations and additional modelling may
not be required for subgrid scale flame stretching.

3.6 Implications for MILD combustion

In this chapter, analysis of turbulence and turbulent premixed flames have been performed.
In a first step, the scale locality of the energy cascade has been confirmed through a study
of the energy/enstrophy transfer across scales of turbulence and by analysing the vortex
stretching mechanism. More importantly, it was observed that the classical picture of
the energy cascade, whereby energy is transferred from large scales to a neighbouring
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smaller scale, showed no significant difference between turbulence at low or high Reynolds
numbers. This has strong implications for the DNS of MILD combustion here. Indeed,
this suggests that the interactions of scales in the turbulence field of the DNS of MILD
combustion will possess similar features as those that would be present in DNS at larger
Reynolds numbers. Hence, this supports the future analysis of scales interactions to be
discussed in chapter 7.

In a second stage, it was observed that the vortex stretching mechanism was not
unduly affected by heat release in premixed flames. A question that arises is whether
this would still be the case for MILD combustion where reactions are volumetrically
distributed and not confined to thin reaction zones. This will be discussed in chapter 7.
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Chapter 4

Inception of MILD combustion

This chapter starts the analysis of the DNS of MILD combustion generated in this thesis
work and focuses on the inception of MILD combustion. In particular, the role of radicals
on this inception is analysed and the implications of the results obtained on existing
definitions of MILD combustion are discussed.

4.1 Motivation

As discussed in section 1.2.1, various definitions have been proposed, in the past, to
characterise MILD combustion using classical combustion theories involving a single step
irreversible reaction. In particular, the theoretical analysis of Oberlack et al. [2000] for
premixed and Evans et al. [2017c]; Pitsch & Fedotov [2001] for non-premixed MILD
combustion were detailed there. One aspect that needs to be stressed is that both single
reaction with no intermediate [Oberlack et al., 2000; Pitsch & Fedotov, 2001] and complex
chemical kinetics [Evans et al., 2017c] were used for their analysis, but overall, similar
S-curve characteristics were deduced.

It is, however, important to note that there were no intermediate species present in
the high temperature oxidiser stream (made of H2O, CO2, O2 and N2) for the opposed
flow non-premixed flame of Evans et al. [2017c] while they may play an important
role in the inception of MILD combustion. Indeed, Fig. 4.1 shows the variations of
product composition from the equivalent laminar premixed flames with T . These are
computed using CANTERA considering a premixed flame with an oxidiser at 1100 K
with XO2 = 0.03, XCO2 = 0.03, XH2O = 0.1 and XN2 = 0.84 and C2H4 as fuel for various
equivalence ratios as in the studies of Evans et al. [2017c]; Medwell et al. [2008]. It is
quite clear that these products contain a non-negligible amount of intermediate species.
Hence, in the oxidiser stream of a MILD combustor with internal EGR, one needs to
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Inception of MILD combustion

allow for these intermediates to be present in the oxidiser stream, which would be akin
to typical MILD combustion involving EGR. However, if one allows the intermediates
in the oxidiser stream of the opposed-flow then the classical flame solution to obtain
S-curves may not exist and thus the laminar configuration used in this previous definition
of MILD combustion may not be entirely adequate as it cannot account for the effects
of the radicals present in MILD mixture. As will be discussed in chapter 5, this is
because MILD combustion has shown to have premixed and non-premixed flames, and
auto-ignition events entangled in space and time. Thus, there are distinctive features
along with conventional flames in MILD combustion and hence, one needs to be cautious
while defining it.

XOH

XCH2O

XO2

XCO2

XH2O

Fig. 4.1 Variations of major, XM , and minor, Xm, species mole fractions with T for
0.1 ≤ ϕ ≤ 5 using the same oxidiser and fuel compositions, as in [Evans et al., 2017c;
Medwell et al., 2008].

The objective here is to analyse these definitions, specifically the classical S-curve
for non-premixed situations, using the DNS data of MILD combustion generated in the
present thesis work and subsequently assess if the definition based on laminar counterflow
configuration [Evans et al., 2017c] is suitable or not. Specifically, the role of chemically
active radicals, i.e. radicals such as CH2O, OH or H, playing key-roles in the inception
of MILD combustion, is studied.
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4.2 Role of radicals on MILD combustion inception

4.2 Role of radicals on MILD combustion inception

As noted in section 1.2.1, the scalar dissipation rate (SDR), NZ , is an important quantity
in the ignition process of non-premixed systems and is thus studied in more details here.
In Fig. 4.2, iso-surfaces of Q̇+ = Q̇δth/(ρrsLcp(Tp − Tr)) is shown for all cases where
they are coloured by log(NZ) with the temperature field shown in the bottom and side
surfaces. The normalisation is done using the thermo-chemical quantities, appearing in
the above expression, for the local mixture fraction. One can also use these quantities
for Zst in the normalisation but this would mask regions with relatively low heat release
rate per unit volume, for example lean regions. It is observed that the reaction zones are
extremely convoluted and multiply connected which will inevitably results in reaction
zones interactions. This aspect of the reaction zones will be further discussed in the next
chapter.

inlet

outlet

(a)

(c)

(b)

Fig. 4.2 Typical iso-surfaces of normalised heat release rate Q̇+ = 2.0 at t = 1.5τf for
cases (a) AZ1, (b) AZ2 and (c) BZ1, coloured by log(NZ). The temperature field is
shown on the bottom and side surfaces.

It is also observed that NZ varies over several orders of magnitude and it is also
apparent that reactions (and ignition) occur in regions of high (compared to the mean)
SDR. To more finely analyse the effect of SDR, from these DNS data, the S-curve,
similar to those presented in Fig. 1.4, can be constructed by extracting NZ and θ =
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(T − Tr)/(Tmax − Tr). There are two ways to plot this result, one is to consider the entire
domain and construct:

⟨NZ |θ⟩ =
∫
NZ p(NZ |θ) dNZ . (4.1)

The other way is to consider the conditionally averaged quantities along the stoichiometric
mixture fraction and this is given by:

⟨NZ |θst, Z = Zst⟩ =
∫
NZ p(NZ |θst, Zst) dNZ (4.2)

The conditional probability density function of NZ conditioned on θ is p(NZ |θ). The
doubly conditioned pdf of NZ on θ and Z = Zst is p(NZ |θ, Zst). These pdfs are constructed
using samples collected over the entire sampling time. In the expression for θ, Tr = 1500 K
is the unburnt temperature and Tmax is the maximum temperature either for stoichiometric
mixture or for the entire domain depending on if Eq. (4.2) or (4.1) is used.

The results are plotted in Fig. 4.3 for all cases, where NZ for each case is normalised
by N0

Z,st defined as ⟨NZ |θ = 0, Zst⟩ computed for case AZ1. The DNS results show a

Fig. 4.3 Variation of normalised temperature with SDR. This variation for Zst is also
shown.

different behaviour compared to the laminar cases depicted in Fig. 1.4. Specifically,
θ increases with NZ/N

0
Z,st near θ = 0, which is the opposite of the behaviour in Fig.

1.4. For larger θ, the increase in θ is accompanied by a decrease in NZ which is similar
to the classical S-curve. These observations hold for both stoichiometric (symbols) or
entire (lines) mixtures as shown in Fig. 4.3. The difference between the entire and
stoichiometric mixtures in case AZ1 is because of the difference in the mixture fraction
distribution and its lengthscale which leads to different SDR for these mixtures but both
the entire and stoichiometric mixtures exhibit this particular behaviour during inception.
Furthermore, this behaviour was also observed when considering the pdf constructed
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4.2 Role of radicals on MILD combustion inception

from just an instantaneous snapshot (not shown here) and thus the observations made
using Fig. 4.3 hold both statistically and instantaneously for MILD combustion. This
constrasting behaviour near θ = 0 (inception of combustion) is quite intriguing and is
explored further below.

Figure 4.4 depicts regions of heat release rate normalised using the maximum value
in the mid x-y plane shown. The top 80% is shown to highlight regions with large heat
release rate and the white regions have ̂̇

Q < 0.2. The dashed black lines show contours
of N̂Z = NZ/max(NZ) = 0.2. Here and in the following discussion, quantities with a hat
imply that they are normalised using the maximum value observed in the plane chosen
for the analysis. This threshold value of 0.2 is used to focus on regions of high SDR and
large heat release rate. It is quite clear that the regions with large heat release rate and
N̂Z values overlap, which is specifically so in the upstream part of the computational
domain. This behaviour gives the lower branch (with both θ and NZ/N

0
Z,st increasing)

of the DNS S-curve shown in Fig. 4.3. Although a single plane at a particular time is
shown in Fig. 4.4 for case AZ1, similar situations were also found for cases AZ2 and BZ1
(not shown here) and the result in Fig. 4.3 demonstrates that such a behaviour occurs in
other planes and at other times since the data collected over the entire sampling period
is used for Fig. 4.3.

Fig. 4.4 Typical variation of ̂̇Q in the mid x-y plane for case AZ1 at t = τf . Dashed black
lines enclose regions with N̂Z > 0.2.

The reason behind this increase in θ with an increase in NZ during the inception
stems from the nature of MILD combustion with internal EGR. Indeed, the mixture for
MILD combustion with internal EGR contains fuel, air and combustion products with
chemically active radicals as established in Fig. 4.1. The radicals such as CH2O, OH
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and H, play a key role in initiating the combustion reactions. This is demonstrated in
Fig. 4.5 showing CH2O and OH mass fractions fields normalised using their respective
maximum values observed in the plane shown. The radicals present in the recirculated
hot gases give non-zero (indeed quite high) values of ŶCH2O and ŶOH, which are of interest
to understand the inception of MILD combustion. The relatively larger values seen in Fig.
4.5 for the middle and downstream parts of the domain are because of the combustion
occurring in the domain. A closer scrutiny of the results in Fig. 4.5 shows that the
high SDR are occurring in regions with overlapping ŶOH and ŶCH2O. This is particularly
so in the upstream 30% of the computational domain, where the MILD combustion
begins. Hence, it is quite clear that the radicals play a vital role in the inception of
MILD combustion which gives a quite different behaviour for the lower branch of the
S-curve compared to the classical curve as seen in Fig. 4.3.

(a)

(b)

Fig. 4.5 Variation of (a) ŶOH and (b) ŶCH2O in the mid x-y plane for case AZ1 at t = τf .
Isolines of ̂̇Q = 0.2 (full black lines) and N̂Z = 0.2 (dashed) are also shown.
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4.2 Role of radicals on MILD combustion inception

The role of these radicals on the inception of MILD combustion, OH in particular, is
further explored by considering a quantity ∆YOH = YOH − Y c

OH, where Y c
OH is the local

value of the incoming OH mass fraction where there is no combustion. This quantity
is obtained by performing a DNS with the same initial and inflowing fields (species
and velocities) as the present MILD combustion DNS but by removing all the chemical
reactions. One, then, obtains the purely convective-diffusive evolution for the species
inside the computational domain with the same turbulence field. Since the temperature
rise in the MILD combustion DNS is moderate, only few tens of Kelvin, the velocity
fields in this and the convective-diffusive cases remain similar, especially in regions close
to the inlet. A comparison of the species mass fractions from the combustion DNS to
those from the convective-diffusive case allows one to understand the local influence of
combustion on these species, at a given time and location. Hence, ∆YOH > 0 implies
that OH is produced locally by combustion since the local YOH is larger than Y c

OH. The
values of ∆YOH normalised by its maximum value in the plane shown is plotted in Fig.
4.6 and it is seen that close to the inlet, the normalised value, ∆̂Y OH, is mostly negative.
This indicates that the incoming OH is consumed by chemical reactions, i.e. YOH < Y c

OH.
Thus, the OH in the incoming recirculated exhaust gases is consumed and acts as a
precursor for initiating ignition and heat release – inception of MILD combustion.

Fig. 4.6 Variation of ∆̂Y OH in the mid x-y plane for case AZ1 at t = τf . Isolines of̂̇
Q = 0.2 (full black lines) and N̂Z = 0.2 (dashed) are also shown.

The importance of the incoming radicals is even more apparent if one cross-plots ∆YOH

with normalised temperature θ. This is shown in Fig. 4.7 as a scatter plot for regions with
N̂Z = NZ/max(NZ) ≥ 0.2 with max(NZ) as the maximum for the chosen timestep. The
samples are collected from the upstream portion of the domain, 0 ≤ x/Lx ≤ L2 = 0.05,
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Inception of MILD combustion

since the focus is on the inception of MILD combustion. It is clear that there is a
strong correlation between the temperature increase and the consumption of incoming
OH. This further indicates that the inflowing radicals, here OH, play a key-role in the
inception of MILD combustion, which is absent in the classical S-curve. This result was
observed not to be strongly sensitive to L2 up to L2 ≈ 0.1. Furthermore, this result was
also observed not to be unduly influenced by the choice of the threshold for N̂Z (not
shown here). Similar behaviours are observed for the cases AZ2 and BZ1. Furthermore,
while the results are shown here only for OH, a sensitivity analysis of the autoignition
delay time with regards to the reaction steps of the MS-58 mechanism, shown in Fig.
B.2 of appendix B, highlights that the other radicals, such as H, O or CH2O, have an
importance similar to the one of OH on the ignition process. Thus, analysing those would
yield similar results to those shown here for OH.

