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type of regulariser is considered, which encompasses total variation (TV), total
generalised variation (TGV) and infimal-convolution total variation (ICTV). We

,Ilfjsflj O\;dr;tion prove that under certain conditions on the given data optimal parameters derived
Total generalised variation by bilevel optimisation problems exist. A crucial point in the existence proof turns
Bi-level optimisation out to be the boundedness of the optimal parameters away from 0 which we prove
Optimality in this paper. The analysis is done on the original — in image restoration typically
Parameter choice non-smooth variational problem — as well as on a smoothed approximation set

in Hilbert space which is the one considered in numerical computations. For the
smoothed bilevel problem we also prove that it I" converges to the original problem
as the smoothing vanishes. All analysis is done in function spaces rather than on

the discretised learning problem.
© 2015 The Authors. Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper we consider the general variational image reconstruction problem that, given parameters
a=(ag,...,an), N > 1, aims to compute an image

Uq € argmin J(u; ).
ueX

The image depends on « and belongs in our setting to a generic function space X. Here J is a generic
energy modelling our prior knowledge on the image u,,. The quality of the solution u,, of variational imaging
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approaches like this one crucially relies on a good choice of the parameters . We are particularly interested
in the case

N
J(us ) = D(Ku) + Y ayllAjull;,

=1

with K a generic bounded forward operator, ® a fidelity function, and A; linear operators acting on u. The
values Aju are penalised in the total variation or Radon norm ||u|; = [|¢t[| p(r™i), and combined constitute
the image regulariser. In this context, a represents the regularisation parameter that balances the strength
of regularisation against the fitness ® of the solution to the idealised forward model K. The size of this
parameter depends on the level of random noise and the properties of the forward operator. Choosing it too
large results in over-regularisation of the solution and in turn may cause the loss of potentially important
details in the image; choosing it too small under-regularises the solution and may result in a noisy and
unstable output. In this work we will discuss and thoroughly analyse a bilevel optimisation approach that
is able to determine the optimal choice of o in J(; ).

Recently, bilevel approaches for variational models have gained increasing attention in image processing
and inverse problems in general. Based on prior knowledge of the problem in terms of a training set of
image data and corresponding model solutions or knowledge of other model determinants such as the noise
level, optimal reconstruction models are conceived by minimising a cost functional — called F' in the sequel
— constrained to the variational model in question. We will explain this approach in more detail in the next
section. Before, let us give an account of the state of the art of bilevel optimisation for model learning. In
machine learning bilevel optimisation is well established. It is a supervised learning method that optimally
adapts itself to a given dataset of measurements and desirable solutions. In [41,42,28,29,18,19], for instance
the authors consider bilevel optimisation for finite dimensional Markov random field (MRF) models. In
inverse problems the optimal inversion and experimental acquisition setup is discussed in the context of
optimal model design in works by Haber, Horesh and Tenorio [34,32,33], as well as Ghattas et al. [13,8].
Recently parameter learning in the context of functional variational regularisation models also entered the
image processing community with works by the authors [23,14], Kunisch, Pock and co-workers [37,17] and
Chung et al. [20]. A very interesting contribution can be found in a preprint by Fehrenbach et al. [31] where
the authors determine an optimal regularisation procedure introducing particular knowledge of the noise
distribution into the learning approach.

Apart from the work of the authors [23,14], all approaches for bilevel learning in image processing so far
are formulated and optimised in the discrete setting. Our subsequent modelling, analysis and optimisation
will be carried out in function space rather than on a discretisation of the variational model. In this context,
a careful analysis of the bilevel problem is of great relevance for its application in image processing. The
structure of optimal regularisers is important, among others, for the development of solution algorithms.
In particular, if the parameters are bounded and lie in the interior of a closed connected set, then efficient
optimisation methods can be used for solving the problem. Previous results on optimal parameters for
inverse problems with partial differential equations have been obtained in, e.g., [16].

In this paper we study the qualitative structure of regularisation parameters arising as solutions from the
bilevel optimisation of variational models. In our framework the variational models are typically convex but
non-smooth and posed in Banach spaces. The total variation and total generalised variation regularisation
models are particular instances. Alongside the optimisation of the non-smooth variational model, we also
consider a smoothed approximation in Hilbert space which is typically the one considered in numerical
computation. Under suitable conditions, we prove that — for both the original non-smooth optimisation
problem as well as the regularised Hilbert space problem — the optimal regularisers are bounded and lie
in the interior of the positive orthant. The conditions necessary to prove this turn out to be very natural
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conditions on the given data in the case of an L? cost functional F. Indeed, for the total variation regularisers
with L2?-squared cost and fidelity, we will merely require

TV(f) > TV(fo),

with fy the ground-truth and f the noisy image. That is, the noisy image should oscillate more in terms of
the total variation functional, than the ground-truth. For second-order total generalised variation [11], we
obtain an analogous condition. Apart from the standard L? costs, we also discuss costs that constitute a
smoothed L' norm of the gradient of the original data — we will call this the Huberised total variation cost
in the sequel — typically resulting in optimal solutions superior to the ones minimising an L? cost. For this
case, however, the interior property of optimal parameters could be verified for a finite dimensional version
of the cost only. Eventually, we also show that as the numerical smoothing vanishes the optimal parameters
for the smoothed models tend to optimal parameters of the original model.

The results derived in this paper are motivated by problems in image processing. However, their applica-
bility goes well beyond that and can be generally applied to parameter estimation problems of variational
inequalities of the second kind, for instance the parameter estimation problem in Bingham flow [22]. Previ-
ous analysis in this context either required box constraints on the parameters in order to prove existence of
solutions or the addition of a parameter penalty to the cost functional [3,6,7,23]. In this paper, we require
neither but rather prove that under certain conditions on the variational model and for reasonable data
and cost functional, optimal parameters are indeed positive and guaranteed to be bounded away from 0
and oco. As we will see later this is enough for proving existence of solutions and continuity of the solution
map. The next step from our work in this here is deriving numerically useful characterisations of solutions
to the ensuing bi-level programs. For the most basic problems considered herein this has been done in [23]
under numerical H' regularisation. We will consider in the follow-up work [24] the optimality conditions
for higher-order regularisers and the new cost functionals introduced in this work. For an extension charac-
terisation of optimality systems for bi-level optimisation in finite dimensions, we point the reader to [27] as
a starting point.

Outline of the paper In Section 2 we introduce the general bilevel learning problem, stating assumptions on
the setup of the cost functional F' and the lower level problem given by a variational regularisation approach.
The bilevel problem is discussed in its original non-smooth form (P) as well as in a smoothed form in a
Hilbert space setting (P7¢) in Section 2.2, that will be the one used in the numerical computations. The
bilevel problem is put in context with parameter learning for non-smooth variational regularisation models,
typical in image processing, by proving the validity of the assumptions for examples such as TV, TGV
and ICTV regularisation. The main results of the paper — existence of positive optimal parameters for L2,
Huberised TV and L' type costs and the convergence of the smoothed numerical problem to the original
non-smooth problem — are stated in Section 3. Auxiliary results, such as coercivity, lower semicontinuity
and compactness results for the involved functionals, is the topic of Section 4. Proofs for existence and
convergence of optimal parameters are contained in Section 5. The paper finishes with a brief numerical
discussion in Section 6.

2. The general problem setup

Let Q C R™ be an open bounded domain with Lipschitz boundary. This will be our image domain.
Usually Q = (0,w) x (0,h) for w and h the width and height of a two-dimensional image, although no
such assumptions are made in this work. Our noisy or corrupted data f is assumed to lie in a Banach
space Y, which is the dual of Y, while our ground-truth fy lies in a general Banach space Z. Usually, in
our model, we choose Z = Y = L?({;R%). This holds for denoising or deblurring, for example, where the
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data is just a corrupted version of the original image. Further d = 1 for grayscale images, and d = 3 for
colour images in typical colour spaces. For sub-sampled reconstruction from Fourier samples, we might use
a finite-dimensional space Y = C™ — there are however some subtleties with that, and we refer the interested
reader to [1].

As our parameter space for regularisation functional weights we take

Pac =0, 00]",

where N is the dimension of the parameter space, that is @ = (aq,...,an), N > 1. Observe that we allow
infinite and zero values for . The reason for the former is that in case of TGV?, it is not reasonable to
expect that both oy and ay are bounded; such conditions would imply that TGV? performs better than
both TV? and TV. But we want our learning algorithm to find out whether that is the case! Regarding
zero values, one of our main tasks is proving that for reasonable data, optimal parameters in fact lie in the
interior

int P2° = (0, 00]™.

This is required for the existence of solutions and the continuity of the solution map parametrised by
additional regularisation parameters needed for the numerical realisation of the model. We also set

N
Po :=10,00)
for some occasions when we need a bounded parameter.

Remark 1. In much of our treatment, we could allow for spatially dependent parameters a. However, the
parameters would need to lie in a finite-dimensional subspace of Cy(€2;RY) in our theory. Minding our
general definition of the functional J7%(-;a) below, no generality is lost by taking o to be vectors in RY.
We could simply replace the sum in the functional as a larger sum modelling integration over parameters
with values in a finite-dimensional subspace of Cp(Q; RY).

In our general learning problem, we look for a = (a1,...,an) solving for some convex, proper, weak™*
lower semicontinuous cost functional ' : X — R the problem

in F(ug p
o F(ua) (P)
subject to
Uq € argmin J(u; o), (Do)
ueX
with

N
J(us @) := Q(Ku) + Y | Ajul ;.

Jj=1

Here we denote for short the total variation norm

lully = Nl meemmsy, (b € M(Q;R™)).

The following covers our assumptions with regard to A, K, and ®. We discuss various specific examples in
Section 2.1 immediately after stating the assumptions.



