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Abstract

We examine the effect social mistrust has on the propagation of misinformation
on a social network. Agents communicate with each other and observe informa-
tion sources, changing their opinion with some probability determined by their
social trust, which can be low or high. Low social trust agents are less likely to
be convinced out of their opinion by their peers and, in line with recent empirical
literature, are more likely to observe misinformative information sources. A plat-
form facilitates the creation of a homophilic network where users are more likely
to connect with agents of the same level of social trust and the same social char-
acteristics. Networks in which worldview is relatively important in determining
network structure have more pronounced echo chambers, reducing the extent to

which high and low social trust agents interact. Due to the asymmetric nature
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of these interactions, echo chambers then decrease the probability that agents
believe misinformation. At the same time, they increase polarisation, as disagree-
ing agents interact less frequently, leading to a trade-off which has implications
for the optimal intervention of a platform wishing to reduce misinformation. We
characterise this intervention by delineating the most effective change in the plat-
form’s algorithm, which for peer-to-peer connections involves reducing the extent
to which relatively isolated high and low social trust agents interact with one

another.
KEYWORDS: communication, networks, network design, misinformation, platforms.

JEL classification: D82, D83, D8&5.

1 Introduction

It is well-documented that social media platforms, like Facebook, Reddit and Twit-
ter, are hotbeds of misinformation on matters ranging from politicians (Allcott and
Gentzkow, 2017), scientific discoveries (Naeem et al, 2020) and celebrity news (Arnold
et al, 2019). One aspect of this multi-faceted problem that has been well studied is the
role of echo chambers in the propagation of misinformation (see, for example, Acemoglu,
Ozdaglar and Siderius, 2021). Agents who believe misinformation are more likely to be
connected to others who also believe it, and so misinformation is able to propagate, at
least amongst a subset of the population. Reducing the prevalence of echo chambers is
therefore often seen as a key component of the battle against misinformation.

Here, I consider the other side of breaking echo chambers: people who are correctly
informed are exposed to falsehoods when doing so. On its face, this might not be a
concern - communication on social networks is commonly bidirectional, and, hence, at

the very least, there is less polarisation when such communication occurs. However,



this thought does not take into account the role of social mistrust in the belief in and
sharing of misinformation on online platforms, a role which we examine in detail here.

Social trust and its effect on social media communication has become of increasing
interest to social scientists (Jennings and Stroud, 2021; Ognyanova, 2021; Hopp et al,
2020 and Kwon and Barone, 2020). Here, we define social trust as the extent to which
a person believes that the speech or actions of others are true or motivated by good
intentions (Gambetta, 1988). Individuals with low social trust are thus less likely to be
convinced by the opinions of others than those with high levels of social trust.

Recent research shows that there is a link between social trust and misinformation -
specifically, followers and sharers of misinformative sources and content are more likely
to have low levels of trust in both other citizens and the mainstream media (Hopp et al,
2020). Experimental evidence suggests that people who believe misinformation are less
likely to be convinced out of their opinion even after being shown the truth (Rhodes,
2021) Furthermore, so-called countermedia information sources, who frequently purvey
misinformation, spread a narrative where most people should not be trusted as they
are either ignorant or actively nefarious (Rojas, 2010 and Allcott & Gentzkow, 2017),
indicating that there is a vicious cycle of low social trust individuals observe content
which fosters low social trust, whereby low social trust individuals seek out sources
which render them even less trusting of their peers.

Individuals with low social trust, then, have a worldview which has two character-
istics relevant to the spread of misinformation on social media. First, they are less
likely to be convinced by the opinions of high social trust individuals than the reverse.
Second, such users are more likely to believe misinformation in the first place. We
construct a model that captures both of these aspects of social mistrust, with the goal

of examining how they affect the spread of misinformation.



In the model here, agents interact with each other and information sources on a
social network. Users can either be informed or misinformed and they have either low
or high social trust. Users are connected both with each other and information sources;
one type (“mainstream” information sources) which espouses the informed opinion, the
other, “countermedia” information sources, espouses the misinformed opinion. Users
exhibit both homophily, in the sense that they prefer to connect with users of the with
the same social characteristics and social trust level as them, and bias, in that low social
trust users prefer to connect to countermedia sources and high social trust users prefer
to mainstream sources.’

The agents communicate on a network that is shaped by a platform’s algorithm,
which suggests which users an agent should follow, taking into account users’ preference
for homophily and biases. The platform wishes to maximise the degree of the network,
and hence chooses an algorithm that reinforces these preferences. At the optimum, this
algorithm generates a stochastic block model, with types distinguished by both social
characteristics and level of social trust.

We characterise the distribution of opinions of the users as the number of agents
tends to infinity. As the social trust of mistrustful agents decreases, the higher the
probability that a random agent believes misinformation: misinformation from coun-
termedia news sources is broadcast by users with low social trust to high social trust
individuals who are more likely to be convinced out of their belief in the truth than the
reverse.

This feature of the model is crucial to our main results. Echo chambers in this

context, rather than being a source of the spread of misinformation, protect high social

LOf course, there is likely to be a correlation between some social characteristics and social trust.
Our analysis is agnostic as to the extent and direction of this link, as none of the results depend on
any particular relationship between these two variables.



trust users from being convinced by their mistrustful peers. The more agents value
homophily with regards to social trust (what we will term “interest-based” networks),
the more platform’s algorithm amplifies their inherent desire for echo chambers. This
reduces the extent to which low social trust agents interact with high social trust agents.
The more agents value interacting with agents who are socially similar to them, the less
direct salience their social trust is to network structure, increasing the extent to which
low and high social trust agents interact. The probability that a random agent believes
misinformation in such friendship networks, then, is greater than the same probability
in networks where agents have a direct desire to link to agents who have the same
worldview as them.

At the same time, friendship networks tend to be less polarised than interest-based
networks, as echo chambers increase the extent to which initial biases remain after
communication takes place. As such, we identify a potential trade-off such that reducing
the prevalence of echo chambers increases the probability agents are informed but also
increases polarisation.

We then turn to the question of interventions in the network to reduce the extent
to which misinformation is believed. If the platform intervenes by reducing the proba-
bility that users observe one another (a “structural intervention”), then they optimally
intervene to reduce the extent to which the most isolated high social trust individuals
(i.e. those who are least likely to observe misinformation) interact with the low social
trust individuals who are most likely to observe misinformation. Such links are dispro-
portionately costly in terms of the spread of misinformation, as they are most likely to
lead to a more convincible agent being converted to believing misinformation.

Reducing the extent to which users observe countermedia sources is also a way

of reducing misinformation propagation. We characterise an influence measure that



captures the optimal users to target with such an intervention, finding that a reduction

in social trust increases influence, as does being well-connected in the network.

Literature review

Social trust is a well-contested term within the sociological literature (see Verducci and
Schréer, 2010 for an overview), but broadly can be thought of as being the belief that
other citizens (as opposed to political, social or media elites) will, for one reason or
another, act in a way that is, at best, to our benefit, and at worse not to our detriment
(see Gambetta, 1988 and Warren, 1999 as examples). Of particular interest from our
perspective is Gambetta’s (1988) observation that trust “is a particular level of the
subjective probability with which an agent assesses that another agent or group of
agents will perform a particular action™ the socially mistrustful agents in our model
are less likely to believe their peers than the socially trustful ones.