These results imply that the MILD combustion inception is driven by chemical kinetics
initiated by the radicals present. As a result of this, close to the inlet boundary of the
domain, an increase in NZ implies increased small-scale mixing between neighbouring
mixtures containing differing levels of radicals. This increased mixing promotes reactivity
leading to an increase in θ.

Fig. 4.7 Variation of ∆YOH with θ for points with N̂Z > 0.2 and axial locations 0 ≤
x/Lx ≤ 0.05 for case AZ1 at t = τf . The corresponding conditional average ⟨θ|∆YOH⟩ is
plotted as full black line.
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4.3 Summary

From the analysis presented here using DNS of MILD combustion with internal
EGR, it is clear that the past definitions of MILD combustion deduced using one-step
chemistry in simplified configurations present various shortcomings. In particular, while
the present DNS also show a smooth ignition and a progressive increase in temperature,
these definitions do not include the important role played by chemically active radicals in
the inception of MILD combustion while over-emphasizing the importance of NZ . Indeed,
a one-step chemistry solely characterised by an activation energy cannot account for the
presence of radicals on the reaction. However, these radicals in the incoming stream play
a major role in initiating and sustaining combustion as has been noted by Wünning &
Wünning [1997]. Furthermore, the preferential diffusion has been shown to be important
in the past [Göktolga et al., 2015] and thus the unity Lewis number assumed in the
earlier analysis may have to be revisited for MILD combustion.

4.3 Summary

In this chapter, it was shown that the S-curve deduced from the DNS data presents
a unique and contrasting behaviour in the inception phase (lower branch) compared
to the classical case. Indeed, there is an increase in θ with an increase in SDR which
is the opposite of the classical S-curve. The classical behaviour of θ increasing with
decreasing SDR is observed for higher values of θ. The contrasting behaviour in the
inception phase is because of the chemically active radicals present in the incoming
stream. These results highlight a need to revisit the definitions of MILD combustion
specifically when there is internal EGR or vitiated air stream which are quite typical of
MILD combustion applications. Indeed, previous definitions of MILD combustion [Evans
et al., 2017c; Oberlack et al., 2000] do not show this behaviour as they do not account
for the effect of radicals and intermediate species. It should, however, be noted that
the definition proposed by Cavaliere & de Joannon [2004] seems to be adequate, as it
does not make any assumptions as to how the temperature rise occurs and only uses the
initial and final temperatures.
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Chapter 5

Reaction Zones Structure and
Combustion Modes in MILD
Combustion

In the previous chapter, the role of radicals on MILD combustion inception has been
studied. From this inception, reaction zones in MILD combustion develop into structures
which have extremely convoluted shapes and thus, they will have a unique behaviour.
The objective of this chapter is to analyse the structure of these reaction zones and to
shed light on the modes of combustion occurring in MILD combustion. The potential
use of some particular species to identify these reaction zones for MILD combustion is
also discussed.

5.1 General combustion features and evolution

Figure 5.1 shows the volume rendered temperature field from the DNS of conventional
turbulent combustion (case with u′/sL = 2.19 of Table 3.2) and the case AZ1 of the present
work. These are numerical equivalents to line of sight photographs from experiments. In
conventional premixed combustion, the existence of a flame front is still clearly observed
which supports the presence of a strong gradient of temperature across the flame. On the
other hand, MILD combustion shows a homogeneous temperature field with no visible
flame front. This supports the experimental observations by de Joannon et al. [2000]
and Ozdemir & Peters [2001].
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Fig. 5.1 Comparison of volume rendered temperature field at t = 1.5τf of (a) conventional
turbulent premixed combustion (case with u′/sL = 2.19 of Table 3.2) and (b) non-
premixed MILD combustion (case AZ1 from the present work, see Table 2.2).

The overall influence of combustion can be investigated using the variations of
averaged, in the y-z plane and in time, quantities such as temperature and various scalar
mass fractions values with x. These averages, noted ⟨·⟩x, are presented in Fig. 5.2.

Analysis of these quantities shows that the averaged temperature increases progres-
sively from 1500 K to about 1600 K for cases AZ1 and AZ2, and 1550 K for case BZ1
and the reactant species such as fuel and oxygen mass fractions decrease with x while
the product mass fractions increase gradually. Intermediate species like OH or CH2O
show a small decrease from their inlet values because of their consumption to initiate
combustion reactions and then increases as they are produced by combustion (not shown
here for conciseness). These are all conventional behaviours.

5.2 Features of the instantaneous reaction rate

The typical iso-surface of normalised heat release rate, Q̇+ = Q̇δth/(ρrsLcp(Tp − Tr))
is shown in Fig. 5.3 for Q̇+ = 2.0 for all cases. For case AZ1 in Fig. 5.3a, it can be
observed that reactions occur over a very large portion of the computational domain
with an extremely convoluted aspect. This increases the possibility for interactions of
reaction zones and clearly differentiates MILD combustion from conventional combustion
where a clear flame front with localised heat release rate is usually present. Furthermore,
reactions occur near the entrance of the computational domain, shown by the presence
of the iso-surfaces there (see Fig. 5.4a). This is due to the elevated temperature and
the presence of radicals that initiate reactions as discussed in the previous chapter. The
variation of this iso-surface in case AZ2, shown in Fig. 5.3b, is similar to that shown in
Fig. 5.3. However, case BZ1 shows increased volumetrically distributed reaction with
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(a) (b)

(c) (d)

Fig. 5.2 Mean axial profiles of (a) temperature, (b) YCH4 , (c) YO2 and (d) YCO2 for all
cases.

broader reaction zones, as seen in Fig. 5.3c. The variations of this iso-surface is similar
when considering different time instants and are thus not shown here.

For a close analysis of these reaction zones, 2D slices in the mid x-y plane are shown
in Fig. 5.4 for the three cases. One observes both thin and thick heat releasing zones in
Figs. 5.4a and 5.4b. The thickening of the reaction zones originates from interactions of
reaction zones yielding larger regions of chemical activity and heat release. These regions
can then occupy large patches in the computational domain. The typical thickness of
these reaction zones present a large variation as pictured in Figs. 5.4a and 5.4b.

Furthermore, for cases AZ1 and AZ2 with Xmax
O2 of about 3.5%, most reactions occur

in the first half of the domain with less reactions occurring in the downstream regions
while case BZ1 with Xmax

O2 of about 2% shows chemical activity throughout the domain.
In addition, the degree of convolution of the reaction zones between cases AZ1 and
AZ2 appears to be similar despite the different initial mixture fraction lengthscales (see
Table 2.2). Comparing the cases AZ1 and BZ1, shown respectively in Fig. 5.4a and
5.4c, the case BZ1 has much thicker reaction zones nearly over the entire computational
domain and no region could be identified as a thin reaction zone as seen for AZ1 and
AZ2. This finding is in agreement with those observed in premixed MILD combustion
investigations [Minamoto et al., 2014b] suggesting that a higher dilution level led to
thicker reaction zones with more frequent interactions of reaction zones.
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(a) (b)

(c)

Fig. 5.3 Typical iso-surface of normalised heat release rate Q̇+ = 2.0, at t = 1.5τf for
cases (a) AZ1, (b) AZ2 and (c) BZ1. The temperature field is shown on the bottom and
side surfaces.

(a) (b) (c)

d

d

Fig. 5.4 Variation of Q̇+ in the mid x-y plane for cases (a) AZ1, (b) AZ2 and (c) BZ1 at
t = 1.5τf .

The evolution of species in these reaction zones is studied in Fig. 5.5 to investigate
the physical space structure of these zones. The spatial evolutions of Q̇∗, Y ∗

OH, Y ∗
O2 , Y ∗

OH∗ ,
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5.3 Markers of heat release rate

Y ∗
CH4 and cT at the locations marked in Fig. 5.4a are shown. The ∗ superscript denotes

quantities normalised by the maximum value in the plane. The distance d in Fig. 5.5
is along the local normal n = −∇cT/|∇cT | and d = 0 corresponds to the point along n
with peak heat release rate per unit volume. The variations of the above quantities with
d are shown for a non-interacting reaction zone (marked using filled circles in Fig. 5.4a)
and an interacting one (open circles) in Figs. 5.5b and 5.5d respectively. Figures 5.5a
and 5.5c show these variations for the same locations at an earlier time, t = 1.46τf . For
the non-interacting zone (Figs. 5.5a and 5.5b), a clear localised heat release profile with
a progressive increase of cT is observed and this variation is typical of a flame. The
variations of normalised methane and oxygen mass fractions shown in the figure suggest
that this reaction zone is of premixed type. However, there is a substantial variation of
mixture fraction across this reaction zone (0.49 ≤ ϕ ≤ 1.15) and this variation is well
within the flammability limits for the conditions analysed here. The propagation of this
reaction zone is tracked through detailed interrogation of the time evolution of Q̇+ shown
in Fig. 5.4. This analysis and the results in Fig. 5.5 show that there is a propagation of
this flame in the downstream direction (compare Figs. 5.5a and 5.5b).

Figures 5.5c and 5.5d show the variation of the normalised quantities with d for the
second location (open circles) in Fig. 5.4a, where reaction zones interact. Figure 5.5c
is shown for t = 1.46τf depicting two distinct peaks for the heat release rate. The
variations of other quantities shown clearly suggest the presence of two distinct flames,
which start to interact as they are propagating towards each other. This interaction
leads to a broader peak for the heat release rate as seen in Fig. 5.5d shown for t = 1.5τf .
This is confirmed further by the variation of OH along n showing a clear discrepancy
with the variation of heat release as observed in earlier studies on interactions of laminar
flames [Echekki et al., 1996]. Conversely, OH∗ seems to adequately follow the variation
of heat release. This suggests that OH may not be a suitable surrogate to identify
reaction zones in non-premixed MILD combustion as also observed for premixed MILD
combustion [Minamoto & Swaminathan, 2014b].

Thus the question arises as to which species can be used to identify reaction zones in
MILD combustion which is the subject of the next section.

5.3 Markers of heat release rate

Generally, the use of PLIF signal of some species, like OH, CH2O or HCO, is quite common
to identify regions of heat release in conventional turbulent combustion. However, in the
context of non-premixed MILD combustion, the adequacy of these species still needs to
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Fig. 5.5 Variation of Q̇∗, Y ∗
CH4 , Y ∗

O2 , Y ∗
OH, Y ∗

OH∗ and cT with normal distance d marked
in Fig. 5.4a for locations marked using (a-b) filled and (c-d) open circles. The location
corresponding to peak Q̇∗ is d = 0. (a) and (c) are for t = 1.46τf and (b) and (d) are for
t = 1.5τf .

be assessed as MILD combustion has a large dilution and a highly non-uniform mixture
which may contain radicals. Thus, the aim here is to assess which species can be an
appropriate marker of heat release rate for MILD combustion. From DNS data, it is
indeed possible to reconstruct the LIF signals of conventional species used in PLIF, like
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CH2O, OH and HCO, using [Minamoto & Swaminathan, 2014b]:

SCH2O ∝ [CH2O]T 1−β, 2.2 ≤ β ≤ 3.0 (5.1)
SOH ∝ [OH]T 1−β, − 2.0 ≤ β ≤ 1.0 (5.2)
SHCO ∝ [HCO]T 1−β, 1.0 ≤ β ≤ 1.5 (5.3)

where the brackets, [α], denote the molar concentration of the species α. The range of
coefficients β in the previous expression have been reported in previous studies [Najm
et al., 1998a,b; Paul & Najm, 1998]. For the present work, similarly to the values chosen
by Minamoto & Swaminathan [2014b], they are taken as respectively 2.6, 0 and 1.25 for
the LIF signals of CH2O, OH and HCO. It should be noted that using a different values
of β does not unduly change the result presented here.

Furthermore, it is quite conventional in experiments to consider the product of the
OH and CH2O PLIF signals together. Thus, typical reconstructed PLIF signals in the
mid x-y plane are shown for case AZ1 at t = 1.5τf in Fig. 5.6 for respectively the original
DNS signal of heat release rate, S∗

OH, S∗
OH × S∗

CH2O and S∗
HCO. Here, the ∗ denotes

a normalisation by the global maximum. It is readily observed that both S∗
HCO and

S∗
OH × S∗

CH2O provide a reasonable agreement with the original signal as they reproduce
most features of the reaction zones from DNS. However, it is clear that S∗

OH does not
capture these appropriately. Specifically, there is still a large amount of OH downstream
where no reaction is taking place anymore while in the upstream OH is nearly not present
while reactions are taking place. This could be explained by the fact that as shown in
chapter 4, OH is consumed in the early stage of the domain for the inception of MILD
combustion while in the latter stage OH is present in the products of combustion.

This can be better analysed by plotting the scatter plot of heat release rate and PLIF
signals. The sample for this scatter are obtained from the mid x-y plane shown in Fig.
5.6. The scatter is coloured with the axial locations and is presented in Fig. 5.7 for case
AZ1. As noted earlier, S∗

OH does not show a good correlation to identify reaction zones
as seen in Fig. 5.7b, contrarily to S∗

HCO and S∗
OH × S∗

CH2O, respectively shown in Fig.
5.7c and d. Indeed, S∗

OH is present in regions where there is nearly no heat release while
the two other markers show a good correlation. In particular, it is observed that S∗

OH

overestimates the heat release rate close to the inlet and downstream close to the outlet.
The first is due to the inflowing OH while the latter is due to the OH present in the
combustion products. In the other parts of the domain, S∗

OH underestimates the heat
release rate as it is consumed for the inception of MILD combustion and is thus not well
correlated with the peak heat release rate. In Fig. 5.7a, an additional comparison with
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(a) (b)

(c) (d)

Fig. 5.6 Contours of (a) Q̇∗, (b) S∗
OH, (c) S∗

HCO and (d) S∗
OH ×S∗

CH2O in the mid x-y plane
for case AZ1 (dark to light gray lines are for isocontours at 0.1, 0.2, ..., 0.9).