468 J.C. De Los Reyes et al. / J. Math. Anal. Appl. 434 (2016) 464-500

Assumption A-KA (Operators A and K ). We assume that Y is a Banach space, and X a normed linear
space, both themselves duals of Y, and X, respectively. We then assume that the linear operators

Aj: X - M(;R™), (j=1,...,N),
and
K:X—>Y,

are bounded. Regarding K, we also assume the existence of a bounded a right-inverse KT : R(K) — X,
where R(K) denotes the range of the operator K. That is, KK = I on R(K). We further assume that

N

lull’y == [145ull; + [ Kully (1)
=1

is a norm on X, equivalent to the standard norm. In particular, by the Banach—Alaoglu theorem, any
sequence {u’}°; C X with sup, ||u’]|’y < oo possesses a weakly* convergent subsequence.

Assumption A-® (The fidelity ®). We suppose ® : Y — (—o00,00] is convex, proper, weakly* lower semi-
continuous, and coercive in the sense that

D(v) = 400 as ||v]|ly — +oo. (2)

We assume that 0 € dom @, and the existence of f € argmin, oy ®(v) such that f = K f for some f € X.
Finally, we require that either K is compact, or ® is continuous and strongly convex.

Remark 2. When f exists, we can choose f = K1 f.
Remark 3. Instead of 0 € dom ®, it would suffice to assume, more generally, that dom ® N ﬂjvzl ker A; # 0.

We also require the following technical assumption on the relationship of the regularisation terms and the
fidelity ®. Roughly speaking, in most interesting cases, it says that for each ¢, we can closely approximate
the noisy data f with functions fs5, of “order £”. The order here is not directly in terms of derivatives, but
as defined by the operators {A4,} through the conditions (3): f5; = 0 for j # ¢, so there is no information
at other orders, while Ay f5, is bounded, so the information at order ¢ is bounded.

Assumption A-d (Order reduction). We assume that for every £ € {1,..., N} and ¢ > 0, there exists fg,@ eX
such that

O(K f50) < 0 +inf @, (3a)
[Acfselle < oo, and, (3b)
> 1A foell; = 0. (3¢)

J#L

Example 1 (Orders related to TGV? and ICTV ). For ICTV, as formulated in Example 6, “order 2” means
that fso € BV?(Q), while “order 1” means f5; € BV(Q2). For the definition of BV?(Q), we refer to [26].
For TGV?, as formulated in Example 5, “order 1”7 is likewise BV(Q), but “order 2” is the space of functions
fs.2 € WH1(Q), such that V f52 € BD(Q).
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2.1. Specific examples

We now discuss a few examples to motivate the abstract framework above.

Example 2 (Squared L? fidelity). With Y = L?(Q), f € Y, and

1
o(v) = 3o = fI},

we recover the standard L2?-squared fidelity, modelling Gaussian noise. On a bounded domain €2, Assump-
tion A-® follows immediately.

With fidelity functionals as in Example 2, the operator K has a double-role in (D,). It models any
forward operator T', such as a blurring kernel or a sub-sampled Fourier transform, but also acts to extract
the interesting components of u in the correct space. In its latter role, the operator is also required within F'.
We therefore introduce the operator K for that purpose. Then for denoising we want to take K = Ky, but
for other image processing tasks, we would combine this with the forward operator T', taking K = T K.

Example 3 (Cost functionals). For the cost functional F, given noise-free data fo € Z = L?(Q), we consider
in particular the L? cost

1
FL%(U) = §||f0 - KOUH%Z(Q);
as well as the Huberised total variation cost

Friv(u) == [|D(fo — Kou)lly

with noise-free data fo € Y := BV(Q). For the definition of the Huberised total variation, we refer to
Section 2.2 on the numerics of the bi-level framework (P). In the numerical counterpart [24] to the present
paper, we have observed that the Huberised total variation cost produces improved results compared to the
L? cost when measured with the SSIM [46], while having the advantage of being convex unlike the SSIM.

Example 4 (Total variation denoising). We take Ky as the embedding of X = BV(Q)NL?() into Z = L%(9),
and A; = D. We equip X with the norm

lullx = |lullz2(q) + [[Dull m(esrn)-

This makes Ky a bounded linear operator. If the domain 2 has Lipschitz boundary, and the dimension
satisfies n € {1,2}, the space BV(Q) continuously embeds into L2(£2) [2, Corollary 3.49]. Therefore, we may
identify X with BV(£2) as a normed space. Otherwise, if n > 3, without going into the details of constructing
X as a dual space,’ we define weak* convergence in X as combined weak* convergence in BV(2) and L?(Q).
Any bounded sequence in X will then have a weak* convergent subsequence. This is the only property we
would use from X being a dual space.

Now, combined with Example 2 and the choice K = Ky, Y = Z, we get total variation denoising for the
sub-problem (D). Assumption A-KA holding is immediate from the previous discussion. Assumption A-§
is also easily satisfied, as with f € BV(Q) N L?(Q), we may simply pick fs; = f for the only possible
case £ = 1. Observe however that K is not compact unless n = 1, see [2, Corollary 3.49], so the strong

! This can be achieved by allowing ¢o € L?(Q) instead of the Co(f2) in the construction of [2, Remark 3.12].
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convexity of ® is crucial here. If the data f € L°°(Q), then it is well-known that solutions @ to (D)
satisfy [0 (q) < || f|lLe (). We could therefore construct a compact embedding by adding some artificial
constraints to the data f. This changes in the next two examples, as boundedness of solutions for higher-order
regularisers is unknown; see also [43].

Example 5 (Second order total generalised variation denoising). We take
X = (BV(Q) N L*(Q)) x BD(Q),
the first part with the same topology as in Example 4. We also take Z = L?()), denote u = (v, w), and set
Ko(v,w)=v, Aju=Dv—w, and Ayu=Fw

for E the symmetrised differential. With K = Ky and Y = Z, this yields second-order total generalised
variation (TGV?) denoising [11] for the sub-problem (D, ). Assuming for simplicity that a;,as > 0 are
constants, to show Assumption A-KA, we recall from [12] the existence of a constant ¢ = ¢(€2) such that

Ml < vl @) + 1DVl sz < cllvllsyie),

where the norm

[vllBvie) = TGV 1y () + vl )
We may thus approximate
[wlz1(@rn) < [[Dv — wl| pmearn) + [ DV mesrn)
< | Dv — wl| pmeamny + ¢(TGVE 1) () + [[ull o)

< (L4 ([I1Dv = wlpm@rny + 1B pm@mnxny) + cllvllLio)-
For some C > 0, it follows

lullx = (lvllL2) + 1Dl amesrn)) + (Jwll L @rny + [1Bw|| pmoraxn))
< C (IDv — wl mearr) + 1Bw|| pmesrnxny + 10l L2@))
N
=C (Z [ Ajull; + ||KU||L2(Q)> :
=1

This shows |Ju||x < C||lul/’x. The inequality ||u||x > ||u|’y follows easily from the triangle inequality, namely
[ullx > l[vllz2@) + 1DV — wlmerny + [Ewl pmoirnxny-

Thus || - ||y is equivalent to || - ||x.
Next we observe that clearly Dv* —w* = Dv—w in M(;R") and Ew* = Ew in M(;R™*") if o% = o
in BV(Q2) and w* = w weakly* in BD(Q). Thus A; and A, are weak* continuous. Assumption A-KA follows.
Consider then the satisfaction of Assumption A-0. If £ = 1, we may then pick f(;)l = (f,0), in which case
Aifsi = Df, and Asfs1 = 0. If £ = 2, which is the only other case, we may pick a smooth approximate
fs,2 to f such that

1
§Hf — fs2llfa) <0
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Then we set f_§)2 = (fs,2, Vfs52), yielding Alfm =0 and A2f5,2 = V2 f52. By f52 being smooth we see that
| A2 fs5.2|lm < oo. Thus Assumption A-J is satisfied for the squared L? fidelity ®(v) = ||f — U||%2(Q).

Example 6 (Infimal convolution TV denoising). Let us take Z = L?(2), and X = (BV(Q) N L3(Q)) x Xo,
where

X, :={v e WH(Q) | Vv € BV(Q;R™)},
and BV(Q) N L?() again has the topology of Example 4. Setting u = (v, w), as well as
Ko(v,w)=v+w, Aju=Dv, and Asu= DVuw,

we obtain for (D,) with K = Ky and Y = Z the infimal convolution total variation denoising model of [15].
Assumptions A-KA, A-§, and A-H are verified analogously to TGV? in Example 5.

Example 7 (Deblurring and sub-sampled Fourier transforms for MRI). Let Ky and the A;s be given by one
of the regularisers of Example 4 to Example 6. Also take the cost F' = F| 1z or F L1V as in Example 3, and
& as the squared L? fidelity of Example 2. However, let us now take K = TK, for some bounded linear
operator T : Z — Y. The operator T' could be, for example, a blurring kernel or a (sub-sampled) Fourier
transform, in which case we obtain a model for learning the parameters for deblurring or reconstruction
from Fourier samples. The latter would be important, for example for magnetic resonance imaging (MRI)
[5,44,45]. Unfortunately, our theory does no extend to many of these cases because we will require, roughly,
KKy < CK*K for some constant C' > 0. In other words, the cost functional cannot see what the fidelity
does not.

Example 8 (Parameter estimation in Bingham flow). Bingham fluids are materials that behave as solids if
the magnitude of the stress tensor stays below a plasticity threshold, and as liquids if that quantity surpasses
the threshold. In a cross sectional pipe, of section €2, the behaviour is modelled by the energy minimisation
functional

L
min —

min Bl ) = (oo + o [ 19 do. @
ucti

Q

where 1 > 0 stands for the viscosity coefficient, « > 0 for the plasticity threshold and f € H=(Q). In
many practical situations, the plasticity threshold is not known in advance and has to be estimated from
experimental measurements. One then aims at minimising a least squares term

1
Frz = 5“” — foll 220
subject to (4).

The bilevel optimisation problem can then be formulated as problem (P)—(D,), with the choices X =
Y = H}(Q), K the identity, Ay = D and

7]
P(v) = 5“””%13(9) - (f|U)H—1(Q),H3(Q)'

Concentrating in the rest of this paper primarily on image processing applications, we will however briefly
return to Bingham flow in Example 13.



