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of a nonlinear system, resulting from the use of a Galerkin method. It is proved here
that the eigenvalues of certain matrices appearing in these nonlinear systems are always

ig/gﬁ\r;\j/;]\]o 0, regardless of the number of spatial dimensions of the PDEs, or the chosen order of
Galerkin accuracy of the ADER-WENO method. This guarantees fast convergence to the Galerkin root
Eigenvalues for certain classes of PDEs.

Convergence © 2017 The Author. Published by Elsevier Inc. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Background

ADER-WENO methods have proved extremely useful in obtaining arbitrarily high-order solutions to problems involving
hyperbolic systems of PDEs. For example, it has been demonstrated that for the same computational cost as a Runge-Kutta
scheme of a certain order, one can obtain an ADER scheme of one higher order of accuracy (see Balsara et al. [1]). Addi-
tionally, Runge-Kutta schemes suffer from the presence of Butcher barriers (see Butcher [3]), limiting the order of temporal
accuracy that one can comfortably achieve. There are no such limitations present in ADER-WENO schemes.

The cumbersome analytical derivation of the temporal derivatives of the solution required by the original ADER formu-
lation (see Toro [10]) has been replaced by the use of a cell-wise local Galerkin predictor. The predictor can take either a
discontinuous or a continuous form (see Dumbser et al. [4] and Balsara et al. [2], respectively). The Galerkin predictor is a
high-order polynomial reconstruction of the data in both space and time, found as the root of a non-linear system.

It has been conjectured that the eigenvalues of certain matrices appearing in these non-linear systems are always zero,
leading to desirable system properties for certain classes of PDEs. It is proved here that this is in deed the case for any num-
ber of spatial dimensions and any desired order of accuracy, for both the discontinuous and continuous Galerkin variants.
This result is independent of the choice of reconstruction basis polynomials.

The Einstein summation convention is to be assumed throughout this paper.

2. The ADER-WENO method

Take a non-homogeneous, non-conservative (and for simplicity, one-dimensional) hyperbolic system of the form:

9Q  IF(Q) 0Q _
et TB@) S =5 (Q) Sy

E-mail address: hj305@cam.ac.uk.

http://dx.doi.org/10.1016/j.jcp.2016.12.058
0021-9991/© 2017 The Author. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1016/j.jcp.2016.12.058
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcp
http://creativecommons.org/licenses/by/4.0/
mailto:hj305@cam.ac.uk
http://dx.doi.org/10.1016/j.jcp.2016.12.058
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2016.12.058&domain=pdf

410 H. Jackson / Journal of Computational Physics 333 (2017) 409-413

where Q is the vector of conserved variables, F is the conservative nonlinear flux, B is the matrix corresponding to the
purely non-conservative component of the system, and S (Q ) is the algebraic source vector.

Take the set of grid points xo < X1 < ... < xg and define Ax; = ;1 — x;. Take the time steps tp < t1 < ... while defining
Aty = thy1 — ty. Following the formulations presented in Dumbser et al. [5,6], Balsara et al. [2], the WENO method and
Galerkin method produce at each time step t, a local polynomial approximation to Q on each space-time cell [x;, Xj+1] X
[tTh tnt1 ]

Define the scaled space variable:

=L x—x (2)
X = Axi i
Take a basis {v, ..., ¥n} of Py and inner product (-,-). This basis can either be nodal (; (Xj) = &;; where {xo, ..., xn}
are a set of nodal points, such as the Gauss-Legendre abscissae), or modal (such as the Jacobi polynomials).

The WENO method (as used in Dumbser et al. [8]) produces an order-N polynomial reconstruction of the data at time t,

in cell [x;, Xiy+1], using {1, ..., ¥n} as a basis. This is denoted:
w ) =wyuy (X' @) 3)
This spatial reconstruction at the start of the time step is to be used as initial data in the problem of finding the Galerkin
predictor.
Now define the scaled time variable:
"= ! (t—tn) (4)
Aty "
Thus, (1) becomes:
0Q  0F*(Q) Q
— 4+ ———>+B* — =" 5
7t oy Q- 37 =5"(@) (5)
where
At At
F*=2"" ;e — $* = At,S (6)
AX AX

The non-dimensionalization notation and spacetime cell indexing notation will be dropped for simplicity in what follows.
Now define the set of spatio-temporal basis functions:

O (X, DY ={vp X)) ¥s(r):0<p,s <N} (7)

Denoting the Galerkin predictor by q, take the following set of approximations:

Q ~q=10pqp (8a)
F(Q)~06gFg (8b)
Q
B -— ~0gB 8c
(Q) P sBg (8¢c)
S(Q)~0gSg (8d)
for some coefficients qg, Fg, Bg, Sg.
If {0, ..., ¥n} is a nodal basis, the nodal basis representation may be used:
Fg=F (qp) (9a)
30, (X8, T
By =B (ap)- <7y (a ’ ’S)qy) (9b)
X
Ss=S(qp) (9¢)

where (Xﬁ, 7:,3) are the coordinates of the node corresponding to basis function 6g.

