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Abstract

This paper considers the problem of estimating a high-dimensional vector of parameters
0 € R” from a noisy observation. The noise vector is i.i.d. Gaussian with known variance. For
a squared-error loss function, the James-Stein (JS) estimator is known to dominate the simple
maximum-likelihood (ML) estimator when the dimension n exceeds two. The JS-estimator
shrinks the observed vector towards the origin, and the risk reduction over the ML-estimator is
greatest for 0 that lie close to the origin. JS-estimators can be generalized to shrink the data
towards any target subspace. Such estimators also dominate the ML-estimator, but the risk
reduction is significant only when 6 lies close to the subspace. This leads to the question: in
the absence of prior information about 6, how do we design estimators that give significant risk
reduction over the ML-estimator for a wide range of 67

In this paper, we propose shrinkage estimators that attempt to infer the structure of 6
from the observed data in order to construct a good attracting subspace. In particular, the
components of the observed vector are separated into clusters, and the elements in each cluster
shrunk towards a common attractor. The number of clusters and the attractor for each cluster
are determined from the observed vector. We provide concentration results for the squared-
error loss and convergence results for the risk of the proposed estimators. The results show
that the estimators give significant risk reduction over the ML-estimator for a wide range of 8,
particularly for large n. Simulation results are provided to support the theoretical claims.

1 Introduction

Consider the problem of estimating a vector of parameters @ € R™ from a noisy observation y of
the form
y=0+w.

The noise vector w € R is distributed as N(0,c%I), i.e., its components are i.i.d. Gaussian
random variables with mean zero and variance o?. We emphasize that 6 is deterministic, so the
joint probability density function of y = [y1,...,y,]|" for a given 6 is

1 _ly-e)?
po(y) = ——=€ 207 . (1)
(2mo2?)?

The performance of an estimator 6 is measured using the squared-error loss function given by

L(6,8(y)) == [6(y) — 0]%,

where ||-|| denotes the Euclidean norm. The risk of the estimator for a given 6 is the expected

value of the loss function: K )
R(0.6) =E ||6(y) - 0]*]
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where the expectation is computed using the density in ({l). The normalized risk is R(0, 9) /n.
Applying the maximum-likelihood (ML) criterion to (1) yields the ML-estimator Oy =y. The
ML-estimator is an unbiased estimator, and its risk is R(8, 0 1) = no?. The goal of this paper is
to design estimators that give significant risk reduction over 01, for a wide range of 8, without
any prior assumptions about its structure.
In 1961 James and Stein published a surprising result [I], proposing an estimator that uniformly
achieves lower risk than 6 mr for any 8 € R™, for n > 3. Their estimator 0 Js is given by

(n — 2)02} v,

B @

85 = [1—

and its risk is [2, Chapter 5, Thm. 5.1]

N 1
R(6,0;5) =no® — (n—2)%"'E [ } . (3)
< ) ly1I?
Hence for n > 3, R X
R(0,0;5) < R(0,0,1) = no?, VO cR™. (4)

An estimator 91 is said to dominate another estimator 92 if
R(07 él) < R(07 92)7 Vo € Rn)

with the inequality being strict for at least one 8. Thus () implies that the James-Stein estimator
(JS-estimator) dominates the ML-estimator. Unlike the ML-estimator, the JS-estimator is non-
linear and biased. However, the risk reduction over the ML-estimator can be significant, making it
an attractive option in many situations — see, for example, [3].

By evaluating the expression in (3], it can be shown that the risk of the JS-estimator depends
on 6 only via ||@|| [1]. Further, the risk decreases as ||@|| decreases. (For intuition about this, note
in (@) that for large n, ||ly||?> ~ no?+ ||@]|?.) The dependence of the risk on ||@]| is illustrated in Fig.
[ where the average loss of the JS-estimator is plotted versus ||@]|, for two different choices of 6.

The JS-estimator in (2)) shrinks each element of y towards the origin. Extending this idea,
JS-like estimators can be defined by shrinking y towards any vector, or more generally, towards a
target subspace V. C R". Let Py(y) denote the projection of y onto V, so that ||y — Py(y)||*> =
minyey ||y — v||?>. Then the JS-estimator that shrinks y towards the subspace V is

(n —d—2)o?
ly — Py(y)|®

where d is the dimension of V| A classic example of such an estimator is Lindley’s estimator [4],
which shrinks y towards the one-dimensional subspace defined by the all-ones vector 1. It is given
by

6= Puly) + [1 - ] (y - Puly)) (5)

(n — 3)o?
ly — 912
where ¢ := % > i yi is the empirical mean of y.

It can be shown that the different variants of the JS-estimator such as (2),(5]),(@) all dominate
the ML-estimator Further, all JS-estimators share the following key property [6-8]: the smaller
the Euclidean distance between 0 and the attracting vector, the smaller the risk.

o=+ |1~ |-, (6)

'The dimension n has to be greater than d 4+ 2 for the estimator to achieve lower risk than éML.
2The risks of JS-estimators of the form (&) can usually be computed using Stein’s lemma [5], which states that
E[Xg(X)] = E[¢'(X)], where X is a standard normal random variable, and g a weakly differentiable function.



16 \ \ \ 16

-6-Regular JS-Estimator -6-Regular JS-Estimator

14 - - JS-Estimator Positive Part 14F - = JS-Estimator Positive Part
-A-Lindley’s Estimator & Lindley's Estimator

12 —Lindley's Estimator Positive Part 12F —Lindley‘§ Estimator Positive Part
=+ML-Estimator =+ ML-Estimator

3 4 5 6 7 0 1 2 3 4
6] 6]
(a) (b)
Figure 1: Comparison of the average normalized loss of the regular JS-estimator, Lindley’s estimator, and

their positive-part versions for n = 10 as a function of ||@]|. The loss of the ML-estimator is 62 = 1. In the
left panel, 6; = ||6||/v/10,i=1,---,5, and §; = —||0|/v/10, i = 6,--- ,10. On the right, §; = ||0]|/v/10, Vi.

Throughout this paper, the term “attracting vector” refers to the vector that y is shrunk towards.
For 0 ;5 in (@), the attracting vector is 0, and the risk reduction over 8,7, is larger when [|0)|| is close
to zero. Similarly, if the components of 8 are clustered around some value ¢, a JS-estimator with
attracting vector ¢l would give significant risk reduction over 011.. One motivation for Lindley’s
estimator in (6) comes from a guess that the components of @ are close to its empirical mean 6 —
since we do not know 6, we approximate it by 7 and use the attracting vector 71.

Fig. M shows how the performance of 0,5 and 6, depends on the structure of 8. In the left panel
of the figure, the empirical mean 8 is always 0, so the risks of both estimators increase monotonically
with [|@]|. In the right panel, all the components of @ are all equal to §. In this case, the distance
from the attracting vector for 8y, is |6 — 1| = /(>.1—, w;)2/n, so the risk does not vary with
|0||; in contrast the risk of 8 ;g increases with [|@]| as its attracting vector is 0.

The risk reduction obtained by using a JS-like shrinkage estimator over O crucially depends
on the choice of attracting vector. To achieve significant risk reduction for a wide range of 8, in
this paper, we infer the structure of @ from the data y and choose attracting vectors tailored to
this structure. The idea is to partition y into clusters, and shrink the components in each cluster
towards a common element (attractor). Both the number of clusters and the attractor for each
cluster are to be determined based on the data y.

As a motivating example, consider a € in which half the components are equal to [|6||//n and
the other half are equal to —||@||/y/n. Fig. [(a) shows that the risk reduction of both 65 and
6, diminish as ||0]] gets larger. This is because the empirical mean ¢ is close to zero, hence 05
and 6, both shrink y towards 0. An ideal JS-estimator would shrink the y;’s corresponding to
0; = ||0||//n towards the attractor ||@||/+/n, and the remaining observations towards —||8]|/v/n.
Such an estimator would give handsome gains over 011, for all @ with the above structure. On
the other hand, if @ is such that all its components are equal (to #), Lindley’s estimator 0 I is an
excellent choice, with significantly smaller risk than @y, for all values of || (Fig. D(b)).



We would like an intelligent estimator that can correctly distinguish between different 8 struc-
tures (such as the two above) and choose an appropriate attracting vector, based only on y. We
propose such estimators in Sections[Bland 4. For reasonably large n, these estimators choose a good
attracting subspace tailored to the structure of 8, and use an approximation of the best attracting
vector within the subspace.

The main contributions of our paper are as follows.

e We construct a two-cluster JS-estimator, and provide concentration results for the squared-
error loss, and asymptotic convergence results for its risk. Though this estimator does not
dominate the ML-estimator, it is shown to provide significant risk reduction over Lindley’s
estimator and the regular JS-estimator when the components of 6 can be approximately
separated into two clusters.

e We present a hybrid JS-estimator that, for any 6 and for large n, has risk close to the
minimum of that of Lindley’s estimator and the proposed two-cluster JS-estimator. Thus the
hybrid estimator asymptotically dominates both the ML-estimator and Lindley’s estimator,
and gives significant risk reduction over the ML-estimator for a wide range of .

e We generalize the above idea to define general multiple-cluster hybrid JS-estimators, and
provide concentration and convergence results for the squared-error loss and risk, respectively.

e We provide simulation results that support the theoretical results on the loss function. The
simulations indicate that the hybrid estimator gives significant risk reduction over the ML-
estimator for a wide range of @ even for modest values of n, e.g. n = 50. The empirical risk
of the hybrid estimator converges rapidly to the theoretical value with growing n.

1.1 Related work

George [71[8] proposed a“multiple shrinkage estimator”, which is a convex combination of multiple
subspace-based JS-estimators of the form (Bl). The coefficients defining the convex combination give
larger weight to the estimators whose target subspaces are closer to y. Leung and Barron [910] also
studied similar ways of combining estimators and their risk properties. Our proposed estimators
also seek to emulate the best among a class of subspace-based estimators, but there are some key
differences. In [7,18], the target subspaces are fixed a priori, possibly based on prior knowledge
about where @ might lie. In the absence of such prior knowledge, it may not be possible to choose
good target subspaces. This motivates the estimators proposed in this paper, which use a target
subspace constructed from the data y. The nature of clustering in 6 is inferred from y, and used
to define a suitable subspace.

Another difference from earlier work is in how the attracting vector is determined given a target
subspace V. Rather than choosing the attracting vector as the projection of y onto V, we use
an approximation of the projection of @ onto V. This approximation is computed from y, and
concentration inequalities are provided to guarantee the goodness of the approximation.

The risk of a JS-like estimator is typically computed using Stein’s lemma [5]. However, the
data-dependent subspaces we use result in estimators that are hard to analyze using this technique.
We therefore use concentration inequalities to bound the loss function of the proposed estimators.
Consequently, our theoretical bounds get sharper as the dimension n increases, but may not be
accurate for small n. However, even for relatively small n, simulations indicate that the risk
reduction over the ML-estimator is significant for a wide range of 6.



