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Three-dimensional coil structures assembled by mechani-
cally guided compressive buckling have shown potential in
enabling efficient thermal impedance matching of thermo-
electric devices at a small characteristic scale, which in-
creases the efficiency of power conversion, and has the po-
tential to supply electric power to flexible bio-integrated de-
vices. The unconventional heat dissipation behavior at the
side surfaces of the thin-film coil, which serves as a ’heat
pump’, is strongly dependent on the geometry and the mate-
rial of the encapsulating dissipation layer (e.g., polyimide).
The low heat transfer coefficient of the encapsulation layer,
which may damp the heat transfer for a conventional ther-
moelectric device, usually limits the heat transfer efficiency.
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However, the unconventional geometry of the coil can take
advantage of the low heat transfer coefficient to increase its
hot-to-cold temperature difference, and this requires further
thermal analysis of the coil in order to improve its power
conversion efficiency. Another challenge for the coil is that
the active thin-film thermoelectric materials employed (e.g.,
heavily doped Silicon) are usually very brittle, with the frac-
ture strain less than 0.1% in general while the overall de-
vice may undergo large deformation (e.g., stretched 100%).
Mechanical analysis is therefore necessary to avoid fail-
ure/fracture of the thermoelectric material. In this work, we
study the effect of coil geometry on both thermal and me-
chanical behaviors by using numerical and analytical ap-
proaches, and optimize the coil geometry to improve the de-
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vice performance, and to guide its design for future applica-
tions.

Keywords: compliant coil, thin-film thermoelectric ma-
terial, mechanical analysis, thermal analysis

1 Introduction
The growing interest of 3D (three-dimensional)

mesostructures of functional materials attributes to their
utility in a range of areas, such as energy storage and
generation devices [1–3], mechanical and optical meta ma-
terials [4–6], stretchable electronics [7–10], and biomedical
devices [11–13]. Many recent works have reported methods
for forming such 3D configurations including 3D print-
ing [14–16], thin-film folding and winkling [17–19], and
actuation of active materials [20–22]. A collection of recent
works [23–32] exploit a new strategy, i.e., buckling-guided
3D assembly that forms the 3D mesostructures by the com-
pressive buckling of 2D precursors selectively bonded onto
prestretched elastomer substrates. This assembly technique
is intrinsically compatible with the planar technologies for
a wide range of classes of functional materials, including
device-grade semiconductors, and has some attractive
features such as parallel operation, high speed, and size
scalability, ranging from nanometers to centimeters [33–40].
These capabilities provide more design spaces for this
assembly technique, and demonstrate a promising future for
practical applications.

Thermoelectric devices generate electrical power from
heat flux utilizing thermal gradients, which are ubiqui-
tous [41]. For miniature wearable devices, it is promis-
ing to use the temperature difference between the human
body and the environment to provide the required small-scale
amounts of power. A key challenge is to match the ther-
mal impedance of heat exchange in the natural direction of
the heat flow, which is typically oriented out of the plane
through the device. Using thick thermoelectric material films
(tens to hundreds of micrometers) can help match the out-of-
plane impedance, but the resulting devices are usually bulky.
Additionally, the heat exchange capabilities from natural air
convection in such thick-material devices are limited by their
planar surface areas. The use of thin-film thermoelectric ma-
terials is promising to over these challenges, benefitting from
the large surface area to enhance the air convection, with
their in-plane direction oriented to the direction of the heat
flow to match the thermal impedance of heat exchange.

By use of thin-film thermoelectric materials with the
buckling-guided 3D assembly, Nan et al. [42] designed a
new thin-film thermoelectric coil. The 3D configuration al-
lows the thin-film thermoelectric material to generate volt-
age drop from the temperature gradient that forms in the film
plane, and to conduct heat exchange between environment
and the device via natural air convection throughout its large
surface area. In addition, this thermoelectric coil has me-
chanical compliance and large stretchability (> 60%), and
can serve as the basic component of a flexible thermoelectric
generator to supply electrical power for miniature flexible
devices. However, the achieved power output of this thermo-