Our analysis fits into a growing literature on the role of social trust as a driver of
polarisation and misinformation on social networks and in public life more generally.
People who are socially mistrustful are more likely to vote for a populist political
candidate (Hooghe and Dassonneville, 2018), spread countermedia content (Hopp et
al, 2020), were less likely to socially distance during the Covid-19 pandemic (Woelfert
and Kunst, 2020) and are more likely to believe conspiracy theories in general (Pierre,
2020).

Relatedly, a number of empirical papers have highlighted how exposure to opposing
viewpoints may have differential effects on different users. For example, Bail et al
(2018) find that exposure to a Twitter bot with an opposing viewpoint actually increased

political polarisation amongst ideologically extreme right-wing subjects. These subjects



are also less likely to reduce their belief in false stories that support their political
position than their left-wing counterparts according to Rhodes (2021). Both of these
studies provide justification for the asymmetric communication mechanism that plays
a key role in our model.

A number of economic theory papers have tackled the question of fake news, which
can be broadly put into two categories: Bayesian agent approaches, in which fully ra-
tional agents choose whether to share a piece of content, often with the input of a
benevolent (Candogan and Drakopoulos, 2020 and Papanastasiou, 2020) or manipula-
tive (Chen and Papanastasiou, 2021 and Keppo et al., 2019) platform, and bounded
rationality or naive learning approaches (Nguyen et al., 2012, Toernberg, 2018 and
Mostagir, Ozdaglar, and Siderius 2020) in which agents update their beliefs heuristi-
cally on the basis of the opinion’s of their neighbours.

Within the former strand of the literature, Acemoglu, Ozdagalar and Siderius (2021)
is the closest to this paper. There, echo chambers generate an incentive to share misin-
formation, as it is less likely to be identified as such, with the platform exacerbating this
issue by selectively displaying misinformation to create a filter bubble, which contrasts
with our finding that echo chambers insulate high social trust users from observing
misinformation.

Our approach fits more closely with those employing boundedly rational agents
and the naive learning on networks literature more broadly, which largely employs a
DeGroot-based social learning approach (see Golub and Jackson, 2010). Specifically, we
examine the case where there are agents who are naive learners who are influenced by
users who do not update their opinion, namely information sources. Yildiz et al (2013),
Sadler (2021) and Vohra (2021) all employ such agents in a naive learning framework,

though neither examine the case where other agents are differentially convincible.



Anunrojwong et al (2020) utilise the naive learning framework to examine the case
where users observe both a platform and their peers, both of whom share content, in-
fluencing beliefs. The focus of their analysis is on the potential for the platform to drive
polarisation or consensus on an extreme viewpoint where interactions between agents
are symmetric. On the other hand, we examine the case where agents experience asym-
metric interactions, which drive polarisation and extremism even without the presence
of the platform, though its actions tend to exacerbate the spread of misinformation.

Perhaps the closest of the DeGrootian literature to our paper is Dandekar et al.
(2013), which examines the case where agents are more likely to believe evidence which
supports their current position, leading to the possibility of polarisation under ho-
mophily. By contrast, our analysis focuses on the extent to which homophily drives the
direction of beliefs in an environment where asymmetric interactions are independent
of belief: low social trust agents are more likely to believe misinformation, but even
when they do not, they are still less likely to believe their peers than their more trusting

peers are to believe them.

2 Communication

The model is in two parts: a network formation stage, in which users choose who they
are connected with, which generates a network GG, and a communicate stage, in which
agents communicate in perpetuity on G. We consider the latter process first, before

examining the network formation process in Section 3.



Communication and social trust

We consider agents interacting on a social network. Agents take two forms: “information
sources” and “regular agents”. Agents are linked by a graph G. Let S denote the set
of information sources and R denote the set of regular agents, with |S| = mg and
|R| = mpg. If i,7 € R then if there exists an edge ij € G, it is undirected, while if
i€ Rand j € S, ij is directed (there are assumed to be no links between information
sources).

Suppose that there are n agents (i.e. both regular agents and information sources)
and time is discrete. In period r, each agent, i, holds an opinion, v;. € {0,1}, where 1
is an informed opinion and 0 is a misinformed opinion. In each period, a single regular
agent is chosen uniformly at random. The regular agent, i, observes a single agent, 7,
chosen uniformly at random from their neighbourhood (i.e. any agent j where ij € G).

Information sources are either “mainstream” or “countermedia”. If 7 is a mainstream
information source, they have belief v;, = 1 for all r, while if they are countermedia then
vy = 0. Let Sy and S; be the set of countermedia and mainstream sources respectively.
We assume that Sy, S; # 0.

If i observes j € S (i.e. an information source) in period r then i adopts j’s opinion
with probability 1 in r + 1.2

Meanwhile, if j € R then the probability that ¢ adopts j’s opinion depends on i’s
social trust. Specifically, agents can have two levels of social trust: “low” or “high”, such
that an agent ¢ has social trust level §; € {d.,0p} = A with 0 < 0, < oy < 1. If the

link 77 is realised in period r and 7 € R, then an agent ¢ adopts j’s opinion in r+ 1 with

2We have adopt this assumption to focus our attention on interactions between regular agents.
Agents may well differ in the extent to which they are convinced by information sources (and indeed,
this may also depend on the type of information source), and this could be incorporated into the model
easily.



probability d;: that is, agents with low social trust are less likely to adopt the opinion
of an agent they observe with less probability than a high social trust agent is. Let Ry,
denote the set of low social trust agents, Ry the set of high social trust agents.

The opinion forming process then forms a Markov chain. Define v° as the vector
of opinions of information sources, and v!* the vector of opinions of regular agents at

time t. The following statement holds:

Proposition 1. Suppose G is connected and S is non-empty. Then, the Markov chain

vl has a unique steady-state distribution.

This result is similar to the one found in Yildiz et al (2013), but holds for the more
general case where agents are not convinced by the agent they observe with probability
1. We exploit the result in Proposition 1 throughout to examine how network structure

affects the steady-state distribution of beliefs.

An example of the communication process with social trust

Suppose that there are three regular agents, A, B and C, with the first two agents
having high social trust, the latter having low social trust, and two information sources,
one mainstream and one countermedia. We consider two network structures, shown in

Figure 1 below.
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Figure 1: Two realised communication networks, with A, B and C representing regular
agents.

Suppose first that 0;, = 0.2 and é5 = 0.8. In network structure 1, on the right-hand side
of Figure 1, where A, B and C' are connected, the unique steady-state distribution is such
that agents A, B and C believe misinformation with probabilities 0.36, 0.36 and 0.81
respectively, and hence the probability that a random agent believes misinformation is
0.52. Compare this result to network structure 2. In that case, A, B and C believe
misinformation with probabilities 0.14, 0.32 and 0.87 respectively, and so the probability
a random agent believes misinformation is now 0.45. Reducing the extent to which high
social trust types are connected to low social trust types reduces the propagation of
misinformation, the result of the fact that communication between agents A and C
(who are connected in network structure 1 but not 2) is asymmetric, such that A is
convinced by C' more often than the reverse.

Compare this result to the case where §;, = 1 and 0 = 1. Under network structure 1

11

and 2, agents A, B and C' believe misinformation with probabilities i and g, ;

and %, and

1

7 and g respectively. In both cases, however, a random agent believes misinformation

with probability % Hence, in the case where there is no social mistrust, while the

11



probability that different agents believe misinformation is affected by network structure
(and therefore polarisation is too), average public opinion is not. These observations

will be formalised by our model.