OH∗ is made. OH∗ is not a species which can be used for PLIF signal but nonetheless,
this comparison allows one to see that OH∗ presents a much better correlation with heat
release rate than OH. This further supports the discussion made in the previous section,
in Fig. 5.5, that OH is not an appropriate marker for MILD combustion as it is present
in many regions which are not reacting. Similar observations can be made for the cases
AZ2 and BZ1 shown respectively in Figs. 5.8 and 5.9. To further quantify the adequacy
of these markers, their corresponding correlation coefficients are summarized in Table 5.1
which again highlights that OH∗, HCO and OH × CH2O are appropriate markers.

The observation made here using OH∗ for heat release rate is inline with common
expectations and observations in earlier studies [Panoutsos et al., 2009; Zhou et al., 2015],
but it is in contrast to those reported in the study of Sidey & Mastorakos [2015a].

Finally, it should be noted that the LIF signals of other species such as CO [Barlow
et al., 2015], H [Nikolaou & Swaminathan, 2014] or CH [Tanahashi et al., 2005] can
also be measured experimentally. However, it is not the objective of this present study
to make an exhaustive assessment of these markers and the present section already
highlights the difficulty of using conventional single species markers for the identification
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5.4 Structure of reaction zones in mixture fraction space

of reaction zones in MILD combustion and this thus suggest that particular care must
be taken when identifying the reaction zones in MILD combustion.

(a) (b)

(d)(c)

Fig. 5.7 Variations of (a) [OH∗]∗, (b) S∗
OH, (c) S∗

HCO and (d) S∗
OH × S∗

CH2O with Q̇∗ for
case AZ1 in the mid x-y plane. Points are coloured by their streamwise locations. Black
lines are the conditional averages.

Table 5.1 Pearson linear correlation coefficients for the Q̇∗-S∗
α scatter.

Case [OH∗]∗ S∗
OH S∗

HCO S∗
OH × S∗

CH2O
AZ1 0.9153 -0.4835 0.9447 0.9543
AZ2 0.9431 0.0134 0.9511 0.9557
BZ1 0.9458 0.2023 0.9529 0.9555

5.4 Structure of reaction zones in mixture fraction
space

One of the main objectives of this study is to analyse the effects of spatial and temporal
variations of the mixture fraction on MILD combustion. The variations of typical
quantities such as temperature, heat release rate, major and minor species with mixture
fraction are shown in Figs. 5.10 to 5.14 for case AZ1. The results are shown for two
streamwise (x) locations and two instances which are marked in the respective figures.
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(a) (b)

(d)(c)

Fig. 5.8 Variations of (a) [OH∗]∗, (b) S∗
OH, (c) S∗

HCO and (d) S∗
OH × S∗

CH2O with Q̇∗ for
case AZ2 in the mid x-y plane. Points are coloured by their streamwise locations. Black
lines are the conditional averages.

(a) (b)

(d)(c)

Fig. 5.9 Variations of (a) [OH∗]∗, (b) S∗
OH, (c) S∗

HCO and (d) S∗
OH × S∗

CH2O with Q̇∗ for
case BZ1 in the mid x-y plane. Points are coloured by their streamwise locations. Black
lines are the conditional averages.

The conditional averages for the quantities are shown using lines with symbols with an
error bar of width representing their 2 standard deviation σ from the conditional mean
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value. The dash-dotted lines represent the variation in a laminar counterflow flame with
a very low (50s−1) strain rate computed using CANTERA. This laminar flame has pure
fuel as one stream and the vitiated air (see Table 2.1) used for case AZ1 as the other
stream. This strain rate has been chosen to ensure a fully reacting solution. The choice
of this value is, however, not critical for MILD combustion as there are no extinction
events because of the reactant stream at high temperature which contains intermediates
and radicals.

(a) (b)

(c) (d)

Fig. 5.10 Variations of conditionally averaged temperature, T , with Z for case AZ1
(black) and BZ1 (gray). Counterflow flame results are shown using dash-dotted. Mixing
line is shown as dashed line. The results are shown for two instances at two streamwise
locations as marked above.

The mixing line for the oxidiser at 1500K and the fuel at 300K is also shown as
dashed line in Fig. 5.10 which shows the variation of T with Z. The time variation of
the incoming mixture fraction is observed by comparing Figs. 5.10a and 5.10c. The
maximum Z seen at t = 1.5τf is nearly 30% of the value at t = τf . For the location
close to the inlet, most mixture is at about 1500 K represented by the conditionally
averaged temperature irrespective of the time of analysis, see Figs. 5.10a and 5.10c.
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However, there is a relatively larger scatter for the lean mixture because of its lower
ignition delay compared to rich ones [Göktolga et al., 2015] allowing some of these lean
mixtures to have already reacted. As one moves downstream (Figs. 5.10b and 5.10d), the
conditionally averaged temperature increases for all mixtures due to heat release. The
peak temperature in the turbulent case is observed to occur for lean mixture and not for
a slightly rich mixture as in the counterflow flame. This is due to interactions (mixing)
between the various mixture fractions present in the flow. The stoichiometric and slightly
rich mixtures which are hotter diffuse heat towards the leaner (slightly cooler) mixture.
As a result, the conditional averaged temperature of these hotter mixtures decreases
while the one of the leaner mixtures increases. This yields a peak in temperature located
around the average mixture fraction inflowing in the domain (of Z ≈ 0.008 for case AZ1).
Furthermore, there are ignition fronts as one shall see shortly.

The peak of conditional and also unconditional temperature in the turbulent case is
smaller than the temperature observed for the counterflow flame because the inflowing
mixture at 1500 K in the DNS contains pockets of burnt and unburnt mixtures with the
same equivalence ratio (see Fig. 2.4) which is not the case for the steady counterflow flame
shown in Fig. 5.10. The spatial variation of the conditional temperature at t = τf can be
understood by comparing Figs 5.10a and 5.10b. The time evolution at a given location
can be observed by comparing the results shown in the top and bottom rows of Fig.
5.10. The spatio-temporal variation of the mixture fraction can also be observed in these
figures. The range of Z decreased nearly by half from about 0.06 to 0.03 when comparing
Figs. 5.10a to 5.10d. This change is because of turbulent mixing of the inhomogeneous
incoming Z field and when this mixing is complete the mixture fraction will be equal to
the mean value of 0.008 for the case AZ1 (see Table 2.2).

Figure 5.10d can be interpreted as the state of the mixture used for Fig. 5.10a after it
has reacted and been convected downstream by the mean flow velocity of approximately
Uin. The x/Lx values given in the figure suggests that ∆x/Uin = 0.64τf which is
approximately equal to the time difference between Figs. 5.10a and 5.10d. Figures 5.10b
and 5.10d also show the evolution of conditionally averaged T for case BZ1. Similar
observations can also be made for this case.

The temperature evolution shown in Fig. 5.10 clearly suggests that there are ignition
fronts moving in space and time. This front evolution in space can be seen clearly in
Fig. 5.11 showing the evolution of conditional temperature in the mixture fraction space
for five streamwise locations. One can clearly see the propagation of ignition front in
space. If one plots this variation at a given location for various instances then one
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5.4 Structure of reaction zones in mixture fraction space

observes a similar behaviour (see Figs. 5.10b and 5.10d for example). The mixtures
ignited at an earlier location and time yield propagating flames subsequently.

x

Fig. 5.11 Variations of conditionally averaged temperature, T , with Z in case AZ1 for
five streamwise locations x/Lx ≈ 0.03, 0.27, 0.50, 0.73 and 0.97. Counterflow flame result
is shown using dash-dotted line. Mixing line is shown in dashed line.

Figure 5.12 shows the variations of Q̇ with Z. It is observed that the maximum
heat release rate occurs for a slightly lean mixture for both the counterflow flame and
turbulent case, and not for a slightly rich mixture as observed for a conventional flame.
This behaviour is seen for all locations and times in the turbulent case. Furthermore, the
conditional average of Q̇ in the turbulent case is higher than the laminar counterflow
flame. This is because the turbulent case contains mixture of different thermo-chemical
state for a given mixture fraction value, leading to a large fluctuation in Q̇ as shown by
the vertical bars (representing the conditional rms values). It is also to be noted that the
incoming mixture contains intermediates and radicals, which is not so for the counterflow
case.

Further insights into these structures can be gathered by studying the mixture fraction
space variations of major and minor species. This variation for major species, CH4 and
O2, is shown in Fig. 5.13. The mass fraction of CH4 follows closely the laminar case for
the lean mixture, i.e., Z < Zst = 0.01 for the locations and instances shown in the figure.
For other mixture fraction values, the mass fractions are substantially larger compared
to the fully reacting laminar case. This behaviour is typical of ignition phenomena.
For example, if one compares the temperature, Q̇ and these mass fraction values from
Figs. 5.10a, 5.12a and 5.13a respectively for Z = 0.03 then one can see that this mixture
has not ignited yet. The results in these figures show that this specific mixture has not
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(a)

(c)

(b)

(d)

Fig. 5.12 Variations of conditionally averaged Q̇ [W/m3] with Z for case AZ1. Counterflow
flame result is shown using dash-dotted line.

reacted even at x/Lx ≈ 0.67. This is because this mixture at this specific location has
emerged from a richer mixture through turbulent mixing which would drive the mean Z
value towards ⟨Z⟩ = 0.008. This physics is reflected by the abrupt ending of the various
curves in Fig. 5.11 at some intermediate values of Z.

The variations of minor species for the same locations and times are shown in Fig. 5.14.
It is clear that these species variations do not follow those in counterflow configuration.
For x/Lx ≈ 0.03, which is close to the inlet, the reactions are just beginning to occur
through ignition by consuming the incoming OH (see Fig. 2.4) and thus OH levels are
substantially lower compared to the laminar case. The formaldehyde level is higher
because it is also present in the incoming mixture. This gives substantially larger
level even for unreacted mixture fraction value of Z ≥ 0.004. As the ignition front
moves through the mixture fraction space, OH and CH2O mass fractions move towards
counterflow flame values. The substantially larger values seen for Z ≥ 0.01 is because the
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(a) (b)

(c) (d)

Fig. 5.13 Variations of conditionally averaged YCH4 (black) and YO2 (gray) with Z for
case AZ1. Counterflow flame results are shown using dash-dotted lines.

ignition front has not moved to these mixtures yet. Thus, these variations are consistent
with ignition front behaviour seen in earlier figures. For cases AZ2 and BZ1, the mixture
fraction space variations of species and their spatio-temporal evolution are observed to
be similar to those shown here for AZ1. For example see the variations of conditionally
averaged temperature with Z shown in Fig. 5.10 for the case BZ1.

However, it is worth to note that the effects of ℓc/ℓZ and the dilution will be felt in
the physical space but not in the mixture fraction space. The physical space structure
shown in Figs. 5.4 and 5.5, and the mixture fraction space evolution shown in Figs. 5.10
to 5.14 suggest that non-premixed MILD combustion involves ignition fronts, propagating
premixed and non-premixed reaction zones. The latter two aspects are analysed further
in the next section. The presence of ignition fronts and propagating premixed flames was
also observed for premixed MILD combustion [Minamoto et al., 2014a]. Their relative
roles, contributions, and mutual influences are subject matters for chapter 6.
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(a) (b)

(c) (d)

Fig. 5.14 Variations of conditionally averaged YOH (black) and YCH2O (gray) with Z for
case AZ1. Counterflow flame results are shown using dash-dotted lines.

5.5 Premixed and non-premixed behaviours of reac-
tion zones

Since the mixture temperature is higher than the ignition temperature for methane,
autoignition events occur which can subsequently lead to either premixed or non-premixed
combustion depending on the local mixture condition. The premixed characteristics arise
because both oxidizer and fuel are present in the incoming partially premixed mixture. The
spatio-temporal variation of mixture fraction yields non-premixed combustion features.
This dual behaviour can be investigated using the flame index introduced by Yamashita
et al. [1996] which was modified by Briones et al. [2006]. The modified flame index, FI,
is given by:

FI = Z − Zst
2|Z − Zst|

(
1 + ∇YCH4 · ∇YO2

|∇YCH4 ||∇YO2|

)
. (5.4)

This FI provides information about the gradient (molecular mixing) direction and thus
the combustion mode when computed in heat releasing regions. It takes a value close to
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0 for non-premixed combustion, a value close to −1 for lean and +1 for rich premixed
combustion. The spatial variation of FI in regions with substantial heat release rate per
unit volume (Q̇+ ≥ 1) is shown in Fig. 5.15 for all three cases. This result is shown in
the mid x-y plane of the computational domain.