electric coil was very low (i.e., ≈ 0.03nW per coil). On one
hand, the low figure of merit ZT of silicon (ZT > 10−3 at
300K) limits the power output. Replacing the active thermo-
electric material with those of better ZT , i.e., Bi2Te3-Sb2Te3
with ZT > 0.1, can significantly increase the power. On the
other hand, the influence of the geometric parameters of the
coils are only modestly studied. There is room for significant
increase of power output by optimizing the key geometric
parameters of the coil via analytically modelling. Moreover,
due to the low fracture strain (< 0.1%) of the doped sili-
con [43], it is important to optimize the geometric parameters
in order to reduce the maximum strain in the coil, therefore
to achieve large stretchability of the device.

This paper provides the thermal and mechanical anal-
yses of compliant thermoelectric coils in order to increase
its efficiency of power generation, and to improve the me-
chanical robustness (i.e., to ensure that the brittle thermo-
electric material does not fracture). We study the effect of
the geometric parameters of coils on the heat transfer behav-
ior and the maximum strain in the silicon layer, by finite ele-
ment analysis (FEA) and analytical models, taking the highly
doped silicon (Si) for the functional thermoelectric material
and polyimide (PI) for the material of encapsulating layer
as a representative example. Further optimizations are per-
formed based on these results to maximize the thermal-to-
electric power and minimize the maximum strain in the ther-
moelectric material.

2 Results
2.1 Thermal Analysis

The 3D configuration of the coil is formed by a 2-step
process, as shown in Fig. 1. The 2D precursor is selec-
tively bonded onto a prestretched elastomer substrate (e.g.,
prestrain εpre = 100%) at the bonding sites. The 2D precur-
sor buckles to form the 3D configuration upon release of the
prestretch in the substrate (see Fig. 1a). The 2D precursor
is a thin film (ribbon) composed of 2 semicircles of mid-
axial radius R in the plane. Its cross section shows the Si
layer sandwiched by PI layers to protect Si. The geometric
parameters of the thin film have the baseline values: radius
R = 400µm, width wPI = 120µm and wSi = 60µm, and thick-
ness tPI = 2µm and tSi = 0.2µm. Each parameter may deviate
from its baseline value in the following parametric studies.

Figure 2 presents the analytical model for heat trans-
fer in the coil. The 3D configuration of the coil (shown in
Fig. 2a) is inherently different from the conventional ther-
moelectric devices. Figure 2b shows a conventional ther-
moelectric device, in which the heat flux from the hot side
goes through the thermoelectric legs to the cold side, with-
out any dissipation in the thermoelectric legs. However, for
the coils, part of the heat dissipates into the air through
the PI-air interface because the thermoelectric coil utilize
the PI as the ”heat sink” to cool down, and this dissipa-
tion helps to promote heat transfer between the substrate (hot
side) and the air (cold side). The convective heat dissipation
dQ̇diss = α(T −Tenv)`wPIdζ applies at the PI-air interface for
both sides of the thin film (ribbon), where T is the local tem-
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perature in the ribbon, Tenv is the environmental temperature,
α = 5.0W/(m2 ·K) is the convection coefficient, ` = 2πR
is the length of the thermoelectric leg, and ζ ∈ [0,1] is the
normalized position on the thermoelectric leg, with ζ = 0
and 1 denote the substrate (hot side) and air (cold side), re-
spectively. Heat transfer in a thin-film coil can be simplified
as a one-dimensional problem (along the ribbon length), as
shown in Fig. 2c, because the length ` of a coil leg is much
larger than its width and thickness. The conservation of en-
ergy requires

dQ̇
dζ

=−2
dQ̇diss

dζ
=−2α(T −Tenv)`wPI, (1)

where Q̇ is the local heat flux, and it is related to negative
gradient of the temperature based on the Fourier’s law of heat
conduction

Q̇ =−(kPIwPItPI + kSiwSitSi)
1
`

dT
dζ

, (2)

where kPI = 0.46W/(m ·K) and kSi = 80W/(m ·K) are the
heat transfer coefficients for PI and Si, respectively. The
boundary conditions are zero heat flux Q̇|ζ=1 = 0 at the cold
side, and a constant temperature T |ζ=0 = Th, where Th rep-
resents the temperature of human body. In the following we
consider a constant width and a (linearly) gradient width of
the PI layer.