3 Network formation and stochastic block models

Having outlined the communication process, we now consider network formation. Agents
are made aware of each other and information sources by a platform and choose whether
to connect with other agents, forming the network. The network formation process gen-
erates a sequence of stochastic block models, which we use to analyse the steady state
of the communication process. By modelling network formation explicitly, we are able
to consider how network structure is shaped by platform and user preferences, and, in

Section 6, how the platform can intervene to affect user beliefs.

Network formation and the platform

Throughout, we will assume that a regular agent, ¢ is associated with both a level of
social trust, as discussed above, and a measure which captures social characteristics (e.g.
location, schooling, socioeconomic status etc) §; € {01, ...,6;} = O, where |6;—0;| € [0, 1]
measures how socially similar agents are.?

The network formation process, takes place in two stages: an awareness stage, in
which a platform partially determines the extent to which agents are aware of each

other; and a connection stage, in which agents choose to connect with agents that they

are aware of.

30ur analysis does not preclude there being a correlation between social trust and social charac-
teristics; we merely allow for the possibility that there are agents of both types of social trust within
each demographic group.

12



First, we consider the connection stage. Regular agents can only connect with other
agents who they are aware of, can connect costlessly, and prefer connecting with agents
who are similar to them both in terms of social characteristics and social trust (which
can be thought of as a proxy for worldview more broadly). We assume also that regular
agents have preferences over information sources depending on their level of social trust.

Let éij = —|6;, — 6;] and &-j = —1if 6; # 0, and 0 otherwise. We assume that
conditional of being aware of agent j, an agent ¢ receives the following utility from

linking to them:

(

Oé&j + (1 — a)éij + €ij lfj €ER

ui(éijagij) =3 (1 —=6)+e JE€So

\(51‘ + Eij VASESH

where ¢;; ~ U[—1,1] is an idiosyncratic shock which captures other benefits (for ex-
ample, financial) i receives from being connected with j and a € [0,1] measures
the relative importance differences in social trust and social characteristics have in
determining the utility generated by a link. We assume that €;;s are i.i.d. Define

a&-j + (1 — a)éij = ;; < 0. Suppose i is aware of j with probability f;;. The total

probability that ij € R are connected is then w;; = (8;; + 5;i) 1+;“ and:

(5U>[1 - %] 2'7 € Rand j € S(]
(B)[5+ %] i €Randjes,
Now consider the awareness stage. Agent ¢ is aware of agent j with probability 5;; = B+

Bij where 8 € [0,1) is the probability that i is aware of j without platform intervention

and Bij € [0,1 — f3] represents an increase in the awareness probability induced by the
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platform by e.g. suggesting to ¢ that they follow j on a sidebar.* Adjusting ;; away
from Bz’j is costly to the platform - for example, making agents more aware of each other
decreases the prominence of advertisements. Specifically, we assume that the platform’s
cost, function is C'(8) = x 3, > Afj =X >_; >_;(Bij —B)?, where B is a mp X mp matrix
whose ijth entry is Bl-j and y € [0, 1].

Define E[D(3, 8)] = ZieRE[di(B,ﬂ)] = > jlwi; + w?], where d; is i’s degree. The
platform’s payoff is increasing in the expected number of edges in the network, as
this is a proxy for the amount of time users spend on the platform, which in turn
determines platform revenues. The platform then solves the maximisation problem:
maxs[D(B, ) — C(B)].

Network formation then takes place as follows. The platform chooses the matrix, 3,
determining the matrix of awareness probabilities 3. The pattern of awareness and the
idiosyncratic shocks are then realised and each agent simultaneously chooses whether to
connect to each of the agents they are aware of in the linkage phase of the game. Once
the network is formed, agents then communicate with one another under the process

described in Section 2.

Solving the platform’s problem

We state the following result regarding the solution to the platform’s optimisation

problem described above:

Proposition 2. Holding n fized, the unique solution to the platform’s optimisation

problem, B, generates a stochastic block model, G(m(n), W(«)), with discrete type

40f course on real-world platforms, the innate probability that i is aware of j would itself be
correlated with ¢ and j’s characteristics, as well as the number of users on the platform. This could
easily be incorporated into the model, but would not materially affect the conclusions, so we maintain
this assumption for simplicity.
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space, T = {©x A} ={T},...T}, a 2t x 2t matriz of linking probabilities, W = W (),
a number of agents, n, and a vector m(n) = (m(n),...,mi(n),ms(n),m?(n)), where

T3] = m(n) and |S;| = m? (n).

The unique solution to the platform’s problem is such that if §; = J; and 0; = 6, then
w;, = wjy, for all k. Hence, the solution to the platform’s problem generates a single
stochastic block model, with types determined by both an agent’s social trust, ¢;, and
the social characteristics measure, #;. The ijth component of the linking probability
matrix, W («), is then the probability that a type ¢ agent will observe a type j agent.
Upon the realisation of the idiosyncratic shock terms and the pattern of awareness, the
agents’ linkage choice determine the realised network of this stochastic block model.
At this optimum, if ¢, j, k € R then w;; > wy, if |5Z]] > |3lk| and éij > 0 or éij > O
and &j > &-k, i.e. there is homophily between groups both in terms of worldview and
social characteristics. In terms of information sources, let 7; and 7y denote the set of
types which contain agents with low and high social trust respectively. Then if T; € Ty
and T; € Ty and k € S then wjj, > w3, with the reverse being true when & € Sp.
Homophily between groups takes two forms here: one relating to the social char-
acteristics measure 6; and the other relating to social trust. How relatively important
these measures are for network structure depends on the parameter o. To see this,
suppose 7,j € Ry and k € Ry with éij > 0. Then w;;(a) is increasing in o and
wir () is decreasing in «. As « increases, the relative salience of similarities in social
trust increases and the importance of social similarities decrease. The optimal network
structure from the platform’s point of view reflects this, and hence low social trust

individuals become more (less) connected in expectation as « increases (decreases).
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Stochastic block models

Throughout, we will consider the expected beliefs of agents on a stochastic block model
generated by the platform’s choice of the awareness matrix, B, prior to the realisation
of both the pattern of awareness and the idiosyncratic shock terms.

Formally, we take a sequence of stochastic block models {G(m(n), W («a)) }ren in
order to analyse the distribution of beliefs as n — oco. Doing so allows us to characterise
the distribution of beliefs held by agents in steady state, and, given the large number of
users of social networks, provide a good approximation of the distribution beliefs that
would be held by agents on social block models constructed in the manner described
above.

For a fixed n, let m? (n) denote the number of information sources of opinion 4, and
mE(n) denote the number of regular agents of type T;. We write:

R(”) R

S
m; (n) S 1
’ = q1 ) hmn—>oo ’Ln = qZ I

lim,, 00
as the limiting fractions of information sources with opinion ¢ and regular agents of

type T; respectively. Throughout, we will maintain the assumption that ¢ = ¢,

which, given the optimal expressions for wy, and w2, implies that each type observes

the same proportion of information sources, differing only in the relative amount of

misinformative sources they observe.?

Let 9;(n, a) be a random variable denoting the beliefs of an agent ¢ and distributed

according to the steady state of the model n. Define:
ZieTj vi(n, @)

mit(n)

zi(n,a) ==

5This assumption simplifies the analysis, but the model could easily incorporate agents who prefer
to observe fewer or more information sources than others, as well as correlations between social trust
level and these preferences.
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as the average opinion of type 7} agents. Let T be the set of all types of regular agents.

