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Higher-Order Total Directional Variation: Analysis*

Simone Parisotto’, Simon Masnou¥, and Carola-Bibiane Schénlieb®

Abstract. We analyze a new notion of total anisotropic higher-order variation which, differently from total
generalized variation in [K. Bredies, K. Kunisch, and T. Pock, SIAM J. Imaging Sci., 3 (2010),
pp. 492-526], quantifies for possibly nonsymmetric tensor fields their variations at arbitrary order
weighted by possibly inhomogeneous, smooth elliptic anisotropies. We prove some properties of this
total variation and of the associated spaces of tensors with finite variations. We show the existence
of solutions to a related regularity-fidelity optimization problem. We also prove a decomposition
formula which appears to be helpful for the design of numerical schemes, as shown in a companion
paper, where several applications to image processing are studied.
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1. Introduction. Total variation (TV) regularization is one of the most prominent reg-
ularization approaches, successfully applied in a variety of imaging problems. Indeed, since
[23], TV played a crucial role for image denoising, image deblurring, inpainting, magnetic
resonance image (MRI) reconstruction, and many others; see [11]. Extensions of TV regular-
ization are TV-type regularizers that feature higher-order derivatives [12, 13, 21, 24, 26, 9]—in
particular, accommodating for more complex image structures and countering certain TV ar-
tifacts such as staircasing—as well as TV regularizers that encode directional information—so
as to enhance the quality of the smoothing results along preferred directions; e.g., [4, 27, 5, 15,
25, 18, 20, 19, 17, 16, 14]. Very general anisotropies have also been studied, as in [1], where
it is shown that a fairly general class of metrics, possibly discontinuous, yields a well-defined
notion of first-order anisotropic TV.
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In this paper we consider a new class of TV-type regularizers that we have recently in-
troduced in [22] and called total directional variation (TDV). These regularizers extend the
higher-order TV of [9] (the so-called total generalized variation (TGV); see below) and the
directional total generalized variation (DTGV) of [14] (which promotes smoothness along a
single, constant direction) to higher-order TV regularization with spatially varying direc-
tional smoothing. This is done by means of weighting derivatives with 2-tensors; see below.
In [22] we propose the TDV regularizer, discuss its discretization and numerical solution, and
demonstrate its performance on a range of imaging applications, such as image denoising,
wavelet-based zooming, and digital elevation map interpolation with applications to atomic
force microscopy data. In this paper we give a theoretical analysis of the TDV regularizer in
the continuum.

Let Q be a bounded Lipschitz domain. We address the analysis of the higher-order TDV
defined for every tensor-valued function w : Q — T*(R?), with T*(RY) the vector space of
(-tensors in R? and ¢ € N, as

(1.1) TDVY:(u, M) := sup {/Qu -div, @ da, O e y%a} :

where Q is the order of regularization, M is a collection of weighting fields acting on each
derivative order, « is the vector regularization parameter, and

(12) V¥, ={w: wecd@ THURY),

divh | <a;vj=0,..,Q-1},

with divjf'vl the Me-anisotropic divergence operator of order j; see sections 3 and 4 for the
precise definitions. The higher-order TDV extends the classical notion of isotropic TGV to
the (smooth) elliptic anisotropic case.

1.1. Related works. The use of modified TV regularizers in imaging processing has in-
creased in recent decades with the aim to enhance the local information in images. We refer
the reader to the introduction of the complementary part of this work [22] for a detailed
review.

For our purposes it is useful to recall the TGV [9, 8, 7] which appears in many image
processing tasks. It is defined for a derivative order Q > 1 as

T € CI(Q, Sym™Q(RY)),
(1.3)  TGVE(u) =sup{/ u-dive @ dmj ¢ (8, Sym™(R) b
Q ,Q —

|div/ ®|| < a;,Vji=0,...

where Sym‘TQ(R?) is the space of symmetric tensors, o = (@0, ..., aq-1) is a weight vector
of positive real numbers, div¥ = trace(V @W¥), and div/ ¥ = trace’(V’ @W¥) [9, equation
(2.1)].

In [14], the directional version of (1.3) is presented for a fixed and single global direction
only and for an imaging function u : @ — R: There, the continuous DTV and DTGV are
defined as

(1.4) DTV (u) = sup {/ udiv® dz ¥ € CL(Q,R?), ¥(x) € E*Y(0),Vx € Q} ,
Q
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U € CQ,Sym®(R?)), ©(z) € E4?(0)
‘divq\ilH <oy, Vg=0,...,Q—-1

where ¥(z) = RyA,¥(x) for ¥ € B;(0) and a € (0,1], with Ry a rotation matrix and
A, = diag(1l,a) a contraction matrix, and ¥(x) € E*’(0), where E“?(0) is the closed

elliptical set defined as E%%(0) = {z € R?: wTRgA%/ang <1}

(1.5)  DTGVZ(u) = sup /

wdive® O de ‘
Q

1.2. Motivation of the paper. We are interested in the analysis of the regularizer pro-
posed in [22] that generalizes (1.4)—(1.5) for handling nonconstant smoothing directions in
the domain Q C R2. In particular, we study the total directional variation TDV®*(u, M)
(for a fixed-order @ and a collection of weighting fields M) of a T*(R%)-valued function .
We analyze the space BDV® of T¢(R%)-valued functions whose total directional variation
TDV®4(u, M) is finite. We exhibit an equivalent representation for TDVY*(u, M), and we
prove the existence of solutions to the TDVE* — L2 problem.

We show that the theoretical results for TGV, shown in [9, 7, 8] for symmetric tensor
fields and isotropic derivative operators, naturally extend to the case of possibly nonsymmetric
tensor fields and elliptic anisotropic derivative operators. A key for this extension is provided
by Lemmas 3.1 and 3.4 and by Definition 3.2, which gives a suitable notion of weighted
divergence for possibly nonsymmetric tensor fields.

1.3. Organization of the paper. The paper is organized as follows: We introduce the
preliminary notation in section 2 and the higher-order TDV regularizers in section 3, in
section 4 we discuss the space of functions of bounded directional variation, in section 5
we show the equivalent decomposition of TDVg with respect to a collection of fields M, and
in section 6 we prove the existence of solutions for the TDVY — L2 problem.

2. Preliminaries. In this section we introduce the notation of tensors and function spaces
considered for the definition and analysis of TDV.