If a modal basis is used, Fg, Bg, Sg may be found from the previous values of qg in the iterative processes described
below.

For functions f (x,7) = fy (x) fz (v) and g (x,T) =gy () & (7), define the following integral operators:

[f. &' = fr ®©) g O(fx.8x) (10a)
{f’g}:<fragr)(fxagx> (10b)
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Multiplying (5) by test function 6y, using the polynomial approximations for Q, F, B, S, and integrating over space and
time gives:

00g 00g
On, —— =—10y, — ¢ F Ou,081(Sg — B 11
{aar}‘m {aax}ﬂ+{aﬁ}(ﬁ 8) (an
2.1. The discontinuous Galerkin method
This method of computing the Galerkin predictor allows solutions to be discontinuous at temporal cell boundaries, and

is also suitable for stiff source terms.
Integrating (11) by parts in time gives:

1 006, 00
([ea,eﬁ] - {3—;" eﬁD ap = [0, w]° — {ea, 8—;} Fg + {0u. 05} (Sg — Bp) (12)
where w is the reconstruction obtained at the start of the time step with the WENO method. Define the following:
1 a0,
Uozﬂ:[ea,@ﬁ] —{ aa Qﬁ} (133)
00g
Vag =100, — 13b
ap { o ] (13b)
0
Wq =[00,%y] wy (13¢)
Zop = {6, 0p} (13d)
Thus
Uapdpg =Weo — VopFg + Zop (Sﬂ —Bﬂ) (14)

This nonlinear system in qg is solved by a Newton method. The source terms must be solved implicitly if they are stiff.
Note that W has no dependence on q.

2.2. The continuous Galerkin method

This method of computing the Galerkin predictor is not suitable for stiff source terms, but it provides substantial savings
on computational cost and ensures continuity across temporal cell boundaries.

{vo, ..., ¥n} must be chosen in such a way that the first N + 1 elements of {eﬂ} have only a spatial dependence. The
first N 4+ 1 elements of q are then fixed by demanding continuity at 7 = 0:

q(x.0=w(x) (15)
where w is spatial the reconstruction obtained at the start of the time step with the WENO method.
XOO XOl
XlO Xll
are the components relating solely to the first N + 1 components of v. We only need to find the latter components of q,
and thus, from (11), we have:

For a given vector v € RN+D? and matrix X € My i1 vy (R), let v = (v v!) and X = < ) where v0, x00

d36p " 1 11 (1 1 90p " 1 10 (<0 0 90p 10 0

{ea,ﬁ} ap=1{0a.05)"" (S} - B}) - s 50| b+ {0 0s) (s-B3)- %y | F§ o 016)

Define the following:
90 11
Ugp = {ea, a—f} (17a)
Vaﬂ—{eas_} (17b)
90 10

We = {64, 05}"° (Sp — Bp)" — {ea,a—;} F) (17¢)

Zop = {ea,eﬁ} (17d)
Thus:

Uapy =Wa — VapF} + Zap (sfg—B};) (18)

Note that, as with the discontinuous Galerkin method, W has no dependence on the degrees of freedom in q.



412 H. Jackson / Journal of Computational Physics 333 (2017) 409-413

3. Conjecture

Extending the Galerkin method described in the previous section to three dimensions, the following system must be
solved for q:

uaﬂqﬂ:w‘,_v;ﬂrﬁ—vgﬂcﬂ—vgﬁHﬂJrzaﬂ (Sg — Bp) (19)

where now we have the 3 scaled spatial variables x1, x2, x3 and G, H are the flux components in the second and third
spatial directions, respectively. In the case of the continuous Galerkin method, it is assumed that (19) is to be solved for
only the non-fixed degrees of freedom in q. The matrices V/, p are defined thus:

. 90g
Vi =(6y, — 20
of < o 8Xi> ( )
For the discontinuous Galerkin method, Wy now takes the form:
0
Wy = [0, ¥y ] wy (21)

where Wy, (X1, X2, X3) is an element of the following set, enumerated by y:

{vi (X0 ¥ (x2) ¥e (x3) :0 <1, j,k <N} (22)
For the continuous Galerkin method, W, now takes the form:
10 10 10
10 0 00g 0 00g 0 00g 0
Wq = {04,608} (Sg— Bg) —{QQ,W} Fp— QQ’W Gg— QQ,W Hj (23)

Dumbser et al. [4] remark that for the continuous Galerkin case, the eigenvalues of U1V are all 0 for 0 < N <5,
for i =1,2,3. Dumbser and Zanotti [7] state the same result for the discontinuous Galerkin case. This implies that in the
conservative, homogeneous case (B = S = 0), owing to the Banach Fixed Point Theorem, existence and uniqueness of a
solution are established, and convergence to this solution is guaranteed. As noted in Dumbser and Zanotti [7], in the linear
case it is implied that the iterative procedure converges after at most N + 1 iterations.

In Dumbser et al. [4] it is conjectured that the result concerning the eigenvalues of U~V holds for any N, and any
number of spatial dimensions. A solution to this conjecture is provided here. For the theory in linear algebra required for
this section, please consult a standard textbook on the subject, such as Nering [9].

3.1. The discontinuous Galerkin case

First, given the basis polynomials {vq, ..., ¥}, define the following matrices:
Nij = Vi, ¥j) (24a)
3y = (vi. v/) (24b)
Note that R is the Gram matrix, which by linear independence of {vq,...,¥n} is invertible. Note also that if p € Py

then p =a;y; for some unique coefficient vector a. Thus, taking inner products with v, we have (1//,-, 1//j>aj = (Y, p) for
i=0,...,N. This produces the following result:

p=aj1pj©a=N_1X, Xi = (¥i, p) (25)
Without loss of generality, take the ordering:

o= (N+1)> 4oy (N+ 12 +ay (N+1)+ 0, (26)
where 0 < a¢, ax, ay, @; < N. Using the same ordering for 8, we have:

Uaﬂ = (wat (1) wﬂt (1) - jﬁtat) : Naxﬂx : Nayﬂy : Naz,Bz (273)

V(}lﬁ = Natﬂt ! jaxﬂx ' Nayﬁy : Nazﬁz (27b)
Thus:

U=CRRRQRRN (28a)
VI=R®I®R®N (28b)

where Cij =v; (1) ¢ (1) — jj,'. Thus:
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ulvl= (C”&) ® (x”:) QIR (29)
Therefore:
(u—1v1)k - (c-%&)k ® (N—tl)k QIQI (30)

A matrix X is nilpotent (X¥ =0 for some k € N) if and only if all its eigenvalues are 0. The conjecture will be proved if it is
shown that (N‘tl)k =0 for some k € N, as this would imply that (U~! V1)’< =0, and thus all eigenvalues of U1V are 0.
Taking @ € RN*1, define:

p=apYo+...+any¥n € Py (31)
Note that:

Qa); = (Vi ¥g)ao + ... + (Wi, vy )an = (¥i, p') (32)
Thus, by (25):

(w:m)i Yi=p' (33)

By induction:

((13)'a) vimp® o0

1

for any k e N. As p € Py, (N_lJ)NJrl a=0. As a was chosen arbitrarily, (N_]J)N+l =0. Thus, the conjecture is solved.

This proof is easily adapted to show that U~1V?2 and U~1V?3 are nilpotent, and clearly extends to any number of spatial
dimensions. No specific choice has been made for N € N and thus the result holds in general.

3.2. The continuous Galerkin case

In addition to X, 3, we now define &', ' where each new matrix is equal to the original, with its first row and column
removed (the row and column corresponding to the constant-term polynomial o). Take the following ordering:

a=ar(N+1)> +oy(N+1)2 +ay (N+1) + o, (35)
where now 0 < ay, ay,a; <N and 0 <ot <N — 1. Using the same ordering for 8, we now have:

Uaﬂ = j(/Jttﬁ[ : Nleﬂx : NOly/sy : Nazﬁz (363)

Vl}tﬁ = R:)lrﬁr “Tapy - Raypy - Rayp, (36b)
The proof for the continuous case follows in the same manner as the proof for the discontinuous case, with:

vV = (@) W) e (v el (37)
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