Noting that the shrinkage factor multiplying y in (2 could be negative, Stein proposed the
following positive-part JS-estimator [1]:

- o (n —2)0?
b1, = [1 B Ly’ @)

where X denotes max(0, X). We can similarly define positive-part versions of JS-like estimators
such as () and (@). The positive-part Lindley’s estimator is given by

(n — 3)o?

0 =z71+[1—7
" ly —71]?

} (v —71). ®)
.

Baranchik [I1] proved that 0 Js, dominates ] 75, and his result also proves that éL . dominates
;. Estimators that dominate 6 g . are discussed in [I2,13]. Fig. [ shows that the positive-part
versions can give noticeably lower loss than the regular JS and Lindley estimators. However, for
large n, the shrinkage factor is positive with high probability, hence the positive-part estimator is
nearly always identical to the regular JS-estimator. Indeed, for large n, W ~ W + 02, and the

shrinkage factor is
(n— 2)02> < (n —2)o? >
j [ u——— S () [N —— ()
< [y [|? 10]|* + no?

We analyze the positive-part version of the proposed hybrid estimator using concentration in-
equalities. Though we cannot guarantee that the hybrid estimator dominates the positive-part JS
or Lindley estimators for any finite n, we show that for large n, the loss of the hybrid estimator
is equal to the minimum of that of the positive-part Lindley’s estimator and the cluster-based
estimator with high probability (Theorems Bl and @).

The rest of the paper is organized as follows. In Section 2] a two-cluster JS-estimator is proposed
and its performance analyzed. Section [3] presents a hybrid JS-estimator along with its performance
analysis. General multiple-attractor JS-estimators are discussed in Section ], and simulation results
to corroborate the theoretical analysis are provided in Section The proofs of the main results
are given in Section [6l Concluding remarks and possible directions for future research constitute
Section [71

1.2 Notation

Bold lowercase letters are used to denote vectors, and plain lowercase letters for their entries. For
example, the entries of y € R™ are y;, 4 = 1,--- ,n. All vectors have length n and are column vectors,
unless otherwise mentioned. For vectors y,z € R", (y,z) denotes their Euclidean inner product.
The all-zero vector and the all-one vector of length n are denoted by 0 and 1, respectively. The
complement of a set A is denoted by A€. For a finite set A with real-valued elements, min(A) denotes
the minimum of the elements in A. We use 1¢y to denote the indicator function of an event £. A
central chi-squared distributed random variable with n degrees of freedom is denoted by X2. The
Q-function is given by Q(z) = [° \/% exp(—%)dw, and Q°(z) := 1 — Q(x). For a random variable
X, X, denotes max(0, X). For real-valued functions f(z) and g(z), the notation f(z) = o(g(z))
means that lim,_,o[f(x)/g(z)] = 0, and f(z) = O(g(z)) means that lim,_,[f(z)/g(z)] = ¢ for
some positive constant c.

1
For a sequence of random variables {X,,}>°,, X, P x . X, 25 X, and X, £ X respectively
denote convergence in probability, almost sure convergence, and convergence in £! norm to the
random variable X.
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We use the following shorthand for concentration inequalities. Let {X,,(0),0 € R"}>°, be a
sequence of random variables. The notation X,,(0) = X, where X is either a random variable or a
constant, means that for any € > 0,

nk min(eQ,l)

P(|X,(0) — X|>¢€) < Ke max(6l?/n1) (9)

where K and k are positive constants that do not depend on n or 8. The exact values of K and k
are not specified.
The shrinkage estimators we propose have the general form

2

9:1/+[1—L2} (y —v).
ly —=vl"1,

For 1 < i < n, the ith component of the attracting vector v is the attractor for y; (the point
towards which it is shrunk).

2 A two-cluster James-Stein estimator

Recall the example in Section [Il where @ has half its components equal to ||0||//n, and the other
half equal to ||@]|/y/n. Ideally, we would like to shrink the y;’s corresponding to the first group
towards [|@]|/v/n, and the remaining points towards —||8||/v/n. However, without an oracle, we
cannot accurately guess which point each y; should be shrunk towards. We would like to obtain
an estimator that identifies separable clusters in y, constructs a suitable attractor for each cluster,
and shrinks the y; in each cluster towards its attractor.

We start by dividing the observed data into two clusters based on a separating point sy, which is
obtained from y. A natural choice for the s, would be the empirical mean g; since this is unknown
we use sy, = ¥. Define the clusters

Cl;:{yi71§i§n|yi>ﬂ}, C2:{y271§'5§n|yz§g}

The points in C; and Cy will be shrunk towards attractors ai(y) and as(y), respectively, where
ay,az : R — R are defined in (20) later in this section. For brevity, we henceforth do not indicate
the dependence of the attractors on y. Thus the attracting vector is

Liyi>y) Lyi<gy
1 o 1 g
vy = ay {y2'>y} as {yz.éy} 7 (10)
Ly Liy,<g}
with a1 and ag defined in (20). The proposed estimator is
5 no? o?
05, =vao+ |l - ————| (y—v2)=va+ |1- 5 y —v2), (11)
ly —val*) g (Ily = vall’/n)
where the function g is defined as
g(z) == max(c?,z), z€R. (12)



The attracting vector vy in ([I0) lies in a two-dimensional subspace defined by the orthogonal
vectors [Ley gy, ,1{yn>g}]T and [1gy, <p,- ,1{yn§g]T. To derive the values of a; and ag in
([I0), it is useful to compare vy to the attracting vector of Lindley’s estimator in (Gl). Recall that
Lindley’s attracting vector lies in the one-dimensional subspace spanned by 1. The vector lying in
this subspace that is closest in Euclidean distance to 6 is its projection 81. Since  is unknown, we
use the approximation g to define the attracting vector y1.

Analogously, the vector in the two-dimensional subspace defined by (I0) that is closest to 6 is
the projection of 8 onto this subspace. Computing this projection, the desired values for aq,as are
found to be . .

des _ 2im1 Oliysgy  ges _ 2oim1 Oilgyi<y)
o’ = W= (13)
>im1 Ly>q) 2i=1 Ly<p)
As the 6;’s are not available, we define the attractors ai, as as approximations of a‘lles, ages, obtained
using the following concentration results.

Lemma 1. We have

1 n 1 n o " (6-0;)*
— s = = 0:1¢ <y + —— e 202 | 14
n ;Zl:yl {vi>g} = ;:1: iHyi>g} T /_2712222 (14)

(6-6;)°

1 — 1 — o i
SN pilpey = = D Ol - —= > e 1
n Yil{y: <y} n & {yi<g} o £ e 2 (15)

1< .- 6 —6; 1< I, (00
E;Qil{y»g}:;m( - ) Egeil{yigg}—ﬁigeicw - ) (16)

1 |« " é—@i nke?
P(; Zl{y»y}—ZQ(T) 26) < Ke ™, (17)
i=1 =1
1| (00 k2
P(; Y Ly — @ ( - > Ze>§Ke he (18)
i=1 =1

where Q° <@) =1-0Q (@). Recall from Section that the symbol = is shorthand for a

concentration inequality of the form (Q).

The proof is given in Appendix [B.1l

Using Lemma [T we can (;btain estimates for a$**, a4®* in (I3)) provided we have an estimate for
_(6-9)
the term ﬁ > e 22 . This is achieved via the following concentration result.

Lemma 2. Fiz § > 0. Then for any ¢ > 0, we have

0_2 n o n (9-791_)2
Pl 2S5 1, es — | —= e 52 n
(175 2t ~ (7 o

where k is some positive constant and |ky| < Nor

> e> < 106"k, (19)

The proof is given in Appendix

Note 1. Henceforth in this paper, k, is used to denote a generic bounded constant (whose exact
value is not needed) that is a coefficient of 6 in expressions of the form f(§) = a + kpd + o(9)
where a is some constant. As an example to illustrate its usage, let f(0) = ﬁ, where a > 0 and

|bd| < a. Then, we have f(0) = Wlbé/a) =11+ 254 0(0)) = L + K,6 + 0(0).

a

7



Using Lemmas [Tl and 2 the two attractors are defined to be
0'2 0'2
2ic1 Yilsmy — %5 2ico Hiwi-a1<o) _ 2im Yilesyy + 55 2ico Yiyi—si<o)
n ’ az = n .
> izt Liyi>p 2 i1 Lyi<y)

With d > 0 chosen to be a small positive number, this completes the specification of the attracting
vector in (I0), and hence the two-cluster JS-estimator in (II)).

Note that v, defined by (I0), (20)), is an approximation of the projection of 8 onto the two-
dimensional subspace V spanned by the vectors [1y,~g, - , 1y, >5]7 and [1,,<5, 1, <z7. We
remark that vo, which approximates the vector in V that is closest to 6, is distinct from the
projection of y onto V. While the analysis is easier (there would be no terms involving ¢) if v were
chosen to be a projection of y (instead of €) onto V, our numerical simulations suggest that this
choice yields significantly higher risk. The intuition behind choosing the projection of 8 onto V is
that if all the y; in a group are to be attracted to a common point (without any prior information),
a natural choice would be the mean of the §; within the group, as in (I3]). This mean is determined
by the term E(} 1, 0;1,,>5), which is different from E(3 i, yilgy,>5) because

E (Z(?Ji - Hi)]-{yizg}> =E <Z wﬂ{y@g}) 7 0.
i=1

i=1

ayp =

(20)

The term involving ¢ in (20) approximates E(D | wilyy, >g)-

Note 2. The attracting vector vq is dependent not just on'y but also on d, through the two attractors
aj; and ay. In Lemmal2, for the deviation probability in (I9) to fall exponentially in n, § needs to be

held constant and independent of n. From a practical design point of view, what is needed is né> > 1.
_(6-6;)
Indeed , for % > im0 Lijyi—gl<sy to be a reliable approximation of the term #ﬂ e 202 it

is shown in Appendiz[B.3, specifically in (Q9) that we need nd? > 1. Numerical experiments suggest
a value of 5/+/n for d to be large enough for a good approrimation.

We now present the first main result of the paper.
Theorem 1. The loss function of the two-cluster JS-estimator in () satisfies the following:
(1) For any € > 0, and for any fized 6 > 0 that is independent of n,
1 P 9 . Bno? _ _nkmin(e®,1)
P <'EH0 — 05, — [mm <6n, m) + knd + 0(5)] ' > e> < Ke max(lol?/nn - (21)

where oy, By, are given by 24) and [23) below, and K is a positive constant that is independent
of n and &, while k = ©(6%) is another positive constant that is independent of n (for a fized

5).