472 J.C. De Los Reyes et al. / J. Math. Anal. Appl. 434 (2016) 464-500

2.2. Considerations for numerical implementation

For the numerical solution of the denoising sub-problem, we will in a follow-up work [24] expand upon the
infeasible semi-smooth quasi-Newton approach taken in [35] for L2-TV image restoration problems. This
depends on Huber-regularisation of the total variation measures, as well as enforcing smoothness through
Hilbert spaces. This is usually done by a squared penalty on the gradient, i.e., H' regularisation, but we
formalise this more abstractly in order to simplify our notation and arguments later on. Therefore, we take
a convex, proper, and weak* lower-semicontinuous smoothing functional H : X — [0, 00|, and generally
expect it to satisfy the following.

Assumption A-H (Smoothing). We assume that 0 € dom H and for every § > 0, every a € P3°, and every
u € X, the existence of u’ € X satisfying

H(u’) <oo and J(u’;a) < J(u;a)+4. (5)
Example 9 (H' smoothing in BV(Q2)). Usually, with H}(Q;R™) N X # 0, we take

H(u) == { 3IVullfe(qpmxny, u € Hl'(Q;Rm) nX,
0, otherwise.

This is in particular the case with Example 4 (TV), where X = BV(Q) N L*(Q) D H*(Q), and Example 5
(TGV?), where X = (BV(Q2) N L*(Q)) x BD() > H(Q) x H'(Q;R") on a bounded domain Q. In both
of these cases, weak* lower semicontinuity is apparent; for completeness we record this in Lemma 1 in
Section 4.2. In case of Example 4, (5) is immediate from approximating u strictly by functions in C*°(Q2)
using standard strict approximation results in BV(£2) [2]. In case of Example 5, this also follows by a simple
generalisation of the same argument to TGV-strict approximation, as presented in [43,10].

For parameters € > 0 and ~ € (0, 00|, we then consider the problem

min Pl (P7)
where uq . € X NdomeH solves
1%12 JV(u; a) (D7)
for
N
T (s ) = eH(u) + O(Ku) + 3 al| Ajul .
j=1

Here we denote for short the Huber-regularised total variation norm

el = il aaamsys (1 € M(R™S)),

as given by the following definition. There we interpret v = oo to give back the standard unregularised total
variation measure. Clearly J>¥ = .J, and (D,,) corresponds to (D7) and (P) to (P”“) with (v, €) = (o0, 0).
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Definition 1. Given «y € (0, o0], we define for the norm || - ||z on R™, the Huber regularisation

| | :{HQHQ_%a ||g||221/77
T L 3lgl, lgll2 < 1/7.

We observe that this can equivalently be written using convex conjugates as

1
algly = sup{(4.9) ~ 5 lal | lall2 < o . ©)

Then if u = fL"™ 4+ p* is the Lebesgue decomposition of u € M(€2; R™) into the absolutely continuous part
fL™ and the singular part p°, we set

Il (V) = / |f(x)]ydz+ |p®[(V), (V C Q Borel-measureable).
1%

The measures |u|, is the Huber-regularisation of the total variation measures |u|, and we define its Radon
norm as the Huber regularisation of the Radon norm of pu, that is

i 7 M(QR™) = |||M|v||M(Q;]RM)-

Remark 4. The parameter « varies in the literature. In this paper, we use the convention of [23], where
large v means small Huber regularisation. In [35], small v means small Huber regularisation. That is, their
regularisation parameter is 1/ in our notation.
2.3. Shorthand notation

Writing for notational lightness

Au = (Aru, ..., Ayu),

and
N
R’Y(,U/la s HUN7O[) = Za]HMJ”’Y,jv R(',Oé) = ROO(.ya)’
j=1

our problem (P7¢) becomes

min F(u,) subject to u, € argminJ”(u; @)
aeP u€X

for
JV(u; ) = eH (u) + ®(Ku) + RY(Au; o).
Further, given a € P,, we define the “marginalised” regularisation functional

T'(vie) = _inf, R(Ava), T(:;a)=T(";a) (™)



474 J.C. De Los Reyes et al. / J. Math. Anal. Appl. 434 (2016) 464-500

Here K ~! stands for the preimage, so the constraint is ¥ € X with v = Kv. Then in the case (7, €) = (o0, 0)
and F' = Fj o K, our problem may also be written as

in Fq
2Ry Folve)

subject to

Vo € argmin ®(v) + T'(v; o).
veY

This gives the problem a much more conventional flair, as the following examples demonstrate.

Example 10 (TV as a marginal). Consider the total variation regularisation of Example 4. Then Ay = D,
N =1, and

T(v;a) = R(Av; ) = o TV (v).

Example 11 (TGV? as a marginal). In case of the TGV? regularisation of Example 5, we have K (v, w) = v
and KTv = (v,0). Thus KKTf = f, etc., so

T(v;a) = inf R(Dv—w, Bw;a) = TGV (v).
(v; @) we}BnD(Q)R( v —w, Bw; @) GV, (v)

3. Main results

Our task now is to study the characteristics of optimal solutions, and their existence. Our results, based
on natural assumptions on the data and the original problem (P), derive properties of the solutions to
this problem and all numerically regularised problems (P7:¢) sufficiently close to the original problem: large
v > 0 and small € > 0. We denote by g, any solution to (D7) for any given a € P,, and by a. . any
solution to (P7:). Solutions to (D, ) and (P) we denote, respectively, by 1 = Uq 00,0, a0d & = Qo 0.

3.1. L?-squared cost and L?-squared fidelity

Our main existence result regarding L?-squared costs and L?-squared fidelities is the following.

Theorem 1. Let Y and Z be Hilbert spaces, F(u) = 1| Kou — fol|%, and ®(v) = %||f — v[|} for some

f e R(K), fo € Z, and a bounded linear operator Ko : X — Z satisfying
| Koullz < Co||Kully, forallue X for some constant Cy > 0. (8)
Suppose Assumptions A-KA and A-6 hold. If for some & € int P, and t € (0,1/Cy] holds
T(f;a) > T(f — t(Ko KN (KoK f — fo); a), (9)

then problem (P) admits a solution & € int P3°.
If, moreover, Assumption A-H holds, then there exist 4 € (0,00) and € € (0,00) such that the problem
(P7€) with (y,€) € [¥,00] x [0, €] admits a solution o, € int P°, and the solution map

o

S(v,€) :=argmin F(uq,y,e)
a€EP

is outer semicontinuous within [, oo] x [0, €]
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We prove this result in Section 5. Outer semicontinuity of a set-valued map S : R¥ = R™ means [39]
that for any convergent sequence ¥ — z and S(z*) > y* — y, we have y € S(x). In particular, the outer
semicontinuity of & means that as the numerical regularisation vanishes, the optimal parameters for the
regularised models (P7¢) tend to optimal parameters of the original model (P).

Remark 5. Let Z =Y and Ky = K in Theorem 1. Then (9) reduces to
T(f;a) > T(fo; @). (10)

Also observe that our result requires, ® o K to measure all the data that F' measures, in the more precise
sense given by (8). If (8) did not hold, an oscillating solution u, for a € 9P, could largely pass through
the nullspace of K, hence have low value for the objective J of the inner problem, yet have a large cost
given by F.

Corollary 1 (Total variation Gaussian denoising). Suppose f, fo € BV(Q) N L?(Q), and
TV(f) > TV(fo)- (11)

Then there exist €,7 > 0 such that any optimal solution o . to the problem

1 2
Qe € argmin —|| fo — Uq .| 12(9)
a>0 2

with

o1 €
taye € argmin (515 = ulfa(a) + allDullyae + SIVOlE @ )

ueEBV(Q)
satisfies o, > 0 whenever € € [0, €], v € [y, 00].

That is, for the optimal parameter to be strictly positive, the noisy image f should, in terms of the total
variation, oscillate more than the noise-free image fy. This is a very natural condition: if the noise somehow
had smoothed out features from fj, then we should not smooth it anymore by TV regularisation!

Proof. Assumptions A-KA, A-§, and A-H we have already verified in Example 4. We then observe that
Ky = K, so we are in the setting of Remark 5. Following the mapping of the TV problem to the general
framework using the construction in Example 4, we have K = I and KT = I embeddings with Y = L?(Q).
KT is bounded on R(K) = L?*(Q2) N BV(Q). Moreover, by Example 10, T(v;a) = aTV(v). Thus (10) with
the choice ¢t = 1 reduces to (11). O

For TGV? we also have a very natural condition.

Corollary 2 (Second-order total generalised variation Gaussian denoising). Suppose that the data f, fo €
L?*(Q) NBV(Q) satisfies for some as > 0 the condition

TGV?OQ,l)(f) > TGV%&Q,l)(fO)' (12)

Then there exist €,5 > 0 such that any optimal solution vy ¢ = ((ay.e)1, (Cty,e)2) to the problem

1 2
Qy e € argmin - ||f0 — Va,y,ellL2(0)
a>0 2



476 J.C. De Los Reyes et al. / J. Math. Anal. Appl. 434 (2016) 464-500
with

. 1
(Vo Warye) € argmin (S11f = vlEzq) + a1l Dv = wlly e + ozl Bwlly
vEBV(Q) 2
wEBD(Q)

€

T3

(70, V) oy )

satisfies (0y,e)1, (y,e)2 > 0 whenever € € [0, €], v € [, 00].