This figure shows islands of non-premixed combustion surrounded by regions of
premixed combustion (few regions showing these characteristics are marked in the insets
of Fig. 5.15). The regions of non-premixed combustion originate from the flux of fuel
coming from a neighbouring richer mixture and the flux of oxygen coming from an adjacent
leaner mixture. As a result of this, the gradients of fuel and oxygen mass fractions have
opposite directions giving FI = 0 (see Eq. (5.4)). This situation is illustrated in the insets
of Figs. 5.15a to 5.15c where there is a richer mixture on one side and a leaner mixture
on the other side. For the inset of Fig. 5.15a, despite a clear localised peak of heat release
rate, similar to those found in premixed flame, a further analysis to be presented later in
Fig. 5.17 shows that this heat release still comes from non-premixed mode of combustion.
The inset in Fig. 5.15b shows a non-premixed island which has just started to react as
indicated by the relatively low Q̇∗ and low cT (the superscript ∗ implies that the value
is normalised using the respective maximum value seen in the corresponding x-y plane
shown). As it has just begin to ignite, the levels of OH and OH∗ are low.

Furthermore, by comparing the case AZ1 to AZ2, it is observed that the proportion
of non-premixed combustion is higher in the case AZ2. This is linked to the relatively
larger value of ℓc/ℓZ for the case AZ2 compared to the case AZ1 (see Table 2.2). This
creates steeper gradients of mixture fraction in case AZ2 leading to stronger and more
frequent fluxes of CH4 and O2 coming from opposite directions. The flux of CH4 comes
from richer and that of O2 from leaner mixtures.

The results depicted in Fig. 5.15 show the complex nature of MILD combustion and
the coexistence of premixed and non-premixed modes. It is to be noted that FI does
not help to identify autoignition. The preponderance of these modes and their relative
contribution can be investigated by studying the pdf of FI, p(ψ). This pdf constructed
using 40 bins is shown in Fig. 5.16 for the three cases. The result is shown for t = 1.5τf
and it is similar for other times. Note that the y-axis is shown in logarithmic scale to
clearly see the pdf variation for intermediate values of FI. Let us remind ourselves here
that FI = −1 corresponds to lean premixed while +1 corresponds to rich premixed and 0
implies non-premixed combustion modes. It is quite clear that the lean premixed mode
is dominant in all three cases. The rich premixed mode is the next dominant mode in
the case AZ1, which is reduced in the cases AZ2 and BZ1. This drop in the case BZ1 is
because of high dilution level. The stronger mixture fraction gradient, resulting from
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Fig. 5.15 Flame Index shown in regions with Q̇+ ≥ 1.0 for cases (a) AZ1, (b) AZ2, (c)
BZ1 at t = 1.5τf . The results are shown in the mid x-y plane.

smaller ℓZ , in AZ2 compared to AZ1 decreases the rich premixed mode. However, the
non-premixed mode increases in AZ2 and BZ1 compared to AZ1. Even the mixed mode,
having 0.1 ≤ |FI| ≤ 0.8, increases in these two cases. These changes can be quantified by
calculating the fraction of the computational volume with these combustion modes.
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25
10

Fig. 5.16 Pdf of the flame index for all cases at t = 1.5τf .

These fractions can be obtained by simply using:

VNP =
∫ ξ1

−ξ1
p(ψ) dψ VLP =

∫ −ξ2

−1
p(ψ) dψ VRP =

∫ 1

ξ2
p(ψ) dψ (5.5)

for non-premixed, lean premixed and rich premixed combustion modes respectively while
the fraction of the mixed mode is computed using VMM = 1 − (VNP + VRP + VRP ). The
fractions obtained thus are summarised in Table 5.2. The symbol ψ is the sampling
space variable for FI and, ξ1 = 0.1 and ξ2 = 0.8. These limits are chosen carefully after
extensive testing on the sensitivity of the respective integrals to these parameters. It is
clear from those values that premixed combustion is predominant with the lean condition
being the main contributor in the present configuration. This is to be expected since
all cases have lean mixture with ϕ = 0.8 on average. Furthermore, in the configuration
considered here, fuel and oxidiser are introduced as a partially premixed mixture which
naturally yields a dominant premixed combustion mode. However, the volume fraction
having non-premixed combustion is non-negligible, which increases substantially for
the most diluted case BZ1. As noted earlier, the increased mixture fraction gradient
resulting from larger ℓc/ℓZ in case AZ2 yields larger VNP . Nearly 70 to 80% of the
domain experiences these classical modes of combustion and the remaining 20 to 30%
has mixed mode combustion, i.e., with 0.1 ≤ |FI| ≤ 0.8.

The pdf of FI constructed using planar data for various streamwise (x) locations has
also been studied for all cases. These pdfs are similar to that shown in Fig. 5.16 and
it is observed that the three combustion modes exist at all locations but with varying
level of their relative importance. In the early stage of the domain, the lean premixed
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mode is dominant with nearly non-existent rich premixed and non-premixed modes. This
originates from the early ignition of lean mixtures. Further downstream, non-premixed
mode starts to appear with the flux of O2 coming from the excess oxygen in the burnt
lean mixtures and CH4 coming from unreacted or partially reacted rich mixtures. Rich
premixed mode also appears only in the downstream regions as the ignition delay time
for rich mixtures is larger than for lean ones.

Table 5.2 Volume fractions of regions having non-premixed, rich premixed, lean premixed
and mixed-mode combustion at t = 1.5τf . Their fractional contributions to the total
heat release rate in the domain are also listed.

Case VNP VRP VLP VMM QNP QRP QLP QMM

AZ1 0.13 0.13 0.52 0.22 0.114 0.134 0.504 0.248
AZ2 0.28 0.07 0.37 0.28 0.230 0.027 0.499 0.244
BZ1 0.26 0.05 0.44 0.25 0.206 0.026 0.533 0.235

Following the analysis of non-premixed combustion by Bilger [1979], the heat release
rate per unit volume in non-premixed mode can be written as:

Q̇NP ≈ ρDZ (∇Z · ∇Z) ∂
2hs

∂Z2 = ρNZ
∂2hs

∂Z2 (5.6)

where hs is the sensible enthalpy of the mixture, through the use of mixture fraction
theory. Similar non-premixed contribution was shown to exist by Bray et al. [2005]
using Z and c to investigate partially premixed combustion. This contribution can be
estimated directly using the DNS data. Denoting the total heat release rate per unit
volume at a given point as Q̇tot = ∑

i ω̇i∆h0
f,i, where ∆h0

f,i is the enthalpy of formation
of species i, one expects that Q̇NP/Q̇tot should be close to unity in regions with FI≈ 0.
This is simply another way to verify that the combustion in those regions is through
non-premixed mode or not. The spatial variation of this ratio in the mid x-y plane for
the case AZ1 is shown in Fig. 5.17. The colour map shows this ratio and the contour
lines of |FI| = 0.1 are used to mark regions with |FI| < 0.1. This inequality is used
to include the contributions coming from the slightly longer negative tail in the pdf
of FI shown in Fig. 5.16. A good agreement between the regions having FI ≈ 0 and
Q̇NP/Q̇tot ≈ 1 is observed confirming the non-premixed nature of combustion in these
regions (see Fig. 5.15 for FI).

The fractional contribution, Q, of these various modes of combustion to the total
heat release rate for the entire domain is given in Table 5.2. These fractions are obtained
by computing the ratio of the heat release rate per unit volume, Q̇tot, integrated over
these regions to the heat release rate integrated over the entire computational domain. It
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Fig. 5.17 Ratio Q̇NP/Q̇tot presented in regions where Q̇+ ≥ 1 with isoline of |FI| = 0.1
at t = 1.5τf . The regions bounded by these contours has |FI| < 0.1.

is observed that nearly 50% comes from lean premixed combustion and the contribution
from rich premixed mode drops below 3% as dilution or ℓc/ℓZ is increased. However, the
non-premixed contribution still amounts to a non-negligible portion of the total heat
release rate. The contribution from mixed mode is about 25%.

5.6 Summary

A close scrutiny of the DNS results in the present chapter offered the following insights.
The chemical reactions of MILD mixtures occur over a wider region of the computational
domain unlike the conventional combustion typically showing chemical reactions confined
to narrower regions. As noted in earlier studies [Minamoto et al., 2013, 2014a,b], the MILD
reaction zones are observed to have their salient features, such as strongly convoluted
zones with frequent interactions while retaining conventional flame characteristics. It
was further observed that OH, a conventional marker of reaction zones, did not correlate
well with regions of heat release in MILD combustion. This was explained by the fact
that they are consumed during the inception. Hence, there is nearly no OH in the initial
reacting regions. OH was also found to be present in non-reacting regions like in the
downstream as product of combustion. By contrast, its equivalent chemiluminescent
species, OH∗, was well correlated with the reaction zones as it is a species which is only
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present in heat releasing regions. HCO and the product of OH × CH2O were also found
to be good markers for MILD combustion.

Furthermore, the mixture fraction variation were also observed to introduce further
complexities in the structure of reaction zones. Spatial and temporal ignition fronts are
observed, leaner mixtures with shorter ignition delay times are observed to ignite first
and these kernels evolved into propagating premixed flames. These flames remained
as lean or become rich premixed flames depending on the mixture fraction value along
their propagation paths produced by turbulent mixing of Z field. The rich mixtures are
observed to ignite later at downstream locations of the computational domain. These
features are observed clearly by analysing the spatio-temporal evolution of the reactions
zones and their structures in the physical and mixture fraction spaces. More importantly,
the presence of non-premixed combustion mode is also observed through an analysis
of flame index, FI, defined in Eq. (5.4). A value of -1 and 1 for FI implies lean and
rich premixed combustion respectively and FI = 0 means non-premixed combustion as
noted in [Briones et al., 2006]. The flame index does not distinguish ignition fronts. The
presence of non-premixed mode was not observed in the previous MILD combustion
DNS studies [Minamoto et al., 2013, 2014a,b] as the mixture fraction variations were
excluded. The non-premixed mode combustion results from the fluxes of methane and
oxygen coming from neighbouring pockets of richer and leaner mixtures and the premixed
and non-premixed zones are observed to coexist along with ignition fronts. The fractions
of computational volume having lean and rich premixed, and non-premixed combustion
modes are computed using the pdf of flame index and the corresponding fractional
contributions of heat release rate are calculated. The results suggest that nearly 50%
of the contribution to the total heat release rate comes from the lean premixed mode.
The contribution from rich premixed mode drops from about 13% in the reference
case AZ1 to about 3% in the diluted case BZ1 when the mean oxygen mole fraction
in the inflowing mixture is reduced from 2.7% to 1.6% (see Table 2.2). Whereas the
non-premixed contribution increases substantially and this increase is also observed when
the integral length scale of the mixture fraction field is reduced as noted in Table 3.
However, the sum of these three fractional contributions to the total heat release rate is
noted to be about 75% only and the remaining 25% is found to come from regions with
0.1 ≤ |FI| ≤ 0.8. To conclude, non-premixed turbulent MILD combustion is a complex
process with spatial and temporal ignitions fronts, propagating flames that are strongly
convoluted and interacting, non-premixed combustion and interactions among these.
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Chapter 6

Autoignition and Flame
Propagation in Non-Premixed
MILD Combustion

As mentioned in the review of MILD combustion in section 1.2 and observed in the
previous chapter, MILD combustion involves high reactants temperature which suggests
the importance of autoignition while at the same time propagating and interacting
reaction zones are also present. Thus, there is a coexistence between these phenomena in
MILD combustion and the objective of the present chapter is to investigate this balance
and assess which of the two phenomena may be predominant.

6.1 Balance of reaction and convection/diffusion ef-
fects

MILD combustion involves a mixture of fuel and hot diluted oxidiser in unburnt, burnt
and partially burnt states. This range of mixture states is produced by imperfect mixing
and reactions of fuel with the oxidiser stream. This produces a large fluctuation in
the local mixture fraction, reaction progress variable and mass fractions of radicals and
intermediates. This will have a strong impact on the development of local combustion
mode - autoignition or flames. Furthermore, the local turbulence conditions will also
have a large influence on this aspect. The preponderance of and the interplay between
these phenomena in MILD combustion is studied using a flux-balance analysis which
allows to delineate regions dominated by autoignition (reaction) and flames.
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The transport equation for the mass fraction of species α is given by

∂ρYα
∂t

+ ∂ρujYα
∂xj︸ ︷︷ ︸

C: conv.

= ∂

∂xj

(
ρDα

∂Yα
∂xj

)
︸ ︷︷ ︸

D: diff.

+ ω̇α︸︷︷︸
R: react.

(6.1)

where uj is the velocity in direction j, Dα is the molecular diffusivity of the species α
and ω̇α is its reaction rate. Turbulent combustion can thus be interpreted as a balance
between convection, diffusion and chemical reactions. Following work by Minamoto et al.
[2014a], this balance can be studied by analysing B, defined as:

B ≡ |C − D| − |R| (6.2)

The species transport equation can then be approximated as ∂ρYα/∂t + B = 0.
Equation (6.2) suggests that regions described by B < 0 are dominated by the reaction
source. These regions are taken to be similar to what happens inside a Perfectly Stirred
Reactor (PSR) and thus ignition dominated regions. Conversely, in a steady laminar
flame, there is a balance among convection, diffusion and reaction terms and thus B = 0.
However, the large velocity fluctuations can lead to flame displacements, which translates
into large C. Hence, in the presence of turbulence, regions with unsteady flames are
characterised with B > 0. The mass fraction of H2O is used for the flux analysis for B
and investigations using YCH4 and other species yielded results similar to those discussed
below.

Figure 6.1 shows the variations of B in regions with Q̇+ ≥ 1 for the three cases, listed
in Table 2.2, where Q̇+ = Q̇δth/(ρrsLcP (Tp − Tr)) is the normalised heat release rate per
unit volume. It is observed that reaction zones in all cases are spread over a substantial
portion of the domain and this spread seems to increase with dilution level as seen in
Fig. 6.1. However, the cases AZ1 and AZ2 suggest the existence of thin reaction zones.
The preponderance of autoignition (B < 0) region is clear for the case BZ1.