(2) For a sequence of @ with increasing dimension n, if limsup,,_, . ||0||*/n < oo, we have

lim
n—oo

R (0.055,) - [min <ﬂn, M) rnb 4 0(5)} ‘ 0. (22)

n oy, + o2

The constants By, ay are given by

e < 6 —0; A~ (06
@L.—T—ZZQ< - )—g;cz< - ) (23)

1=1




n (0-9;)?

L Zhbe () o TRt () )
> Q (5 S Qe (5

The proof of the theorem is given in Section

where

Remark 1. In Theorem [dl, 3, represents the concentrating value for the distance between 6 and
the attracting vector va. (It is shown in Sec. that ||@ — vs||?/n concentrates around By, + Knd.)
Therefore, the closer @ is to the attracting subspace, the lower the normalized asymptotic risk
R(6, 6 7Sy)/n. The term oy, + o2 represents the concentrating value for the distance between'y and
vo. (It is shown in Sec. that ||y — val||?/n concentrates around oy, + 02 4 ky0.)

Remark 2. Comparing 5, in 23) and oy, in (24), we note that B, > o, because
—n Y (0 - 0)Q (22)

re() (Cn e (5)

To see [20]), observe that in the sum in the numerator, the Q(-) function assigns larger weight to
the terms with (§; — 0) < 0 than to the terms with (6; —6) > 0.

Furthermore, o, =~ [, for large n if either |0; — 0| =~ 0,Vi, or |0; — 0] — oo,Vi. In the first
case, if ; = 0, fori=1,--- n, we get B, = a,, = ||@ — 01||*>/n = 0. In the second case, suppose
that ny of the 0; values equal p1 and the remaining (n — ny) values equal —ps for some p1,pa > 0.
Then, as p1,pa — o0, it can be verified that 3, — [||0]|*> — n1p? — (n —n1)p3]/n = 0. Therefore, the
asymptotic normalized risk R(O, 0 JS,)/n converges to 0 in both cases.

€1 —C2 =

(26)

The proof of Theorem [ further leads to the following corollaries.
Corollary 1. The loss function of the positive-part JS-estimator in () satisfies the following:
(1) For any e > 0,
]P (

where 4y, := ||0|?/n, and K and k are positive constants.

16 —8ss. > no?

n Vo + 02

—nk min(e?,1
26>§[{enmm(e,)7

(2) For a sequence of @ with increasing dimension n, if limsup,_, . ||0||*/n < oo, we have
lim,, a0 ‘lR(O, é]g+) _ no? =0.

n Yn+02

Note that the positive-part Lindley’s estimator in (8] is essentially a single-cluster estimator
which shrinks all the points towards y. Henceforth, we denote it by 6 ;g,.

Corollary 2. The loss function of the positive-part Lindley’s estimator in () satisfies the following:
(1) For any e >0,
]P <

where K and k are positive constants, and

10 —6us > puo®

n pn + 02

—nk min(e?,1
26>§K6nmm(e,)7

oo

Pn =



Figure 2: The asymptotic risk term min{f,, 8, /(c, + 02)} for the two-cluster estimator is plotted
vs T for n = 1000, o = 1, and different values of p. Here, the components of 8 take only two values,
7 and —p7. The number of components taking the value 7 is [np/(1+ p)].

(2) For a sequence of @ with increasing dimension n, if limsup,,_, . ||0||*/n < oo, we have

lR (9,9]51> — pnaz

lim 3
n pnt+o

n—oo

—0. (28)

Remark 3. Statement (2) of Corollary[dl, which is known in the literature [1), implies that éJS+
18 asymptotically minimax over FEuclidean balls. Indeed, if ©, denotes the set of @ such that
Yo = ||8|1*/n < 2, then Pinsker’s theorem [15, Ch. 5] implies that the minimaz risk over ©,
is asymptotically (as n — o0) equal to E‘Q’z—cjg

Statement (1) of Corollary [l and both the statements of Corollary[Q are new, to the best of our
knowledge. Comparing Corollaries [ and [, we observe that p, < v, since || — 01| < 0| for
all @ € R™ with strict inequality whenever § # 0. Therefore the positive-part Lindley’s estimator
asymptotically dominates the positive part JS-estimator.

It is well known that both 6 Js, and ] Js; dominate the ML-estimator [I1I]. From Corollary [I],
it is clear that asymptotically, the normalized risk of 09 . is small when ~, is small, i.e., when 6
is close to the origin. Similarly, from Corollary 2 the asymptotic normalized risk of 6 Js, is small
when p,, is small, which occurs when the components of @ are all very close to the mean 6. It
is then natural to ask if the two-cluster estimator 75, dominates ] ML, and when its asymptotic
normalized risk is close to 0. To answer these questions, we use the following example, shown in
Fig. @l Consider @ whose components take one of two values, 7 or —p7, such that @ is as close to
zero as possible. Hence the number of components taking the value 7 is [np/(1 + p)]. Choosing
o =1, n = 1000, the key asymptotic risk term min{3,, 3,/(can + 2)} in Theorem [ is plotted as
a function of 7 in Fig. [2] for various values of p.

10



Two important observations can be made from the plots. Firstly, mm{ﬁn, Bn/(cn+0?)} exceeds
02 = 1 for certain values of p and 7. Hence, 0 75, does not dominate 0L Secondly, for any p,
the normalized risk of 0 JS, goes to zero for large enough 7. Note that when 7 is large, both
T = 10|12/n and p, = ||6 — 01| /n are large and hence, the normalized risks of both 6[15+ and
0]51 are close to 1. So, although 9J32 does not dominate GML, 0JS+ or Ong, there is a range of 6
for which R(6,6 ss,) is much lower than both R(8, 0JS+) and R(0,0;s,). This serves as motivation
for designing a hybrid estimator that attempts to pick the better of 0 Js, and 0 Js, for the € in
context. This is described in the next section.

In the example of Fig. [ it is worth examining why the two-cluster estimator performs poorly
for a certain range of 7, while giving significantly risk reduction for large enough 7. First consider
an ideal case, where it is known which components of theta are equal to 7 and which ones are equal
to —p7 (although the values of p, 7 may not be known). In this case, we could use a James-Stein
estimator 0 7Sy of the form (B]) with the target subspace V being the two-dimensional subspace with
basis vectors

Lio,=r) Lo1=—pr}

_ | He=r) _ | Hoa=—pr}
u = . N ORES .

Lo,=r} Hou=—pr)

Since V is a fixed subspace that does not depend on the data, it can be shown that 0 Jsy dominates
the ML-estimator [7,[8]. In the actual problem, we do not have access to the ideal basis vectors
up, ug, SO we cannot use ] JSy- The two-cluster estimator 0 JS, attempts to approximate 0 JSy by
choosing the target subspace from the data. As shown in ({10, this is done using the basis vectors:

1{?/12@7} 1{y1<l7}
~ Liyo>g ~ . Lya<gy
uj ‘= . ’ uz ‘= .

1{yn 2?} 1{yn <Zj}

Since 7 is a good approximation for # = 0, when the separation between 6; and  is large enough,
the noise term w; is unlikely to pull y; = 6; + w; into the wrong region; hence, the estimated
basis vectors Uy, Uy will be close to the ideal ones uy,us. Indeed, Fig. Bl indicates that when the
minimum separation between 6; and @ (here, equal to pr) is at least 4.50, then 1y, Uy approximate
the ideal basis vectors very well, and the normalized risk is close to 0. On the other hand, the
approximation to the ideal basis vectors turns out to be poor when the components of 6 are neither
too close to nor too far from 6, as evident from Remark [l

3 Hybrid James-Stein estimator with up to two clusters

Depending on the underlying 8, either the positive-part Lindley estimator 6 Js, or the two-cluster
estimator JS, could have a smaller loss (cf. Theorem [Il and Corollary ). So we would like an
estimator that selects the better among ] Js, and 0 Js, for the 0 in context. To this end, we estimate
the loss of 85, and @ g, based on y. Based on these loss estimates, denoted by L(8,86s,) and
ﬁ(e, 0 JS,) respectively, we define a hybrid estimator as

éJSH = ’YyéJsl + (1 - ’Yy)éJSm (29)

11



where 6 Js, and 0 JS, are respectively given by (8)) and (III), and ~y is given by

1 if 17.(0,04s,) < 11(0,8;s,)
— n Y 1/ — n bl 2/
Ty { 0 otherwise. (30)
The loss function estimates [:(0, 0 Js, ) and I:(O, 0 JS,) are obtained as follows. Based on Corollary
2] the loss function of 65, can be estimated via an estimate of p,02/(p, + 02), where p,, is given
by 7). It is straightforward to check, along the lines of the proof of Theorem [I] that

— g1\ .
9(%) =g (pn +0°) = pu + 0. (31)

Therefore, an estimate of the normalized loss L(6, 6 JSy)/m is

o2

L(8,6;5) =0 |1- : (32)
” g (Ily —112/n)

S|

The loss function of the two-cluster estimator JS, can be estimated using Theorem [, by
estimating (3, and «,, defined in ([24]) and (23], respectively. From Lemma [I3] in Section [6.2] we
have

1
~ly = vall* = an + 0% + 1nd + 0(0). (33)

Further, using the concentration inequalities in Lemmas [Il and 2 in Section 2] we can deduce that

1 o2 " .
~y — el — o + (Z 1{|yi_y<5}) (a1 = az) = B + kb + 0(9), (34)
1=0

where aq, a2 are defined in (20). We now use (33) and (B4) to estimate the concentrating value in
(1), noting that

min (57“ Bno'z >_ Bna'z

an+02)  glan+02)
where g(z) = max(x,02). This yields the following estimate of L(6,80 ss,)/n:
o? n
o (Lly = w2l = 0 + Z5 (Si L gi<sy) (o1 — a2))

1. .
o L0:0,) = oy — valP /) ' (35)

The loss function estimates in ([32]) and (B8) complete the specification of the hybrid estimator in
29) and (30). The following theorem characterizes the loss function of the hybrid estimator, by
showing that the loss estimates in ([82]) and (85 concentrate around the values specified in Corollary
and Theorem [ respectively.

Theorem 2. The loss function of the hybrid JS-estimator in (29) satisfies the following:
(1) For any e >0,

0 2 0 2 0 2 ¥ in(e2,
b <H0—9JSHH . <H0—0Jslu 16~ 8.l ) . ) < Ko matioiy.

n n ’ n

where K and k are positive constants.
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(2) For a sequence of @ with increasing dimension n, if limsup,_, . ||0||*/n < oo, we have

Jim sup (R (0, @)JSH> — min [R (0, @)Jsl) R (0, éJS2)]> <0.
n—oo T
The proof of the theorem in given in Section The theorem implies that the hybrid estimator
chooses the better of the 6 Js, and 0 75, with high probability, with the probability of choosing the
worse estimator decreasing exponentially in n. It also implies that asymptotically, 0 J5y dominates
both 9J51 and 9J32, and hence, 01, as well.