Proof. Assumptions A-KA, A-§, and A-H we have already verified in Example 5. We then observe that
Ky = K, so we are in the setting of Remark 5. By Example 11, T'(v;a) = TGV% (v). Finally, similarly to
(11), we get for (10) with ¢ = 1 the condition (12). O

Example 12 (Fourier reconstructions). Let Ky be given, for example as constructed in Example 4 or Ex-
ample 5. If we take K = FKj for F the Fourier transform — or any other unitary transform — then (8) is
satisfied and KT = KJF*. Thus (9) becomes

T(f;0) > T(f = KK F*) (KoK F™ f = fo); @).
With F*f, fo € R(Kp) and t = 1 this just reduces to
T(f;a) > T(F fo;@).

Unfortunately, our results do not cover parameter learning for reconstruction from partial Fourier samples
exactly because of (8). What we can do is to find the optimal parameters if we only know a part of the
ground-truth, but have full noisy data.

3.2. Huberised total variation and other L'-type costs with L?-squared fidelity

We now consider the alternative “Huberised total variation” cost functional from Example 3. Unfortu-
nately, we are unable to derive for FL}?V easily interpretable conditions as for the Fpz. The workaround is
to “discretise” the norm, in the sense of testing only with a finite number of test functions. To be precise,
recall that

Friv(u) = D(fo — Kou)ly,

where

1
il = sup  (pl) — —l§ll2mrn)-
! €0 (QR™), 2n (R
[[€lI<1

The idea is to replace the set of test functions £ by a finite set

V={&,...,&u} C{E € CZ (R | [I€]] < 1}

That is, we approximate F LV by

1
FX;V(U) := sup(plf) — 2_H£HL2(Q;R")a where = D(fy — Kou).
cev n
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Choosing V suitably, this amounts to taking the finite-dimensional Huberised 1-norm of a discretised gra-
dient of fo — Kou.

To study bi-level optimisation problems with the cost F Xl; v, we rewrite the functional using a generic
Huberised L'-cost

2
Z*

Fri(z):= sup (Mz—fo)— %”M

! I\l z+ <1

on a reflexive Banach space Z, for some ]?0 € Z. Indeed, defining

DYy :={(=div&|v),...,(=divéy|v)}, (v e BV(Q)),
we have

FX%V = FL% oDV where ﬁ) := DV fy and Z = RM with co-norm.

Our results on F' X% v are then based on the following general result.
Theorem 2. Let Y be a Hilbert space, and Z a reflexive Banach space. Let F = FL% o Ky, and ®(v) =
1||f = v||3 for some compact linear operator Ko : X — Z satisfying (8) and f € R(K). Suppose Assump-
tions A-KA and A-5 hold. If for some & € int P, and t > 0 holds

T(f;a) > T(f — t(KoK")* Aa), A€ dFL (KoK f), (13)

then the problem (P) admits a solution & € int PS°.

If, moreover, Assumption A-H holds, then there exist ¥ € (0,00) and € € (0,00) such that the prob-
lem (P7) with (v,€) € [y,00] x [0,€] admits a solution o, € int P°, and the solution map S is outer
semicontinuous within [, 00] x [0, €.

We prove this result in Section 5.

Remark 6. If Ky = K, the condition (13) has the much more legible form

T(f;6) > T(f — tha), A€ OFw(f). (14)
Also if K is compact, then the compactness of Ky follows from (8). In the following applications, K is
however not compact for typical domains Q2 C R? or R?, so we have to make K, compact by making the

range finite-dimensional.

Corollary 3 (Total variation Gaussian denoising with discretised Huber-TV cost). Suppose that the data
satisfies f, fo € BV(Q) N L%(Q) and for some t >0 and £ € V the condition

TV(f) > TV(f +tdiv¢), —divée 8FX}lv(f). (15)
Then there exist €,7 > 0 such any optimal solution a. . to the problem
glzi%F&v(fo — Va)

with
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. /1 €
Uq € argmln(§\\f —ul[ 20 + @l Dullya + §||VU”%2(Q;R"))
uEBV(Q)

satisfies oy > 0 whenever € € [0, €], v € [, c0].

This says that for the optimal parameter to be strictly positive, the noisy image f should oscillate more
than the image f 4 tdiv¢ in the direction of the (discrete) total variation flow. This is a very natural
condition, and we observe that the non-discretised counterpart of (15) for v = oo would be

TV(f) > TV(f +tdive), &€ Sgn(Dfy—Df),
where we define for a measure p € M(Q; R™) the sign
Sen(p) :={¢ € L'(Qp) | = ¢lul}-
That is, — div £ is the total variation flow.

Proof. Analogous to Corollary 1 regarding the L? cost. Note that in the application of Theorem 2, the
operator DV is absorbed by Kj. Precisely, we take Ky = DV, while K = 1. O

For TGV? we also have an analogous natural condition.

Corollary 4 (TGV? Gaussian denoising with discretised Huber-TV cost). Suppose that the data f, fo € L*(€)
satisfies for some t,as >0 and £ € V' the condition

TGV{,,1)(f) > TGV, 1y (f +tdive), —dive € OF o (f). (16)
Then there exist €,7 > 0 such any optimal solution a~ . = ((Qy.c)1, (0ty,e)2) to the problem

. \%
min FL;v(fo — Vq)

with

yat
(vawa) € angmin (Z]1f = vl[Faga) + 0l Dv = wllya + | Bully u
vEBV(Q)
weBD(Q)

€
+ E H(VU, V’LU) H%Q(Q;Rn XRan))

satisfies (y,e)1, (y,e)2 > 0 whenever € € [0, €], v € [, 00].

Proof. Analogous to Corollary 2. Note that for the application of Theorem 2, where in the present setting
u = (v,w), we take Kgu = DVv, while Ku=v. O

4. A few auxiliary results

We record in this section some general results that will be useful in the proofs of the main results.
These include the coercivity of the functional J7:°(+; ), a), recorded in Section 4.1. We then discuss some
elementary lower semicontinuity facts in Section 4.2. We provide in Section 4.3 some new results for passing
from strict convergence to strong convergence.
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4.1. Coercivity

Observe that

N

_ _ 1
RY(p, .oy pn; @) = sup @ (Nj(?/fj) - 2_||wj||%2(ﬂ;]Rn)> :
Y, EC ([R™I xR™) "5 g

Sup,eq |19 (2)lI53<1

Thus

!

R(us0) > R () > R(pa) %wm

for some C’ = C’(&). Since Q is bounded, it follows that given 6 > 0, for large enough v > 0 and every
€ > 0 holds

J(uya) — 6 < I (uya) < IV (usa) < T (u; ). (17)

We will use these properties frequently. Based on the coercivity and norm equivalence properties in As-
sumptions A-KA and A-®, the following proposition states the important fact that J7° is coercive with
respect to || - ||y and thus also the standard norm of X.

Proposition 1. Suppose Assumptions A-KA and A-® hold, and that o € int PS°. Let € > 0 and v € (0, 00].
Then

JV(uya) = 400 as  ul|lx = Foo. (18)
Proof. Let {u’}%2, C X, and suppose sup; J7¢(u’;a) < oo. Then in particular sup, ®(Ku’) < oco. By
Assumption A-® then sup, [|[Ku'|ly < oco. But Assumption A-KA says
N
'l = D 1Al + 1 Ku'lly < I’ 0) + | Ku'lly.
j=1

This implies sup; ||u’||’y < co. By the equivalence of norms in Assumption A-KA, we immediately obtain
(18). O

4.2. Lower semicontinuity

We record the following elementary lower semicontinuity facts that we have already used to justify our
examples.

Lemma 1. The following functionals are lower semicontinuous.

(1) p = ||V — pllym with respect to weak* convergence in M(Q;RY).
(i) v = [If - UH%Z(Q;W) with respect to weak convergence in LP(S;R?) for any 1 < p < 2 on a bounded
domain €.
(iii) v = ||V(f = U)HiQ(Q;RdM) with respect to strong convergence in L'(Q; R?).
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Proof. In each case, let {v'}2°; converge to v. Denoting by G the involved functional, we write it as a
o0

convex conjugate, G(v) = sup{(v, p) — G*(¢)}. Taking a supremising sequence {¢’}3>

at any point v, we easily see lower semicontinuity by considering the sequences {(v, p’) — G*(¢7)}2; for
each j. In case (ii) we use the fact that ¢’/ € L2(;R?) C [LP(Q;R?)]* when € is bounded.

In case (i), how exactly we write G(u) = ||v — pl|y,m as a convex conjugate demands explanation. We

; for this functional

first of all recall that for g € R™, the Huber-regularised norm may be written in dual form as

.,
gl = sup{ (0.9) = S lal3 | llall < 1}

Therefore, we find that

G =swp S )~ [ Fle(@ldaly € CZ(@), suplplale <
Q

This has the required form. 0O

We also show here that the marginal regularisation functional T7( -; &) is weakly™® lower semicontinuous
on Y. Choosing K as in Example 4 and Example 5, this provides in particular a proof that TV and TGV?
are lower semicontinuous with respect to weak convergence in L?(Q) when n = 1,2.

Lemma 2. Suppose & € int P, and Assumption A-KA holds. Then TV ( ;@) is lower semicontinuous with
respect to weak® convergence in'Y, and continuous with respect to strong convergence in R(K).

Proof. Let v* =~ v weakly* in Y. By the Banach-Steinhaus theorem, the sequence is bounded in Y. From
the definition

T7 (v; @) = 17Ei11(1£11) R7(Av; ).