Public opinion can then be defined as follows:

. 1
Z(n,a) = m—[ Z mF(n)z(n,a)].
R T:€Tr
We will often be interested in the limit of public opinion, lim,_,.2(n,a) = Z(«). Finally,

we write G(W (a)) = lim,,_,o,G(m(n), W(a)).

4 Opinion formation and social trust

We state an expression for the limit vector of equilibrium beliefs. We then use that
limit vector to examine the effect that our assumption regarding differences in social

trust across agent types have on public opinion.

The belief vector

We characterise the limit vector of the beliefs of regular agents. Define W(a) as the
2t x 2t trust-adjusted linking probability matrix whose ijth entry is ¢;0;w;;(«). Define

the normalised degree of a type ¢ regular agent as follows:

JET

Let A(«) denote a diagonal matrix whose ith component is d; and M(a) := A(a) —
W(a). We define a T' x 1 column, z° whose ith entry is ¢/w? and z(n,a) isa T x 1

column vector whose ith entry is z;(n, «). The following Theorem holds:

Theorem 1. The limit vector of reqular agent expected opinions, z(n,«), converges

almost surely to the expression.:

17



The ith component of the vector 2%, ¢fw?, measures the direct effect information
sources have on the belief probabilities of an agent of type Tj’s. The matrix M *(«)
then measures the amplification of information sources by regular agents on social
media: the higher the expected number of links between one agent type, 7;, and another,
T;, the larger the effect that the information sources that a given agent of type T; is

connected to have on an agent of type T;, and vice versa.

The role of social trust

We can use the expression in Theorem 1 to understand the effect of a change in the
levels of social trust. We do so while holding the worldview parameter fixed, so as not
to change the proportion of countermedia sources shown to particular agents. from low

social trust individuals.

Proposition 3. A decrease in dp, results in an increase in expected public opinion and

therefore a decrease in the probability that the average agent believes misinformation,

dz(a)
o > 0.

that s,

Proposition 3 highlights the effect that the presence of low social trust agents have on the
distribution of equilibrium beliefs. To see why it holds, first consider the case where the
network, G, is fixed. As the social trust of these agents decreases, the influence they have
on high social trust agents they connect to increases relative to those agents’ influence on
low social trust agents. The expected proportion of countermedia information sources

observed by low social trust agents is higher than for agents with high social trust. It
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follows that the probability that misinformation is believed increases in this case, with
the opposite being true when ¢§;, increases.

A change in 0}, also implies a change in optimal network structure in equilibrium: an
increase in ¢y, increases the proportion of countermedia information sources observed by
low social trust agents. This straightforwardly has the effect of increasing the probabil-
ity that a generic low social trust agent believes misinformation, which in turn increases

the probability that high social trust agents believe misinformation as well.

5 Network structure and echo chambers

We examine the effect that different network types have on misinformation. Specifically,
we compare a network where there is more homophily with regards to social trust with
a network where social similarity is more important in determining who connects with
whom. In doing so, we also analyse the effect of echo chambers on the spread of

misinformation across the network.

Network types and misinformation

We observe that many large-scale online social networks can be categorised into two
broad classes. The first type, which we call friendship networks, are such that users
tend to be connected with others they have met, to at least some extent, offline, and
are thus associated with them by friendship, work or education. Examples of friendship
networks include Facebook and Snapchat. Interest-based networks, on the other hand,
involve agents interacting with people with similar worldviews or interests to them. The
most prominent example of an interest-based network is Twitter, but forum networks

and Reddit work in a similar way.
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In terms of our model, interest-based networks would be generated by a relatively
high value of «, the relative weight differences in social trust have on the probability
that an agent connects with another conditional on being aware of them. The platform’s
algorithm would then be more likely to show agents with low social trust other agents
with this worldview. On the other hand, friendship networks would be generated by a
relatively low value of «, and as a result ¢’s social demographic measure, #;, has more of
an impact on the strength of i’s linking probabilities than in the interest-based network.

An example of these two networks is displayed below.

Interest-based network Friendship network

Figure 2: The black node represents a countermedia source, the grey node represents
a mainstream media source, and the other colours denote different types of agent.
Specifically, the light and dark blue agents are of high social trust, with the other nodes
being low social trust, the light blue and orange types are maximally socially similar,
as are the dark blue and red types.

As highlighted in Section 3, the structure of the network has implications for the ex-
pected belief vector, z(«). We can examine how friendship networks differ from interest-
based networks by defining two different stochastic block models, G(m(n), W (ar)) and

G(m(n), W (ay)), where ap < cy. The following Theorem holds:

Theorem 2. Ezpected public opinion zZ(«) is increasing in . This implies that the limit
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probability that a random agent is correctly informed in the friendship stochastic block

model is lower than in the interest-based stochastic block model; that is, Z(ap) < Z(ay).

The result of Theorem 2 largely relies on the fact that communication between agents
with low and high social trust is asymmetric. When low social trust individuals com-
municate their opinion to high social trust individuals, the interaction is more likely to
lead to the latter adopting the former’s opinion than the reverse interaction would do.
As low social trust agents are also more likely to believe misinformation, it follows that
such interactions will increase the average level of belief in misinformation.

In friendship networks, low and high social trust individuals are more likely to be
connected to each other, whereas in interest-based networks these agents are more
segregated from one another. As communication on the network is asymmetric, such
that low social trust types are less convincible than high social trust types, it follows that
the expected number of agents who believe misinformation is greater in the friendship
network than for the the interest-based network. As such, the interest based network
generates an echo chamber more effectively than the friendship network.

Theorem 2 also highlights the role of the platform’s algorithm in the spread of mis-
information. By recommending countermedia sources to low social trust types, the
platform’s incentive to maximise engagement straightforwardly increases the probabil-
ity that misinformation is believed. The role of platforms’ algorithms in propagating
sources that are misinformative, which this mechanism within the model captures, is
well established.

However, the role of the platform goes beyond recommending countermedia sources.
The more salient social characteristics are (i.e. the smaller « is), the more the plat-

form’s algorithm encourages users to connect to those who are similar in terms of those
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characteristics. When a < % then, the platform’s algorithm acts to reduce the natural

echo chamber that exists due to the agents’ innate homophily, and in turn increases

the probability that agents believe misinformation, with the opposite being true when
1

Echo chambers

A way of conceptualising the result in Theorem 2 is as a statement about the effect of
echo chambers on opinions. While the potential role of echo chambers in the polarisation
of beliefs and ensuring that a proportion of the population will believe misinformation
has been analysed extensively, our results point to a mechanism that is often ignored. As
the segregation of different viewpoints becomes more pronounced, the less interaction
there is between individuals who believe misinformation and those who do not. If the
latter are (on average) more convincible than the former, then echo chambers reduce
the spread of misinformation.

To better understand the interaction between echo chambers and social trust, we
define & = 05 — dr, and note that zZ(«, 5) is a function of a ¢ as a result of the fact that

the matrix W (e, 0) is a function of 4. The following result holds:

Proposition 4. Suppose ap < a;. Then, when 6 > 0, Z(QF,S) < Z(Oé[,g) and when

52 0) 2(0[}775) - 2<a175)'

If6 >0, 7, € T and T; € Ty then w;;(ap) > w;;(ar) : the friendship model tends
to generate graphs that exhibit less homophily with regards to social trust than the
interest-based model, which implies the former exhibits less of an “echo chamber” ef-
fect. Proposition 4 then states that by protecting high social trust individuals from

misinformation, the interest-based model produces an outcome in which agents are less
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likely to believe that misinformation.