Remark 4. Instead of picking one among the two (or several) candidate estimators, one could
consider a hybrid estimator which is a weighted combination of the candidate estimators. Indeed,
George [§] and Leung and Barron [9,[10] have proposed combining the estimators using exponential
mizture weights based on Stein’s unbiased risk estimates (SURE) [5]. Due to the presence of indica-
tor functions in the definition of the attracting vector, it is challenging to obtain a SURE for 9J32.
We therefore use loss estimates to choose the better estimator. Furthermore, instead of choosing
one estimator based on the loss estimate, if we were to follow the approach in [9] and employ a
combination of the estimators using exponential mixture weights based on the un-normalized loss
estimates, then the weight assigned to the estimator with the smallest loss estimate is exponentially
larger (in m) than the other. Therefore, when the dimension is high, this is effectively equivalent to
picking the estimator with the smallest loss estimate.

4 General multiple-cluster James-Stein estimator

In this section, we generalize the two-cluster estimator of Section 2lto an L-cluster estimator defined
by an arbitrary partition of the real line. The partition is defined by L — 1 functions s; : R" — R,
such that

Sj(Y) 3:Sj(y1,'~,yn)i,uj', Vj:1,---,(L—1), (36)
with constants 1 > po > -+ > ur—1. In words, the partition can be defined via any L —1 functions
of y, each of which concentrates around a deterministic value as n increases. In the two-cluster
estimator, we only have one function s1(y) = ¥, which concentrates around #. The points in (B8]
partition the real line as

R = (—00,s0-1(y)] U (s2-1(y),s-2(y)] U+ - U (51(y),00) .

The clusters are defined as C; = {y;, 1 <i < n |y € (sj(y),sj—1(y)]}, for 1 < j < L, with
s0(y) = o0 and sp(y) = —oo. In Section .21 we discuss one choice of partitioning points to define
the L clusters, but here we first construct and analyse an estimator based on a general partition
satisfying (30)).

The points in C; are all shrunk towards the same point a;, defined in (@0]) later in this section.
The attracting vector is

L 1{y1 €C;}
vy = Z aj : , (37)
i=1 1{ynecj}
and the proposed L-cluster JS-estimator is
o2

05, =vr+ |1— (y —vr), (38)

g (Ily = vel/n)
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where g(z) = max(o?, z).

The attracting vector vy, lies in an L-dimensional subspace defined by the L orthogonal vectors
Lgneet > Lgnee) s -5 Mgreerys + » Lyn<cyy]’- The desired values for ai,...,ar in (B7)
are such that the attracting vector vy, is the projection of @ onto the L-dimensional subspace.
Computing this projection, we find the desired values to be the means of the 6;’s in each cluster:

des __ Z?:l Hi]'{yiecl} des __ ZZﬂ:l Hil{yiECL} 39
a;” = o 1 s N ,arp T = ) 1 . ( )
i1 {yi€C1} > i {vieCr}
As the 6;’s are unavailable, we set a1,...,ar, to be approximations of ailes e ,a%es , obtained using

concentration results similar to Lemmas [[l and 2lin Section 2l The attractors are given by

2
" oyiliycon —Z S |1 s — 1y —s,
iz ¥iliuees) = 55 2o [Mnosl<0) ~ M@=t o ()

aj =

Z?:l 1{yi€Cj}

With § > 0 chosen to be a small positive number as before, this completes the specification of the
attracting vector in (37), and hence the L-cluster JS-estimator in (38]).

Theorem 3. The loss function of the L-cluster JS-estimator in [B8) satisfies the following:

(1) For any e > 0,

1 0 o 12 Bn,L0” _ _nkmin(c®,1)
P(\—He—emu - {mm <ﬁnL,’72> +mna+o<5>H 26> < Ko matiairy
n ) an7L+O'

where K and k are positive constants, and

2 L 2 n Y ' o
e BN e (45%) - (22)

with

St (45) - e ()]
S [@ () - ()]

(2) For a sequence of @ with increasing dimension n, if limsup,, .. [|6||?>/n < oo, we have

Cj =

1<j<L. (43)

2
. o 5n,L
lim — 7 5
n—00 | N, Qn, L + o

1 .
—R (9, OJSL) — [min (ﬁmL, > + Kpd + 0(5)} ' =0.
The proof is similar to that of Theorem [I and we provide its sketch in Section

To get intuition on how the asymptotic normalized risk R(6,80 s, )/n depends on L, consider
the four-cluster estimator with L = 4. For the same setup as in Fig. Bl i.e., the components of 6
take one of two values: 7 or —pr7, Fig. Bal plots the asymptotic risk term min{g3,, 8,.4/(an4 + 1)}
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N
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o
=

min {3, 4, Bna/(xna + 1)}

min {34, Bn,a/(p,a + 1)}

Figure 3: The asymptotic risk term min{S,, Bn,4/(cn,a + 1)} for the four-cluster estimator is plotted vs 7,
for n = 1000, 0 = 1, and different values of p. In (a), the components of 6 take only two values 7 and —pr,
with [1000p/(1 4+ p)] components taking the value 7. In (b), they take values from the set {7, p7, —p7, —7}
with equal probability.

versus 7 for the four-cluster estimator. Comparing Fig. [Bal and Fig. [2] we observe that the four-
cluster estimator’s risk min{g,,, Bn.4/(an4 + 1)} behaves similarly to the two-cluster estimator’s
risk min{fB,, Bn2/(an2 + 1)} with the notable difference being the magnitude. For p = 0.5,1, the
peak value of 3, 4/(ap 4+ 1) is smaller than that of 5, 2/(ay, 2 +1). However, for the smaller values
of p, the reverse is true. This means that 0 J5, can be better than ] JS,, €ven in certain scenarios
where the 0; take only two values. In the two-value example, 0 Js, is typically better when two of
the four attractors of 8 Js, are closer to the 6; values, while the two attracting points of 0 JS, are
closer to  than the respective 6; values.

Next consider an example where 6; take values from {7, p7, —p7,—7} with equal probability.
This is the scenario favorable to 8 75, Figure BD shows the plot of min{B,, fna/(ana + 1)} as a
function of 7 for different values of p. Once again, it is clear that when the separation between the
points is large enough, the asymptotic normalized risk approaches 0.

4.1 L-hybrid James-Stein estimator

Suppose that we have estimators 0 TSy 0 JS;» Where ] 75, is an f-cluster JS-estimator constructed
as described above, for £ = 1,...,L. (Recall that £ = 1 corresponds to Lindley’s positive-part
estimator in (8).) Depending on 6, any one of these L estimators could achieve the smallest loss.
We would like to design a hybrid estimator that picks the best of these L estimators for the 6 in
context. As in Section Bl we construct loss estimates for each of the L estimators, and define a
hybrid estimator as

L
05y, = Z Ye8s, (44)
=1

where . R . R
=l if 11.(0,0,5,) = mini<x<; 1L(6,0,s,),
¢ 0 otherwise

with ﬁ(0, 0 Js,) denoting the loss function estimate of 0 JS,-
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For ¢ > 2, we estimate the loss of ] 75, using Theorem [3, by estimating /3,  and o, ; which are
defined in (41]) and (42]), respectively. From (7)) in Section [6.4] we obtain

1
~ |y = vell* = ane + 0% + knd + 0(0). (45)

Using concentration inequalities similar to those in Lemmas [l and 2] in Section 2] we deduce that

n

1 o? ‘ .
~ly —vel? =0+ T | Y4 Y [Lss 1<) — Luossai<s)] | = Bue & ad + 0(8), (46)
j=1 =0

where aq,...,a; are as defined in ([@0). We now use [@5]) and ({G) to estimate the concentrating
value in Theorem B and thus obtain the following estimate of L(0, 80 ;s,)/n:

2 0'2 Z n
1. o2 (ly —vell® = 0 + %5 (X510 S [ ssi<s) — Hin—sa1<at] ) )
Z0(0,0s,) = 1 .
n g(lly —will?/n)

(47)
The loss function estimator in (7)) for 2 < ¢ < L, together with the loss function estimator in (32))
for ¢ = 1, completes the specification of the L-hybrid estimator in (#4])). Using steps similar to those
in Theorem [2] we can show that

1. ~ . . 0'2571(
_ = — <t{< L.
nL (0, GJSZ) min <,8n7g, o+ 02> + kpd +0(0), 2<I<L (48)

Theorem 4. The loss function of the L-hybrid JS-estimator in [@4]) satisfies the following:

(1) For any e >0,

06 2 e _ nkmin(21)
]P’(—H 75| — min <7H0 075 > >e> < Ke m;x(r\r\len\\?/n,l),

n 1<¢<L n -

where K and k are positive constants.

(2) For a sequence of @ with increasing dimension n, if limsup,_, . ||0||*/n < oo, we have

limsup% [R (0,9J5H7L) — min R (0,91]52)} <0.

n—oo 1<¢<L

The proof of the theorem is omitted as it is along the same lines as the proof of Theorem [3l
Thus with high probability, the L-hybrid estimator chooses the best of the 8;s,,...,0;s,, with
the probability of choosing a worse estimator decreasing exponentially in n.

4.2 Obtaining the clusters

In this subsection, we present a simple method to obtain the (L — 1) partitioning points s;(y),
1 <j < (L-1), for an L-cluster JS-estimator when L = 2% for an integer a > 1. We do this
recursively, assuming that we already have a 2%~ !-cluster estimator with its associated partitioning
points sg(y), j=1,---,2%"1 — 1. This means that for the 2 !-cluster estimator, the real line is
partitioned as

R = (=00, 8511 (¥)] U (sha-11(¥); 8a-1 5(y)] U+ U (s1(y), 00) -

16



Recall that Section [2] considered the case of a = 1, with the single partitioning point being .
The new partitioning points sx(y), & = 1,---,(2% — 1), are obtained as follows. For j =
1,--+, (2971 — 1), define

n
Zi:l yil{—oo<yi§5/a71 (y)}
. Sga_i(y) = Zn —

=1 1{—oo<yi§5/2a—1,1 (y)}

Dim1 yil{% (¥)<yi<s)_ ()}

s2j(y) = 85(¥), s25-1(y) = List Yoyw<uss; )}
i= $;\Y)<VYi=s; 1Y

where s;,(y) = co. Hence, the partition for the L-cluster estimator is

R = (—00,52a1(y)] U (52a—1(y), s2a—2(y)] U - -~ U (51(y), 00) -

We use such a partition to construct a 4-cluster estimator for our simulations in the next section.