2.1. Tensors. Following [9], let T*(R?) and Sym®(R?) be the vector spaces of (-tensor
and symmetric /-tensors in R?, respectively, defined as

THRY) :={ € :R? x --- x RY - R, such that £ is (-linear y ,
S ——

(-times

Sym‘(RY) :={ ¢ :R% x --- x R? —» R, such that £ is {-linear and symmetric p ,
—_———

(-times

where & € TYR?) is symmetric if &(aq,...,a;) = €(ar1),---,ax()) for all permutations 7
of {1,...,¢}. By convention, T°(R?) = Sym"(R?) is identified with R, and every element of
TYRY) = Sym!(R?) can be identified with a vector of R? acting on R? through the scalar
product. We have T¢(R%) = Sym‘(R%) only for £ = 0,1. For example, 72(R%) can be
identified with the space of general d x d real matrices, whereas Sym?(R%) can be identified
with the space of symmetric d x d real matrices. We have the following operations on 7*(R%)
(assuming that ap € R? Vk):
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e ® is the tensor product for & € T4 (RY), & € T2 (RY), with & ® & € T2 (RY):

(El &® £2)(a17 L 7a£1+[2) = €1(a17 L 7a31)£2(a’51+17 L 7a‘£1+£2);
trace(§) € T 2(R?) is the trace of & € TY(R?), with ¢ > 2, defined by

d

trace(€)(aq,...,ap_2) = Zg(ei, ai,...,ap_9,€;),

=1

where e; is the ith standard basis vector;
()~ is the operator such that if & € T*(R?), then

EN(alv .. 'a'f) = E(ag)a'la o 70‘(—1);

e () is the operator such that if £ € T¢(R%), then

&ay,...ap) =€&(ay,...,a1);
let &, 1 € TYR?); then T*(R?) is equipped with the scalar product defined as
577: Z g(eplv'”7epe)n(ep17"'7ep£);
p€{17ad}e
e a Frobenius-type norm for & € T*(R?) is given by |€] = /€ €.

2.2. Spaces. Let Q C R? be a fixed open domain. We define the Lebesgue spaces of
T*(R?)-valued tensor fields as

LP(Q, THRY) = {5 : Q — TYR?) is measurable and 1€ll, < oo} ,
with )
el = ([ let@r az) or1<p<oo and el = esssuple(all

Also, L (9, T*(R%)) is defined as usual: Since the vector norm in 7*(R?) is a scalar product,

loc

the duality holds: LP(Q, T¢(R%))* = LP"(Q, T*(R%)), with 1/p+ 1/p* =1 for 1 < p < oo.
We now introduce the derivative for tensors and its weighted version. In what follows, the
elements of & : Q — T*(R?) are described via the shortened notation

(5())nze = 5(')(61'17-'-,61'@)-

Definition 2.1. Let V = (1,...,04)T be the derivative operator and & : @ — T*(R?) a
differentiable tensor-valued function. The Qth order (unweighted) derivative of € is defined as
(Ve®€) : Q — THUR?) with

(VeeE)(),

J1ye5JQst1 505k

where DRE : Q — LRYRY, TYURY)) denotes the Fréchet derivative of € and LR, TR(RY))
the space of Q-linear and continuous mappings from RQ onto Te(Rd).

= ((DQE( : ))j1,..-,jQ)i1,...,i ’

4
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Definition 2.2. Let €, V,D be as above and 1 : Q@ — T2(RY). For Q = 1, the derivative
operator weighted by 1 is defined as

d
nv = (Z nj,k3k>
k=1 j=1
and the first-order derivative of € weighted by m is defined as (n'V ®€) : Q — THYRY), with

(M V&E)(- ))an = <(77D£( : ))J>

For the Qth order case, i.e., whenever each derivative order is weighted by the corresponding
element of a collection (nq)(?:l, with each n? : Q — T?(R%),

)

d

1150000

(V@ - @n' Ve (), . . . = ((nQD (- (n'DE(- ))))jl,._.,jQ)

(SRR

We denote the Banach space of Q-times continuously differentiable 7*(R%)-valued tensor
fields as CR(Q, T*(R%)), where (Ve @u) : Q — TH(RY) and

[l max _sup ’Ve ®u(:n)‘ .

Q7 20,0,Q gen

The space of fields in C(Q, T¢(R?)) with compact support is denoted by C2(Q, T¢(R?)) and
its completion under the supremum norm by C(?(Q, T*(R%)). The space of Radon measures
on Q C R? is denoted by .#, and, by the Riesz representation theorem, we identify

A (Q, THRY)) = Co(Q, T(RY))",

and we have

|0l =sup {(-, ®) | @ € Co@ T®RY), @l <1}

D'(Q, T4R?)) denotes the space of T(R%)-valued distributions on €, and D(Q, T¢(R?)) =
C(Q, T(R?)) is the associated space of test functions.

2.3. Notation. In what follows, we deal with derivatives of order up to Q € N*. Since
the weighting of each derivative order is the core operation of this work, we make use of
a collection of smooth weighting tensor fields M = (Mj)?zl, where for all j € {1,...,Q},
M, : Q = T?R?) and Vz € Q, Mj(x) can be identified with a positive definite d x d
matrix. When Q = 1 or when only one derivative is involved, we will refer directly to a unique

weighting tensor field M.

3. Higher-order TDV. For making sense of the distributional formulation of higher-order
directional variation in (1.1) we need an integration by parts formula for the weighted deriv-
ative of tensors in Definition 2.2. Namely, we consider

/(MV@A)-\IIda:,
Q

with © € R? a bounded Lipschitz domain, M € C'(Q, T2(R%)), A € CY(Q, TR?)), and
¥ e CH(Q, T (RY)). We next explore the transfer of M on W.
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Lemma 3.1. Let Q, M, A, and ¥ as above. Then

(3.1) /(MV@A) W de = /(V ®A) - trace M ® ¥~) de for all M, A, .
Q Q
Proof. Using Einstein notation, we have
(MV@A) v = M] kﬁkAZh i ‘Ilj T

= (V ®A) J k(qlw)ll, ie,J

=(V ®A)k, (M ® ‘I’N)J kji,...ie,J

= (V@A) (traceM e ®™)), ,
= (V®A)- trace(M @ WPY).

Therefore, we get

/Q(MV@)A)-\II dx = /Q(V®A) -trace (M ® ¥7~) dx. -

Definition 3.2. Let M and ¥ as above. We define the M—divergence of ¥ as
(3.2) divapp () = trace (V @ [trace(M @ ¥7~)]7).

Remark 3.3. For M = I the divergence in (3.2) is div(¥) = trace(V @W¥"™). When ¥ is a
symmetric tensor, since ¥~ = ¥, we retrieve div(¥) = trace(V @W¥) of [9, equation (2.1)].

The next lemma provides an integration by parts formula which justifies the definition of
the M—divergence operator.