2.1.1 Coils of Constant Width
For the simplest case that the ribbon has a constant width

wPI along its length (and also constant tPI, wSi and tSi), Eqs.
(1) and (2), together with the boundary conditions above,
have the solution

Th−T
Th−Tenv

= 1− cosh[β(1−ζ)]

cosh(β)
, (3)

where β = `/`c is the normalized length of the ribbon, and

`c =
√

kPIwPItPI+kSiwSitSi
2αwPI

is a characteristic length, and `c ≈
0.94 mm for the baseline values. Figure 3a shows that the
temperature distribution in Eq. (3) agrees very well with the
numerical solution obtained by FEA, which is fully 3D and
accounts for all details of the geometry, without any param-
eter meeting. The commercial FEA software ABAQUS is
used, with the coil modeled by a 3-layer (PI-Si-PI) compos-
ite. The 4-node heat transfer quadrilateral shell elements are
employed, with at least 8 elements along the width to ensure
accuracy.

Equation (3) gives the hottest-to-coldest temperature
drop ∆T as

∆T
Th−Tenv

= 1− 1
cosh(β)

. (4)

The maximum possible power output of a single thermo-
electric coil is reached when the electric impedance of the
load Zload equals that of the source (Zcoil for the coil), i.e.,
Zload = Zcoil = 2`/(σwSitSi). The maximum power is then
derived from the thermoelectric voltage ∆V = 2SSi∆T of the
coil as

Pm =
1
2

∆V 2

Zload +Zcoil

=
1
2

S2
SiσwSitSi ·

∆T 2

`

=
1
2

ZTh ·
(

1− Tenv

Th

)2

·LTh.

(5)

Here, ZTh = Th ·
σS2

Si
kSi

is the thermoelectric figure of merit for
Si, σ and SSi = 0.92mV/K are the electrical conductivity and
the (temperature-independent) Seebeck coefficient of Si, re-
spectively; and LTh is the power transfer factor

LTh ≡ Th · kSiwSitSi
1
`

(
∆T

Th−Tenv

)2

= Th ·
kSiwSitSi

`c
· 1

β

[
1− 1

cosh(β)

]2

,

(6)

which characterizes the effect of geometry on the power out-
put of a coil.

Even though the hottest-to-coldest temperature drop ∆T
in Eq. (4) increases monotonously with the normalized
length β, the power output coefficient LTh reaches a maxi-
mum when β = 2.45 (or `= 2.45`c), as shown in Fig. 3b. Its
after-peak decrease results from the increase of the electrical
impedance of the coil. This maximum LTh is

max(LTh)≈ 0.28 ·Th ·
kSiwSitSi

`c
, (7)

which gives 83.4µW for the baseline values. Its substitution
into Eq. (5) gives the maximum power output of 0.16nW for
a single coil (at the baseline values) with the estimated figure
of merit of Si ZTh ≈ 10−3. This power is more than 5 times
larger than the previous work (0.03nW) [42], illustrating the
advantage of coil design for thermoelectric devices.

2.1.2 Coils of Gradient PI Width
In order to further increase the power output, we study

coils with the gradient PI width, which varies linearly along
the length (see Fig. 4),

wPI = w0 · (1+Bζ), (8)

where w0 and w0(1+B) are the widths at the hot and cold
sides, respectively. The other width and thickness tPI, wSi
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and tSi are still constant. Equations (1) and (2) become

dQ̇
dζ

=−dQ̇diss

dζ
=−2α(T −Tenv)`w0 · (1+Bζ) (9)

and

Q̇ =− [kPIw0tPI · (1+Bζ)+ kSiwSitSi]
1
`

dT
dζ

. (10)

Subtitution of Eq. (10) into Eq. (9) gives

[kPIw0tPI · (1+Bζ)+ kSiwSitSi]
d2T
dζ2 +(kPIw0tPIB)

dT
dζ

−
[
2α`2w0(1+Bζ)

]
(T −Tenv) = 0,

(11)

which has the solution

T −Tenv

=C1e−bζ ·KM

[
1
2

(
1− ab

B

)
,1,2b

(
ζ+

a+1
B

)]
+C2e−bζ ·KU

[
1
2

(
1− ab

B

)
,1,2b

(
ζ+

a+1
B

)]
,

(12)

where a = kSiwSitSi
kPIw0tPI

and b = `
√

2α

kPItPI
= β
√

a+1, C1 and C2

are coefficients to be determined from the boundary condi-
tions T |ζ=0 = Th and Q̇|ζ=1 = 0, and KM and KU are the
Kummer functions (see Appendix A).