The two models only become equivalent in the case where agents have the same
level of social trust: when this holds, communication between agents more likely to be
connected with mainstream information sources and those more likely to observed coun-
termedia sources is as effective at changing opinions as communication in the reverse
direction. In the case where there are no differences in social trust then, the fact that
agents with mostly mainstream views are more likely to observe misinformed agents in
the friendship network than in the interest-based network is canceled out by the fact
that misinformed agents are more likely to be convinced out of their position by their

mainstream opinion holding peers.

Polarisation

While our main focus here is on the average belief in misinformation, it is also worth

commenting on polarisation. We define polarisation as follows:

P(a) == lim,, Zqi|zi(n, a) — zZ(n, a)|.

Polarisation then measures the expected deviation of the expected belief of a type ¢

agent from the average belief of a generic agent as n — oo.

Proposition 5. Polarisation P(«) is increasing in o. The level of polarisation in the

friendship network is then less than in the interest-based network, P(ar) < P(ay).

Echo chambers in this setting increase the probability that a random agent is informed
in steady state, but they increase polarisation. This follows simply from the fact that
the stronger the echo chamber is in equilibrium, the less interaction there is between

agents who observe countermedia sources with different probabilities. If agents who are
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likely to have different opinions to one another do not interact as much, low social trust
agents are more likely to believe misinformation, and high social trust agents are more
likely to be informed.

Taken together, Theorem 2 and Proposition 5 imply that, if the platform was in-
centivised to intervene in the structure of the network, there is a trade-off between
polarisation and the probability that misinformation is believed by a random agent.
Often polarisation is discussed as being a fundamental part of the spread of misinfor-
mation. Here, as more pronounced echo chambers protect high social trust individuals
from being as exposed to misinformation, the problem of polarisation and the spread
of misinformation are two different issues, and solutions to combat them may be con-
tradictory.

Note that this trade-off would not exist without differences in social trust. In the
case where all agents have the same levels of social trust, network structure affects po-
larisation, but does not affect the average number of agents who believe misinformation,
as highlighted in Proposition 4 and the minimal example in Section 2. The introduction
of social trust (or, more broadly, agents who are differentially convincible) results in
network structure being a critical element in determining not just who believes what,
but the extent to which misinformation is believed. This facet of the model makes the

question of network design more pertinent, which we discuss in Section 6.

6 Network interventions

We consider a range of policy interventions which aim to reduce the extent to which
misinformation propagates through the network. To do so, we consider a finite network

with large n, such that 2(n, «) is well approximated by z(«), and analye the effect of the

24



platform intervening in the matrix of awareness probabilities. Specifically we consider
structural interventions, which involve changing the extent to which regular agents
are aware of one another, and interventions which reduce the extent to which agents
observe countermedia sources, characterising conditions under which these interventions

are particularly effective.

The efficacy of algorithmic interventions

Much of our analysis will focus on the extent to which a change in the platform’s algo-
rithm affects public opinion. A natural question before we conduct this analysis would
be whether some form of ex-post intervention on the structure of the network would be
more effective than intervening on the algorithm prior to the network’s realisation. To

answer this question, we state the following Theorem:

Theorem 3. ForanyT € T, limnﬁoomaxieﬂE[agggg*)] — E[%H =0foralkel.

Theorem 3 states that, as n — oo, an ex-ante marginal change in the awareness al-
gorithm of a random agent of type k& has the same effect on public opinion as the
case where the platform knew which 3;; would be most effective at changing public
opinion at the margin. As such, Theorem 3 validates the effectiveness of interventions
in the network generating process, which would tend to require less information than

intervention on the realised network.

Structural interventions

First, we compare the relative effectiveness of interventions which directly decrease the

probability that one type of regular agent is aware of another type of regular agent,
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rather than a source of information. We call these interventions “structural interven-
tions”. We focus on structural interv.entions which change the probability that high
and low type agents interact with one another: such interventions will necessarily be
more effective in reducing the average belief in misinformation than other interventions;
a direct consequence of the result in Theorem 2.

We consider a marginal decrease in an individual awareness probability g;;. Both
network structure and the number of agents who are of a given type will impact on
the overall effect such an intervention will have. To focus on the effects of network
structure, we examine a case that we will call type-symmetry, where for all 7 € 7, and
J € Tu, ¢ = qr, and ¢; = qu. As agents of the same type are identical in expectation,
we can draw on the result in Theorem 1 to understand this marginal change in terms

of the interaction between types.

Proposition 6. Suppose G(W) is type-symmetric. The following two statements hold:

(a) if i,j € Rp, k € Ry and z; < z; then \dz(aﬁ | > |8z(aﬂ )| and; (b) if s,t € Ry,

v e R and zs > z, then]azaﬁ)]>\ 8.

6ﬁtv

Connections between low social trust agents who are most likely to believe misinforma-
tion and their more trusting peers are more influential in spreading misinformation than
links between those high social trust agents to other low social trust agents. Agents with
the highest belief in misinformation are relatively isolated (both directly and indirectly)
from high social trust agents, and therefore truthful information sources. As a result,
conditional on being observed such agents are most likely to espouse misinformation
which then convinces the high social trust agents they interact with.

Similarly, links between low social trust agents and agents who are most likely to

believe the truth are also relatively influential in spreading misinformation compared
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with links to other high social trust agents. Again, the type that is least likely to
believe misinformation is relatively isolated from low social trust agents, which renders
the interactions they do have with such users relatively potent.

As such, the platform can intervene in intra-agent interactions most effectively by
lowering the extent to which relatively isolated, high social trust agents come into
contact with low social trust individuals who are themselves relatively less likely to

come into contact with correctly informed agents and information sources.

Intervening in information source recommendations

We now consider a marginal change in the mix of information sources users observe.
Clearly, to reduce misinformation it would be necessary to reduce the proportion of
countermedia sources observed by a given agent. However, which user(s) to target with
such an intervention is not trivial and will depend on network structure, as we show
below.

We define the influence of an average type i € T agent as ¢; 1= ., where ¢;
is the ijth entry in the matrix K(«), a 2t x 2t matrix whose ijth entry is equal to
the ijth entry of M~!(a) times I We also define Bi(j, k) == Bij — B, which allows
us to consider a change in the relative proportion of countermedia information sources
without changing the amount of information sources ¢ observes overall. We make the

following observation:

0zZ(a;8%)

Proposition 7. Suppose thati € T;, j € T; and k; € Sy with ¢; > ¢;. Then ‘Bﬁv((kl k0)| >

| 9z(:8") |
9B;(k1,ko) "

Increasing the proportion of mainstream media sources observed by an agent decreases

the probability that every agent believes misinformation. The influence of £, ¢;, mea-
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sures the effect the information sources observed by an average ¢t type agent have on
the opinions of other regular type agents, weighted by the total proportion of agents
who are of that type. Hence, if ¢; > ¢;, then the marginal effect of increasing the rel-
ative probability type is observe mainstream sources on public opinion is greater than
marginally increasing the same probability for type js.