Lemma 3.4. Let Q, M, A, and ¥ as above. Then
(3.3) /(MV@A) ‘W dx = / (v A) - trace(M @ ®~) dH41 —/ A - divyg P da,
Q o0 Q

where v is the outward unit normal on 0 and divpg W as in (3.2).
Proof. We know from Lemma 3.1 that
/(MV@A) W dx = /(V ®A) - trace M @ ¥7) de.
Q Q

Let ® := trace (M ® ¥~) € T*(R?). From the Gauss-Green theorem, in Einstein notation,
/(V ®A) - P dx = / 8kAi1,...,ig<I)k,i1,...,ig dx
Q Q

d—1 -
=/ veAs i Prin,. i, AH _/Ail,...,igak((b Jit,ip ke .
o0 Q
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Now, by remarking that
VA, ip = (VO Ay,
and
(P )iy, osigk = (VP )iy ik = (trace(V @@7))

U1yeeylg ?

we conclude

/(MV ®A) - ¥ dx :/ (v® A) - trace(M @ ¥~) dHI?
Q o0N

- / A -trace(V @ [trace(M @ ¥™)]™) de.
Q

Remark 3.5. For ¥ € CL(Q, T*(R?%)), in Lemma 3.4 the integral on 99 vanishes:
/(MV@A)-‘I’ da = —/ A - divig ¥ de.
Q Q

With the notion of weighted divergence divy of a (¢ + 1)-tensor field in place, we can talk
about weak derivatives, similarly to [7, Definition 2.4].

Definition 3.6. Let M € CY(Q, T%(R%). We say that A € L} (Q, T*(RY)) has a weak

loc

M-weighted derivative if there exists n € Ll (Q, T*(R?)) such that

loc

/n-\Ildw:—/A-divM\Ildw
Q Q

for all ® € CL(Q, THRY)). We write n = MV ®A in this case.
We can now define the TDV of order Q for u € L}(Q, T*(R%)).
Definition 3.7. Let Q@ € R%, uw € LY(Q, T*(R%)), Q € N, M := (1\/1]-)?:1 be a collection of

fields in C>®(Q, T%(RY)) and a := (g, ...,aq_1) be a positive weight vector. The TDV of
order Q, associated with M and «, is defined as

(3.4) TDVY (u, M) = s1‘11}p {/ﬂ u- div%l v dx ’for all ¥ € y%a} ,

where

(3.5) VY = {\1: LW e CQ, THURY), Hdivﬁ4 \IIHOO <a;¥j=0,...Q- 1}

and the weighted divergence of order j € [0, Q] is defined recursively, from Lemma 3.4, as
div( \(¥) := ¥ if § =0,

(3.6) diV%MQ)(‘I’) := trace (V ® [trace(Mq @ ¥~)]7) ifj=1,

id il . -1 e
le(MQ—j-Flv'"’MQ)(lII) T le(MQ—j+l) (le(MQ_j+2,...,MQ)(lII)) ?'f] - 27 R Q
Thus, the Qth weighted divergence w.r.t. M is divj%l(\Il) = divyy, (divyg, (. . . (divllle(\Il)))).

Remark 3.8. For M = (I)?:p where I is the identity matrix, TDVS*(u, M) co-
incides with extension to 7*(R?) tensors of the nonsymmetric total generalized variation
—symTGVY*(u) defined (for £ = 0) in [9, Remark 3.10].
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4. Tensor fields of bounded directional variation. In what follows, we introduce the
space of bounded directional variation BDV®(Q, M, T*(R%)), which is the natural space for
the TDV regularizer. We also state some results about the kernel of the weighted derivatives.
To do so, we will treat the discussion of these spaces for first- and higher-order derivatives
separately so as to build a recursion rule for tensors of bounded directional variation with
weighted derivatives of any order Q > 0.

4.1. First-order derivative. Assaid, when Q = 1, the collection M is made by one smooth
tensor field only, namely, M: therefore, we will use M within this section. We will always
assume that M(x) can be identified with a positive definite matrix at every point of Q.

Remark 4.1. For Q = 1, when TDVL(u) < 0o in (3.4), the weak weighted derivative is a
Radon measure on Q with values in 7+ (R?).

Definition 4.2. The TDV of a T*(R%)-valued function w w.r.t. the field M is defined as the
Radon norm of MV ®u and indicated as

(4.1) TDVy* (u, M) = [MV @ul|_,q 1e+1 gy

Definition 4.3. Let Q C RY be a bounded Lipschitz domain and M € C®(2, T2(R%)) such
that M(z) is a positive definite matriz at every x € Q. The space of T*(R)-valued tensor
functions w of bounded directional variation of order 1 with respect to the field M 1is defined
as

BDV(Q, M, T(RY)) = {u e LNQ, TYRY) MV @u e .20, T”l(Rd))} .

For simplicity, we denote BDV (u, M, T*(R%)) = BDV!(u, M, T*(R%)).
Remark 4.4. Since TY(R?) = Sym*(R%) for £ = 0,1, it is easily seen that

BDV(Q,I, 7°(R?%)) =BV(Q,R) and BDV(Q,I,7'(R?)) = BV(Q,R%),

with BV (Q,R), BV (Q, R?) the spaces of scalar-valued and vector-valued functions of bounded
variation, respectively [2].

We now prove that tensor fields of bounded directional variation can be approximated by
smooth functions, similarly to [7, Proposition 4.13]. To do so, we first need to show that the
weighted gradient is closed, similarly to [7, Proposition 4.2].

Proposition 4.5. Let p € [1,00]. If u; — u in LP(Q, T*R?)) and MV @u; — n in
LP(Q, THYRY)), then MV ®@u = n; i.e., the weighted gradient is closed in the distribu-

tional sense. The statement remains true for weak—+* convergence in ,///(Q,Te(Rd)) and
M(Q, THLRY)), respectively.

Proof. The proof is omitted since it is just a notational adaptation of [7, Proposition
4.2]. |

Similarly to [7, Proposition 4.13], we can approximate functions of bounded directional
deformation with smooth functions.
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Proposition 4.6. Let Q be a bounded domain. The set C=(Q, T*(R%))NBDV (Q, M, T*(R%))
is dense in BDV (Q, M, T*(R%)) in the sense that for each u € BDV (Q, M, T*(R%)) there erists
an approzimating sequence {u;}jen C C*(Q, M, THR®)) that converges strictly to u, i.e.,

uj —u in LY(Q,M, THRY)),
(4.2) MV ®u; > MV Qu in M (Q, THRY),

MV @ujl| , = MV @ul_,.
If the support of w is compact in 2, then (u;)jen can be chosen such that each w; is in
C2(Q, THRY)).

Proof. The proof is based on a standard use of mollifiers so as to obtain a sequence (u;);en
in C®°(Q, T*(R%)) satisfying the first and the third convergence in (4.2). The boundedness

of (MV ®uj)jen in #(Q, THRY)) implies that there exists a subsequence (not relabeled)
weakly-* converging to M V ®u since the operator M V is closed by Proposition 4.5. [ |

We are now going to discuss some results about the kernel of the weighted derivative
operator ker(M V). In order to do so, we will define a continuous projection map R onto
ker(M V) so as to prove the coercivity estimate for the TDV in (4.4).