Therefore, if we pick ¢ > 0 and v* € K~'v* such that
RY(Av*;a) < TV (0% a) +e,
then referral to Assumption A-KA, yields for some constant ¢ > 0 the bound
et llx < [0 + RY(AT; @) < [[oF] + T7(0%;8) + €.
Without loss of generality, we may assume that

liminf 77 (v*; &) < oo,
k—o0

because otherwise there is nothing to prove. Then {#¥}2¢ | is bounded in X, and therefore admits a weakly*
convergent subsequence. Let v be the limit of this, unrelabelled, sequence. Since K is continuous, we find
that Kv = v. But R(-; @) is clearly weak* lower semicontinuous in X; see Lemma 1. Thus

T7(v;a) < RY(Av;a) < likm inf RY(Av";a) < liminf T7 (v*; @) + e
—00

k—o0

Since € > 0 was arbitrary, this proves weak™ lower semicontinuity.
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To see continuity with respect to strong convergence in R(K), we observe that if v = Ku € R(K), then
by the boundedness of the operators {Aj}j»v:l we get

T (v;&) < R (u; &) < R(u; &) < Cllull,

for some constant C' > 0. So we know that T7(-;@)|R(K) is finite-valued and convex. Therefore it is
continuous [30, Lemma [.2.1]. O

4.3. From ®-strict to strong convergence

In Proposition 3, forming part of the proof of our main theorems, we will need to pass from “®-strict
convergence” of KuF to v to strong convergence, using the following lemmas. The former means that
®(Ku*) — ®(v) and Ku* — v weakly* in Y. By strong convexity in a Banach space Y, we mean the
existence of 4 > 0 such that for every y € Y and z € 0®(y) C Y* holds

i
®y) — 0y) = (2l —v) + 5lly —vlly, W €Y),
where (z|y) denotes the dual product, and the subdifferential 0®(y) is defined by z satisfying the same
expression with v = 0. With regard to more advanced strict convergence results, we point the reader to

[25,38,36].

Lemma 3. Suppose Y is a Banach space, and ® : Y — (—o0,00] strongly conver. If v* — © € dom O®
weakly* in'Y and ®(v*) — ®(0), then v* — o strongly in Y.

Remark 7. By standard convex analysis [30], v € dom 99 if ® has a finite-valued point of continuity and
v € int dom .

Proof. We first of all note that —co < ®(9) < oo because v € dom 9P implies v € dom ®. Let us pick
z € 09(0). From the strong convexity of ®, for some v > 0 then

R oY R
O(v") = (0) = (2|v* —0) + §||Uk — 0%

Taking the limit infimum, we observe
0= ®(0) — ®(6)d > liminf 2 |v* — 02
k—oo 2
This proves strong convergence. 0O
We now use the lemma to show strong convergence of minimising sequences.

Lemma 4. Suppose ® is strongly convex, satisfies Assumption A-®, and that C C'Y is non-empty, closed,
and convex with int C N dom ® # (). Let

0 := arg min ®(v).
vel

If {o*}22, C Y with limy_,o ®(v*) = ®(D), then v¥ — d strongly in Y.
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Proof. By the strict convexity of ®, implied by strong convexity, and the assumptions on C', ¥ is unique and
well-defined. Moreover © € dom d®. Indeed, our assumptions show the existence of a point v € int CNdom ®.
The indicator function §¢ is then continuous at v, and so standard subdifferential calculus (see, e.g., [30,
Proposition 1.5.6]) implies that &(® + 0¢)(0) = OP(9) + Idc(0). But 0 € (P + d¢) (D) because © €
argmin, cy ®(v) + dc(v). This implies that 0®(0) # (). Consequently also ¢ € dom ®, and ®(9) € R.

Using the coercivity of ® in Assumption A-® we then find that {v¥}22, is bounded in Y, at least after
moving to an unrelabelled tail of the sequence with ®(v¥) < ®(?) + 1. Since Y is a dual space, the unit ball
is weak* compact, and we deduce the existence of a subsequence, unrelabelled, and v € Y such that v* — v
weakly* in Y. By the weak* lower semicontinuity (Assumption A-®), we deduce

®(v) < liminf ®(v*) = &(0).
k—o0

Since each vF € C, and C is closed, also v € C. Therefore, by the strict convexity and the definition of 9,
necessarily v = ©. Therefore v¥ — ¢ weakly* in Y, and ®(v*) — ®(?). Lemma 3 now shows that v* — o
strongly in Y. O

5. Proofs of the main results

We now prove the existence, continuity, and non-degeneracy (interior solution) results of Section 3 through
a series of lemmas and propositions, starting from general ones that are then specialised to provide the
natural conditions presented in Section 3.

5.1. Existence and lower semicontinuity under lower bounds

Our principal tool for proving existence is the following proposition. We will in the rest of this section
concentrate on proving the existence of the set K in the statement. We base this on the natural conditions
of Section 3.

Proposition 2 (Ezistence on compact parameter domain). Suppose Assumptions A-KA and A-® hold. With
€ >0 and v € (0,00] fized, if there exists a compact set K C int PS° with

inf  F(uanqe) > inf Fluan.e), 19
weltf P tane) > b Ftay.) (19)

then there exists a solution a. . € int P to (P7°). Moreover, the mapping
Zy.e(a) := F(uay,e),
is lower semicontinuous within int PL.
The proof depends on the following two lemmas that will be useful later on as well.

Lemma 5 (Lower semicontinuity of the fidelity with varying parameters). Suppose Assumptions A-KA, A-D,
and A-H hold. Let u* = u weakly* in X, and (a, 7%, *) = (a,7,¢€) € int P x (0,00] x (0,00). Then

JV¢(u; ) < lim inf g (u®; o).
k—o0
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Proof. Let é > 0 be such that a; > ¢, (j = 1,...,N). We then deduce for large k and some C' = C(Q,7)
that

lim sup Jret (uF: e, ..., &) <limsup g7 (ukie,....6)+C
k k
< lim sup g (u*; ®) + C < . (20)
k

Here we have assumed the final inequality to hold. This comes without loss of generality, because otherwise
there is nothing to prove. Observe that this holds even if {ak}zozl is not bounded. In particular, if € > 0,
restricting k to be large, we may assume that

Oy = H(u") < . (21)
We recall that
N
J(usa) = eH(u) + B(Ku)+ 3 gl Ajully. (22)
j=1

We want to show lower semicontinuity of each of the terms in turn. We start with the smoothing term. If
€ > 0, using (21), we write

C
" H k) = (e — ) H(uF) + eH (uF) < (& - 6)71 + eH (u").
By the convergence €¥ — €, and the weak* lower semicontinuity of H, we find that
eH(u) < likm inf ¥ H (u¥). (23)
— 00

If e = 0, we have

while still

0 < sup e H(uF) < 0.
k

Thus (23) follows.

The fidelity term ® o K is weak* lower semicontinuous by the continuity of K and the weak* lower
semicontinuity of ®. It therefore remains to consider the terms in (22) involving both the regularisation pa-
rameters «, as well as the Huberisation parameter . Indeed using the dual formulation (6) of the Huberised
norm, we have for some constant C’ = C’(¢, ) that

1
[y = sup_ [ pddst = el do
lle(@)]I<1 g

1 _ _
> s [eddt s el de - Oy - (09
o)<t v

= 40"l = C' Iy = (V)7
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Thus, if a € P,, we get

oIl Aju| ;= agl| Ajull; + (o — aj) [ AjuF 4

k

> ajl| Ajutlloe s — o — ol Aju]l4

> aj| Ajutllyg = C'y ™t = () = o = aglll Al

It follows from (20) that the sequence {[|A;u”||,x ;}72; is bounded in M(;R™) for each j = 1,...,N.
Thus

. . k k . . k
lim inf (| Aju®(|x ; = lim inf o || Aju®lly 5 = gl Azully,5,
where the final step follows from Lemma 1.

It remains to consider the case that a € P3° \ P, i.e., when ay = 0o for some ¢£. We may pick sequences
{,65}};21, (j = 1,...,N), such that ﬁf " «. Further, we may find {ﬁf’é}g‘;l such that ﬁf’z < a? with

ok =limy_,o B and B¢ = limj_,o0 B}, Then, by the bounded case studied above

J

L .
lim inf o | Aju® | ; > L inf 85| Ajut|l > Bl Ajulls ;-

But {a¥[|Aju"[|.x ;172 is bounded by (20), and

. . YA
liminf 57| Ajully,; = ajl|Ajully,;-

Thus lower semicontinuity follows. 0O

Lemma 6 (Convergence of reconstructions away from boundary). Suppose Assumptions A-KA, A-®, and
A-H hold. Let (a*, 4%, e¥) — (a, 7, €) inint P2 x (0, 00] x [0, 00). Then we can find g . € argmin JV¢(+;a)

and extract a subsequence satisfying

k _k

JV e (Uak7,yk)€k;ak) = JV N (Ug 65 ), (24a)
Ugk Ak ok = Ugye  weakly™ X, and (24b)
Kugr ko — Kt e strongly in'Y. (24c¢)

Proof. By Lemma 5, we have

. . k (K .
i inf 7 (g i 005 0F) = T (ha .3 @) = min 7 (u; a).

We also want the opposite inequality

lim sup gt (U i k3 Q%) < TV (U 65 ). (25)
k—o00

Let 6 > 0. If € = 0, we use Assumption A~ on u = Uy ~,¢, to produce u’. Otherwise, we set u’ = uq 4. In
either case

J'Y’e(u5; a) < JV(Ua,y,e; o) + 0.
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In particular Aju(S = 0 if aj = oo. Then for large enough k£ we obtain

J7k76k(uak77k)ek;()[ ) < g u‘;,ak)
<V a) + 6
< TV (Ug,y,e; @) + 20. (26)

Since § > 0 was arbitrary, this proves (25) and consequently (24a), that is

. k _k
Jim T (e g e 0F) = min T (w5 @) = J(ta .6 Q)

< JV(0;0) = eH(0) + @(0) < co. (27)

Minding Proposition 1, this allows us to extract a subsequence of {w, ,xcx } 32, unrelabelled, and convergent
weakly* in X to some

u € arg min J(u; «).
ueX

We may choose uq e := u. This shows (24D).

If K is compact, we may further assume that Kuyk yr v — Ktq 5, strongly in Y, showing (24c). If K is
not compact, ® is continuous and strongly convex by Assumptlon A-®, and we still have ®(Kuyk 4k 1) —
O (Kug

v.e)- The assumptions of Lemma 3 are therefore satisfied. This shows (24c¢). O

From the lower semicontinuity Lemma 5, we immediately obtain the following standard result.