6.2 Lagrangian evolution

To further analyse this mixed ignition-flame behaviour, the evolution of B can be tracked
using Lagrangian particles to study how a given fluid parcel evolves through the domain
and for example how it undergoes ignition or how from an ignition kernel it develops into
a propagating flame. These particles are seeded at t = τf in the flow at four different
axial plane locations, x = 0, Lx/4, Lx/3 and Lx/2, and their spatial locations are tracked
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(a) (b) (c)

Fig. 6.1 Typical spatial variations of B field shown in regions with Q̇+, normalised heat
release rate, larger than 1.0 at t = 1.5τ for cases (a) AZ1, (b) AZ2 and (c) BZ1.

in time as x(t+ ∆t) ≈ x(t) +u(t)∆t where ∆t = 4.5µs is the time difference between two
saved snapshots of the DNS. This is performed for the entire sampling duration, i.e. for
τf ≤ t ≤ 1.5τf . In each of these four planes, a particle is injected at every in-plane grid
points, thus yielding 512 × 512 particles per plane, which are then tracked in time. Their
behaviours and the evolution of key quantities along their paths are carefully analysed
here.

It should be noted that one could have used the DNS timestep of δt = 1 ns instead
of ∆t. A comparison of the particle locations obtained using ∆t = 1ns (by rerunning
the DNS for a short period) with those obtained using ∆t = 4.5 µs showed an average
relative difference of about 0.02% for the particle location and various quantities analysed.
Thus, a value of ∆t = 4.5 µs was used for the analysis reported here. This choice avoids
rerunning the entire DNS with particles and the very small difference for the location
(0.02%) observed is because the velocity field is not unduly influenced by the local heat
release rate. However, the state of the fluid mixture at the location x(t+ ∆t) for time
(t+ ∆t) was computed using δt in the DNS and thus it has evolved under the influence
of convection, diffusion and reaction. Figure 6.2 shows a few typical trajectories for all
cases and those highlighted using arrows are investigated further in Figs. 6.4 to 6.6.
There are similarities in the various trajectories shown for the three cases because they
have been initialised using the same turbulence field, since the heat release rate is small,
it does not have a strong influence on the velocity field. However, it can be seen that
the evolution of B along these trajectories are quite different from one case to another,
suggesting the importance of the thermo-physical properties of the mixture used for the
simulations. To emphasize the three-dimensional motion of the particles, the projection
of their trajectories in the x-y and x-z planes are presented in Fig. 6.3 for the case AZ1.
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It is readily observed that the individual trajectories are quite different due to the intense
turbulence field. Furthermore, the value of B varies widely along these trajectories and it
is thus expected that these fluid parcels may undergo ignition and/or flame propagation
and may present highly different behaviours. Out of these trajectories, a few particles
exhibiting representatives evolutions, annotated in Fig. 6.3 and also shown by arrows
in Fig. 6.2, are selected for further analysis. The starting locations of the highlighted
particles of Fig. 6.2 are listed in Table 6.1.

Table 6.1 Initial locations of the tracked particles (x/Lx, y/Ly, z/Lz) highlighted in Fig.
6.2.

AZ1 AZ2 BZ1
a (0.250, 0.225, 0.008) (0.250, 0.008, 0.002) (0.250, 0.241, 0.969)
b (0.500, 0.006, 0.583) (0.333, 0.288, 0.816) (0.000, 0.231, 0.315)
c (0.333, 0.245, 0.796)

a
b

a ba bc
(a) AZ1 (b) AZ2

(c) BZ1

Fig. 6.2 Typical trajectories of Lagrangian particles tracked for τf ≤ t ≤ 1.5τf for all
cases. Lines are coloured with the value of B along the trajectory. Arrows indicate
trajectories which will be further studied.
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c

b

a

c

a

b

Fig. 6.3 Projection on the x-y and x-z planes of the trajectories of Fig. 6.2a. Lines are
coloured with the value of B along the trajectory. Annotated trajectories are further
discussed in Fig. 6.4.

Figure 6.4 shows the spatial evolutions of Q̇, YCH4 , |∇Z|, |∇cT | and ∆T = T − Tr,
normalised by their respective maximum along the chosen trajectory, along with the
variations of B and ϕ for the three trajectories highlighted in Figs. 6.2 and 6.3. The
normalised quantities are denoted with a "*" superscript. It should be noted that these
are plotted as a function of only x, the streamwise direction, but the particles are also
moving in the transverse, y and z, directions as shown in Figs. 6.2 and 6.3. Furthermore,
as their starting axial locations are different, the range of x on each frame is different.
The quantities shown are for the period starting from t = τf to 1.5τf . The starting
location of the tracking corresponds to the left side of the x-axis while the end is on the
right. Furthermore, B is only computed in regions where Q̇+ > 1 (and plotted as solid
black line) to focus on the study of B in reacting regions. Otherwise, B is plotted as
dotted line having a value of 0.

These specific particles were chosen because they illustrate the statistical evolution
of B to be discussed later in section 6.3. Figure 6.4a shows the evolution of an ignition
kernel towards a propagating flame-structure. Indeed, B starts as negative, indicating
the preponderance of reaction and an ignition-like behaviour and then increases towards
zero which is representative of a steady flame. In addition, the ignition occurs in a lean
region (ϕ < 1) close to the inlet, as x/Lx ≈ 0.25. This is due to the high reactivity of
lean mixture and their relatively small ignition delay time [Göktolga et al., 2015] (also
see Fig. 6.10 to be discussed later). Further downstream, this ignition kernel propagates
through a slightly richer mixture developing into a flame as B → 0. The quantity |∇cT |
is high at the beginning because the particle corresponds to an ignition spot: locally,
the value of cT for the particle is relatively larger than its surrounding with unburned
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mixture (cT ≈ 0). Also, the mixture fraction distribution in regions surrounding this
ignition kernel yields large |∇Z|. The ignition occurring at this location with high |∇Z|
is contrary to conventional combustion situation and this occurs because of the presence
of radicals as noted in chapter 4. As the parcel is convected downstream, its surrounding
mixture having relatively uniform cT also starts to react and thus |∇cT | decreases. The
evolution of |∇Z| gives an indication of the small scale mixing evolution. It is seen
that there are two instances of large |∇Z| and the second local maximum of |∇Z| is
interesting, which results from the particle mixing with a richer mixture (as ϕ increases).
This provides the fuel required to sustain the chemical reactions, which is seen from
the variation of YCH4 and Q̇ shown in Fig. 6.4a. There is a progressive increase in
temperature throughout this process due to chemical reactions occurring in the fluid
parcel. The variations shown in Fig. 6.4a depicting the history of the chosen fluid parcel
illustrate the ignition of a lean mixture in the upstream developing into a propagating
flame downstream.

Figure 6.4b illustrates another behaviour in MILD combustion, namely the ignition of
a rich mixture in the downstream region. The rich mixture is nearly not reacting in the
early stage, as indicated by the low heat release rate, despite the presence of both CH4

(and O2, not shown here for clarity of Fig. 6.4). This is due to the low reactivity and
large ignition delay time of this rich mixture (to be discussed in detail later in Fig. 6.10).
However, this rich parcel undergoes mixing in the early parts of the domain as indicated
by the relatively large and nearly constant value of |∇Z|, slow drop in YCH4 , slow increase
in ∆T but no change in Q̇∗. This decreases the equivalence ratio and gradually heats
up the parcel (as ∆T increases slowly), leading to its ignition, as observed by the large
increase of Q̇∗ and the decrease of YCH4 further downstream. Thus, B starts to become
negative as seen in Fig. 6.4b. The large value of |∇cT | in the downstream indicates that
the particle is surrounded by burned mixture while it begins to react. The rate of change
of |∇cT | changes sharply once the fluid parcel ignites (x/Lx = 0.83).

Figure 6.4c presents the evolution of a rich flame-like structure. This parcel, from a
flame around stoichiometry (B ≈ 0, ϕ ≈ 1, with decreasing Q̇), propagates towards an
unburnt rich mixture (increasing value of YCH4). The high |∇cT | value indicates that the
mixture around the tracked parcel have a different cT , smaller here verified separately,
and |∇Z| is large too indicating the flux of mixture fraction and thus mixing. This is
also confirmed by the small decrease in ∆T which indicates that the original parcel has
mixed with cooler mixture. This mixing is also emphasized by the large increase in CH4.
As a result of this mixing which is driven predominantly by the convective effect, B
increases to large values and the flame continues to propagate towards richer mixture.
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(a)

(b)

(c)

ϕ

B

CH4

Q*
.
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ΔT
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CH4
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Fig. 6.4 Evolutions of Q̇∗, ϕ, Y ∗
CH4 , Y ∗

O2 , |∇Z|∗, |∇cT |∗, ∆T ∗, (left axis) and B (right axis)
along the trajectory of three particles for case AZ1.

Comparing these three evolutions, an important aspect to highlight is in their stream-
wise locations. Indeed, the ignition of the lean parcel, and its subsequent evolution
towards a propagating flame, shown in Fig. 6.4a occurs in the early part of the do-
main (x/Lx ≈ 0.25) while the ignition of the rich parcel occurs much more downstream
(x/Lx ≈ 0.9). This large difference is explained by the large difference in their igni-
tion delay times (which will be shown later in Fig. 6.10). Finally, for each parcel, it
should be observed that the temperature increase is extremely progressive which is a
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key characteristics of MILD combustion where there is no sharp or sudden increase of
temperature.

The three previous behaviours illustrate several key characteristics for the case AZ1
which will be re-emphasized in the next subsection. Mainly, that lean mixtures show
an autoigniting behaviour then stabilize towards a flame while rich mixtures either are
autoigniting in the downstream or are undergoing reaction through the propagation of an
initially lean flame propagating towards a rich mixture. The existence of flames observed
in the present study can already be contrasted to the observation made in the DNS of an
autoigniting mixing layer [Göktolga et al., 2015] where the main process observed was
the auto-ignition of mixture along the iso-surface of most reactive mixture fraction. A
stronger flame in the initial stages can become relatively weaker because of large fuel
flux coming from mixing with surrounding richer mixtures.

For case AZ2, the predominant behaviour observed corresponds to ignition-like events
which is in contrast to the case AZ1 discussed above. This is illustrated in Fig. 6.5 which
shows the evolutions of various quantities for the particles tracked (see Fig. 6.2b) for the
case AZ2. In particular, Fig. 6.5a shows the ignition of a very lean mixture (ϕ ≈ 0.17).
However, unlike the lean parcel in the case AZ1 shown in Fig. 6.4a, this parcel in the
case AZ2 has nearly no CH4 and thus it is convected downstream mixing with richer
mixtures which makes it ignitable. The sharp rise in |∇cT | is because of this ignition.
A particular behaviour is also observed with a double peak of B. Indeed, after ignition
takes place (the first negative peak of B), that parcel evolves towards B = 0 but instead
of stabilising there, B becomes negative again indicating a second ignition-like event.
This is further emphasised by the existence of a double peak for the heat release rate.
This occurs while the igniting parcels encounters a large mixture fraction stratification
(as indicated by the large |∇Z| and progressive increase in ϕ). This kind of sequential
ignition is due to the stratification in the mixture fraction and is also found in PCCI
combustion with stratified mixture [Luong et al., 2017]. In contrast, in Fig. 6.4a for
the case AZ1, there is no such sequential ignition because the mixture stratification is
relatively small making it closer to HCCI conditions where the development of ignition
towards deflagration is more likely [Luong et al., 2017]. Figure 6.5b shows the converse
ignition behaviour of a rich mixture which is similar to that observed in Fig. 6.4b. It
should be noted that a careful analysis showed that these ignition-like events are much
more probable in the case AZ2 compared to the case AZ1. This will be further discussed
in section 6.3 on a statistical basis.

Figure 6.6 shows the evolution of two typical parcels for the case BZ1. In both
cases, B starts negative indicating an ignition-like behaviour before increasing towards
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Fig. 6.5 Evolutions of Q̇∗, ϕ, Y ∗
CH4 , Y ∗

O2 , |∇Z|∗, |∇cT |∗, ∆T ∗ (left axis) and B (right axis)
along the trajectory of three particles for case AZ2.

positive or zero values as the parcels move downstream. It should however be noted that
Fig. 6.6b shows a more flame-like behaviour with a nearly constant heat release rate
while Fig. 6.6a shows a decrease in heat release rate after ignition because reactions
are slowing down. This particular behaviour is explained by the difference in mixture
fraction between the two parcels. Indeed, a lean reacting parcel propagates towards a
richer mixture having a relatively lower reactivity in Fig. 6.6a. Conversely, a lean parcel
propagates in a mixture with nearly constant mixture fraction in Fig. 6.6b. The large
and sharp variations around x/Lx = 0.4 in Fig. 6.6b are due to the projection of the
trajectory on the x axis. This parcel is inside a recirculating flow and has a nearly zero
streamwise velocity (as it is moving in the y and z directions as observed in Fig. 6.2c).

Given the variety of combustion behaviours observed in Figs. 6.4 to 6.6, the question
that arises is which of these modes is the most preponderant in MILD combustion or
how these modes are balanced?
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Fig. 6.6 Evolutions of Q̇∗, ϕ, Y ∗
CH4 , Y ∗

O2 , |∇Z|∗, |∇cT |∗, ∆T ∗, (left axis) and B (right axis)
along the trajectory of three particles for case BZ1.