To see a practical implication of Proposition 7, we first note that % < Oforallz e
Tr: low social trust individuals become relatively less influential as they become more
convincible. The intuition for this is that the matrix K («) (and, equivalently, M ~!(«))
measures the extent to which type ¢ agents propagate the views of the information
sources they observe. When type ¢s are more convincible, they are more likely to adopt

the position of their peers, and hence they are less influential overall.

The observations above imply the following result:

Proposition 8. Suppose G(W) is type-symmetric such that q;, = qu and so ¢; = q Vi.

Then for any j € Ty, 3i € Ty, such that ¢; > ¢;.

In the case where types only differ by their location in the network, for any high social
trust type, there exists some low social trust type who is more influential than them.
Specifically, if 7 and j have the same social characteristics (i.e. §; = 0;) thenifi € 7, and
j € Tu, then 7 is more influential than j. Both ¢ and j occupy an equivalent position in
the network when ¢; = ¢ Vi. As a result, what determines the relative influence between
the two types is the extent to which they change their opinions when confronted with
agents with a differing viewpoint, and, as low social trust types are less convincible

than high social trust types, it follows that ¢ is more influential than j.
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Optimal interventions

We can use the above analysis to assess when marginal interventions in which the
proportion of countermedia information sources agents observe is reduced are more

effective than marginal structural interventions. Let Ag(a) = maxi,jepbﬂ%\} and
i

9z(a;8%)

Btk o) |. We make the following statement:

Aj(a) = maxep|

Theorem 4. Suppose G(W) is type-symmetric. Then the most effective structural
intervention, Ag(a), is increasing in «. Furthermore, for any «, there exists §e [0,1)

such that if § < 0, then A[(a,g) > AS(CY,S).

As low and high social trust agents become more connected, the difference in the belief
probabilities of the most misinformed and least informed agents becomes smaller. As
Proposition 6 implies, this results in the most effective structural intervention being
less effective, as agents with opposing opinions are less segregated. Hence, structural
interventions are relatively more effective in the interest-based network than in the
friendship network.

Now, consider the second statement in Theorem 4. If the difference in social trust
levels is sufficiently low, then intervening to reduce the proportion of countermedia
sources recommended by the platform’s algorithm is more effective than any structural
intervention. As & decreases, the extent to which agents of different types differ in the
probability that they believe misinformation reduces, because, first, the difference in
convincibility between low and high social trust agents becomes smaller and secondly
the difference in the probability that a low and a high social trust agent observes
misinformation also decreases. When § = 0 both these differences are zero, guaranteeing
that intervening to reduce the probability that misinformation is observed in the first

place is more effective than a structural intervention.
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One further question that we have not yet addressed is the issue of polarisation. It
is fairly straightforward to see that structural interventions increase polarisation, while
reducing the probability that an agent or agents connect with countermedia sources
has the effect of reducing it. Hence, if the goal of the intervener is to both reduce
polarisation and the probability that agents believe social mistrust, the latter type of
intervention is superior. On the other hand, when « is large, structural interventions
are particularly effective, and may be worth the increase in polarisation associated with

them in some cases.

7 Concluding remarks

We have analysed an opinion formation model in which some agents have lower social
trust than others. Low social trust agents communicate asymmetrically with their
high social trust peers, as they are less convincible than them. We consider the case
where these mistrustful agents are more likely to propagate the misinformation spread
by countermedia sources. The asymmetry in communication results in agents being
more likely to believe misinformation in networks in which there is a relatively high
level of communication between high and low social trust agents, a result exacerbated
by the platform’s desire to maximise engagement. However, such networks have less
polarisation than networks in which echo chambers are more pronounced, leading to a
trade-off between these two features of opinion formation networks.

A key aspect of our analysis is the empirically established link between an agent
being mistrustful, believing misinformation and engaging with countermedia sources.
One aspect of these links which we have not explored is why low social trust agents

are attracted to following countermedia sources. While it is sufficient for our purposes
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that such a link exists, one explanation worth highlighting is that these sources present
narratives where people with mainstream opinions are either acting in bad faith or
have been tricked or hoodwinked into believing those opinions (see Harambam & Au-
pers, 2014, for example). There is then a feedback loop between viewing countermedia
sources and social trust, such that agents who have a slight preference towards coun-
termedia sources become less trusting of mainstream narratives, and as a result seek
out countermedia sources.

It should be noted that the model set-up leans heavily towards the current discourse
in Western countries like the United States and the UK where mainstream sources are
relatively trustworthy and countermedia sources are often misinformative.® Mainstream
sources may not necessarily be trustworthy in other countries, where mainstream media
sources may echo government propaganda. For example, there is evidence that Face-
book was used to spread of pro-government and anti-Muslim misinformation during
the 2017 Myanmar genocide (see Whitten-Woodring et al. 2020). In this case, coun-
termedia sources would counteract rather than propagate misinformation. We have
not actively explored this possibility here, but note that our model provides a general
framework to analyse such questions.

We have focused largely on the implications of social trust on the spread of misin-
formation. However, the model here provides general insights as to how differences in
social trust interact with network structure in determining opinion formation in net-
work models. In models in which agents communicate symmetrically, network structure
shapes important variables like speed of convergence (e.g. Golub and Jackson, 2010)

or polarisation (e.g. Sadler, 2021) but it plays less of a role in determining the average

6This, of course, does not hold all the time even in Western countries, where, for example, main-
stream sources can be, for example, captured by corporate interests.
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belief of agents on the network.

Here, network structure, and specifically links between high and low social trust
agents have a crucial part to play in determining the extent to which misinformation
is believed. This opens up questions regarding the effect network structure has on
opinion formation when agents are susceptible to social biases, such as confirmation

bias, stubborn beliefs and status quo bias.

Appendix

Preliminaries

Many of the results in the main text require evaluating various derivatives of the ma-
trix M ~!(«). Throughout, we let r;; represent the ijth component of M~'(«a). It is
useful to define the 2t x 2t matrices L(a) := —Mfl(a)%Mfl(a) and Ly (a) :=
—M‘l(a)a%‘iM_l(a).

It is also worthwhile establishing some facts about the matrices M and M~!. By
assumption, ¢¥ = ¢ for i = 0,1 and wiq + w5 q = g° for all i. As §; # §; and each type
by definition have different values for 6y, then, the matrix M («) is of full rank (i.e. has

rank of 2¢) and is such that >, m;; = @° for all j. This in turn implies that each row

of the matrix M ~!(a) sums to qis. To see this, let v be a 2t x 1 vector filled with 1s and

hence M(a)v = v. Thus, M~ (a)v = M~ (a)M(a)v = v. We also let =52 = 29,
We note that we can write M (a) = AD(a)@, where A is a diagonal matrix with ith
component ¢;, ) is a diagonal matrix with ith component ¢; and D(«) is some symmetric

matrix. Tt follows that M~! = Q7 'D1A~! where D7!(a) is also a symmetric matrix.

We establish a further result which will be useful for proving the statements in the
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text:
Lemma 1. M is an M-matriz and hence M~ is non-negative.