Remark 4.7. Being ker(M V) the space of polynomials of vanishing first weighted deriv-
ative, it is in L(£2, T*(R%)) because © is bounded; therefore,

ker(M V)4 = {f e L4(Q, THRY)) ‘ / f-u=0dz for all u € ker(M V)}
Q

is a closed subspace of L4(Q, T*(R?)).

Remark 4.8. Note also that ker(M V) = ker(V) since the field M is assumed everywhere
invertible.

Proposition 4.9. There exists a continuous projection R : L(Q, TH(R?)) — L4(Q, TH(R?))
such that

Im(R) = ker(M V) = ker(V) and ker(R) = ker(M V)* = ker(V)*.

Proof. The proof is an easy adaptation of the proof given at the beginning of [8, Appendix
A]. We observe that ker(M V) is finite-dimensional; therefore,

LYQ, THRY) = ker(M V) @ ker(M V),

and since both subspaces are closed, then the open mapping theorem implies that there exists
a continuous projection R such that

(4.3) R:LYQ, TYRY) — LYQ, THRY)

with Im(R) = ker(M V) and ker(R) = ker(M V)*; see [10, Example 1, page 38]. As a
consequence, the adjoint projection R* is a continuous projection in L% (@=D(Q, T¢(R%)) onto
ker(M V)4 = ker(M V). u

The following Sobolev—Korn inequality holds, similarly to [7, Corollary 4.20], which will
be proved for the general case Q > 1 in Proposition 6.7.
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Lemma 4.10. For any continuous projection R onto ker(M V) as in (4.3), there exists
a constant C > 0, depending only on 0, R, and M™Y, such that it holds for each u €
BDV(Q,M, T*(R%)) that

(4.4) lu = Rullg/q—1) < C MV Qul .

Proof. We first need to prove |[u — Rul|; < C||[MV ®ul| ,. This follows by the same
proof in [7, Theorem 4.19] with minor notational changes. From the continuous embedding of
BDV into LY @1 (Q, T*(R%)) proved later in Theorem 6.4 (with (6.3) in place), we have

= Rulyyqry < C (Ju = Rully + MV @ull ) < C MV @l , D

Definition 4.11. Let B.(0) = {x € R? : ||z||, < e} be the (*-closed e-ball centered at O €
R? and Bum(0) = {y €R? : |[Mx|, < e} be the M-anisotropic closed e-ball centered at
0 € R

Similarly to [8, Lemma A.1], we can prove the following lemma.

Lemma 4.12. The closure of the set
U= {~divm | ¥ € CF(Q, T RY), |¥]|, <1}

in L4Q, THRY)) Nker(M V)* contains O as an interior point.
Proof. We have to check that the functional F : L (=1 (Q, TY(R?)) — [0, oc] is coercive:
F(u) = MV @ul_, + [0} (R u).

Here R is the continuous projection map defined in (4.3), and I is the indicator function of
this set, i.e., Iz(x) =0if x € Z and Iz(x) = co otherwise.
Let (u;); € LYE@=1(Q, T4R?)) with Huj”d/(d—l) — o0o. We can distinguish two cases:
either F(uj) = oo or F(u;) < oo, which is the case for u; € BDV(Q, M, T*(R?)) N ker(R*).
When F(u;) < oo, R*u; = 0, and the Sobolev-Korn inequality in (4.4) gives
sl gy < € IMV @, = CF(u;)

for a constant C' > 0, independently of j. This means that F'(u;) — oo and the coercivity is
proved. Thus, the Fenchel conjugate of F’
F* L4YQ, THRY)) —=] — 00, 0]
is continuous at 0 [6, Theorem 4.4.10]. Since ker(R*) = Im(I — R*), we have
FA®) = swp (¥, u)— MV eul,
ucker(R*)

sup (¥, u— R'u) - [MV&(u- R,
ueLd/(d=1)(Q,T¢(R%))

sup (¥ — R¥Y, u) — MV ®ul| ,
ueLd/(d=1)(Q,T¢(R%))

= I}}(¥ — RW)
— [;(¥ — RY).
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The continuity in O implies that there exists € > 0 such that the anisotropic ball By . induced
by M is such that By (0) C (I — R)~1(U). Thus, for each ¥ € L4(Q, TH(R?)) Nker(M V)+
with || ®||, < e, we have ¥ = ¥ — R¥ € U, showing that 0 is an interior point. [ ]

We can now prove that a distribution w is in BDV (€2, M, T*(R?)) as soon as the weighted
derivative M V is a Radon measure, similarly to [8, Theorem 2.6].

Theorem 4.13. Let Q € R? be a bounded Lipschitz domain and u € D'(Q, TX(RY)) be a
distribution such that MV ®@u € .4 (Q, T*T1(RY)) in the distributional sense for a positive
definite field M € C®(Q, T2(R%)). Then u € BDV(Q, M, T*(R%)).

Proof. Let u € D'(Q, T*(R?)) be such that MV @u € . (€, T (R?)) in the distribu-
tional sense. We need to prove that u € L1(Q, T+ (R%)).

Let X = L4Q, TR?)) Nker(M V)+, which is a Banach space with the induced norm.
Let 6 > 0 and U from Lemma 4.12 such that Bpgs(0) exists and Bys(0) € U C X. We
define also the following sets:

Ky = {® € C2(@ TH RY) |1, <07, ||~ divm ], < 1},
Ky = {® € CT(Q, T ®Y) ||, <67}

Straightforwardly, we have K1 C Ks. By testing u with —divpy ¥ and W € K, since
MV @u € # (Q, T1(R?), we get by density

sup (u, —divyy &) < sup (u, — divg ¥) = sup MV @u, ¥)
PeK, TeKs TeC) (T (RY))
(R[S

One can show that {—divp ¥ | ¥ € K1} = Bum,1(0) € X and thus

sup (u, —divy ¥) = [Jul| x- ;
YeK,

i.e., w can be extended to an element in X*. Also, X is a closed subspace of L%(Q, T*(R?)), and
by the Hahn-Banach theorem u can be extended to v € L4(Q, T¢(R%))* = L¥/(@=1D(Q, T(R?)).
Thus, v € L1(Q, T¥(R?)) with the distribution u — v € ker(M V), and we have

(u—v, —divpg O) = (u —u, —divag ®) =0 for each ¥ € C(Q, TH(RY))

since — divyy ¥ € X. Thus, u—v is a polynomial of degree less than ¢, (u—v) € L'(Q, T¢(R?))
and u = v + (u — v) € LY(Q, T(R?)), leading to u € BDV(Q, M, T*(R%)). [ ]

4.2. Higher-order derivatives. When Q order of derivatives are involved, we deal with
the collection of tensor fields M = (Mj)?zl. For a distribution w € D'(Q, T*(R%)), we get

from Theorem 4.13

MqQV®-- @M Veuc.Z(Q,THURY),
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which implies
Mq 1 V®---®M,; VaucBDV(Q,Mq, T (RY));
thus, we have
IMqV®--@M; Vaul , =TDVH e (Mg Ve - @ My V®u,Mg).