6.3 Statistical behaviour

The discussion in the previous section depicts the rich variety of combustion modes
existing in MILD combustion and the spatial distribution of B depicted in Fig. 6.1
suggests a strong interplay and entanglement between reaction dominated regions (B < 0)
and propagating flame regions (B ≥ 0). The relative importance of reaction and flame
dominated regions and its correlation with the mixture fraction Z can be investigated
in a statistical sense by studying the joint probability density function of B and Z at
various axial locations. The pdfs presented in this study are constructed using the data
collected over the entire sampling time and about 1200 bins for B and 400 bins for Z and
only data from regions with Q̇+ > 1 so that only reacting regions are considered. This
joint-pdf is shown for case AZ1 in Fig. 6.7 for various axial locations. It is observed that
negatives values of B are mostly present in lean mixture while very rich mixture have
strictly positive B. Furthermore as one moves downstream, the range of Z decreases
due to turbulent mixing and the probability of high values of B decreases. The latter is
caused by the turbulence decay along the domain (thus decreasing convective effects).
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To further understand the various effects, appropriately conditioned pdfs for all cases are
studied.

(a)

(b)

(c)

Fig. 6.7 Logarithm of the joint-pdf of B and Z at (a) x/Lx = 0.0625, (b) 0.4375, (c)
0.9375 for case AZ1. The horizontal line indicates Zst.

Figure 6.8 shows the pdf of B conditioned on the large heat release rate for all
three cases, computed at various axial locations. For the case AZ1 in Fig. 6.8a, it
is observed that close to the inlet, reaction-dominated regions are preponderant as
shown by the pdf peaking for B < 0. As one moves downstream, the pdf peak shifts
towards B = 0 indicating a balance among convection, diffusion and reaction terms which
characterises propagating flame phenomena. However, a negative tail is still observed in
the downstream locations which suggests that ignition-like reaction zones remain present.
This confirms the interweaved ignition and flame propagation behaviour observed in Fig.
6.1. The case AZ2 shows a somewhat different behaviour in Fig. 6.8b. In this case,
the pdf shows a clear shift of the peak towards negative values of B which indicates an
increase in reaction dominated regions. The case BZ1 shows a behaviour similar to the
case AZ1 with a peak slightly negative at first and slowly shifting towards 0 as one moves
downstream. The range of variations in the latter case in the negative regions is however
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smaller than for the two other cases. This is due to the lower level of oxygen which
yields less reactive mixture and thus lower peak values of ω̇α while the turbulence field is
the same as for the two other cases. Hence, while the magnitude of convective-diffusive
effects remains similar across all cases, the magnitude of the reaction term in case BZ1 is
lower which leads to, on average, larger positive value of B.

(a)

(b)

(c)

x/Lx

x/Lx

x/Lx

Fig. 6.8 Pdf of (B|Q̇+ > 1.0) at x/Lx = 0.0625, 0.1875, 0.3125, · · · , 0.9375 (dark to
light gray) for cases (a) AZ1, (b) AZ2, (c) BZ1.

The difference of behaviours between the case AZ2 and the two other cases indicates
a dependency on the length scale ratio ℓc/ℓZ for the observed phenomena in MILD
combustion. Indeed, having ℓc/ℓZ < 1, the cases AZ1 and BZ1 have relatively smooth
gradient of Z as ℓZ is large. As a result, an ignition spot will evolve in regions of similar
equivalence ratio thus allowing for a "flame-front" like structure to develop. On the
contrary, case AZ2 has smaller ℓZ , as listed in Table 2.2 leading to a more stratified
mixture. The presence of stronger gradients of |∇Z| prevents such a development and
favours sequential autoignition of the mixture. Furthermore, as there is a wider range of
mixture fractions, the range of timescale for the ignition delay will be larger resulting in
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ignition occurring both in upstream and downstream locations inside the computational
domain depending on the local mixture and turbulent conditions. Finally, due to the
higher variations in the mixture fraction field, mixing may be required between leaner
and richer (beyond the flammable) mixtures to yield a burnable mixture which will
thus only ignite in the downstream regions, explaining the dominance of ignition further
downstream. Such behaviour was observed in Fig. 6.5, for example.

(a)

(b)

(c)

x/Lx

x/Lx

x/Lx

Fig. 6.9 Pdf of (Z|B < −1.0) at x/Lx = 0.0625, 0.1875, 0.3125, · · · , 0.9375 (dark to light
gray) for cases (a) AZ1, (b) AZ2, (c) BZ1. The dashed line indicates the stoichiometric
mixture fraction. These pdfs are constructed for regions with Q̇+ > 1.0.

It is possible to further characterize the reaction dominated regions by analysing
the mixture fraction distribution in these regions. Figure 6.9 shows the pdf of mixture
fraction Z in regions with B < −1 for various axial locations. It can be readily observed
that upstream, close to the inlet, the pdf peaks for a really lean mixture fraction, close to
the most reactive mixture fraction. As one moves downstream, this peak shifts towards
richer mixture fractions confirming the existence of sequential autoignition. The shift
from leaner to richer mixture can be explained by the increase in ignition delay times
between these mixtures as shown in Fig. 6.10. These ignition delay times were obtained
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using CANTERA and by considering a constant volume homogeneous reactor containing
an appropriate mixture initially at Tr = 1500K.

CASE AZ1-2

CASE BZ1

Fig. 6.10 Ignition delay time for the mixture considered. The vertical dashed lines indicate
the stoichiometric mixture fraction for case AZ1-2 (black) and BZ1 (gray). These pdfs
are constructed for regions with Q̇+ > 1.0.

A similar analysis is performed to characterise the mixture in steady flame-dominated
regions where B ≈ 0 in Fig. 6.11. For case AZ1, it is observed that the mixtures in
these regions evolve from lean to stoichiometric values indicating that as one moves
downstream either flames start to appear in richer regions (from the apparition of richer
ignition kernels as seen in Fig. 6.11) or that the existing leaner flames start to propagate
in richer mixture. Furthermore, rich flames also exist in the downstream as indicated
by the local peak of the pdf for richer mixture. It should however be noted that these
rich flames do not originate from the ignition of a rich kernel developing into a flame
but rather from the propagation of a lean flame into those rich mixture as the pdf of
rich mixture with B < −1 is nearly zero as seen in Fig. 6.9a. This particular behaviour
was also observed in the Lagrangian particles analysis studied in Fig. 6.4a. Similar
observations can be made for case BZ1, shown in Fig. 6.11c. However, a different picture
emerges from case AZ2. It is observed in Fig. 6.11b that there already exist rich flames
in the early stage of the domain. These rich flames originate from the propagation of
lean flames towards richer mixture and not from the ignition of rich kernels developing
into flame-like structures as there is no rich regions with B < 0. However due to the
small ℓZ , there exist rich mixtures directly next to leaner mixtures and thus a lean flame
can propagate in richer mixture compared to the cases AZ1 and BZ1 where ℓZ is larger.

It should also be noted that for case AZ2, there are no rich flame appearing in
downstream locations, contrarily to the other two cases. This is due to the actual
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(a)

(b)

(c)

x/Lx
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Fig. 6.11 Pdf of (Z|B ≈ 0.0) at x/Lx = 0.0625, 0.1875, 0.3125, · · · , 0.9375 (dark to light
gray) for cases (a) AZ1, (b) AZ2, (c) BZ1. The dashed line indicates the stoichiometric
mixture fraction. These pdfs are constructed for regions with Q̇+ > 1.0.

turbulent mixing effect. In those downstream regions, the mixture fraction distribution
does not show the presence of rich mixture. Indeed, as ℓZ is smaller in the case AZ2,
the mixing timescale required to diffuse and mix the rich regions is smaller. Hence, the
absence of rich flames in the downstream for the case AZ2 originates from the fact that
these rich mixtures mix with leaner ones and do not react as rich mixtures.

Finally, in the discussion above, the specific effect of "back-support" was not analysed.
Back-support refers to situation where excess heat and radicals from the reaction zones
can feed the mixture in front of the propagating flame. This could indeed play an
additional role in the mechanisms of MILD combustion. However, while such effects are
important in stratified flames [Masri, 2015; Richardson et al., 2010], in the present MILD
combustion conditions, there is already an excess of enthalpy due to the large reactants
temperature and a large pool of radicals coming from the EGR that can initiate and
sustain the reactions. Thus, extracting the specific effect of "back-support" in MILD
combustion would require a finer analysis than the one performed here.
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6.4 Summary

In this chapter, the co-existence of autoignition and flame-propagation phenomena is
highlighted as observed by Minamoto et al. [2014a] for premixed MILD combustion. This
is observed using the various fluxes in the species transport equation and this analysis
shows the balance and entanglement of both of these phenomena. However, ignition
is predominant in the early stage of the domain and are associated with lean mixture
as these have a lower ignition delay time. As one moves downstream, the evolution of
MILD combustion is dependent on the typical lengthscale of the mixture fraction field, ℓZ .
Indeed, for larger ℓZ (yielding ℓc/ℓZ < 1), flame-like structures start to be preponderant
because the earlier ignition kernels develop into flames. However, when ℓZ ∼ ℓc, it is
observed that reaction-dominated regions (ignition) stays predominant. Furthermore,
the co-existence of lean and rich flame-like reaction zones is also observed.

The picture that emerges from the present analysis is as follows. In the regions of the
domain close to the inlet, MILD combustion is dominated by ignition-like kernels which
are located mainly in lean mixtures as these mixtures are more reactive (i.e. have a lower
ignition delay time). Then, depending on the mixture fraction length scale, these kernels
develop into flame-like structures which then propagate into either lean or rich mixtures.
In addition to this, ignition of richer mixtures occurs in the downstream locations. Hence,
MILD combustion is extremely rich in terms of physical phenomena and this diversity
needs to be included in the modelling of MILD combustion.
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Chapter 7

Multiscale Analysis in MILD
Combustion

In chapter 3, the bandpass filtering method, a methodology to conduct multiscale analysis
and study scales interactions, was presented. Furthermore, homogeneous isotropic
turbulence was studied and the energy cascade and vortex stretching mechanism were
found to be local in terms of scales interactions. A similar analysis in turbulent premixed
flames showed that the vortex stretching mechanism was relatively unaffected by the
presence of the flame and also exhibited this scale-locality. However, other studies
have shown that strong heat release and reaction may have an effect on the features of
turbulence through the apparition of a peak in the turbulence kinetic energy spectra
[Kolla et al., 2014] or with, on average, a reverse energy transfer from small to large
scales [O’Brien et al., 2017].

The objective of this chapter is to use the analysis methodology presented in chapter
3, the bandpass filtering method and the energy transfer decomposition, to assess whether
the energy cascade is affected and whether a reverse energy cascade is observed under
MILD combustion conditions where heat release rate is volumetrically distributed.

7.1 Energy cascade and vortex stretching

Figure 7.1a shows the isosurface of enstrophy threshold at its mean plus one standard
deviation value alongside the isosurface of normalised reaction rate Q̇+ = 2.5 for case AZ1
at t = 1.5τf . In this figure, it is seen that the enstrophy structures are mainly located
upstream of the domain and disappear under turbulent decay in the downstream regions.
Furthermore, a strong entanglement and overlap is observed between the enstrophy

131



Multiscale Analysis in MILD Combustion

structures and the reaction zones which raises the question as to whether the heat release
in these regions has an effect on the development of the turbulent structures.

To study this, similarly to the analysis conducted in chapter 3, the velocity field in
the DNS of MILD combustion is bandpass filtered to analyse the interactions of scales.
Typical enstrophy structures at scale L = l ≈ 30η, where l is the integral lengthscale,
and L = 10η are shown in Fig. 7.1b for case AZ1. It is seen that small scales turbulent
structures (in red) are mostly clustered in the upstream regions while larger ones (in
green) are present over the entire domain. This is expected as small scales turbulent
structures decay faster than large ones which can be convected further downstream by
the inflowing velocity.
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Fig. 7.1 (a) Isosurfaces of unfiltered enstrophy (green) with isosurfaces of normalised
heat release rate threshold at Q̇+ = 2.5 (red) and (b) isosurface of enstrophy filtered at
L = 30η (green) and at L = 10η (red) for case AZ1. The iso-surface are threshold at a
value of µ+ σ.

7.1.1 Energy transfer

From the bandpass filtered quantities, similarly to the analysis presented in chapter 3,
it is possible to compute the energy transfer between different scales. The pdf of the
energy transfer normalised by its maximum (see Eq. (3.18)) is presented in Fig. 7.2
for a large scale L = 30η and a small scale S = 10η. The pdf is constructed from an
instantaneous snapshot of the DNS, by computing the energy transfer at every nodes in
the computational domain and binning them appropriately. It is observed that the energy
transfer function takes both positive and negative values suggesting that, instantaneously,
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there is a two-way transfer between large and small scales. It should however be noted
that the mean value of the energy transfer is positive, with a value of 0.031, indicating
that on average the energy still cascades from large to small scales. Similar results have
been observed by Aoyama et al. [2005] in homogeneous isotropic turbulence indicating
that the heat release in MILD combustion may not have a strong influence on the
dynamics of the energy cascade.
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Fig. 7.2 Pdf of the energy transfer function between large scale L = 30η to scale S = 10η,
for case AZ1, computed at t = 1.5τf .