Proof. By definition, M is a Z-matrix (i.e. a matrix where m;; < 0 for all i # j).
M is also strictly diagonally dominant by construction. It follows from the Gershgorin
circle theorem that the real parts of M’s eigenvalues are positive. M is therefore a
M —matrix. M is also non-singular by construction. The inverse of a non-singular

M-matrix is non-negative. [l

Proof of Proposition 1

Suppose first that there is a connected subgraph of regular agents, that is, a connected
graph such that for all i € R, 3j € R such that ij € G. As the graph is connected and
Sy, S1 # (0, then it follows that there exists at least one link ij € G, where i € R and
j € 8 for j = 0,1. The fact that the subgraph of regular agents is connected and each
regular agent ¢ changes their opinion with some positive probability if the link 1k € G
is realised in the communication game, it follows that v7 is irreducible, and thus has
a unique steady state distribution. If the subgraph of regular agents is not connected,

then the same argument holds for each component of the regular agent subgraph.

Proof of Proposition 2

As per the expressions for w;; and wfj in the text, and noting that |;;| < 1, D(B, B) is
a (weakly) increasing and linear function in 3;; for all ¢, j. The cost function is C'(3)

is convex and separable in each Bij. It follows that either BZ*] =1— 3 (i.e. the solution

9DBB) _ 9CB) _ (y If this

is not interior) or the solution to the first-order condition = E
0Bij 0Bij

first-order condition is satisfied, then:
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rif djeER

Bii=4%2 i €RandjeS-

1+6; . .
kW Z}eRand]eS&

Let T be such that if i,k € T, then 6; = 0, and §; = J;. Then for any and j € G and
i,k € T, whether the solution is interior or not, 5; = 5, and 5}, = 0}, (and, in fact,
it is simple to see that 3;; = 7;). As this applies to any 0; € © and §; € A, it follows
that for each T, € T, it follows that if 7, k € T, then, for the solution to the platform’s
problem, w;; = wy; for all j € G, including when j € Sy or S;. As |A| =2 and |0] =1,

it follows that |© x A| = 2¢, as required.

Proof of Theorem 1

To simplify notation we write D(B, f) = D as the total degree of G. In the communi-
cation game, an edge is realised with probability %. Let é(n) denote a Markov matrix

whose 7jth entry can be written:

ifi,j € Rand j € G

Sl

~ A, SLs., R
Gij = 4 1 — St ify i e Rand i = j

5 i,€ Rand j €S

\

where pf = fol—fg”, ult = @ and d; is the degree of i in G. Let G%(a,n) denote
the submatrix of interactions between regular agents and G°(n) denote the submatrix of
interactions between stubborn agents and regular agents. Let ' = E[v;|G(n, W (a))].

At steady state, it must be that:
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xf = G%(n)v® + GE(n, )z

where v° is the vector of information source opinions and v* is the vector of regular

agent opinions. It follows that:

zfl = (I — GE(n,a) 1G%(n)v°.

We define the R x R matrix G/(a,n) as a matrix whose ijth entry is written:

4
diw;j ()
E[D(n,a)]

ifi,j € Rand j € G;

G =11— (ZjeR Swij(a)+3 e wz‘j(a))

E[D(n,a)] ifi,j € Randi=j

wiy () i € Rand j € S

Let ¥i(n, a) = 37 g diwij(@)mii(n) + 3. g wij(a)mf (n). Define H(n, ) as a 2t x 2t

matrix with entry ¢ :

b E[D(n,0)] if 1 #j
] .

__Yi(n,0) S (mEn)—Nwy(a) .o . .

L= 50Gan T = BDGay  Hi=J

H(n,a) is then a representative type matrix, with its ijth entry representing the ex-

pected interaction between an agent of type ¢ and a random type j agent. Define:

z%(o) = (I — G¥(n,a)) ' G%(n)v® and

2(n,a) = (I — H(n,a)) '2°(n, a)
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where 2%(n,a) is a column vector ith entry is % and Gf(n,a) and G*(n)
denote the submatrices of interactions between regular agents and other regular and
information source respectively corresponding to the stochastic matrix G(n, a). Tt is
clear that if ¢ € T}, then the ith entry of Z(n, o) is equal to the ith entry of 2(n, «).
We now need to show that |x(n,a) — &(n,a)] =** 0 and £2(n,«) — Z(«). For the
first statement, we let A,, be a random square matrix where a;; = 0 and a;; = D(n, a)gi;.
A, is then the sum of an upper and a lower triangular matrix, both of which have

independent entries for all 7 € [0,1]. The following statement holds, as shown in the

proof of Theorem 1 in Sadler (2021):

Lemma. (Sadler, 2021) There ezist constants ¢,C > 0 such that: Pr(|xz(n,a) —

E|vS|

Z(n,a)| > ~3m) < Ce=* for all sufficiently large k. It follows from the Borel-Cantelli

lemma that |2%(n, ) — 2%(n, a)| =25 0 for all sufficiently large k.

To see that z(n,a) — z(a), note the following:

(I — H(n,a))’lés(n,a) =(

which in turn equals (A(n, a) — W (n))~'2%(n),where A(n, @) is a diagonal matrix with

[9i(n,0)]—wi;

1th component £ . The limit of this expression as n — oo is then the statement

in Theorem 1.

Proof of Proposition 3

Public opinion, Z(a), can be written: M~ (a)2°¢q” = Z(a) where ¢ is a 1 x 2t vector

with ith entry ¢;. The vector g7 is independent of ., but both M~'(a) and 2°

aMa(i(O‘) first. 'We note that M~1(a)2%(a)q” can be

are functions of it. We analyse
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rewritten as QM ~'Z°17. As per the preliminary analysis, M (o) = Q"D (a)A™,
and so QM2 1T = D~ Y(a)A12°17.

Note that both A™! and D~ !(a) are functions of d;. Let Y(a) = AD and so

Y~ a) = D' (a)A™!. Then (;;( o) — _y- 16YY !. Consider 2*-. This matrix has a

row of Os for all rows corresponding to a type, 7 € Ty, but By“ > 0 and 8?’” 2 <

for all j and i € 7;. Furthermore, > iYi; =0 for all ¢, which implies that each row sum

Of 8Y71(Ot)

a5, is equal to 0.

As D(«a) is symmetric, and 0; = o0y, for all i € T the above analysis implies that

Y —!(a)

the ith column sum of 75, is negative when 4 € 7, and positive when i € Ty.

Combined with the fact th.at z¥ < z¥ for i € 77, and all k with the inequality strict

when k € Ty and the row sum of ay—() is equal to 0, it must be that ¢ESqT > 0.

Now consider the 8i By the fact that = 1*)?’ in forj € S and 2§ = wiq7,

??;2 > 0 for T; € Ty. Hence > 0 and so M~ (a) ?L g’ > 0. The Proposition then

’85

immediately follows.

Proof of Theorem 2

To consider the effect of a marginal change in a on Z(a) we note that QM 12917 =
Z(ar). We know that M~(a) = Q'D~'(a)A~", and so QM 217 = D~ (a)A~12517 .

Again, letting Y («) = AD, we analyse 63/5—;(0‘) = —Y‘lg—ZY_l.

aD(a)
oo

that if l,j € 7—L then dij < 0andif k € TH; dzk > 0, with |dzj| = dzk if ‘9]‘ = Hk It

Given the solution to the platform’s maximisation problem, the matrix is such

follows that d;; = 0, >, d;; = 0 for all i and, as D(«) is symmetric, so too is ag;a). As

W;(a) = —Y_lAag—ga)Y_l. Furthermore, each row

A is not a function of a, V(o) =

£ oY _1()

sum o is equal to 0. Hence:
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02(0) _ 1 ,0D(0)

~1354T
% 0 Yy—z°1%. (1)

As da(o‘) is symmetric and d;, < 0y (and noting the negative sign in front of the above
expression) implies that > . v;;(a) < 0if j € Ty and >, vip(a) > 0 if k € Ty and

Yier, lvi(a)l = Yier, [vij(@)]. As 27 < 27 for i € T, and all k with the inequality

strict when k € Ty, i

0z(a)
5 > 0.