Figure 5a shows the temperature distribution for the
baseline values, w0 = 120µm, and the same material prop-
erties as in Section 2; B is fixed at 2, which means the width
at the cold side is 3 times of that at the hot side. The tempera-
ture distribution is in good agreement with the 3D simulation
results obtained by the commercial FEA software ABAQUS,
in which the 4-node heat transfer quadrilateral shell elements
are employed, with the refined element size that there are at
least 8 elements along the thinnest width w0 of the coil.

Figure 5b presents ∆T and LTh versus the normalized
length β for a chosen gradient design of B = 2. For the base-
line values and w0 = 120µm, the gradient width (B= 2) gives
the maximum power transfer factor max(LTh) = 118.6µW
when β = 1.78. This maximum value is 42% higher than
Eq. (7) for the constant width design (B = 0) at the baseline
values and wPI = w0 = 120µm. This yields the power output
0.22nW (per coil), which is 42% higher than the constant
width design, and > 7 times of that in the previous work
(0.03nW) [42]. This improvement over the constant width
design is mainly due to the increase of PI width (120µm at
the hot side and 360µm at the cold side in the gradient width
design versus 120µm in the constant width design), which
enhances the heat dissipation. This can also be understood
from Eq. (7), which shows the linear proportionality to the
PI width, though it is limited to the constant width. How-
ever, the gradient width design still shows advantage to the

constant width design even for the same average width of
240µm, which gives the power output 0.22nW and 0.20nW
(per coil), respectively. This advantage of gradient width de-
sign is due to the enhanced heat dissipation near the cold
side, which improves the local temperature gradient from the
constant width design.

Figure 5c shows that the maximum power transfer factor
increases linearly with the width gradient B, and is approxi-
mately given by

max(LTh)≈ 0.28 ·Th ·
wSitSikSi

`c
· (1+0.2B). (13)

2.1.3 Discussions
Effect of Coil Geometry on the Power Transfer Effi-

ciency. The power transfer efficiency is defined by the ra-
tio of the converted electric power Pm to total heat flux Q̇Si
through the thermoelectric leg, i.e., η = Pm

Q̇Si
. For a conven-

tional thermoelectric device as shown in Fig. 2b, the power
transfer efficiency is independent to its geometric parame-
ters [44] such that the only way to increase the power is to
maximize the heat flux [42, 45]. For a thermoelectric coil,
however, it depends strongly on the coil geometry. For the
simplest case of the coil with a constant width wPI along its
length, Eqs. (2) and (3) give the maximum heat flux through
the silicon layer from the hot side as

Q̇Si = 2(Th−Tenv) ·
kSiwSitSi

`c
· tanh(β). (14)

With the maximum power given in Eq. (5), the power trans-
fer efficiency is found as

η =
Pm

Q̇Si

=
1
4

ZTh

(
1− Tenv

Th

)
· 1

β tanh(β)

[
1− 1

cosh(β)

]2

,

(15)

which clearly depends on the geometry (via β). Therefore,
different from the conventional thermoelectric devices, one
can not only maximize the heat flux but also optimize the ge-
ometry in order to achieve the maximum power. The power
transfer efficiency in Eq. (15) reaches its maximum

max(η)≈ 0.071 ·ZTh

(
1− Tenv

Th

)
(16)

at β = 2.32. For Si of ZTh ≈ 10−3 under the given boundary
condition Th = 310K and Tenv = 291K, Eq. (16) gives the
maximum power efficiency of 4×10−6, which is 60% higher
than the previous reported value (2.5×10−6) [42].