Figure 7.3 shows the normalised scale-by-scale energy transfer in an average sense,
i.e. after performing the ensemble averaging operation in Eq. (3.18), for two large scales,
L = l (the integral lengthscale) and L = 2l/3. It is observed that the results are similar
to those presented in Fig. 3.5 for homogeneous isotropic turbulence with a peak of energy
transfer observed for a value of S/L of 0.3 to 0.5. This suggests that the energy transfer is
not unduly affected by the heat release in MILD combustion. This becomes even clearer
when analysing Fig. 7.3b where the averaging is conditioned on the value of the progress
variable based on temperature. Indeed, for all considered values of c, the peak remains
located around similar values of S/L. Hence, this suggests that despite the volumetric
heat release rate present in MILD combustion, the energy still cascades from large to
slightly smaller scales and no reverse energy cascade is observed in an average sense.

Cases AZ2 and BZ1, respectively shown in Figs. 7.4 and 7.5, exhibit similar behaviour
to case AZ1. This is expected as all cases shows relatively low heat release rate and were
initialised with the same turbulence field. Hence, the interaction of scales of turbulence
should remain similar for all cases.
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(a) (b)

Fig. 7.3 Normalised energy transfer function, Π̂L→S
V,b , for case AZ1 (a) averaged over the

entire domain and (b) conditionally averaged on the temperature progress variable c.

(a) (b)

Fig. 7.4 Normalised energy transfer function, Π̂L→S
V,b , for case AZ2 (a) averaged over the

entire domain and (b) conditionally averaged on the temperature progress variable c.

7.1.2 Vortex stretching

Using a similar methodology to section 3.4.5, the vortex stretching mechanism can be
analysed through the enstrophy production term between scale Lω and scale Ls = LLω,
and the probability of perfect alignment between the vorticity at scale Lω and the
extensional strain rate at scale Ls.

Figure 7.6 shows the pdf of the normalised enstrophy production term, ̂ωLω
i SLs

ij ω
Lω
j ,

for Lω = 10η and Ls = 30η for case AZ1. The enstrophy production is normalised by
its global maximum. It is observed that the pdf has a shape quite similar to the pdf
of energy transfer shown in Fig. 7.2 supporting the existence of a close link between
enstrophy production and energy transfer [Betchov, 1956; Cocke, 1969]. Similarly to the
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(a) (b)

Fig. 7.5 Normalised energy transfer function, Π̂L→S
V,b , for case BZ1 (a) averaged over the

entire domain and (b) conditionally averaged on the temperature progress variable c.

energy transfer, negative values of enstrophy production can be found but, overall, the
average enstrophy production is positive, with a value of 0.051. This again indicates that
the general direction of enstrophy is to be produced at small scales by the straining from
larger scales.
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Fig. 7.6 Pdf of enstrophy production for vorticity at scale Lω = 10η and strain rate at
scale Ls = 30η for case AZ1. The pdf is computed from the snapshot at t = 1.5τf .

To further study the interactions between vortical structures at small scales and the
straining structures at larger scales, the pdfs of | cos θi| for the α and β strain rates are
computed for the vorticity at scale Lω = 5η and straining structures at larger scales.
This is shown for case AZ1 in Fig. 7.7. Similar results as those shown in Fig. 3.8
for homogeneous isotropic turbulence and Fig. 3.13 for premixed flames are observed.
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Specifically, there is a preferential alignment with the α strain-rate when Ls > Lω while,
when Ls = Lω, the vortical structures align with the β strain-rate.

Fig. 7.7 Pdf of the magnitudes of direction cosines between vorticity at Lω = 5η and
principal strain rates at Ls for case AZ1 at t = 1.5τf .

To quantify the straining scale imparting the most stretching on these vortical
structures, Fig. 7.8 shows the probability of perfect alignment, P , between these vortical
structures at scale Lω = 5η and larger straining structures for case AZ1. In this figure,
the full line is for the unconditioned probability while dashed lines are the probability
conditioned on the value of the reaction rate, Q̇+. This latter allows to study the effect
of heat release on the vortex stretching mechanism. It is observed that the unconditioned
probability peaks for a values of L between 3 and 4, similarly to the results reported in
Figs. 3.9 for non-reacting turbulence and 3.14 for premixed flames. Furthermore, even
when conditioning on the reaction rate, the location of the peak is not unduly affected
indicating that the vortex stretching is not significantly influenced by heat release in
MILD combustion. It should be noted that due to the limited range of turbulent scales
in the present DNS of MILD combustion, the maximum value of L is limited to 6. This
does not change the results stated above as the peak of P and its decrease at larger
values of L can already be observed. Similar results are obtained for cases AZ2 and BZ1,
shown in Fig. 7.9.

7.2 Summary

In this chapter, the multiscale analysis of the turbulence field in MILD combustion showed
that the vortex stretching mechanism and the interaction of scales remain similar to
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Fig. 7.8 Variation of probability of near perfect alignment of ω with α versus L for
Lω = 5η for case AZ1. Full line is for the unconditioned probability, dashed lines are for
probability conditioned on the reaction rate.

Fig. 7.9 Variation of probability of near perfect alignment of ω with α versus L for
Lω = 5η for cases AZ2 and BZ1. Full line is for the unconditioned probability, dashed
lines are for probability conditioned on the reaction rate.

those observed in non-reacting homogeneous isotropic turbulence and turbulent premixed
flames. In particular, the scale-locality of the energy cascade and vortex stretching are
retained with a peak of energy transfer found for a ratio S/L between 0.3 and 0.5 and a
peak probability of perfect alignment between the α strain from scale Ls and the vorticity
at scale Lω for L ≈ 4. This suggests that the interaction of scales in the turbulence field
of MILD combustion is relatively unaffected by the presence of heat release, despite the
fact that it is volumetrically distributed. This can be explained by the relatively low heat
release and low increase in temperature in MILD combustion compared to conventional
combustion analysed in the previous studies of Kolla et al. [2014] and O’Brien et al.
[2017].
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Chapter 8

Conclusions and Future Work

In this work, a multiscale analysis of homogenous isotropic turbulence and premixed
flames has been performed. Subsequently, the physics of turbulent non-premixed MILD
combustion has been investigated. To this aim, DNS of MILD combustion with mixture
fraction variations have been conducted. As MILD combustion involves the recirculation of
exhaust gases with fuel and fresh oxidiser, a careful two-stage method has been developed
to construct a mixture that includes mixture fraction variations with the presence of
fresh, burnt and reacting gases. Furthermore, a specific combustion mechanism was
developed to include the chemical kinetics of a chemiluminescent species, OH∗. This final
chapter summarises the results presented in the previous chapters and suggests directions
for future work.

8.1 Scales interactions in turbulence and premixed
flames

The initial analysis, presented in chapter 3, focused on scales interaction in isotropic
turbulence and premixed flames. In a first step, using the bandpass filtering method,
the energy cascade was analysed and the assumption of scale-locality was assessed. It
was shown that structures of a scale L mostly transfer their energy to slightly smaller
structures of a scale 0.3L. This supported the scale-locality of the energy cascade. The
analysis of the vortex stretching also showed this scale-locality. Furthermore, similar
results were obtained for all the turbulence fields studied which covered Reλ from 37
to 1131. This indicated that the turbulence field in simulations with a low Reynolds
number still exhibits the same interaction of scales as high Reynolds number turbulence.
This result provided support for the DNS of MILD combustion conducted in the present
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work and more generally for DNS of turbulent reacting flows as the Reynolds number in
such simulations is generally limited.

In a second step, a similar analysis was conducted in turbulent premixed flames. It
was first shown that the vortex stretching mechanism was not unduly affected by heat
release rate as results similar to those for homogeneous isotropic turbulence were found.
Furthermore, the flame-turbulence interaction was also analysed using the bandpass
filtering method by decomposing the effects of each scales of eddies on the tangential
strain-rate. It was observed that eddies larger than the laminar flame thickness imparted
the most strain on the flame. This has wider modelling implications for turbulent
premixed flames as this indicates that it may not be required to model the effects of
these small scales turbulence on the flame.

8.2 Physical insights of MILD combustion

Chapter 4 analysed the inception of MILD combustion. In particular, the S-curve was
assessed and an unconventional behaviour was observed with an increase in temperature
with SDR for the inception of MILD combustion. This specific behaviour was attributed
to the role played by intermediates and radicals. This emphasised the need to revisit the
definition of MILD combustion to account for these effects.

Furthermore, in chapter 5, MILD combustion was observed to have highly convoluted
reaction zones which thus yielded frequent interactions among them. This resulted in the
apparent thickening of the reaction zones observed in MILD combustion. The analysis of
the structure of the reaction zones in physical and mixture fraction spaces also highlighted
the existence of ignition kernels evolving into propagating flames. Using the flame index,
both non-premixed and premixed combustion modes were found in MILD combustion.
The non-premixed behaviour observed was the result of opposing fluxes of fuel and oxidiser
coming respectively from rich and lean mixtures. The use of conventional measurable
species for the reaction zones identification was also investigated using DNS-deduced LIF
signals. It was observed that OH was inadequate while HCO or OH × CH2O were still
well correlated with heat release rate. In addition, the chemiluminescent species OH∗

was also found to be an adequate marker of heat release rate for MILD combustion.
Chapter 6 analysed the coexistence of ignition and propagating flames in MILD

combustion using a balance of the various terms in the species transport equation. This
showed the entanglement between ignition dominated and flame propagation regions.
Furthermore, the autoignition was strongly influenced by mixture fraction as lean mixture
were observed to be more likely to undergo autoignition in the early stage of the domain.

140



8.3 Future work

Propagating flames were subsequently developing further downstream. Ignition of rich
mixture was also observed in the downstream. The interplay between autoignition and
flame propagation was found to be strongly influenced by the typical lengthscale of the
mixture fraction field ℓZ . Indeed, sequential autoignition was favoured by a small ℓZ
while the evolution from ignition towards deflagration was more likely for larger ℓZ .

The energy cascade and the interactions of turbulent structures of various scales in
MILD combustion was studied in chapter 7. In particular, in MILD combustion, the
scale-locality of the energy cascade and the vortex stretching mechanism were observed
to have similar features as in non-reacting turbulence. This suggested that the limited
heat release rate in MILD combustion did not unduly affect the turbulence field and its
dynamical features, despite the volumetrically distributed heat release.

8.3 Future work

The work and analysis presented in this thesis have provided a number of useful insights
into the physics of MILD combustion. Nonetheless, there are still various aspects where
additional analysis would be of interest. The specific future work recommended is as
follows:

• Regarding the multiscale analysis of the energy cascade and vortex stretching
mechanism, it may be of interest to also study its temporal aspect, such as the
decay, and to analyse how the interactions of scales evolves in time.

• The analysis in turbulent premixed flames was done on a specific configuration,
a flame propagating in homogeneous isotropic turbulence. Studying whether the
results obtained in that configuration extend to more realistic ones would provide
additional insights for the modelling of turbulent reacting flows.

• The previous multiscale analysis in MILD combustion has focused on the effect of
heat release on the dynamics of turbulence. However, there is a two-way coupling
between turbulence and reaction zones and it would thus be of interest to analyse
how the reaction zones in MILD combustion are affected by the various scales of
turbulence and in particular if there is a correlation between some specific scales of
turbulence and the reaction zones.

• From an experimental point of view, it was shown that the identification of reaction
zones could be particularly challenging in MILD combustion. It is thus of interest
to assess the suitability of other markers of heat release rate such as those used in
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[Barlow et al., 2015; Gazi et al., 2013; Nikolaou & Swaminathan, 2014; Tanahashi
et al., 2005]. Furthermore, a novel experimental method, which combines the
Chemical Explosive Mode Analysis (CEMA) of Lu et al. [2010] and Raman/Rayleigh
measurements, was proposed by Hartl et al. [2018] to delineate between premixed
and non-premixed modes of combustion. Given the balance between these two
modes found in this work, assessing this methodology for MILD combustion would
be useful for future experimental works.

• As both autoignition and flame propagation were observed in MILD combustion,
it is interesting from an experimental perspective to try to find an appropriate
marker that can discriminate between the two phenomena. Some work in that
direction has been proposed by Schulz et al. [2017] for a lifted methane-air flame
and it would be interesting to assess whether the criterion proposed to distinguish
between these remains valid for MILD combustion. Furthermore, Xu et al. [2018]
has also suggested an alternative methodology to distinguish between these two
modes using the CEMA methodology. It would thus be of interest to assess the
adequacy of this method and compare it to the result obtained here using the B
marker. Furthermore, trying to quantify the amount of back-support in MILD
combustion compared to conventional stratified flames could provide additional
physical insights.

• From the physical understanding obtained here from the DNS of MILD combustion,
a modelling framework for MILD combustion can be proposed. In particular, from
the large inhomogeneities observed in the reacting mixture and the volumetrically
distributed reaction zones, the Partially Stirred Reactor (PaSR) could be used as
the basis for modelling. This model could be used in conjunction with a presumed
PDF approach similar to the one proposed by Chen et al. [2017].
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Appendix A

Initial Turbulent Kinetic Energy
and Scalar Spectrums

The present appendix provides additional details on the initial spectrums for the turbulent
kinetic energy and on the methodology to construct the initial mixture fraction, Ẑ, and
progress variable, ĉY , fields described in section 2.2.2.