Definition 4.14. The TDV of order Q of a T*(R%)-valued function w w.r.t. the collection
of fields M is defined as the Radon norm of Mq V ®---® M; V @u and indicated as

(4.5) TDV?’K(u, M) =|MqV&--- @M Vaul ,qreamrs) -

Definition 4.15. Let Q C R be a bounded Lipschitz domain and M = (Mj)?zl be a collec-

tion of smooth tensor fields such that M; € C>(Q, T2(R?)) for each j =1,...,Q. The space
of T*(RY)-valued tensor functions w of bounded directional variation of order Q with respect
to the collection of fields M is defined as

BDVQ(Q, M, T{(RY)) = {u cLNQ, T'RY) MgV ®- @M, Veu e .#(Q, Tf+Q(Rd))} :

In particular, the spaces are nested, and the larger is Q, the smaller is the space. The
space BDVQ(Q, M, T(R%)) is endowed with the following norm:

lullgpye = [lull; + [MqV®--- @ My V&u| , .
Remark 4.16. For fixed ¢,Q and by changing the weights a, TDVS’Z yields equivalent
norms and hence the same space. Thus, we can omit the weights in BDV®(Q, M, T*(R%)).

4.3. Properties.
Proposition 4.17. Given M = (Mj)?zl, TDVYY(-, M) is a continuous seminorm on
BDVQ(Q, M, T4R®)) with finite-dimensional kernel ker(MqV ®--- @ M; V).

Proof. Positive homogeneity is ensured by definition of TDV®*: from the linearity of the
integral, we have

TDVE (Au, M) = |\| TDVE (u, M).
For the triangular inequality, take w1, us € BDVR(Q, M, T4(R%)), and let ¥ € y%a. Then

TDVL 1y + s, M) < sup / (ur + u2) -div®, (¥) de < TDVE (w1, M) + TDVE (ug, M).
A\ /g Q

For the continuity, let wi,uy € BDVE(Q, M, T¢(R%)). Then it holds, exactly as in the BV
case, that

TV (ur, M) — TDVE (2, M)| < TDVE (w1 — w2, M) < [Jus — sy
By definition of TDVY*(uy, M), we have TDVE*(u1, M) = 0 if and only if

/ u-divd, @ dz =0 for each ¥ € C(Q, THY(RY)),
Q
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which is equivalent to u € ker(Mq V ®--- ® M; V) in the weak sense. Therefore, TDV*
is a seminorm and BDV® a normed linear space. From Remark 4.7, ker(M; V) on
D'(Q, T (R?)) has finite dimension for each j = 0,...,Q — 1; then ker(Mq V) consid-
ered on D'(Q, T Q(R?)) is finite-dimensional, and therefore ker(MqV ®--- ® M; V) on
D'(Q, T*(R?)) is finite-dimensional. [ |

Proposition 4.18. TDV®Y(-, M) is convex and lower semicontinuous on
BDVQ(Q, M, TH(RY)).

Proof. Fix Q, € N, let M be a collection of fields in 72(R?), and let ® € Y&’ . Then
for any M and «, we take ui, up € L1(Q, T¥(R?)) and ¢ € [0, 1]. Thus,

TDVY (tuy + (1 — tus, M) Zsup/ (tug + (1 — tus) - div, (T) de
v JQ

< tsup/ u - div%l () dx+ (1 —1t) sup/ ug - div%l (P) de
v JQ v JQ

= tTDVE* (u1, M) + (1 — t)TDVE (g, M).

Hence, TDVg’Z is convex. For the lower semicontinuity, let (u;);en be a Cauchy sequence in
BDVQ(Q, M, T“(R?)) such that w; — u € L'(Q, T*(RY)). From the definition of TDVY*, we
have

. . . .. A ] N4
/Qu . le'(/%/l ¥ dx = Jlggo Quj -dlv/%t ¥ dx < 11jrg(1)rolfTDV2 (uj, M) forany We y‘fm.
Then, taking the supremum, we have TDVY*(u, M) < liminf;_,o TDVE*(u;, M). [ ]

Similarly to [9, Proposition 3.5], the space BDVQ(Q, M, T¢(R%)) is a Banach space when

equipped with a suitable norm.
Proposition 4.19. BDVY(Q, M, T*(RY)), endowed with the norm

lullgpyeo remey = el o remey + TDVE (u, M),

1s a Banach space.

Proof. We have already proved in Proposition 4.18 the lower semicontinuity of TDVS’E.
As in [9], let (u;)jen be a Cauchy sequence in BDVY(Q, M, T*(R%)). Then it is easy to see
that (u;) is a Cauchy sequence in L!(Q, T*(R%)) and a limit w € L}(Q, T*(R?)) exists. Thus,
by lower semicontinuity, we have

TDVE (u, M) < liminf TDVE (u;, M).
j—o0
So, u € BDVY(Q, M, T¢R%)), and we need only to check that w is the limit in the corre-
sponding norm: Being (u;);en a Cauchy sequence, we can choose € > 0 and an index j* such

that, for all j > j*, we have
TDVE(uj —uj, M) <e.
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Letting j — 0o, the lower semicontinuity of TDV®* on L1(Q, T¢(R%)) gives

TDVE (uj» — u, M) < liminf TDVE*(ujr — u;, M) <e,

Jj—00
and this implies that w; — w in BDVQ(Q, M, T*(RY)). [ ]

5. Equivalent representation. We are going to interpret the dual definition of the reg-
ularizer TDVS#(u, M) in terms of iterated Fenchel duality following the proof given in [8].
First, we prove the following preliminary result, similarly to [8, Lemma 3.4].

Lemma 5.1. Let j > 1, and let zj_y € CLH(Q, THI"HRY)*, z; € CL(Q, THI(RY))* be
distributions of order j — 1 and j, respectively. Then

(51) ||M] VZj_l - sz/// = sup . {<Zj_1, diVMj ‘I’> + <Zj, ‘I’>} y
YeCX(Q,THI(RY)),
P[[oo<1

with the right-hand side being finite if and only if M; V z;_1 — zj € M (Q, T”J'(Rd)) in the
distributional sense.

Proof. In the distributional sense, we have, for all ¥ € C2(Q, T (R?)),
<Zj -M;Vz_q, v) = (zj, ) + <Zj_1, diVMj ).

Since C°(Q, T (R?)) is dense in Co(Q, T (RY)), the distribution z; — M; V z;_; can be
extended to an element in C(Q, T (RY))* = . (Q, T (R?)) if and only if the supremum
in (5.1) is finite, in which case it coincides with the Radon norm by definition. [ |

Finally, we are ready to show the minimum representation of TDV%E, similarly to [8,
Theorem 3.5].