Advantage of the Encapsulation PI layer. The low
heat transfer coefficient of encapsulation PI layer kPI =
0.46 W/(m ·K), which is less than 0.6% of that of Si, is
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undesired for a conventional thermoelectric device because
it reduces the heat flux from the hot to the cold sides, there-
fore limits the thermoelectric power generation. However,
the thermoelectric coil takes advantage of the low heat trans-
fer coefficient of the encapsulation PI layer, which serves
as a heat sink to cool down the inner Si layer and to gen-
erate a large temperature gradient at a small length scale.
This is evidenced since the maximum power transfer factor
max(LTh) = 83.4µW for the constant width PI layer design
is larger than max(LTh) = 62.2µW without the PI layer ob-
tained from Eq. (7), for the baseline values of geometric pa-
rameters.

2.2 Mechanical Analysis
The buckling-guided assembly induces bending in the

coil, which may lead to brittle fracture in the Si layer. This is
governed by the maximum principal strain in Si, where the
maximum is with respect to both all directions (at each point)
and all points in the Si layer, as given in the following for the
flexual-torsional postbuckling of the coil.

2.2.1 Basic Equations
For the undeformed 2D precursor shown in Fig. 6, let

EEE i(i = 1,2,3) denote the local triad vectors at the centroid
line in the orthonormal material frame, where EEE1 and EEE2 are
along the principal axes of the cross section, and EEE3 is tan-
gential to the centroid line (Fig. 6). Specifically, direction 1
is in the membrane plane (X-Z plane) and direction 2 is per-
pendicular to this plane. The curvature of the 2D precursor
was defined by Love [46] as

dEEE i

dS
= K×EEE i (i = 1,2,3), (17)

where S is the arc-length coordinate and KKK = K1EEE1 is the
curvature of the 2D precursor in the initial, undeformed con-
figuration, with K1 = 1/R for S ∈ [0,πR) and K1 = −1/R
for S ∈ [πR,2πR]. The triad vectors EEE i(i = 1,2,3) move to
eeei(i = 1,2,3) during deformation. The curvature κ̂κκ of the
deformed 3D coil is similarly defined by

deeei

ds
= κ̂κκ× eeei (i = 1,2,3), (18)

where s is the arc-length coordinate in the deformed config-
uration, and κ̂κκ = κ̂iei, with the bending curvatures κ̂1 and
κ̂2, and the twisting curvature κ̂3. The elongation of the de-
formed coil is

λ =
ds
dS

. (19)

For linear elastic and isotropic materials, the axial force
t3, bending moments m1 and m2, and torque m3 are related to

the above stretch and curvatures by

t3 = D0(λ−1),
m1 = D1(κ̂1−K1),

m2 = D2κ̂2,

m3 = DTκ̂3,

(20)

where D0 is the tensile stiffness, Di (i = 1,2) are the bending
stiffnesses, and DT is the torsional stiffness. For the PI-Si-PI
composite thin-film beam illustrated in Fig. 1, they are given
by

D(c)
0 = ESiwSitSi +EPIwPItPI,

D(c)
1 =

1
12

ESiw3
SitSi +

1
12

EPIw3
PItPI,

D(c)
2 =

1
12

(ESi−EPI)wSit3
Si +

1
12

EPIwPI(tSi + tPI)
3

+
1
12

EPI(wPI−wSi)t3
PI,

D(c)
T =

EPI

6(1+νPI)

[(
1−0.63

tPI

wPI

)
wPIt3

PI+(
1−0.63

tPI + tSi

wSi

)
wSi(tPI + tSi)

3

−
(

1−0.63
tPI

wSi

)
wSit3

PI−
(

1−0.63
tSi

wSi

)
wSit3

Si

]
+

ESi

6(1+νSi)

[(
1−0.63

tSi

wSi

)
wSit3

Si

]
,

(21)

where EPI = 2.5GPa and ESi = 130GPa are the elastic moduli
of PI and Si, respectively, and νPI = 0.34 and νSi = 0.27 are
the Poisson’s ratios.