Theorem 3 (Existence of solutions to the reconstruction sub-problem). Let Q@ C R™ be a bounded open
domain. Suppose Assumptions A-KA and A-® hold, and that o € int P, € > 0, and v € (0,00]. Then
(D7) admits a minimiser tq . € X NdomeH.

Proof. By Lemma 5, fixing (a*, 7%, ¢*) = (a,~,¢), the functional J7¢(-;a) is lower semicontinuous with
respect to weak* convergence in X. So we just have to establish a weak* convergent minimising sequence.
Towards this end, we let {u*}22, C domeH be a minimising sequence for (D7“). We may assume without
loss of generality that sup, J7¢(u*;a) < co. By Proposition 1 and the inequality J7* < J7¢ we deduce
supy, |u¥||x < oo. After possibly switching to a subsequence, unrelabelled, we may therefore assume {u*}2
weakly* convergent in X to some @ € X. This proves the claim. 0O

Proof of Proposition 2. Let us take a sequence {a*}£° | convergent to « € int P2°. Application of Lemma 6
with 7% = v and €* = ¢ and the weak* lower semicontinuity of F' immediately show the lower semicontinuity
of 7, . within int Pg°.

Finally, if {o*}2° | is a minimising sequence for (P7:¢), by assumption we may take it to lie in K. By the
compactness of K, we may assume the sequence convergent to some o € K. By the lower semicontinuity
established above, @ = uq, 4, is & solution to (P™). O

5.2. Towards T'-convergence and continuity of the solution map
The next lemma, immediate from the previous one, will form the first part of the proof of continuity of

the solution map. As its condition, we introduce a stronger form of (19) that is uniform over a range of €
and 7.



486 J.C. De Los Reyes et al. / J. Math. Anal. Appl. 434 (2016) 464-500

Lemma 7 (T'-lower limit of the cost map in terms of reqularisation). Suppose Assumptions A-KA, A-®, and
A-H hold. Let K C int PS° be compact. Then

7, () < liminf 7, «(a'), (28)

€ —_
i (o’ ') = (avs€)

when the convergence is within IC X [y, 00] x [0, €]
Proof. Consequence of (24b) of Lemma 6 and the weak® lower semicontinuity of F. 0O

The next lemma will be used to get partial strong convergence of minimisers as we approach 9P,. This
will then be used to derive simplified conditions for this not happening. This result is the counterpart
of Lemma 6 that studied convergence of reconstructions away from the boundary, and depends on the
additional Assumption A-§. This is the only place where we use the assumption, and replacing this lemma
by one with different assumptions would allow us to remove Assumption A-J.

Lemma 8 (Convergence of reconstructions at the boundary). Suppose Assumptions A-KA, A-®, and A-§ hold,
and that ® is strongly convez. Suppose {(a*,7*,¥)}22 | € int P x (0,00] x [0, & satisfies aF — a € OP.
If € =0 or Assumption A-H holds and € > 0 is small enough, then Kuqx 4k o — f strongly in'Y.

Proof. We denote for short u* := Ugk ~k ok, and note that f is unique by the strong convexity of ®. Since
@ € OP2°, there exists an index £ € {1,..., N} such that af — 0. We let £ be the first such index, and pick
arbitrary § > 0. We take f&g as given by Assumption A-J, observing that the construction still holds with
Huberisation, that is, for any v € (0, 0o] and in particular any v = v*, we have

@(Kf%j) <+ ‘I)(f),

| Aefse

> 1A  foillvg =0.
J#L

e < [|Aefselle < 00, and,

If we are aiming for € > 0, let us also pick .};:;’g by application of Assumption A-H to u = fé,l- Otherwise,
with € = 0, let us just set f5, = f_&f- Since

k _k
ub € argmin J7 ¢ (u; o),
ueX

we have

@(Kuk) < Jret (uk;ak) < Jvk’ek(ﬁs,g;ak) < J"k’ek(fg,g;ak) +6
= FH(fs0) + (K f50) + R (Afspsab) +6
< H(fs) + @(f) + o | Afselle + 26.

Observe that it is no problem if some index af = 00, because by definition as a minimiser u* achieves
smaller value than f5, above, and for the latter ||A;fs¢|l,x ; = 0. Choosing € > 0 small enough, it follows

for € € [0, €] that

0 < ®(Ku") — @(f) <26+ af||Aefselle.
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Choosing k large enough, we thus see that
0 < ®(Kuk) — o(f) < (2+ aw)d.

Letting § \, 0, we see that ®(Ku*) — ®(f). Lemma 4 with C' =Y therefore shows that Ku* — f strongly
nY. O

5.83. Minimality and co-coercivity

Our remaining task is to show the existence of K for (19), and of a uniform K — see (33) below — for the
application of Lemma 7. When the fidelity and cost functionals satisfy some additional conditions, we will
now reduce this to the existence of @ € int P, satisfying F(ug) < F(f) for a specific f € K~'f. So far, we
have made no reference to the data, the ground-truth fy or the corrupted measurement data f. We now
assume this in an abstract way, and need a type of source condition, called minimality, relating the ground
truth fy to the noisy data f. We will get back to how this is obtained later.

Definition 2. Let p > 0. We say that v € X is (K, p)-minimal if there exists C' > 0 and 5 € Y* such that
_ _ C up
F(u) = F(v) = (ps] K(u—10)) — EIIK(u —0)lly-

Remark 8. If we can take C' = 0, then the final condition just says that K*¢; € OF (v). This is a rather
strong property. Also, instead of ¢ — tP, we could in the following proofs use any strictly increasing energy
¥ : [0,00) = [0,00), 1(0) = 0.

To deal with the smoothing term eH with € > 0, we also need co-coercivity; for the justification of the
term for the condition in (29) below, more often seen in the context of monotone operators, we refer to the
equivalences in [4, Theorem 18.15].

Definition 3. We say that F is (K, p)-co-coercive at (u*, \*) € X x X* \* € OF (u*), if
* * * C *\ [|P
Flu) = F(u") < (A |u—u)+5||K(u—u)||y, (u e X). (29)

If Fis (K, p)-co-coercive at (u, A) for every u € X and A € 0F(u), we say that F is (K, p)-co-coercive. If
p = 2, we say that F' is simply K-co-coercive.

Remark 9. In essence, K-co-coercivity requires F' = Fj o K and usual (I-)co-coercivity of Fjp.
Lemma 9. Suppose v € X is (K, p)-minimal. If {uk}z‘;l C X satisfies Ku* — Kv in'Y, then

F(v) < liminf F(u*). (30)

k—o0

If, moreover, F is (K, p)-co-coercive at (v, K*py3), then

F(v) = lim F(u¥). (31)

k—o0

Proof. For (30), we use the (K, p)-minimality of © to obtain

F(uk) — F(v) > (<p5|Kuk —v) — €||Kuk -y, (k=1,2,3,...).
p
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Taking the limit, it follows that

liminf F(u®) > F(v).

k—o0

If we additionally have the (K, p)-co-coercivity at (v, K*¢y5), then, likewise

F) ~ F@) < (pel Kot — o)+ S 1Kok — ol (h=1,23,...)
From this we immediately get

limsup F(u*) < F (7). O
k—o00

Proposition 3 (One-point conditions under co-coercivity). Suppose Assumptions A-KA, A-® and A-§ hold,
and that ® is strongly convex. If f is (K, q)-minimal and

some a € int P, and

uz € argmin, ¢y J(u; @)  satisfy {F(ua) < F(f), and

32
Uq 18 (K, p)-minimal, (32)

then there exist 7,€ > 0 such that the following hold.

(i) For each € € [0,€] and v € [¥,00] there exists a compact set K C int P2 such that (19) holds.
(ii) If, moreover, Assumption A-H holds and F is (K,p)-co-coercive for any p > 0, then there exists a
compact set I C int PS° such that

Pl > i Fluasd), (7€ Focl e € [0.). (33)

In both cases, the existence of K says that every solution & to (P7¢) satisfies & € K.

Proof. We note that f is unique by the strong convexity of ®. Let us first prove (i). In fact, let us pick
7,€ > 0 and assume with & fixed that

Ug,y,e € ATg r)r;in JV(u; @) satisfy  F(ugq.e) < F(f), (y€[7,00],e€[0,8]). (34)
ue
We want to show the existence of a compact set K C P such that solutions & to (P7¢) satisfy & € K
whenever (v, €) € [y, 00] x [0, €] for ¥ € [}, 00) and € € (0, €| to be determined during the course of the proof.
We thus let (a®, 7%, F) € P x [, 00] x [0, €]. Since this set is compact, we may assume that of — & € P,
and €* — & and v* — 4. Suppose & € 9P°. By Lemma 8 then Ku* — f strongly in Y for small enough e,
with no conditions on 4. Further by the (K, q)-minimality of f and Lemma 9 then

F(f) < lim inf F(Ku"). (35)

If we fix v* := v and €*, and pick {a*}$2, is a minimising sequence for (P7:¢), we find that (35) is in
contradiction to (32). Necessarily then & € int PS°. By the lower semicontinuity result of Proposition 2,
& therefore has to solve (P7). We have proved (i), because, if K did not exist, we could choose o* — & €
0Py

If % — 4, €8 — & and o solves (P7) for (y,€) = (v*,¢¥), then o € int P by (i). Now (35) is in
contradiction to (34). Therefore (ii) holds if (34) holds.
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It remains to verify (34) for € > 0 small enough and 7 > 0 large enough. By Lemma 6, we may find a
sequence €* \, 0 and v* oo such that Kug yr v — Kug for some g € argmin J( ;). Since ® is strictly
convex, and both ug,ug € argmin,cx J(u;a), we find that Kugz = Kug. Recalling the (K, p)-minimality
and -co-coercivity at (ug, K*¢,_ ), Lemma 9 and (32) now yield

limsup F(ug 4k or) = Flug) < F(f).

k—o0

Since we may repeat the above arguments on arbitrary sequences (7%, €*) — (o0, 0), we conclude that (34)
holds for small enough € > 0 and large enough ¥ > 0. O

We now show the I'-convergence of the cost map, and as a consequence the outer semicontinuity of the
solution map. For an introduction to I'-convergence, we refer to [9,21].