Proposition 5.2. Let w € L} (Q, T“R%)), TDVYf(u, M) be defined as in Definition 3.7

loc

and M = (Mj)?zl be a collection of positive definite tensor fields such that M; € T2(R?) for
all j. Then it holds that

Q

5.2 TDVY(u, M) = min ao—i|IM; V2,1 —zi| ,,

(5.2) o ( ) zjeBDv(QijH,TH].(Rd)); Q- IIM; V 21 — 24| ,
j:17"'7Q_1’ -

zo=u,2q=0
with the minimum being finite if and only if z; € BDV(Q,Mj+1,TZ+j(Rd)) for each j =
0,...,Q—1, with zo = u and zq = 0.
Proof. Let w € LL _(Q, TY(R%)) be such that TDVY*(u, M) < co. In order to make use

loc
of the Fenchel-Rockafellar duality, we introduce the following Banach spaces:

X = CHQ, TH(RY) x - -+ x CR(Q, THRY)),
Y = CHQ, THYRY) x -+ x CEHQ, THIL(RY)).
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Let z = (z1,...,2q-1) € Y be the primal variable, w = (w1,...,wq) € X be the dual
variables, and K € L(X,Y) be the linear operator defined as

—I —divm, 0 0
0 —1 —divp, O :
K=1: 0 -I —divm,,, O
0
0 0 —I _diVMQ
such that
—w1 — diVl\/[2 w9
wq
K =|—w;— diVl\/[jJrl Wj41
wQ :

—wqQ-1 — diVl\/[Q wq
Let the proper, convex, and lower semicontinuous functionals
Q
F:X =] —o00,00|, F(w)=—(u,divp, w1) + ZI{” . ||oo§0‘Q—j}(wj)’

j=1
G:Y =] —o00,¢], G(z)=Ih(z),

where I is the indicator function of this set, i.e., Iz(z) = 0if z € Z and Iz(z) = oo otherwise.
Then the following identity holds from Definition 3.7:

TDVE:(u, M) = sup —F(w) — G(Kw).
weX

Next, we want to obtain the following result:

(5.3) TDVE(u, M) = min F*(—K*w*) + G*(w").

wr*eY'*

This follows from [3, Corollary 2.3] once we show that

Y = U A (dom(G) — K dom(F)).

A>0
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Indeed, let z € Y, and define recursively
wq =0 € CR(Q, TR,
WQ-1 = 2Q-1 — diVMQ wq € 0871(97 TZ+Q_1(Rd))7

wj = zj — divm,,, win € C(Q, T (RY),

wy = z1 — div, wo € CHQ, THLRY).
Hence, w € X and —Kw = z € Y. Moreover, for A > 0 large enough, we have
H/\_luJHOO <aq-j forallj=1,...,Q.
Therefore, from A™tw € dom(F) and 0 € dom(G), we get the following representation:
z=\0 - K\ 'w).
This means that (5.3) holds and the minimum is obtained in Y*, which can be written as
Y* = (Cé(Q,T“l(Rd)))* X (Cé(Q,T“Q_l(Rd)))*

and 2" = (27,...,24_1), 2] € C%(Q,THJ'(]RUZ)), for 1 < j < Q— 1. Hence, imposing zj = u
and za = 0, from G* = 0 the following chain holds:

Q
F*(=K*z*) + G*(2*) = sup | (-K"2", w) + (u, divpm, wi) — ZI{H , HooSanj}(wj)
weX -
j=1
Q-1
= su}; (u, divpg, wr) + ) (27, divm,,, w1 + w;)
we i
. Saq- =t
jzla"'zQ
Q
=) aq; ~sup ()4, divamg, w;) + (2], w;)
j=1 w; €Cy(Q, T (RY)),
llw;ll o <1
From Lemma 5.1, we have that each supremum is finite and
~sup (zj_1, divim; wy) + (25, wy) = |M; Vzi - zj*H///
w; €Ce (T (RY)),
l[w;ll o<1

if and only if M; V2l | — 27 € ///(Q,T“NR%), for j = 1,...,Q. Since 2z, = 0, by

Theorem 4.13 this means that z§_; € BDV(Q, Mq, TH-L(RY)), so

251 € M <97T£+Q_1(Rd)) .
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By induction, we have 27 € BDV (2, M1, T (R?)) for each j = 0,...,Q, so we can take
the minimum in (5.3) over all BDV-tensor fields, obtaining (5.2): Such minimum is finite if
u € BDV(Q, M, TYR?)). |

Remark 5.3. Let aj = (a,...,a;) be such that a; € a = (a,...,aq-1), and let
q-j = Mq—jt1,...,Mq) be a subset of M = (M;,...,Mq) such that Mg _, € M.
Then the regularizer TDV®(u, M) can be expressed recursively as

TDVg, * ¥ (zq-1, Mg_) = a0 [Mq V ®2q-1ll , ,

R - min <%’ IMq-j V ®zq-j-1 — 2q-jll 4
TDVe ™ Tz M) = Q—j _
+ TDVHH J(zQ_j,MQ_j)),

TDVE(u, My) = min (aQ_l M V @u — 21, + TDVZ 14 (2, M;)) ,

aq o
where z; € BDV(Q, M1, T (R9)).
Remark 5.4. Asin [8, Remark 3.8], the minimum representation is monotonic with respect
to the weights. Indeed, let o, B € ]R% with a; < B for each j =0,...,Q — 1. Then
TDVE! (u, M) < TDVZ" (u, M).

6. Existence of TDV-regularized solutions. In this section we prove the existence of
solutions to TDV-regularized problems of the type

. Q7£
(6.1) uELP(rSIII,l’;’IZ(Rd)) TDVg (u, M) + F(u),

where F : LP(Q, T*(R%)) — R is a fidelity term. Next, we will follow [8] so as to check that
the same results hold in our weighted case, and we will proceed often by induction on Q. We
proceed by proving the embedding theorems and the existence of a minimizer for (6.1).

6.1. Embeddings. We state some results in view of the embedding Theorems 6.4 and 6.5.
The following Sobolev—-Korn type of inequality holds for smooth tensor fields with compact
support, similarly to [7, Theorem 4.8].

Lemma 6.1. Let u € CL(Q, T*(R?)) and M € L=(Q, T?(R%)) be a field of invertible ma-
trices for every x € § such that S = sup, H(M(sc))_le < 0o. Then there exists a constant
C depending only on Q, £, and S such that

ullg/@—1) < CIMV @ul,.