Without any distributed forces or moments, the internal
forces (ttt = tieeei) and moments (mmm = mieeei) in the coil satisfy
the static equilibrium [29],

dttt
dS

= 0, (22)

dmmm
dS

+λeee3× ttt = 0. (23)

The boundary conditions are

UX |A,B =UY |A,B = 0, eeei|A,B = EEE i|A,B,

UZ |A =
Uapp

2
, UZ |B =−

Uapp

2
,

(24)

where UX ,Y,Z |A,B are displacements in the X , Y and Z direc-
tions at the two ends A and B of the 2D precursor, respec-
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tively (see Fig. 6), and Uapp is the applied displacement be-
tween A and B and is given by

Uapp = 4R · εapp. (25)

Here 4R is the distance between the two ends A and B, and
the applied compressive strain εapp is related to the prestrain
εpre by

εapp =
εpre

1+ εpre
. (26)

2.2.2 Analysis for a Uniform Thin Beam
We first consider a curved ribbon with a thin, rectangular

cross section of a single material, which paves the way for the
analysis in the next section for a PI-Si-PI cross section. For
the thickness t much smaller than the width w, Fan et al. [29,
47] obtained the maximum principal strain at the midpoint of
the long edge (w) of the cross section as

εedge = t

(
1−ν

4
|κ̂2|+

1
2

√
(1+ν)2

4
κ̂2 + κ̂2

3

)
, (27)

where ν is the Poisson’s ratio of the material, and the cur-
vatures scale with the square root of the applied strain [29],
i.e.,

(κ̂1−K1, κ̂2, κ̂3)∼
1
R

√
εpre

1+ εpre
. (28)

Equation (28) holds for the negligible elongation (λ−1). The
maximum principal strain at the corner of the rectangular
cross section results from bending in both directions as

εcorner = t
(

1
2
|κ̂2|+

1
2

w
t
|κ̂1−K1|

)
. (29)

The maximum principal strain in the ribbon, along the length
and across the section, is

εmax = max
(
εedge,εcorner

)
. (30)

Liu et al. [48] reported that the curvatures κ̂1 and κ̂2 follow
the scaling law

|κ̂1−K1| ∼
D2

D1
|κ̂2| . (31)

Its substitution into Eq. (29), together with Eq. (27), (28) and
(30), yield the scaling law for the overall maximum strain as

εmax ∼
t
R

√
εpre

1+ εpre

(
c1 + c2

D2

D1

w
t

)
. (32)

where c1 and c2 are constants to be determined.

2.2.3 Analysis for a Composite Thin Beam
For the coil with composite PI-Si-PI layer, the scaling

law in Eq. (32) still holds for Si except that the thickness of
the Si layer and the composite bending stiffness in Eq. (21)
should be used instead, i.e.,

εmax ∼
tSi

R

√
εpre

1+ εpre

(
c1 + c2

D(c)
2

D(c)
1

wSi

tSi

)
. (33)

FEA is conducted for more than 150 combinations of the
seven material and geometric parameters (EPI, ESi, wPI, wSi,
tPI, tSi and R) and prestrain εpre, as shown in Fig. 7, and each
of these 8 parameters varies independently. The commercial
software ABAQUS is used, with the eight-node quadratic
shell elements and the refined mesh to ensure accuracy. The

normalized maximum strain εmax
R
tSi

√
1+εpre

εpre
agrees well with

Eq. (33) for the parameters c1 = 0.8 and c2 = 0.6. For the
baseline values of the parameters, the maximum principal
strain in the Si layer is 0.030% which is far smaller than the
fracture strain (i.e., 0.1%) [43].

For the gradient PI width, Fig. 8 shows that the nor-
malized maximum principal strain in the Si layer increases
linearly with the PI width gradient B. Accordingly Eq. (31)
is modified as

εmax =
tSi

R

√
εpre

1+ εpre

(
0.8+0.6

D(c)
2

D(c)
1

wSi

tSi

)
(1+0.35B),

(34)
It should be pointed out that, even though the PI width gradi-
ent B increases the efficiency of thermoelectric power gener-
ation as discussed in Section 2.1.2, it also increases the max-
imum strain in the Si layer therefore reduces its mechanical
robustness. For example, for a coil of gradient width design
with baseline geometric values (w0 = 60µm) and width gra-
dient B = 3, the maximum strain in the Si layer is > 0.06%
which is twice higher than the constant width design. There-
fore, the PI width gradient B needs to be properly chosen
in this competition between the efficient of thermoelectric
power generation and mechanical robustness.