5 Simulation Results

In this section, we present simulation plots that compare the average normalized loss of the proposed
estimators with that of the regular JS-estimator and Lindley’s estimator, for various choices of 6.
In each plot, the normalized loss, labelled L ]?(0, 9) on the Y-axis, is computed by averaging over
1000 realizations of w. We use w ~ AN (0 ( ), i.e., the noise variance o2 = 1. Both the regular JS-
estimator 0 Js and Lindley’s estimator ] JS, used are the positive-part versions, respectively given
by (@) and (). We choose 6 = 5/4/n for our proposed estimators.

In Figs. @HT we consider three different structures for 6, representing varying degrees of clus-
tering. In the first structure, the components {6;}!" ; are arranged in two clusters. In the second
structure for 8, {6;}_, are uniformly distributed within an interval whose length is varied. In the
third structure, {6;}?_, are arranged in four clusters. In both clustered structures, the locations
and the widths of the clusters as well as the number of points within each cluster are varied; the
locations of the points within each cluster are chosen uniformly at random. The captions of the
figures explain the details of each structure.

In Fig. @ {6;}!' | are arranged in two clusters, one centred at —7 and the other at 7. The plots
show the average normalized loss as a function of 7 for different values of n, for four estimators:
0 JS, 0 JS,, the two-attractor JS-estimator 0 JS, given by (), and the hybrid JS-estimator ] JS5
given by (29). We observe that as n increases, the average loss of 0 JSy gets closer to the minimum
of that of é]Sl and 9J52,

Fig. B shows the the average normalized loss for different arrangements of {6;}, with n fixed at
1000. The plots illustrate a few cases where 0 JS, has significantly lower risk than ] Js,, and also
the strength of OJSH when n is large.

Fig. [6 compares the average normalized losses of 0 JS1 ] JS,, and 0 J5y With their asymptotic risk
values, obtained in Corollary [2, Theorem [Il and Theorem 2] respectively. Each subfigure considers
a different arrangement of {6} ,, and shows how the average losses converge to their respective
theoretical values with growing n.

Fig. [[ demonstrates the effect of choosing four attractors when {Hi}le form four clusters. The
four-hybrid estimator 6 JSy ., attempts to choose the best among 0 g,, 055, and 0 ;5, based on the

data y. It is clear that depending on the values of {6;}, 0 JSy.4 Teliably tracks the best of these.
and can have significantly lower loss than both 6 Js, and 0 7S, especially for large values of n.
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Figure 4: Average normalized loss of various estimators for different values of n. The {6;}' , are
placed in two clusters, one centred at 7 and another at —7. Each cluster has width 0.57 and n/2
points.
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Figure 5: Average normalized loss of various estimators for different arrangements of the samples
{0;}1,, with n = 1000. In (a), there are 2 clusters each of width 0.57, one around 0.257 containing
300 points, and the other around —7 and containing 700 points. In (b), € consists of 200 components
taking the value 7 and the remaining 800 taking the value —0.257. In (c), there are two clusters of
width 0.1257, one around 7 containing 300 points and another around —7 containing 700 points.
In (d), {6;}}, are arranged uniformly from —7 to 7.
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Figure 6: Average normalized loss of various estimators versus

Pn

Bn
+02’ an +02’

min(—2

on _,_02 s Brs an+02)
as a function of n for different arrangements of {6;}7_,. In (a), the {6; }221 are placed in two clusters
of width 1, one around 2 and the other around —2, each containing an equal number of points. In
(b), {6;}}~, are placed in two clusters of width 1.25, one around 5 and the other around —5, each
containing an equal number of points. In (c), {6;}; are placed in two clusters of width 0.25, one
around 0.5 and the other around —0.5, each containing an equal number of points. In (d), {6;}7,
are placed uniformly between —2 and 2.
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Figure 7: Average normalized loss of various estimators for n = 1000 and for different arrangements
of the samples {6;}!" ;. In (a), {¢;}_, are placed in four equal-sized clusters of width 0.57 and in
(b), the clusters are of width 0.257. In both cases, the clusters are centred at 1.57, 0.97, —0.57 and
—1.257.

6 Proofs

6.1 Mathematical preliminaries

Here we list some concentration results that are used in the proofs of the theorems.

Lemma 3. Let {X,,(6),0 € R"}°°, be a sequence of random variables such that X,,(0) =0, i.e.,
for any € > 0,

nk min(e2 ,1)

P(|X,(0)] > ¢€) < Ke max(l0l2/n,1) |
where K and k are positive constants. If C :=limsup,, ., ||0]|?/n < co, then X,, =2 0.

Proof. For any 7 > 0, there exists a positive integer M such that ¥n > M, [|6||?/n < C +7. Hence,
we have, for any € > 0, and for some 7 > 1,

nkmln(e ,1) nk min(e2,1)
Z]P (1X,(0)] > €) < ZKe max(012/m,0) < C + Z Ke  Cir " < oo,
n=1 n=M
Therefore, we can use the Borel-Cantelli lemma to conclude that X, = 0. ]

Lemma 4. For two sequences of random variables { X}, {Yn}22, such that X, =0, Y, =0,
it follows that X, +Y, = 0.

_nky min(€2,1)
Proof. This is an application of the triangle inequality: if for € > 0, P(|X,,| > €) < Kje max(ol%/n.1)

nko min(ez,l)

and P(|Y,,| > €) < Kqe max(I612/n.1) for positive constants K1, Ka, k1 and ks, then

nk min(ez,l)

€ € _ _nrminle 1)
> < > — > )< max(||8]]2/n,1)
P(| X, + Yo > €) <P (|Xn\ > 2) 1P <|Yn\ > 2) < Ke
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where K = K1 + K5 and k = min (11—1%2) O
Lemma 5. Let X and Y be random variables such that for any e > 0,
P(IX —ax| > ¢) < Kyehmin(),
]P)(|Y _ CLY| > 6) < K2e—nk2 min(52,1)
where ki, ko are positive constants, and K1, Ko are positive integer constants. Then,
P (XY — axay| > ¢) < Ke hmin(<*.1)

where K = 2(K1 + K3), and k is a positive constant depending on ki and ks.
Proof. We have

]P’(‘XY - axay\ > 6) = ]P’(‘(X - ax)(Y — ay) + Xay +Yax — QCLXay’ > 6)
€ €
<P (J(X = ax)(Y —ay)| = 5) + P (IXay + Yax — 2axay| = 5)

g) +P (I(X - ax)ay| > 2) +P (I(v — ay)ax| > i)

<P (00— 2 /) +2 (10 =) 2 [5) +P (10X - axdar] = §) +2 (107 orlax] 2 §)

< Kle—nki min(e,1) + ng_nké min(e,1) + Kle—nk’l’ min(eQ,l) + K2e—nké’ min(e2,1) < Ke—nkmin(e2,1)

<P (|(X —ax)(Y —ay)| 2

I ki oy ke gk n_ ko __ min(k,k2)
Wherek‘l—7,k‘2—7,k‘1—W,kQ—W,andk—W. O

Lemma 6. Let Y be a non-negative random variable such that there exists ay > 0 such that for
any € > 0,

P(Y —ay < —E) < Kle—nlﬂ min(ez,l)’ P(Y —ay > 6) < K2e—nk2 min(ez,l)
where k1, ko are positive constants, and K1, Ko are positive integer constants. Then, for any e > 0,
1 1
Y ay

where K = K1 + Ko, and k is a positive constant.

Proof. We have
1 1 1 1 1
Pl——"—>¢] = - > = Y < ———
<Y ay _E> <Y T ay +E> < - €+1/ay>

1 eay
= Y — < — - =P(Y — < —
< @ = e+ 1/ay aY) < @w = ay(l—i—eay))

> €> < Ke—nkmin(ez,l)

11 11
Pl—— —<—¢)=P(=<— —¢].
<Y ay ~ E) <Y_GY E)



ay
Y ay E — € E —€
= <Y—ay2ay< cay >>
1-— eay
2
—nk e(ay)?
< Koo n 2m1n<(1 an) »1> < Kze_nkzmin( (ay) ,1) < K2e_nkémin(5271) (50)

where k) = ko min ((ay)4, 1). Using (49) and (B0), we obtain, for any € > 0,

11
Pll=— —
(‘Y ay

where k = min(k}, k). O

> 6) < Ke—nkmin(e2,1)

Lemma 7. Let {X,,}72, be a sequence of random variables and X be another random variable (or
a constant) such that for any ¢ > 0, P(|X,, — X| >¢€) < Kenkmin(e,1) for positive constants K

and k. Then, for the function g(x) := max(c?,z), we have

P(|g(Xn) — Q(X)| > E) < Ke_nkmin(ez,l)‘
Proof. We have

P (lg(Xn) = 9(X)| 2 €) =P (| Xy — X[ 2 ) P (|9(Xy) — g(X)| Z € | [ Xy — X[ > €)
+P(|Xn — X| < )P (lg(Xn) —g(X)| > €| |Xn — X| <)

< Ke ™ min(@l) 1P (1g(X,) —g(X)| > € | | X - X| <€), (51)

Now, when X,, > 02 and X > o2, it follows that g(X,) — g(X) = X,, — X, and the second term
of the RHS of (5I)) equals 0, as it also does when X,, < 02 and X < o2. Let us consider the case
where X,, > 02 and X < ¢2. Then, g(X,) — 9(X) = X,, — 02 < X,, — X < ¢, as we condition on
the fact that | X, — X| < ¢; hence in this case P (|g(X,) — g(X)| > € | |X,, — X| < €) = 0. Finally,
when X,, < 02 and X > 02, we have g(X) — g(X,,) = X — 0% < X — X,, < ¢; hence in this case
also we have P (|g(X,) — g(X)| > € | |Xn — X| < €) = 0. This proves the lemma. O

Lemma 8. (Hoeffding’s Inequality [16, Thm. 2.8]). Let Xy,--- , X, be independent random vari-
ables such that X; € [a;,b;] almost surely, for alli <mn. Let S, = Y - 1 (X; —E[X;]). Then for any

2n“e

e>0,P<%26>§26_m.