Proof. Let || - || be the operator norm. We have the desired inequality, where the first one
is due to the standard Sobolev inequality for tensor-valued functions,

[ullga1y < CrLlIV@ull, = Cr [(M(-)""M(-) V@ul|, <C1S MV @ul|,,
and the conclusion follows with C' := C1S. [ |
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The following lemma states a result similar to [8, Lemma 3.9].

Lemma 6.2. For each Q > 1, £ > 0 there exists a constant C; > 0 depending only on €, Q
and { such that for each uw € BDV(Q, M, TY(R%)) and W € ker(TDVI1) ¢ LY(Q, TH(RY)),

IMV @ull , <Ci(fJull, + MV @u —w] ;).

Proof. We argue by contradiction. Suppose that there exists Q and ¢ such that the bound
does not hold. Then there exist (u;);en and (W;)jen, with each u; € BDV(Q, M, T*(R%))
and w; € ker(TDVYH1), such that

MV &u,l , =1 and [us], + MV eu; -, , <"

Thus, (w;),en is bounded with respect to the norm ||-|| , in the finite-dimensional space
ker(TDVg’Z‘H). Therefore, there exists a subsequence relabeled as (w;);en and converging
to w € ker(TDVE ) in the LY(Q, T (R?)) norm, and thus MV ®u; — w. Moreover,
uj — 0 in LY(Q, T*(RY)) implies that MV ®u; — 0 in .# by closedness of the gradient and
this contradicts MV @u|| , = 1. [ ]

We can also define the zero extension Fu of a function u of bounded directional variation.
Such zero extension has bounded directional variation, as can be proved adapting [7, Corollary
4.15] based on [7, Theorem 4.12].

Corollary 6.3. Let Q a bounded Lipschitz domain and w € BDV(Q, M, T*(R%)). Then the
zero estension Ew is in BDV(RY, M, T4RY)). In addition, there exists C > 0 such that, for
all w € BDV(Q, M, T¥(R%)),

(6.2) [Eul, + MV @(Eu)| , < C(ul, + [MV @ul ).
Proof. Tt follows by adapting the proof of [7, Corollary 4.15, Theorem 4.12]. [ |

In the next theorem, we prove the continuous embedding of the space BDV into L%/ (=1
similarly to [7, Theorem 4.16].

Theorem 6.4. Let Q C R% be a bounded Lipschitz domain. Then there is a continuous

injection
BDV (Q,M, T(R?)) — LY=D(Q, THRY).

Proof. In this proof we follow [7, Theorem 4.16], with the notational changes MV,
T4RY), and BDV (2, M, T*(R%)) in place of the symmetrized gradient £, Sym®(R?), and
BD(Q, Sym*(R%)), respectively, and d > 2. If w € BDV(Q, M, T*(R?%)) N CL(Q, T*(R%)), then
Lemma 6.1 gives the result. In the general case u € BDV(Q, M, T(R?)), its zero extension
Fu can be approximated by a sequence of strictly converging continuously differentiable, com-
pactly supported functions (u;);en by applying Proposition 4.6 to a bounded domain €’ such
that Q cC . According to the estimate in Lemma 6.1, we have for each 7,

lllyyany < CIMV @uyll, = C MV @y, < C (gl + MV @l )

Now u; — Fu in L'(Q, T*(RY)), and by the lower semicontinuity of the LY (@=1(Q, T¢(R%))-
norm, the strict convergence in BDV, and Corollary 6.3, we get

(6.3) ullg)@g—1) = [Eullg/@q—1) < Clull; + MV @ull_,). u
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Now, we show that the embedding in Theorem 6.4 is compact for 1 < p < d/(d — 1),
similarly to [7, Theorem 4.17].

Theorem 6.5. Let Q be a bounded Lipschitz domain, 1 < p < d/(d — 1), and (u;)jen
be a bounded sequence in BDV (Q, M, T*(R?)). Then a subsequence (uj,)ien converges in
LP(Q, THRY)).

Proof. We aim to prove the compact embedding BDV (2, M, THRY)) — LY(Q, THRY)),
i.e., by fixing ' such that Q cC €' and u € C?(R?, T*(R%)) with support in €'; then

[ Ju(@+ ) —u(@)] 4z < C |hf* MV @ul)

for some s > 0 and all h € R?, |h| < 1 with a constant C' independent of w. This part follows
by the same argument as in the first part of the proof of [7, Theorem 4.17].

Let w € BDV (€, M, T) be arbitrary. The zero extension Eu € BDV (', M, T*(R%)) has
compact support in €', and thus there exists a smooth sequence (u;);en in C(Q, T*(R?))
such that u; — Bu in L}(€, T*(RY)) and |M V ®u;||, — |[M V ®Eu| , as j — co. Thus,

o |[Ew(® + h) — Bu(z)| dz < C|h[" MV ©FEul| , < C|h[* (Jul, + MV @u| ;).

For a bounded sequence in BDV (Q, M, T*(R%)), we have (Eu;j)jen relatively compact; thus,
there exist u € L1(R?, T*(R%)) and a subsequence (Ew;, )sen with Eu;, — u. Also, uj, — uy,
in L1(Q, T*(R%)), proving the compact embedding BDV (2, M, T(R%)) in L}(Q, T*(R%)).
For the general case 1 < p < d/(d—1), it follows from Theorem 6.4 that (u;);ecn is bounded
in L @=1(Q, 7¢(R%)), and the result follows from an application of Young’s inequality as in
the proof of [7, Theorem 4.17]. [ ]

Every bounded sequence in BDV (£, M, T*(R%)) admits a subsequence which converges
in the weak-x sense, while strict convergence implies weak-* convergence. The embeddings
above allow to reinterpret weak-* sequences in BDV (Q, M, T*(R%)) as follows:

e weakly converging sequences in LY @=1(Q, TY(R%)) (weak-x for d = 1);
e strongly converging sequences in LP(Q, T*(R?)) for any p € [1,d/(d—1)], continuously.
Also, C=(Q, T*(RY)) is dense in BDV (2, M, T*(R%)) with respect to strict convergence.

6.2. Existence. In what follows, we prove the coercivity for TDV%Z in view of satisfying
the conditions of the Tonelli-Weierstrafl theorem for the minimization problem (6.1).

Definition 6.6. For each Q > 1 and £ > 0, let Rqe be a linear, continuous, and onto
projection such that

Rq: LYE@D(Q TYRY)) - ker(Mq V@ --- @ M; V).
Note that Rq, defined as above always exists since ker(TDVY) = ker(MqV ®--- ®

M, V) is finite-dimensional.
The following coercivity estimate holds, similarly to [8, Proposition 3.11].
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Proposition 6.7. For each Q > 1 and £ > 0, there exists a constant C > 0 such that, for
all w € LYE=D(Q, THRY)),

IM, V ul , < C (Hu||1 + TDVQ"}(u,M)) and u — Ro gullyyq_y) < CTDVE (u, M),

Proof. Exactly as in the proof of [8, Proposition 3.11], we proceed by induction on Q.
Let Q =1 and ¢ > 0. Then the first inequality is trivial, while the second follows from the
Sobolev—Korn inequality of Lemma 4.4.