Proposition 4 (T'-convergence of the cost map and continuity of the solution map). Suppose Assump-
tions A-KA, A-®, and A-H hold along with (33). Suppose, moreover, that F is (K,p)-co-coercive, and
every solution uq . to (D7) is (K, p)-minimal with o € K and (7, €) € [y,00] x [0,€]. Then

TyolK 5 T, K (36)
when (7, €'), (v, €) € [7,00] x [0,€] and K is as in (33). Moreover, the solution map

S(v,€) = argmin Z, (o)
a€P

is outer semicontinuous within [y, 0o] x [0, €.

Proof. Lemma 7 shows the I'-lower limit (28). We still have to show the I'-upper limit. This means that given
& € K and (7%, €F) — (7, €) within [0, € x [, o0], we have to show the existence of a sequence {a*}°, C K
such that

Z,(&) > limsup Zx & (o).

k—o0

We claim that we can take o = &. With u* := Ugk 4k ok, Lemma 6 gives a subsequence satisfying

Ku* — K1 strongly with 4 a minimiser of J7¢(+; ). We just have to show that

F(a) = lim F(u"). (37)
k—o0
Since F' is (K, p)-co-coercive, and 4 by assumption (K, p)-minimal, this follows from Lemma 9.

We have therefore established the I'-convergence of Z «|K to Z, |K as (7, €') = (v, €) within [, co] x
[0,€]. Our assumption (33) says that the family {Z, | (7/,€') € [¥,00] x [0, €]} is equi-mildly coercive in
the sense of [9]. Therefore, by the properties of I'-convergence, see [9, Theorem 1.12], the solution map is
outer semicontinuous. O

5.4. The L2-squared fidelity with (K, 2)-co-coercive cost

In what follows, we seek to prove (32) for the L?-squared fidelity with (K, 2)-co-coercive cost functionals
by imposing more natural conditions derived from (38) in the next lemma.
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Lemma 10 (Natural conditions for L?-squared 2-co-coercive case). Suppose Assumptions A-KA and A-0
hold. Let Y be a Hilbert space, f € R(K), and

a(0) = 1 o}
Then (32) holds if f is (K,2)-minimal, F is (K,2)-co-coercive at (f, K*pp) with K*pf € OF(f), and
T(f;0) >T(f = teg;a) (38)
for some & € int P, and t € (0,1/C], where C is the co-coercivity constant.
Here we recall the definition of T'(+; &) from (7).

Proof. Let « € int P,. We have from the co-coercivity (29) that

F(I) = Flua) > ~(K*oflua — ) = 5 [ Kua — [
Using the definition of the subdifferential,
F(u) = F(f) 2 (K pflu—[), (u€X).
Summing, therefore
F(u) = F(ua) 2 (K ¢plu — ua) — %IIK% —flI}, (ueX). (39)

Setting u = f, we deduce

)~ Flua)  (o71f ~ Kua) = 5 [ Kuo — 113 (10)

Let oo = tav for some ¢ > 0. Since ® o K is continuous with dom(® o K) = X, the optimality conditions
for u,, solving (D7) state [30, Proposition 1.5.6]

0€ K*(Kuig — f) + tA*[OR(-; &) (Auts)- (41)
Because uyg solves (D7€), we have R(Auis; @) = T(Kuwg; @). By Lemma 11 below, therefore
0€ K*(Kua — f) +thr, ¢y € [0T(K -5 a)](uta)- (42)

Multiplying by (KT)* we deduce f— Ku;s = t(KT)*1y, so that referring back to (40), and using the definition
of the subdifferential, we get for any ¢ > 0 the estimate

C
F(f) = Flua) > (tKT@f’Wt) - §||Kuta - fly

= (i — (F 1KY )l4h) + (F — waaltb) — 5 |1 K — 1

> T(Kua; @) — T(K(f — tK'pj); a)

. c
+ (f — wealtr) — 5||Kut@ - fIl¥-
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Since ug solves (D7) for o = ta, using (42), we have

(f — walp) = %HKW& —fIy = 2(T(f;a) — T(Kua; @) -
It follows

_ _ _ -1 _
F(f) - Flug) > T(KF:8) ~ T (f ~ KT o)) + [ K — 13- (43)

We see that (38) implies (32) if 0 <t < C~1. O

Lemma 11. Suppose 1 € [OR(-;a)](Au) with A*Y € R(K™*), and that we obtain R(Au;a) = T(Ku;&).
Then A*y € [0T(K -;a)|(u).

Proof. Let A € Y be such that K*A = A*y). By the definition of the subdifferential, we have
R(Au";a) — R(Auya) > (A, K (v —w)), (u” € X).

Minimising over " € X with Ku” = Ku' for some v’ € X, and using R(Au; &) = T(Ku; &), we deduce
T(Ku;a)—T(Ku;a) > (A K@U —uw)), (€ X).

Thus
T(Ku';a) —T(Ku;@) > (A*,u’ —u), (v € X).

This proves the claim. 0O

Summarising the developments so far, we may state:

Proposition 5. Suppose Assumption A-KA holds Assumption A-0. Let Y be a Hilbert space, f € Y NR(K),
and

1
2(0) = 5 If ~oli}-

If f is (K,2)-minimal, F is (K,?2)-co-coercive at (f, K*gof-), and

T(f;0) >T(f —tefa) (44)
for some & € int Py, and t € (0,1/C], then the claims of Proposition 3 hold.
Proof. It is easily checked that Assumption A-® holds. Lemma 10 then verifies the remaining conditions of
Proposition 3, which shows the existence of K in both cases. Finally, Proposition 2 shows the existence of
& € int P solving (P7€). For the continuity of the solution map, we refer to Proposition 4. 0O

5.5. L?-squared fidelity with L?-squared cost

We may finally finish the proof of our main result on the L? fidelity ®(v) := 3| f — v}, Y = L*(; R?),

with the L?-squared cost functional F(u) = || Kou — fo|%.
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Proof of Theorem 1. We have to verify the conditions of Proposition 5, primarily the (K, 2)-minimality
of f, the K-cocoercivity of F, and (44). Regarding minimality and co-coercivity, we write F = Fy o Ky,
where Fy(v) = 3|lv — fo||%. Then for any v,v' € Z, we have

1
Fo(v') — Foy(v) = (v —v,v — fo) + §||U/ - v||2L2(Q)'

From this (I, 2)-co-coercivity of Fy with C = 1 is clear, as is the (I, 2)-minimality with regard to Fy of every
v € Y. By extension, F' is easily seen to be (K, 2)-co-coercive, and every u € X (K, 2)-minimal. Using (8),
(K, 2)-co-coercivity of F with C = Cj is immediate, as is the (K, 2)-minimality of every v € X.

Regarding (44), we need to find ¢ such that K*¢pr = VF(f). We have

K§(Kof — fo) = VF(f).

From this we observe that ¢ exists, because (8) implies N'(K) C N(Ko), and hence R(K*) C R(Kp).
Here A/ and R stand for the nullspace and range, respectively. Setting Krp; = K (Kof — fo) and using
KK'" =1 on R(K), we thus find that

o5 = (KoK (Kof — fo).

Observe that since N'(K) C N (Kj), this expression does not depend on the choice of f € K~!f. Following
Remark 2, we can replace f = KTf. It follows that (10) implies (44). O

Remark 10. Provided that ® satisfies Assumptions A-®, A-0, and A-H, it is easy to extend Lemma 10 and
consequently Theorem 1 to the case

a(0) = Sl ~ (flo)v-v, WweY),

where ¥ O Y is a Hilbert space, feY* and Y still a reflexive Banach space. As Y C Y =Y*CY* in
this case, we still have

Vo(v)=v—feY™.
In particular
Vo(Ku) = K*(Ku— f)e X",
Therefore the expression (41) still holds, which is the only place where we needed the specific form of ®.

Example 13 (Bingham flow). As a particular case of this remark, we take Y = Y = H{(Q). Then Y* =
H=1(Q). With f € L*(Q), the Riesz representation theorem allows us to write

/fﬂdiﬂ = (ﬂv>H*1(Q),H§(Q)7
Q

for some f € H=1(Q), which we may identify with f. Therefore, Theorem 1 can be extended to cover the
Bingham flow of Example 8. In particular, we get the same condition for interior solutions as in Corollary 1,
namely

TV(f) > TV(fo)-
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5.6. A more general technique for the L?-squared fidelity

We now study another technique that does not require (K,2)-minimality and (K, 2)-co-coercivity at f.
We still however require ® to be the L2-squared fidelity, and uz to be (K, p)-minimal.

Lemma 12 (Natural conditions for the general L?-squared case). Suppose Assumptions A-KA and A-0 hold.
Let Y a Hilbert space, f € Y NR(K), and

2(0) = SIf ~oli}-

The claims of Proposition 3 hold if for some & € intP, and t > 0 both f and the solution ug are
(K, p)-minimal and

T(Kug; @) > T(f — tous; @). (45)

Remark 11. Setting & = sa in (45), we see employing the lower semicontinuity Lemma 2 that the former is
implied by

T(f;a) > limsup T(f — tp.5; Q). (46)
sN\0

Here we use the shorthand .5 := ¢, .. The difficulty is going to the limit, because we do not generally
have any reasonable form of convergence of {¢,5}s>0. If we did indeed have ¢,z — ¢ P then (46) and
consequently (50) would be implied by the condition (44) we derived using (K, 2)-co-coercivity. We will in
the next subsection go to the limit with finite-dimensional functionals that are not (K, 2)-co-coercive and
hence the earlier theory does not apply.