Lemma 9. (Chi-squared concentration [16]). For i.i.d. Gaussian random variables wi, ..., wy, ~
N(0,02), we have for any € > 0,

— )

> 6) < 2e—nkmin(5,62)

where k = min (ﬁ, #)
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Lemma 10. For i = 1,--- ,n, let w; ~ (0,02) be independent, and a; be real-valued and finite
constants. We have for any e > 0,

1 |— n a2 .
P (E Z’wil{wi>ai} - \/% Ze 202 | > 6) < 2e—nk1 11’1111(6752)7 (52)
=1 i=1
1| o S a2 .
P = (> wilfuay + 2= € 27| 2 e) < ¢ min(e.c?) (53)
(n i=1 V2m i

where ki1 and ko are positive constants.
The proof is given in Appendix [ATl
Lemma 11. Lety ~ N (0,021), and let f: R™ — R be a function such that for any € > 0,

2

P(|f(y)—al >e) < 2e ™

for some constants a, k, such that k > 0. Then for any € > 0, we have

1| n
P <E Z Ly ry — Z lyyisar| 2 €
i=1 i=1
p (1
n|“

n n _ nklez
D 0l spayy — DOl > €| < de TOI77n, (55)
i=1 i=1
n |4

Do wilpyspy — O Wilgysa| > €
i=1 i=1

4= k1€ (54)

IN

4e—nk1 min(e?,¢) (56)

IN

where k1 is a positive constant.
The proof is given in Appendix [A.2

Lemma 12. With the assumptions of Lemma 11, let h : R™ — R be a function such that b > a
and P (|h(y) — b| > €) < 2™ for some | > 0. Then for any € > 0, we have

1
p<_
n

Proof. The result follows from Lemma [[1l by noting that 1gy)>y>ry)r = Liyisro)r — Lyishiy)})s
and 1g>y50) = Lyisay = Lyisnp- =

- - —nke2
Z L)y )} — Z Lip>y>a}| = E) < 8e .
i=1

i=1

6.2 Proof of Theorem [1]

We have,
16—6ss® 1, [, ol

n ‘nH" ? [1 g(Hy—qu?/nJ(y 2)

1 o2 2 1 o2 2
= y"”‘{1‘g<uy—u2||2/n>](y"”)‘w “ <g<uy—u2u2/n>>(y‘”2)‘w
oy —wlP/n wl? 2 o? o
TGy —mm? n<g<||y—u2u2/n>><y 2 W) (57)
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We also have

1 1 1 1 2
— 6 —vol* = = |y —v2 — w|* = = |ly —wa* + = || W[ = = (y v, W)
n n n n n

and so,
2 1 1 1
oy v w) =0 - vo* - —ly - v — - [ w|*. (58)
Using (58)) in (57)), we obtain
10 =65, )* oty —wolP/m | |w|?
= 2
n (g (ly — vall?/n)) n (59)

0'2 > (1 2 1 9 1 )
* — 0 —vo|” — = [ly —ve|" — = [[w >
<g<uy — o ) 18— vell = Dy —wall” = D wl

We now use the following results whose proofs are given in Appendix [B.3] and Appendix [B.4l

Lemma 13.
1 2 . 2
~ly = vall* = an + 0% + 1nd + 0(0). (60)

where o, is given by (24]).

Lemma 14.
1
116 = wall”* = Bu + 1nd + () (61)

where By, is given by ([23).
Using Lemma [7] together with (60), we have

2
g<b:%2h>igwn+¥»+M6+d®- (62)

Using (©0), (6I)) and (62]) together with Lemmas Bl [0, and [0, we obtain

16 —6us,|* . ot (anto®) ( o’ > 2 2y 2
N R ey D —(an+07) —0%) + kpd+0(5) (63
n (g (o + 02))? g (o + 02) (5"~ ( )=o) (0) (63)
o Bn + Knd + 0(5), if o, <0,
a LA knd +0(d) otherwise.

an+o?

Therefore, for any ¢ > 0,

P ( W - [min </3n, uc > + Find + 0(5)}

oy, + o2
This proves (2I)) and hence, the first part of the theorem.
To prove the second part of the theorem, we use the following definition and result.

_nkmin(ez,l)
>e| < Ke 1012

Definition 6.1. (Uniform Integrability [17, p. 81]) A sequence {X,}5°, is said to be uniformly
integrable (UI) if

K—o0 n—00

lim <limsupE [’Xn,l{anzK}D =0. (64)
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Fact 1. [I8, Sec. 13.7] Let {X,,}°°, be a sequence in L', equivalently E|X,| < oo, ¥n. Also, let
1
X e LY. Then X, £y X, ie, E(|X, — X|) — 0, if and only if the following two conditions are

satisfied:
1. X, 2 x,

2. The sequence {X,}22 is UL

Now, consider the individual terms of the RHS of (£9)). Using Lemmas [l [l and [7, we obtain

oy —vol?n_ . otowte?) o
Gy — a2/ (glantor 00

and so, from Lemma [3]

_ _ly—wvlP/n_ | o (an+0?) ko5 +o(8) | 250
" (ol = vel?/m)) [@u%+aaf+”+<> o

Similarly, we obtain

528 — vl [ Bro? '
I — + Kkpd +0(d)| — 0,
oy —wal/m) | glan + %) ©)]
oy — val/n [Hum+a% '
n = — + Kkpd +0(d)| — 0,
gy —val/m) | glam + 0% ©)]
S _[
"= Sy — vl Lglan ¥ 0%

4 -
(o a.s.

+ kpd +0(5)| — 0.

Now, using (59) and (63]), we can write

0— é 2 - 2
7“ JSZ” — (mln (57“ /8 7 2> + /fné + 0(5)) == Sn + Tn - Un - Vn + <—
n op + 0o n

Iwl® 5

a).

Note from Jensen’s inequality that |E[X,] — EX| < E(|X,, — X|). We therefore have

2
1 R(6, 9J52) - [min <6n, %) + Kpd + 0(5)] ‘

n

0—0;s,|> o2
< g |16 =05l —[min<5n, bna 2>+nn5+o(5)]
n ap + 0o
2 2
=K Sn+Tn—Un—Vn+@—a2 <E|S,|+E|T,| —E|U,| —E|V,| +E Iiwll”

2 1
We first show that % £y o2, ie.,

2

_alza

2
—

n—oo

n

26
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(65)

(66)

. (67)




This holds because

lwl®

oo 2 (4) 1 oo
o = / P M —o? >z lde < / 2e~"kz? g + / 2"k 4y
0 n 0 1

</°O2 —nka? +/OO2 —nkz g 2 /OO T /OO —tqt "2
< e T e r=— e — e ,
0 0 vnk Jo nk Jo

where inequality (i) is due to Lemma [0

Thus, from (67), to prove [22), it is sufficient to show that E |S,|, E|T,,|, E|U,| and E|V,| all
converge to 0 as n — oo. From Fact [I] and (G5]), (©0), this implies that we need to show that
{Sn 1o AT o {UR 2, { Vi }52, are UL Considering S, we have

E
n

n=1» n=1»
4y — 2 ot (o, + 02
o lly u2\2|/n2_027 —(n 2)2§U2, vn,
(gly —v2l*/n)) (9 (an +0?))

and since the sum of the terms in ([63]) that involve ¢ have bounded absolute value for a chosen and
fixed § (see Note[l)), there exists M > 0 such that Vn, |S,| < 20% + M. Hence, from Definition [6.1]
{5,152 is UL By a similar argument, so is {U, }>2,. Next, considering V,,, we have

wl*/n__ wl? ey,
gy —walfm) = 0 glanton -7 "

2
and hence, |V,| < w + 0%+ M, ¥n. Note from (68]) and Fact [ that {||w|?/n}>2, is UL To
complete the proof, we use the following result whose proof is provided in Appendix [A.3]

Lemma 15. Let {Y,,}2° be a UI sequence of positive-valued random variables, and let { X, }2° , be
a sequence of random variables such that | X, | < ¢Y, +a, Vn, where ¢ and a are positive constants.
Then, {X,}22, is also UL

Hence, {V,,}5°; is UL Finally, considering 7}, in (6G]), we see that

= <
g (lly—nl/2||2) g (lly—:2||2> - g (lly—:2||2)
5n0-2
g(a, + 02)

2 2
2 [6—va|? 2lly-va-wl? 202 <7“y—”2“ +—”W”> 2
o= o z n n 5 |lwl|
<2(o"+ ,
n

< Bn < 00

Note that the last inequality is due to the assumption that limsup,,_,. [|0||*/n < co. Therefore,
IT| < 2||w|?*/n + 202 + M, ¥n, where M is some finite constant. Thus, by Lemma [IB T}, is UL
Therefore, each of the terms of the RHS of (67) goes to 0 as n — oo, and this completes the proof
of the theorem.
6.3 Proof of Theorem
Let

Eoi={y R ¢ 80557 < 6 0y5,]?).

_ H0 - éJ52||2 _ ||0 - éJS1 H2
n n '

JAVIS
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Without loss of generality, for a given € > 0, we can assume that |A,,| > € because if not, it is clear

that . . .
IW—OwﬂP_mm<W—0wm2Hﬂ—%&w>§

n n ’ n

From (3I]) and Lemma [6, we obtain the following concentration inequality for the loss estimate

in (B2):

1. - pno?
—L(6,0 =
n ( ) JS1) o+ o2
Using this together with Corollary 2l we obtain
1.
L(0 0J51) = _”0 0J5’1H2 (69)

Following steps similar to those in the proof of Lemma [I3] we obtain the following for the loss
estimate in (35):

lﬁ(e 6 );LJQJM 5+ 0(d) (70)
n s UJSy) = g(an +0_2) n .
Combining this with Theorem [I we have
1
_L(0 0J32) = E”e 9J32H (71)

Then, from (69), (7I), and Lemma [ we have % (8,0;5,) — % (0,0;5,) = —A,. We therefore
have, for any € > 0,

nk min(sz,l)

1. . 1. N _ _nkmin(e?,1)
P(gﬂaemJ—;uaeﬁa—esze>SKe““”“” (72)

for some positive constants k and K. Let P (v, = 0,4, > €) denote the probability that v, = 0
and A, > € for a chosen € > 0. Therefore,

1., - 1., -
Py =0,A, >¢€) =P <EL(0,0J5’1) EL(G,GJSQ) , Ay > e>

nk min(e2,1)

1. - 1., . _ _nkmin(e?,1)
<P <—L(0, 0js,)+A, >—-L(6,0;s,)+ e) < Ke max(l012/n.1) | (73)
n n

where the last inequality is obtained from (72). So for any € > 0, we have

nk min(e2 ,1)

y € 5n) <P(yy =0,4, >¢) < Ke max(ol?/n1)

P(HG—QMMP_H9—9HN22
n n

In a similar manner, we obtain for any € > 0,

P(H@—éwaﬁ_ue—éﬁm2

nk min(e2 ,1)

y € 5;;) <Py =1,-A, >¢) < Ke maxlolZ/nn,

> €
n n

Therefore, we arrive at

g 2 g 2 nk min 52,
n i=1,2 n
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This proves the first part of the theorem.
For the second part, fix € > 0. First suppose that 6 ;g, has lower risk. For a given 0, let

A5, (0) :={y e R" : 7y =1},
Ajs,.(8) :={y €ER": 7y, =0, and A, < ¢},
Ay, (0) :=R™\(AJs, (0) U Ass,, (8)) = {y €R" : 7y =0, and A, > €} .