3 Conclusion
Systematic studies of key effects of geometric and pa-

rameters on the thermoelectric and mechanical properties re-
veal design strategies for the thermoelectric coils as fabri-
cated by buckling-guided 3D assembly technique. Thermal
analysis significantly improves the maximum thermoelec-
tric power output of a coil compared to the previous work
(0.03nW) [42], i.e., by 5 times with the uniform PI width
design and 7 times with the gradient PI width design. This
thermoelectric model, which is applicable to similar ribbon-
or fiber- like thermoelectric devices [45,49,50], demonstrates
the huge improvement space of such device and a promising
future. Mechanical analysis reveals the importance of in-
plane bending in the thermoelectric coil which was ignored
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in the previous works on the post-buckling behaviors of a
thin-film ribbon, and provides a prediction of the maximum
strain in the Si layer of the coil with composite PI-Si-PI layer.
The safety of the brittle Si layer as well as the mechanical
robustness of the coil are therefore ensured for future appli-
cations.
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Appendix: Kummer Functions
The Kummer functions KM(a,b,z) and KU (a,b,z) are

defined by [51]

KM(a,b,z) =
Γ(b)
Γ(a)

∞

∑
n=0

Γ(n+a)
n!Γ(n+b)

zn (35)

and

KU (a,b,z) =
π

sin(πb)

[
KM(a,b,z)

Γ(b)Γ(a−b+1)

−z(1−b) KM(a−b+1,2−b,z)
Γ(a)Γ(2−b)

] (36)

100%

1. 2D precursor on prestretched substrate

2. Release prestrain
0

(a)

(b)

Bonding site

Si

PI

PI

Fig. 1. (a) Buckling-guided assembly of coils, which undergoes two
steps of fabrication: Selectively bond the 2D precursor onto the pre-
stretched substrate at the bonding sites; release the prestrain and
the 2D precursor pops-up into the 3D configuration by compressive
buckling. (b) Geometry of the 2D precursor.
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Fig. 2. The analytical heat-transfer model for thin-film coil. (a) Heat
transfer for a coil on the hot substrate. (b) Schematic illustration of
the conventional thermoelectric device. (c) Simplified analytic heat-
transfer model for a composite thin film coil.
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Fig. 3. Thermal analysis for the coil of constant width. (a) The tem-
perature distribution in a ribbon from the hottest side (ζ = 0) to the
coldest side (ζ = 1). The dots represent the FEA results, and the
curves represent the analytic model. (b) Largest temperature drop
and the power output coefficient LTh versus the normalized ribbon
length β. The hot-side temperature is Th = 310K.

Fig. 4. Geometry of the 2D precursor with gradient PI width.
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Fig. 5. Thermal analysis for the coil with gradient PI width. (a) Nor-
malized temperature distribution from ζ = 0 to 1, for B = 0 and 2
and chosen `= 2mm. The dots represent the FEA results, and the
curves represent the analytic model. (b) The power output coefficient
LTh and the hottest-to-coldest temperature drop ∆T versus the nor-
malized ribbon length β for a gradient width design with B = 2. The
hot-side temperature is Th = 310K. (c) The maximum value of LTh
versus the PI layer width gradient B.
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Fig. 6. Schematic illustration of the undeformed and deformed
curved ribbon.
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Fig. 7. Scaling law for the normalized maximum strain in Si layer
in the design space EPI,ESi ∈ [2.5,130]GPa, tPI ∈ [1,10]µm,
tSi ∈ [0.2,1]µm, wPI ∈ [100,140]µm, wSi ∈ [30,80]µm, R ∈
[300,800]µm, εpre ∈ [0.5,1.0]. Each parameter varies indepen-
dently from the baseline values.
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Fig. 8. Normalized maximum strain in Si layer versus the PI width
gradient for the coil of gradient width design.
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