Proof. Let us observe that (32) holds if for some & > 0 and C' > 0, we can find a (K, p)-minimal

ug € arg min J(u; @),
ueX

satisfying
(palf — Kua) > 0. (47)

Here we denote for short ¢z := ., recalling that K*psz € OF(ug). Indeed, by the definition of the
subdifferential, the minimality of ug, and (47), we deduce

F(f) > F(ua) + (palf — Kua) > F(ua). (48)
This shows (32).
We need to show that (45) implies (47). As in the proof of Lemma 10, we deduce by application of
Lemma 11 that
0€ K*(Kus — f) +va, forsome 15 € [0T(K -;a)](ug). (49)

Then

(f —ualva) = (f — ual K*(f — Kug)) = ||f — Kuglly > 0.
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Multiplying (49) by (K1)* and using this estimate, we deduce for any ¢ > 0 that

(alf — Kua) >t (ua — (ua — tKT0a)ltba)

" (ua — (f = tK'0a)|va) + 1 (f — ualta)
>t (ua — (f = tK pa)[tba)

>t e (T(Kug; @) — T(K(f - tK'pq); @) .

The last step follows from the definition of 0T (K -; &). This proves that (45) implies (47). O

Summing up the developments so far, we may in contrast to Proposition 5 that depended on f and
co-coercivity, state:

Proposition 6. Suppose Assumptions A-KA and A-6 hold. Let Y be a Hilbert space, f € Y NR(K), and

2(0) = 3117~ oli}-
If for some & € int Py, t > 0, the solution ug is (K, p)-minimal with
T(Kug;a) > T(f — tou.; @), (50)
then there exist ¥ > 0 and € > 0 such that the following hold.

(i) For each € € [0,€] and v € [y,00] there exists a compact set K C int P such that (19) holds. In
particular there exists a solution & € int PS° to (P7°).

(ii) If, moreover, Assumption A-H holds, there exists a compact set K C int P such that (33) holds and
the solution map S is outer semicontinuous within [7,00] x [0, €].

Proof. It is easily checked that Assumption A-® holds. Lemma 12 then verifies the remaining conditions of
Proposition 3, which shows the existence of I in both cases. Finally, Proposition 2 shows the existence of
& € int PS° solving (P7€). For the continuity of the solution map, we refer to Proposition 4. O

5.7. L?-squared fidelity with Huberised L'-type cost

We now study the Huberised total variation cost functional. We cannot in general prove that solutions
ug for small a are better than f. Consider, for example fy a step function, and f a noisy version without
the edge destroyed. The solution u, might smooth out the edge, and then we might have || Du, — Df||pm =
| Duallat + |Dfllag > || Dfo — Df|ar = 0. This destroys all hope of verifying the conditions of Lemma 12
in the general case. If we however modify the set of test functions in the definition of L717V to be discrete
we can prove this bound. Alternatively, we could assume uniformly bounded divergence from the family
of test functions. We have left this case out for simplicity, and prove our results for general L' costs with
finite-dimensional Z.

Lemma 13 (Conditions for L}7 cost). Suppose Z is a reflexive Banach space, and Ky : X — Z is linear
and bounded, and satisfies (8). Then, whenever (44) holds, F(u) := Fp1 (Kou) is (K, 1)-co-coercive and (50)
holds for some a € int P, with both uz and f being (K, 1)-minimal.
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Proof. Denote

Bi={\eZz ||\

z» <1}

We first verify (I, 1)-co-coercivity of Fpi. Let v,0" € Z, and \* € B be such that \* € 8FL}, (v*). Clearly
A* achieves the maximum for Fr (v*). Let A € B achieve the maximum for F, (v). Then

Fri(v) = Fri(v") < (Alv = fo) = (Alv* = fo)
= (Ao —v")+ (A= Ao —0")
< (Nv—v") + 2 sup [X|[lv— v
NEB

< (Ao =0") + 2flv — o™|]. (51)

This proves (I, 1)-co-coercivity of F Ly (K, 1)-co-coercivity of F' now follows similarly to the argument in
the proof of Theorem 1, using (8).

Analogously, taking the triangle inequality in (51) in the opposite direction, we show that every u € X
is (K, 1)-minimal. Therefore, in particular both f and uz are (K, 1)-minimal

To verify (50), it is enough to verify (46). Similarly to the proof of Theorem 1, using (8), we verify that
K*psg € OF (usg) exists, and

Vsa € (KN OF (usg) = (KoK Asa,

where \gs5 € B achieves the maximum for Fo(Kousg — fo). In fact, @55 € R(K). If this would not hold, we
could find v L R(K) such that

0 < (vlpsa) = (KoK v|Asa) < KoK || Xsall < CIEK ][ Assll-
But, for any v' € R(K),
(W'|KK") = (KK")*|v) = (v'|[v) = 0.
Therefore || K KTv|| = 0, and we reach a contradiction unless A5 = 0, that is p.5 = 0 € R(K).
As is easily verified, OF) Ly is outer semicontinuous with respect to strong convergence in the domain Z

F — vand zF = 2z with 2F € aFL%(uk), we
have z € OFL% (v). By Lemma 8 and (8), we have Kqu* — Kyf strongly in Z. Since B is bounded, we

and weak™ convergence in the codomain Z*. That is, given v

may therefore find a sequence s* \, 0 with Az = Ao € OF (f) weakly* in Z*. Since by assumption K is
compact, then also K¢ is compact [40, Theorem 4.19]. Consequently ¢ s — o := (KoK T)*\g strongly in
Y after possibly moving to an unrelabelled subsequence. Let us now consider the right hand side of (50) for
a = s*a. Since f = K f, and we have proved that Pu . € R(K), Lemma 2 shows that

lim T'(f —toy , ;&) =T(f —tpo; ).
k—0 ska

Minding the discussion surrounding (46), we observe that choosing & = s*a for large enough k > 0, (46) is
implied by (44). O

Proof of Theorem 2. From the proof of Lemma 13, we observe that (44), can be expanded as

T(f;a) > T(f — t(KoK")*Aos &),
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(a) Original image (b) Noisy image

Fig. 1. Parrot test image.

where \g € V with \g € BFL% (Kof). As in the proof of Theorem 1, this is in fact independent of the choice
of f, so may replace f = KTf. Thus Ay € BFL% (KoK f). By Lemma 13, the conditions of Proposition 6
are satisfied, so we may apply it together with Proposition 2 to conclude the proof. 0O

Remark 12. The considerations of Remark 10 also apply to Lemma 12 and consequently Theorem 2. That
is, the results hold for the cost

a(0) = gl ~ (flo)v-v, weY), (52

where Y DY is a Hilbert space, f € Y* and Y a reflexive Banach space. Indeed, again the specific form of
® was only used for the optimality condition (49), which is also satisfied by the form (52).

6. Numerical verification and insight

In order to verify the above theoretical results, and to gain further insight into the cost map Z, ., we
computed the values for a grid of values of &, for both TV and TGV? denoising, and L3 and L},V cost
functionals. This we did for two different images, the parrot image depicted in Fig. 1 and the Scottish
southern uplands image depicted in Fig. 2. The results are visualised in Figs. 3 and 4, respectively. For TV,
the parameter range was

o € U = {0.001,0.01,0.02,...0.5}/n

(altogether 51 values), where n = 256 is the edge length of the rectangular test image. For TGV? the
parameter range was @ € U x (U/n). We set v = 100, ¢ = 171, and computed the denoised image e
by the SSN denoising algorithm that we report separately in [24] with more extensive numerical comparisons
and further applications.

As we can see, the optimal & clearly seems to lie away from the boundary of the parameter domain P,
confirming the theoretical studies for the squared L? cost L3, and the discrete version of the Huberised TV
cost L,lyv. The question remains: do these results hold for the full Huberised TV?

We further observe from the numerical landscapes that the cost map Z . is roughly quasiconvex in the
variable a for both TV and TGV?. In the 3 variable of TGV? the same does not seem to hold, as around
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(a) Original image (b) Noisy image

Fig. 2. Uplands test image.
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(a) Parrot, TV, all cost functionals (b) Uplands, TV, all cost functionals

Fig. 3. Cost functional value versus « for TV denoising, for both the parrot and uplands test images, for both Lg and L;V cost

functionals. For the parrot image, optimal « from [24] for the initialisation 0.1/n, resp. (1/n2,0.1/n), is indicated by an asterisk.
For the landscape image, optimal a from [24] for the initialisation 0.01/n, resp. (0.1/n?,0.01/n), is indicated by an asterisk.

the optimal solution the level sets tend to expand along « as [ increases, until starting to reach their limit
along (. However, the level sets around the optimal solution also tend to be very elongated on the [ axes.
This suggests that TGV? is reasonably robust with respect to choice of /3, as long as it is in the right range.

7. A data statement for the EPSRC

This is a theoretical mathematics paper, and any data used merely serves as a demonstration of mathe-
matically proven results. Moreover, photographs that are for all intents and purposes statistically comparable
to the ones used for the final experiments, can easily be produced with a digital camera, or downloaded
from the internet. This will provide a better evaluation of the results than the use of exactly the same data
as we used.
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(a) Parrot, TGV?, L}V cost functional (b) Uplands, TGV?, L}V cost functional
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(c) Parrot, TGV?, L3 cost functional (d) Uplands, TGV?, L2 cost functional

Fig. 4. Cost functional value versus « for TGV? denoising, for both the parrot and uplands test images, for both L% and L;V
cost functionals. The illustrations are contour plots of function value versus & = (8, o). For the parrot image, optimal & from [24]
for the initialisation 0.1/n, resp. (1/n2,0.1/n), is indicated by an asterisk. For the landscape image, optimal & from [24] for the
initialisation 0.01/n, resp. (0.1/n%,0.01/n), is indicated by an asterisk.
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