Denoting ﬁ X —%) by ¢(y;0), we have

e p<
R(a,éJSH):/A

(9)¢<y;9>|réJ51 — 0| dy + o(y;:0)]0s, — 0] dy

/-/4J5’2a (0) U A5y, ()

JSq

(a) . .
g/ o(y:0)0,5, — 0] dy+/ 6(y:0) (105, — O] + ne) dy
Afsl(e)

A(]Sza (9)
+ / 6(y:0)0ss, — 0 dy
AJSQb (9)
(b)

1/2
< R(8,05,) + ne + (]P’ (1y = 0,4, > e)/ b(y:0)]0ss, — 0" dy>
A5y, (0)
() nk:mln(e ,1)

< R(0,0,5,) + ne+ Ke max(i0]2/n.1) (EHOJSZ -0 ) (74)

where step (a) uses the definition of A;g,,, in step (b) the last term is obtained using the Cauchy-
Schwarz inequality on the product of the functions \/¢(y;0), and \/é(y;0)|0s, — 0||*. Step (c)
is from (73).

Similarly, when 6 7S, has lower risk, we get

nk IIllIl(E ,1)

_nkmin(,1) 1/2
R(0,05,) < R(8,0,s,) +ne+ Ke max017/n.1) (EHQJ& -0 > (75)

Hence, from ([74)-(75]), we obtain

1 1 - _ _mkmin(®1) /2
—R(6, OJSH) < = [mim2 (R(O,OJsi)) + ne + Ke max(16]12/n,1) mzlix <<EH0J5 — 0| ) >] .
n n |= 7

. 1/2
Now, noting that by assumption, lim sup,,_, . <EHO JS; — 0||4) /n is finite, we get
. 1 5 . 5
lim sup — |:R(0,0JSH) — min (R(O,Q;g)) - e] <0.
n—oo TN i=1,2

Since this is true for every € > 0, we therefore have

n—oo M

1 - .
lim sup ~ [R(G,O Jsu) — min (3(0,0 JSZ.))] <0. (76)
This completes the proof of the theorem.

Note 3. Note that in the best case scenario, |0 —8 sg,, || = min <H0 — 05,12, 116 - 9J52||2), which

occurs when for each realization of y, the hybrid estimator picks the better of the two rival estimators
015, and Ojs,. In this case, the inequality in (TQ)) is strict, provided that there are realizations of
y with non-zero probability measure for which one estimator is strictly better than the other.
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6.4 Proof of Theorem 3

The proof is similar to that of Theorem [l so we only provide a sketch. Note that for a;,b;,
real-valued and finite, 1 = 1,--- ,n, with a; < b;,

LS Bl = 13- [0(2) -2 ()]

1=

: ZE 'wz]-{al<wl<b} n\/ﬁ Z ( —a2/202 _ e—b?/2gz> .

=1

Since 14, cuw,<p;y € [0,1], it follows that w;ly,,<w,<p,y € [mi,ni] where m; = min(0,a;), n; =
max (0, b;). So, from Hoeffding’s inequality, we obtain

1 o ; b7
(2 _fzﬁﬁ)
(n 2m i

Subsequently, the steps of Lemma [13] are used to obtain

Ly vy 22 195 Z Z[@( %) o (Lmmt)]

<2> < o ) L n _(“j*ii)z _(Mjil;gi)z
— — - Ci e 20 — € 20
n V2T — ey !

J =

2 E) é 26—2’n62,

_ 2ne?
> 6) <2 Eia(n-m)?

(77)

+ Kk + 0(9).

Finally, employing the steps of Lemma [I4] we get

Lo, 2 = 1O Z Z[( 10 (1) | s ot

The subsequent steps of the proof are along the lines of that of Theorem [Il

7 Concluding remarks

In this paper, we presented a class of shrinkage estimators that take advantage of the large dimen-
sionality to infer the clustering structure of the parameter values from the data. This structure
is then used to construct an attracting vector for the shrinkage estimator. A good cluster-based
attracting vector enables significant risk reduction over the ML-estimator even when @ is composed
of several inhomogeneous quantities.

We obtained concentration bounds for the squared-error loss of the constructed estimators and
convergence results for the risk. The estimators have significantly smaller risks than the regular JS-
estimator for a wide range of 8 € R", even though they do not dominate the regular (positive-part)
JS-estimator for finite n.

An important next step is to test the performance of the proposed estimators on real data sets.
It would be interesting to adapt these estimators and analyze their risks when the sample values
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are bounded by a known value, i.e., when |0;| < 7, Vi = 1,--- ,n, with 7 known. Another open
question is how one should decide the maximum number of clusters to be considered for the hybrid
estimator.

An interesting direction for future research is to study confidence sets centered on the estimators
in this paper, and compare them to confidence sets centered on the positive-part JS-estimator, which
were studied in [19L20].

The James-Stein estimator for colored Gaussian noise, i.e., for w ~ N (0, X) with X known,
has been studied in [21], and variants have been proposed in [22], [23]. It would be interesting to
extend the ideas in this paper to the case of colored Gaussian noise, and to noise that has a general
sub-Gaussian distribution. Yet another research direction is to construct multi-dimensional target
subspaces from the data that are more general than the cluster-based subspaces proposed here.
The goal is to obtain greater risk savings for a wider range of 8 € R”, at the cost of having a more
complex attractor.

Appendices
A  Proofs of General Lemmas
A.1 Proof of Lemma 10
o2
Note that E [wil{wpai}] = \/%—We_ 202, So, with

2

A

n n
g _
X = E ’wil{wi>ai}—? E e 202,
1=

i=1
a2
we have EX = 0. Let m; := \/%e_ 202, and consider the moment generating function (MGF) of X.
We have
n —A\m; 00 wz2 n —A\m; 00 w% a; w%
E |:€)\X:| = € / e()\wil{wi>ai})e_mdwi = H © |:/ e’\“’ie_ifdwi +/ e_Efdwl}
o V2mo? J oo o V2mo? L —o0
n 2
1 o w
= He—kml [ / eMie %7 dw; + 1 — Q (%ﬂ
paiey 2102 Ja, o
e A2 ra; a;
:He_Aml [e 2 Q(——)\a)—Fl—Q(—)}
o
i=1

Now, for any positive real number b, consider the function

2

) = v T [e%w—b) F1-Q@)

Note that the RHS of (78) can be written as []i_; f(%;Ao). We will bound the MGF in (78) by
bounding f(z;b).
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2
Clearly, f(—o0;b) = e%, and since b > 0, we have for z < 0,

_z

flait) < Qb+ et (1- QW)

/N
)
|
m\e
3
®
M|5§
~—
Y
)
| %
~__
7N
—
+
&
)
w“’m
~
of
=
wn
o
8
@
o
m
—
8
|
o
8
N~—

where (i) is from the first mean value theorem for integrals, (j) is because e* > 1 + z for x > 0,
and (k) is because for z < 0, e > ¢~ (@9 for b > 0. Therefore,
b2
sup f(z;b) =e?. (79)
z€(—00,0]

Now, for > 0, consider

) o= TEEZIED S (g (et Q- 0]+ Q@) - Q)
e vt ’
We have h(0) = 0 and
\/%dh(x) = eg [6_(“21))2 +e_(x2b)2] — Ze_é
dz

2 2

—?2 x —z2
=e 2 [e‘bx + ebx} —2" 2 =e 2 [e‘bx + e’ —2| =2e72 [cosh(bx) — 1] > 0

because cosh(bz) > 1. This establishes that A(z) is monotone non-decreasing in [0, 00) with A(0) =
0, and hence, for x € [0, ),

h(z) > 0= f(—xz;b) > f(x;b). (80)
Finally, from (79) and (80), it follows that
2
sup  f(x;0) = e7. (81)

2€(—00,00)

nAZo2

Using (8I) in (78), we obtain E [eAX ] < e 2 . Hence, applying the Chernoff trick, we have for
A>0:

E [e)\X]
Ae

I
P(XZE):P<6)‘XZ€)‘6> < <o ()
e
_( 6_'n,/\2v:r2> _ 52
Choosing A = -5 which minimizes e 2/, we get P(X >e€) <e 2002 and so,
no

a

X 1 i g n 2 nez
PlZ=>¢|=P[= E w;ly,, .——E e 2T | >e| <e 27, ]2
<n a > (n <i:1 el V2T ) - ) - =

To obtain the lower tail inequality, we use the following result:
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Fact 2. [2], Thm. 3.7]. For independent random variables X; satisfying X; > —M, for 1 < i <mn,
we have for any € > 0,

2

n n _ — 2 e
v <ZXZ - E[X)] < _E> <e (Bl )
i—1 im1

So, for X; = wil{y,>qe,;, We have X; > min{0,a;,i = 1,--- ,n}, and E [Xf] <o? Vi=1,---,n.
Clearly, we can take M = —min{0,a;,i = 1,--- ,n} < co. Therefore, for any ¢ > 0,

62 62

’ (Z X— Y B[] < *) < ¢ ) < a0 )
=1 =1

and hence,

2
]

2
IR o (e MEY
Pl - Wilfsg) — — e 22 | < —¢| <e 2(" +_3_)_ 83
(¢ (Gt - ) <) < =
Using the upper and lower tail inequalities obtained in (82)) and (83]), respectively, we get

p(i
n —

n n a2
DSTREREAS

w; {wi>a;} = ~ 50— € 2
=1 2 i=1

7L62

> 6) < 26_W < Qe—nkmin(e,gz)

where k is a positive constant (this is due to M being finite). This proves (52)). The concentration
inequality in (B3]) can be similarly proven, and will not be detailed here.

A.2 Proof of Lemma 11l

We first prove (55). Then (54) immediately follows by setting 0; = 1, Vi.
Let us denote the event whose probability we want to bound by £. In our case,

o= {1]; -},

Z eil{yi>f(y)} - Z Hil{yi>ll}
i=1 =1
PE) <PE, {a < f(y) <a+t})+PE, {a—t<f(y) <a})+P(f(y) —a| >1)

Then, for any t > 0, we have

1 n
=P <g D Oilfacy<sin| 26 {a< fy) Sa+t t}>
i=1
1] (84)
+P > 0l (sy)epi<at| = € {a—t < f(y) <a} | +P(f(y) —al > 1)
i=1
! Y 1 - —nkt?
=P ; Z|0i|1{a<yi§a+t} ze|+P E Z|0i|1{a—t<yi§a} >e€e]| +2e .
=1 i=1
Now,
att 1 _ wi—9)? t
P(l{a<yi§a+t} =1) :/ \/We 202 dy; < s (85)



(y;=0,)*
where we have used e = 202 < 1. Let YV := %Z?:l Y; where Y; := |0;|1s<y,<q1s}- Then, from

([BH), we have
Z\ 0.