Proof of Proposition 4

For the first statement, note that the proof of Theorem 2 only relies on z? < zf for all
T; € T and T € Ty and 5 > 0: the precise values of z7 and zf beyond this inequality

are not specified. In other words, z§ < zf always holds as long as 6 > 0. When this

dz(a 5)

inequality holds, that proof then continues to hold: it must be that > 0 for all

values of a, and so Z(ap,d) < Z(az,d).

Now, consider the case where 6 = 0. The proof of Theorem 2 implies that when

Oqz

((%S) = 0 for all v, and hence, E(QF,S) = 5(04175) at 0 = 0.

Proof of Proposition 5

Note that the result in the proof of Theorem 2 that L(a) = —YflAag—((f‘)Yfl immedi-

ately implies that azg—ia) < 0 and 6z§_(§a) > 0 for all j € T, and k € Ty. Furthermore,

equation (1) in the proof of Theorem 2 implies that > ., ]|8zj(a | <D her, @ |8Z§—g¥)|.
The derivative 82(;) = ZieTqiazai—ff). As azé—c(f‘) > 0 and 8%“—;“) < 0 for all j €

T, and k € Ty and ZkeTH Lap(a) > Z(a) > Xier L2 ” zj(a), it then follows that

z Z(« zi(a 23, ilzi—Z(a) .
> okeTu Qk(a L) ) >0and ) p J(aa(a) déé )y = ]ETL;; : > (), which

implies the result.
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Proof of Theorem 3

Note from the proof of Theorem 1, there exist constants ¢, C' > 0 such that: Pr(|x(n,a)—

E|vS|
2

Z(n,a)| > —35) < Ce=** for all sufficiently large k and so |x(n, o) — &(n, a)| =% 0.

This in turn implies that |z(n, a) —Z(n, a)| = 0. Straightforwardly, for these statements

to hold, it must be the case that lim,,_,.cmax;cp 1, |E[v;(n)] — 21, (n)| = 0, which then im-

mediately implies that lim,,_, E[|v;(n, @) —v;(n, @)|] = 0 for any ¢, 7 € T. This holds be-

cause if lim,,_,oomax;cp 1, |E[vi(n, @)]—21,(n, @)| = 0, then both lim,,_,.;max;c g 1, (E[v;(n, a)]—

zr,(n,a)) = 0 and lim,,,oomin;eg 7, (E[v;(n, @)] — 21, (n, a)) = 0.

0Z(n,a) ] .

Noting that 92(n.0) i continuous for all i, 7, it then follows that lim,,_,.max;cr r|E| 35
ij

861’,]

ﬁ > ker %Tjﬂo‘)]\ for all T' € T, which implies the result.

Proof of Proposition 6

Letting [,,(ik) represent the uvth component of Ly (o) = =M~ (a) 22 M~ (a), then:

8wik

luv (Zk) = (_Qk(sirui + Qi(skruk)riv + (_qzékruz + Qkéiruk)rkv‘

Note that, as stated in the preliminary section above, > 7, = (%s for all u € T. There-
fore, if z; < z; then ZueTL Tiu(a) > ZteTL riu(a) and ZueTH ri(a) < ZueTH ().
Noting that »  l.,(ik) = 0 Vu, this then implies that | > - L. (k)] > | X2, o luw(JF)|

for all w (and so | Y-, o7 luw(iK)| > | - o7, Luw (k)| as well).

We know that M~'(a)z2°q" = Z(a), and so %ESqT = ggw—(j‘v). We have shown
that |8;ka)| > |8;T(j2| if z; < z; when z;,2; € Tr. To find the the expected effect of a
marginal change in the probability that a type u and a type v agent are connected as

n — oo, we just normalise the above expressions by dividing by ﬁ. It then follows
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8z(a

] if z; < z; when z;,2; € T, and ¢; = ¢;. This latter condition is
guaranteed by type-symmetry.

Now, consider the case where z, > z; and z,, z; € Tg. It follows that ZueTL Tsu(a) <
Yower, Tw(a) and 32 r (@) > 30 cr Tr(a). As with the argument above, this
implies that |}, .- Luw(s)| > [ 32, e, luw(tl)[for all w. Tt then follows that, when g; = ¢

that| |>|za>|1fzs>zt.

Proof of Proposition 7

Let 0% = w® —w5. As M~'2%¢" = Z(a) and that M~' is independent of w?
(though it is not independent of w2 or w3, Mg:sl(o‘) = a]‘g;l(a), and so BMT;(O‘) =

0). Then, M~ !(«) gggsl q’ = %fjfgl). To find the expected effect of a marginal change

in the probability that a type ¢ is connected to a single countermedia source, k, we

normalise this expression by dividing by . Given the definition of K («), #%ﬁég) =
s40 sl

(K‘l(a)awo 1T)qs7 which then 1mmed1ately implies —Ly-22) ~ L 25@) 14 fhen

qsqg 6“’81“’81 qtqs 8w

9%(a) 0z(a)
follows that DBa ko) 9B (kiko)”

Proof of Proposition 8

Note from the preliminaries section that M(a) = AD(«)Q. When ¢; = ¢, it follows that
K(a) = gAD(a) and so %D’l(a)A’l. Observe that 67, < dg and A and therefore A~!

are symmetric. Then it must be that >, ¢ > >, ¢jx, and so the Proposition holds.

Proof of Theorem 4

To see that the first part of the Theorem, note first that, as stated in Theorem 2,

L(a) = =Y 1 A22@y =1 and the matrix 22 is such that if i,j € T;, then dij < 0
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and if k € Ty, diy, > 0, with |d;;| = dy, if ; = ;. It follows that for a type T; € T,
> wer, Tiu(@) is increasing in o, and 3 .- 7 () is decreasing, with the opposite being
true for any type T € Ty.

As Proposition 6 shows, the above implies that ]82((1) | is increasing in « for all i € T,
and k € Ty (and snnllarly, | where T; € Ty and T} € Tp, is increasing in a too).
This then implies that Ag(«) is increasing in « when the type-symmetry assumption
holds.

For the second statement, we consider the derivative W#w = —M‘l(a)aaM—@M_l(a)
ik Wik

where i € T, and k € Ty. As per the preliminary results, we write 8%2) 8w " Q,

0D(a)

B is such that its 2¢th and jjth component is —1 and its ijth and jith

where
component is 1, with every other entry equal to 0.

We note that Ly (a) = —D ' (a)A™'22Q" D~ (a)A~", which then implies that

’ll)

>ser, Qslsi(if) = —%—’L{[Zsen Gslsi(i7)]. As M~Y(a)z%q" = z(a), this implies that

a 3)
Z(a | is increasing in ‘;—IL{ and therefore decreasing in 0y — 6, and, furthermore,

| ’5"" )| = 0 when 6 = 0.
At the same time, the proof of Proposition 7 shows that % > 0 for & =0 as
M‘l(a)mq > 0 for all . Hence, even if Aj(a,0) < Ag(a,d) for some ¢ and a,
sl

by the intermediate value theorem, for any «, exists some ¢ such that if 5 < & then
Ar(a,d) > Ag(a,d).
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