A.1 Turbulent energy spectrum

The Batchelor-Towsend spectrum [Batchelor & Townsend, 1948] is used to initialize the
turbulence field as described in [Cant, 2013]. It is given by:

E(k) = c0
k4

k5
0

exp
−2

(
k

k0

)2
 (A.1)

where c0 and k0 are the two parameters controlling respectively the total kinetic energy
and the wavenumber of the maximum energy point in the spectrum. k is the wavenumber
magnitude in Fourier space. From this spectrum, the relevant turbulence quantities can
be expressed as:

• Turbulent kinetic energy
K = 3

32

√
π

2 c0 (A.2)

• Turbulence energy dissipation rate

ϵ = 15
16

√
π

2π
2νc0k

2
0 (A.3)
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Initial Turbulent Kinetic Energy and Scalar Spectrums

• Longitudinal integral lengthscale

Lp = 1√
2πk0

(A.4)

• Taylor microscale
λ2 = 1

2π2k2
0

(A.5)

• Kolmogorov lengthscale

η =
 ν2

15
16

√
π
2π

2c0k2
0

1/4

(A.6)

In this thesis work, the following values were chosen for the parameters: c0 = 16000 and
k0 = 1.6. Additional theoretical background can be found in [Batchelor, 1953].

A.2 Scalar spectrum

The methodology developed by Eswaran & Pope [1988b] is used in this thesis to initialize
the scalar fields. This method allows to construct a scalar field, ϕ, with a pdf which
conforms closely to a double delta function while having smooth variations. A brief
summary of this method is provided hereunder.

1. First, the Fourier amplitudes of the scalar field, Φ(k), are assigned random values
so that the scalar-energy spectrum has a specified function fϕ(k):

Φ(k) =
(

fϕ
4πk2

)1/2

exp (2πiθ(k)) (A.7)

where θ(k) is a uniformly distributed random number between 0 and 1, k is the
wave number and k = |k|. This is performed for each node of the numerical domain.

2. This scalar field is then inverse-Fourier transformed into physical space. In physical
space, the scalar value at each node is set to +1 if it is larger than the specified mean
⟨ϕ⟩, and −1 if it is smaller. This allows to obtain the double-delta distribution.

3. To smooth the previous field, the scalar field is retransformed into spectral space
and the Fourier amplitudes of the scalar are multiplied by a filter function, F (k),
defined as:

F (k) =
 1, if k ≤ kc

(k/kc)−2, if k > kc
(A.8)
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A.2 Scalar spectrum

where kc is a specified cutoff wavenumber.

4. Finally, this scalar field is inverse-Fourier transformed again to return into physical
space.

In this methodology, the function fϕ(k) is chosen to be a "top-hat" function of width
k0 centered on a selected integer wavenumber ks:

fϕ(k) =
 1, if ks − k0/2 ≤ k ≤ ks + k0/2

0, otherwise
(A.9)

Here, the parameter ks/k0 essentially determines the integral lengthscale of the scalar
field with larger values of ks/k0 yielding smaller lengthscales. The second parameter
kc/ks controls the amount of high wave number scalar energy with a higher value of kc
allowing for more high wave number energy.

The parameters used for the initial ĉY and Ẑ fields are provided respectively in Tables
A.1 and A.2. The parameters of ĉY were chosen to be the same as those in the previous
work by Minamoto [2013]. Those parameters allow for enough variations of the progress
variable field given the limited size of the numerical domain. The parameters for Ẑ were
chosen using similar considerations while ensuring that typical lengthscales for Ẑ are
larger or equal to those of ĉY as explained in section 2.2.2.

Table A.1 Parameters used to construct the initial progress variable field, ĉY .
Case k0 ks/k0 kc/ks ⟨c⟩
AZ1 1.5 2.2 0.8 0.3
AZ2 1.5 2.2 0.8 0.3
BZ1 1.5 2.2 0.8 0.3

Table A.2 Parameters used to construct the initial mixture fraction field, Ẑ.
Case k0 ks/k0 kc/ks ⟨Z⟩
AZ1 1.5 1.2 0.392 0.008
AZ2 1.5 2.2 0.4 0.008
BZ1 1.5 1.2 0.392 0.004667
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Appendix B

Description of the Chemical
Mechanism

Table B.1 and B.2 summarise the Lewis numbers and reaction steps of the proposed
modified methane-air skeletal combustion mechanism using reactions steps from Bilger
et al. [1990], Smooke & Giovangigli [1991] and Kathrotia et al. [2012]. The Lewis number
of each species have been computed using a methodology similar to the one described by
Smooke & Giovangigli [1991]. The Lewis numbers for each species are computed using

Leα = λth
ρDαcp

(B.1)

where λth is the mixture thermal conductivity, cp the mass specific heat capacity of the
mixture, ρ the mixture density and Dα the binary diffusion coefficient of the species
α. The Lewis numbers in function of temperature are presented in Fig. B.1 for each
species where it is computed for a 1D laminar premixed CH4/air stoichiometric flame at
Tr = 298K and 1 atm, using CHEMKIN-PRO.
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Description of the Chemical Mechanism

Table B.1 Lewis numbers used for each species in the MS-58 mechanism

Species Le
1 CH4 0.994
2 O2 1.110
3 H2O 0.856
4 CO2 1.392
5 H 0.179
6 O 0.708
7 OH 0.722
8 OH∗ 0.722
9 HO2 1.100
10 H2 0.298
11 CO 1.108
12 H2O2 1.107
13 HCO 1.303
14 CH3O 1.339
15 CH2O 1.313
16 CH3 1.002
17 CH2 0.980
18 CH 0.661
19 N2 1.111
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Fig. B.1 Lewis numbers in function of temperature for the species of the MS-58 mechanism.
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Description of the Chemical Mechanism

In Table B.2, the third body efficiencies are: for M1, H2O=18.6, CO2=4.2, H2=2.86,
CO = 2.11, N2=1.26, for all other species: 1.0; for M2, H2O=5.0, for all other species:
1.0; for M3, H2=1.00, H2O = 6.50, O2 = 0.40, N2 = 0.40, for all other species: 1.0; for M4

CH4=6.5, H2O=6.5, CO2=1.5, H2 = 1.0, CO=0.75, O2=0.4 and N2=0.4. For all other
species: 1.0. Fall-off coefficient kfall = 0.0063 exp(−18000/(RT )).

Table B.2 Methane-air combustion mechanism used with OH∗ chemistry. Rate coefficients
are in the form k = AT n exp(−E/(RT )), in moles, cc and cal. units. SMOOKE,
KEE58 and KATHROTIA in the table denote the reactions from respectively Smooke &
Giovangigli [1991], Bilger et al. [1990] and Kathrotia et al. [2012].

REACTION A n E Source
1 CH4(+M4) → CH3 + H(+M4) 6.30E+14 0.000 104000.0 SMOOKE
2 CH3 + H(+M4) → CH4(+M4) 5.20E+12 0.000 -1310.0 SMOOKE
3 CH4 + H → CH3 + H2 2.20E+04 3.000 8750.0 SMOOKE
4 CH3 + H2 → CH4 + H 9.57E+02 3.000 8750.0 SMOOKE
5 CH4 + OH → CH3 + H2O 1.60E+06 2.100 2460.0 SMOOKE
6 CH3 + H2O → CH4 + OH 3.02E+05 2.100 17422.0 SMOOKE
7 CH3 + O → CH2O + H 6.80E+13 0.000 0.0 SMOOKE
8 CH2O + H → HCO + H2 2.50E+13 0.000 3991.0 SMOOKE
9 CH2O + OH → HCO + H2O 3.00E+13 0.000 1195.0 SMOOKE
10 HCO + H → CO + H2 4.00E+13 0.000 0.0 SMOOKE
11 HCO + M → CO + H + M 1.60E+14 0.000 14700.0 SMOOKE
12 CH3 + O2 → CH3O + O 7.00E+12 0.000 25652.0 SMOOKE
13 CH3O + H → CH2O + H2 2.00E+13 0.000 0.0 SMOOKE
14 CH3O + M → CH2O + H + M 2.40E+13 0.000 28812.0 SMOOKE

15 H + O2 ↔ OH + O 5.13E+16 -0.816 16507. KEE58
16 O + H2 ↔ OH + H 1.80E+10 1.000 8826. KEE58
17 OH + H2 ↔ H2O + H 1.17E+09 1.300 3626. KEE58
18 2OH ↔ O + H2O 6.00E+08 1.300 0. KEE58
19 H + O2 + M1 ↔ HO2 + M1 3.61E+17 -0.720 0. KEE58
20 H + HO2 ↔ 2OH 1.40E+14 0.000 1073. KEE58
21 H + HO2 ↔ H2 + O2 1.25E+13 0.000 0. KEE58
22 OH + HO2 ↔ H2O + O2 7.50E+12 0.000 0. KEE58
23 CO + OH ↔ CO2 + H 1.51E+07 1.300 -758. KEE58
24 CH3 + OH ↔ CH2 + H2O 1.50E+13 0.000 5000. KEE58
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25 CH3 + H ↔ CH2 + H2 9.00E+13 0.000 15100. KEE58
26 CH2 + H ↔ CH + H2 1.40E+19 -2.000 0. KEE58
27 CH2 + OH ↔ CH2O + H 2.50E+13 0.000 0. KEE58
28 CH2 + OH ↔ CH + H2O 4.50E+13 0.000 3000. KEE58
29 CH + O2 ↔ HCO + O 3.30E+13 0.000 0. KEE58
30 CH + O ↔ CO + H 5.70E+13 0.000 0. KEE58
31 CH + OH ↔ HCO + H 3.00E+13 0.000 0. KEE58
32 CH + CO2 ↔ HCO + CO 3.40E+12 0.000 690. KEE58
33 CH2 + CO2 ↔ CH2O + CO 1.10E+11 0.000 1000. KEE58
34 CH2 + O ↔ CO + H + H 3.00E+13 0.000 0. KEE58
35 CH2 + O ↔ CO + H2 5.00E+13 0.000 0. KEE58
36 CH2 + O2 ↔ CO2 + H + H 1.60E+12 0.000 1000. KEE58
37 CH2 + O2 ↔ CH2O + O 5.00E+13 0.000 9000. KEE58
38 CH2 + O2 ↔ CO2 + H2 6.90E+11 0.000 500. KEE58
39 CH2 + O2 ↔ CO + H2O 1.90E+10 0.000 -1000. KEE58
40 CH2 + O2 ↔ CO + OH + H 8.60E+10 0.000 -500. KEE58
41 CH2 + O2 ↔ HCO + OH 4.30E+10 0.000 -500. KEE58
42 HO2 + HO2 ↔ H2O2 + O2 2.00E+12 0.000 0. KEE58
43 H2O2 + M ↔ OH + OH + M 1.30E+17 0.000 45500. KEE58
44 H2O2 + OH ↔ H2O + HO2 1.00E+13 0.000 1800. KEE58
45 H + OH + M2 ↔ H2O + M2 1.60E+22 -2.000 0. KEE58
46 H + H + M ↔ H2 + M 1.00E+18 -1.000 0. KEE58

47 H + O + M3 ↔ M3 + OH∗ 1.50E+13 0.000 5975.0 KATHROTIA
48 CH + O2 ↔ CO + OH∗ 1.80E+11 0.000 0.0 KATHROTIA
49 OH∗ + H2O ↔ OH + H2O 5.93E+12 0.500 -860.0 KATHROTIA
50 OH∗ + H2 ↔ OH + H2 2.95E+12 0.500 -444.0 KATHROTIA
51 OH∗ + N2 ↔ OH + N2 1.08E+11 0.500 -1242.0 KATHROTIA
52 OH∗ + OH ↔ OH + OH 6.01E+12 0.500 -764.0 KATHROTIA
53 OH∗ + H ↔ OH + H 1.31E+12 0.500 -167.0 KATHROTIA
54 OH∗ ↔ OH 1.45E+06 0.000 0.0 KATHROTIA
55 OH∗ + O2 ↔ OH + O2 2.10E+12 0.500 -478.0 KATHROTIA
56 OH∗ + CO2 ↔ OH + CO2 2.75E+12 0.500 -968.0 KATHROTIA
57 OH∗ + CO ↔ OH + CO 3.23E+12 0.500 -787.0 KATHROTIA
58 OH∗ + CH4 ↔ OH + CH4 3.36E+12 0.500 -635.0 KATHROTIA
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Description of the Chemical Mechanism

The sensitivity of the ignition delay time to the various chemical steps has been
assessed and is shown in Fig. B.2. This analysis has been performed for the mixture of
cases AZ1 and AZ2 (see Table 2.1) for a mixture with an equivalence ratio of ϕ = 0.8
(which is the mean equivalence ratio for those cases). This is done using a 0D adiabatic
homogeneous reactor with CANTERA. The mixture for case BZ1 yields similar results.
This figure highlights the importance of reactions involving the radicals, H, O, OH and
CH2O on the ignition of MILD combustion mixture.

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4
∂ ln τign
∂ lnKi

CH3 + O2 → CH3O + O

H + O2 ↔ O + OH

CH4 + H → CH3 + H2

CH4 (+M) → CH3 + H (+M)

CH3 + H (+M) → CH4 (+M)

CH3 + O → CH2O + H

OH ↔ H2O + O

CH4 + OH → CH3 + H2O

CH3 + H2 → CH4 + H

CH3 + H2O → CH4 + OH

Fig. B.2 Sensitivity of the autoignition delay time to the 10 most important reactions in
the MS-58 mechanism.
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