0<EY =— Z’Q ’P 1{a<y1<a+t}

ni= nV2no2

Since Y; € [0, ]6;|], from Hoeffding’s inequality, for any ¢; > 0, we have

PY-EY >¢)< _Hzﬁj =P (y > e + 1611 > < —HZT,LS}
— > 61 < e n > 61 =L < e n’
nv2ro?

where [|0]]1 := "7 ]0;]. Now, set ¢; = ¢/2 and

e/ 02 /2
T (36)
[61]1/n
to obtain
_ n€2 1 n _£

]P)(Y 2 6) S e 2([6[|2/n = ]P E 2’9i’1{a<yiﬁa+t} 2 € S e 2”9“2/”' (87)

A similar analysis yields

'y -

]P g 2‘6i‘1{a—t<yi<a} 2 € S e 2] /n (88)

Using (87) and (88) in (84]) and recalling that ¢ is given by (86l), we obtain
— nekmo? ne2 nke2
Ze Liysay| = € e 2W6IT/m? 4 o7 2012/n | < 4e 01%/n

where k is a positive constant. The last inequality holds because [|0]|2/n? < ||@]|*/n (by the
Cauchy-Schwarz inequality), and lim sup,,_, . ||0]|?/n < oo (by assumption). This proves (5H).
Next, we prove (B6]). Using steps very similar to (84]), we have, for t > 0, € > 0,

1 n
n
=1

k2 1< 1<
<2 4P (; > will{acy<arey = 6) +P <E > lwillfatcyi<ay > 6) : (89)

i=1 i=1

Lyi>fiy)) — sz'l{ypa} 2

Now, let Y := 1 5™ | 'Y} where

Y = |wi|1{a<yi§a+t} = |wi|1{a—9i<wi§a_6i+t}'

Noting that |w;| < t+ |a — 6;| when w; € [a — 0;,a — 6; + t], we have

R [ S D A I IR YA ¢ B
EY;| = e dw:t<7e_c/2"> < )
i /‘1_91' V2mo? V2ro? TV 2me
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Note that (i) is from the mean value theorem for integrals with ¢ € (a — 0;,a — 0; + t), and (j) is
because ze™ < 1/+/2e for z > 0. Hence

t
2

0<BlY)= 13 Bpy <
=1

3

As each Y; takes values in an interval of length at most ¢, by Hoeffding’s inequality we have for any
€1 >0

P(Y > € +E[Y]) < 2e201/% = p <Y > 6 + ) < 22/ (90)

t
V2me

Now, set ﬁ = /e1. Using this value of ¢ in the RHS of (@), we obtain

1< ki
F <E Z|wi|1{a<yiﬁa+t} e+ \/E) < 2¢7 e

1=1

where k1 = 1/(me). Setting €1 + /€1 = €, we get /€] = 7”1551_1. Using the following inequality for
x> 0:

— 2 22/32, 0<x<3
_ > 9 = —
( 1+2 1) = { 3x/4, x> 3,

we obtain,
n

1 .
i=1

where k is a positive constant. Using similar steps, it can be shown that the third term on the RHS
of ([89) can also be bounded as

1 ¢ :
g (ﬁ > _lwillarey<ar 2 6) < geTmhmin(a), (92)
i=1

This completes the proof of (56]).

A.3 Proof of Lemma

Since {Y,}32, is UL from Definition 6] we have limg oo (limsup, . E [Ynl{YnzK}]) = 0.
Therefore,

E [ Xo|lyx,2x3) <E [elYallyx,>x}] +E [alfx,2x1] < B [Yaliey,4azk}] + 0B [Licy, +a> k3]

— B [Yalyy, s semay | +6E Ly smay | = B |Yalgy way | +aP <Yn > K- “) .

C

So,

: : <ol : »
Kh_lgnoo <hmsupE [’Xn‘lﬂanK}]) < cKhm <hmsupE [Ynl{YnZKT}]>

n—00 —00 n—00

K —
4+ a lim <limsup]P’ <Yn > a>> =0.

K—o0 n—oo C
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B Proofs of Lemmas related to JS-estimators

B.1 Proof of Lemma (I

We first prove ([I6]). Then, (IT7]) and ([I8) immediately follow by setting 6; = 1, for 1 <i < n.
From Lemma [I1], for any € > 0,

< 29 Lyisg) — 29 1{y >0}

Since 6;1 {vi>0} € {0,6;} are independent for 1 < i < n, from Hoeffding’s inequality, we have, for

1< 1y
’ ( w2y~ 2 O o))

) <4e” Hgf;/n, (93)

any € > 0,

2ne2
> e> < 2¢ l6lZ/n, (94)

Also for each i,

[ - = é — 92
El1,.5y| =P (s > 0) =P (wi > 0-0,) :Q( ~ )
Therefore, from (@3]) and (O4]), we obtain

1 1 — 0—0;
SN 01, e == 6, .
nge (vi>7) n;9Q< - ) (95)

The second concentration result in (I6) immediately follows by writing 1¢, <53 =1 — Lg,~q-
To prove (I4]), we write

1 & 1 — 1 o
" Zyil{y»y} T Z Oiliy,>q + n Z Wilty,>g}-
i=1 i=1 i=1

Hence, we have to show that

(6-0;)°

1 — o DL (0-0)?
— w]_ s = (& 202 . 96
n ;:1: i+{y; >y} o ;:1: (96)

From Lemma [II] for any € > 0, we have

Now,

& 1 w? © w; w? o (6-0;)
E[w-l _ *} :/ wily o5 <7e_2o2>dw-:/ e 202dw; = ——e 202
i={y;>0} o {y:i>0} N E 0, \2mo? Ve
Using Lemma [I0, we get, for any ¢ > 0,
(6-6;)
( Zwll{w >9} \/_Ze 202

We obtain (@) by combining ([@7) and (©F]).
Similarly, (I5]) can be shown using Lemma [[1] and Lemma [I0] to establish that

nke2
1{y1>y} Zw’ll{y >€} > < 46 ||9H2/7l . (97)

> 6> < 2e—nkmin(e,62)‘ (98)

_791. 2

1 @& 0 o _(
— w]_ e S — e_ 202
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B.2 Proof of Lemma

From Lemma [[2] we have, for any € > 0,

<n25 2 Ln-siss) - Zl{m BN

Further, from Hoeffding’s inequality,

Pl 0—22”:1 S 0—22”:15 [1 . }
n |26 £ {lui=fl<0} T 95 £ [H{lwi-0l<o}
Also,

2 n 2

5 Z L pu—si<s}) = 25ZP ‘yz—e‘“)za—a

8no2e2
>e| <26 T, (100)

0+6 1 (vi=0;)*
e 202 dy;. 101
/—5 V2mo? Y (101)

such that

||M:
~ O

From the first mean value theorem for integrals, Je; € (—4,¢

0+6 1 _(i—03)? 1 _(0+=i-0;)
/ e 2% dy; =26 e 202
9-5 V2mwo? V2?2
and so the RHS of (I0I]) can be written as

0,2 n /9_—‘,-6 1 B (yifgi)Q d o n B (é+5i;0i)2
- —e 20 e e 20
2nd = /05 2mo? vi nv2m 3
Now, let z; := 6 — ;. Then, since |¢;| < §, we have
. =2
1 Zn: _ 22 _(xi+f32i)2 ‘ <5 d <\/27r02€ * > 19
_— e 207 — 20 max = .
nv2ro? = = dx o2\/2me
Therefore, )
2 n 646 . _p.)2 n g—0.)2
2 1 (vi—0;) o (6-6;)
- e 22 dy; = e 202 4+ Kul 102
2715 ZZ:; /9_5 271'0'2 Yi nv 2 Z(:) " ( )

where |k,| < ﬁ Using (1I02)) in (I0T]), and then the obtained result in (I00) and ([@9)), the proof
of the lemma is complete.

B.3 Proof of Lemma [I3

We have
1 1|
o ly — V2H2 = n [Z( 1{y >py T Z 1{y1<y}] (103)
i=1
Now,
- Z 1{yz>y} = [Z Yi 1{y1>y} + Z all{y >gp 2 Z alyll{y»y}]
=1 =1

Zw Lw;>g- e}+29 Ly, >y}+229w1{w > e}+zall{y S5}~ 2Zalyzl{y >y}]
=1 =1 =1 i=1
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and similarly,

- Z 1{y <g} —
n [Z wzzl{wiéﬂ—ei} + Z egl{yiﬁﬂ} +2 Z eiwil{wiﬁﬂ—ei} + Z agl{yiﬁﬂ} —2 Z a2yi1{yi<y}] :

i=1 i=1 i=1 =1 i=1
Therefore, from (I03))

n

1 2 1 HeH
EHy_V?H _Ez + — Zez wj

= . . (104)
1 2 2
E1)SL THNEE) SRETRED SLTHEL et |
i=1 i=1 i=1 i=1
Since 2 31 19’wZNN( ) n22>7
1 n ne2
P < = fw;| > e> < e 2017, (105)
i3
From Lemma [9 we have, for any € > 0,
P < l zn:wQ — o2 > 6> < 2e—nkmin(e,e2)
n 4 ¢ - -
=1
where k is a positive constant. Next, we claim that
a; = c1 + kpd +0(9), a2 = c2+ Ko + 0(9), (106)

where c1, co are defined in (25). The concentration in (I06]) follows from Lemmas [l and [ together
with the results on concentration of products and reciprocals in Lemmas [B and [@], respectively.
Further, using (I06]) and Lemma [f again, we obtain a? = ¢} + k,6 + 0(d) and

a? <% Z {yz>y}) ’ cl ZQ <9 09 > + knd + 0(9). (107)
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Employing the same steps as above, we get

(60,
< Z 1{y1<y}> Z Q ( p > + Kpd + 0(0), (109)
2 . 263 c(0—06; 2c20 —0;)°
as <E ;yil{ymy}) == ;Q ( . > - Z 7 4 find + 0(0). (110)
Therefore, using (I05)-(I10) in (104]), we finally obtain

1 2. 1617 | 5 A 0 — 0; A (00
EH}’—WH =, 1t _EZQ 5 _E;Q -

_<2>< ><;e g >61—62)+I€n5+0(5),

which completes the proof of the lemma.

B.4 Proof of Lemma [I4]

The proof is along the same lines as that of Lemma [I3] We have

1 1 n n
—le - v = - [Z (0 — a1)* Lgyngy + Y (05 — an)? 1{yi<y}]

i=1 =1
_W l - 2 —9 - 0. - 2 —9 - 0.
=—, 1= Yo ailyeg —2) abilyep + ) a3ly,cp — 2 0y,
i=1 i=1 i=1 i=1
\|ev||2 L -6, g0,
IO IC RS ot
- 226@" =0 Z@-QC =0\ 4 1,6+ 0(0)
n G £ p €2 ' i p Kn 0

2 2 N n_ 0. 0—6
g5 o () - zw( ) k),
i=1
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