For the induction step, we fix £ > 0, a = (ao, ..., aq) with o; > 0, Q and Rq41,¢, and we
assume that both conclusions of the proposition hold for & = (ay, ..., aq-1) and any ¢ € N.

We first show that the estimate for | M; V ®u|| , holds when u € BDV(Q, My, T*(R9))
(otherwise, the estimate is obvious since TDVYTH(u, M) = +00). Using the map Rq 41,
Lemma 6.2, the continuous embeddings

BDV (2, My, T (RY)) < LY@V (Q TR s LY(Q, TH(RYD))
and the induction hypotheses, we get for w € BDV(Q, My, T*T1(R?)) the estimates
M1V @ull , < C1 (IM1V ®u — R eriwl| , + [ull,)
< Cy (IMy ¥ 2w — ], + [|w = Roer1wllyyq ) + lull,)
< Cy (IMy V @u — w]_, + TDVE (w0, M) + Jul], )

<0y (aQ IM; V ®@u —wl|| , + TDVEH (w, M) + ”qu)

for suitable Oy, Cy, C3, Cy > 0. By taking the minimum over all w € BDV(Q, My, T*(R%))
we get

IMy ¥ @ull, < Cy (Jlul, + TDVE(u, M))

via the minimum representation in Remark 5.3.
For the coercivity estimate, assume that it is not true, i.e., there exists (u;);cn such that
each u; € LY@=D(Q, TYR?)) and

luj — Rasretjllyyq gy =1 and TDVEHH(uy, M) <571
Since ker(TDVEH 1 (u;, M)) = Im(Rq1¢), then for each j it holds that
TDVITH(uj — Rgi1euj, M) = TDVIHH (uj, M).
Also, since the first estimate holds, then
IM1 ¥ &(u; = Roseus)l o < Ca (TDVE ™ (uy, M) + lu; = Roseusl, )

and (u; — RQi1,u;)jen is bounded in BDV(Q, M, T*(R%)) by the continuous embedding.
By the compact embedding there exists a subsequence of (u; — Rq41,0u;);en, not relabeled,
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converging to u* € L}(Q, T/(R?)) with Rqy1u* = 0 since Rgi1¢(uj — Roi1,u;) = 0 for all
7. Moreover, the lower semicontinuity leads to
0 < TDVE ¥ (u*, M) < lim inf TDVE 14 (uj, M) = 0.
Jj—00

This means that u* € ker(TDVZ™¥) and M; V ®(u; — Rqy10u;) — 0 in .Z(Q, THH(RY))
with (u; — Rqi16u;) — 0 in BDV(Q, My, TY(RY)) and in LY@ (Q, T(R?)) by the con-
tinuous embedding. This contradicts ||u; — Rq41,0ujl|, /(a—1) = 1 for all j, and the coercivity
holds. |

The next proposition, similar to [8, Proposition 4.1], proves the coercivity of the mini-
mization problem (6.1).

Proposition 6.8. Let p € [1,00[ with p < d/(d — 1) and F : LP(Q, T¢(R%)) =] — 00, o0]. If
F is bounded from below and there exist an onto projection R as in Definition 6.6 such that
for each sequence (uj); € N with u; € LY@~ (Q, TR4)) it holds that

| Rl gy = 00 and (Huijujnd/(d_l))jeN is bounded =  F(u;) — oo,

then TDVY: + F is coercive in LP(Q, T*(R?)).

Proof. Let (uj)jen be a sequence such that each w; € LP(Q, TYR?)), and if (F(u;) +
TDVZ(u;, M))en is bounded, then (u;);en is bounded. Since F is bounded from below by
assumption, then the sequences (F(u;))jen and (TDVE(u;, M)) ;e are bounded too. Thus,
the boundedness of (TDV®(u;, M));ecy implies that each u; € L¥@=1(Q, T*R?)) by the
continuous embedding in Theorem 6.4. Now, let R be a projection map as in Definition 6.6
such that the hypotheses holds. Thus, there exists a constant C' > 0 such that

luj — Rullyygq—ry < CTDVE(uj, M) for all j €N,

and the sequence (||u; — Rude/(d_l))jeN is bounded. Note that (||Ruj||d/(d—1))j€N is bounded
too; otherwise, (F'(u;)); en results unbounded and contradicts the hypothesis. From the con-
tinuous embedding of Lebesgue spaces, (u;) ey is bounded in LP(Q, T*(R%)). [ |

We are now ready to prove the following existence theorem, similarly to [7, Theorem 4.2].

Theorem 6.9. Let p € [1,00[ with p < d/(d — 1), and assume that F : LP(Q, T{R?)) —
| — 00, 00] is proper, convex, lower semicontinuous and coercive as in Proposition 6.8. Then
there exists a solution to the problem

(6.4) min ~ TDVY(u, M) + F(u).
u€eLP(Q,T¢(R))

Furthermore, if w € BDV (9, TY(R%)) is such that F(u) < oo, then the minimum is finite.

Proof. We note immediately that the regularizer TDV®*(u, M) is finite if and only if
u € BDV(Q, M, T“(R)); otherwise, it is trivial to prove that a minimizer exists and the
minimum is equal to 4+o0o. Thus, assume F(u) < oo for some u € BDV(Q, M, T*(R%)), and
consider a minimizing sequence (u;);en for G = F + TDVS*. Note that such sequence exists
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since G is bounded from below. Now, applying the coercivity result in Proposition 6.8 for
ap € [pd/(d—1)] and p’ > 1, there exists a subsequence of (u;), weakly convergent to
u* € LP(Q, T*(R?%)). Moreover, since G is convex and lower semicontinuous, we get that u* is
a minimizer by weak lower semicontinuity, and by assuming that G is proper, the minimum
is finite. [ |

From Theorem 6.9, we can conclude as in [8, Corollary 4.3] that there exists a solution
for the minimization problem (6.4) in the context of inverse problems, i.e., when the fidelity
term F(u) is defined from a forward operator S : LP(Q, T*(R?)) — Y, linear and continuous
in a normed space Y, and the observed data u® € Y as

1
F(u) = . |Su—u®||!  for g € [1,00[.

Of course, for a strictly convex norm |- ||y, the uniqueness of the solution depends on the
injectivity of S: In general, uniqueness does not hold since TDV%E is not strictly convex.

7. Conclusions. In this work, we have introduced and analyzed TDV of arbitrary order,
providing a precise framework to extend the notions of TGV [9] and DTV [14]. In particular,
we have proven a representation formula for the total directional variation of arbitrary order,
which is a key for the design of a primal-dual algorithm which can be used in many imaging
applications; see [22].
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