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Models of Genus One Curves

Mohammad Sadek

Summary

In this thesis we give insight into the minimisation problem of genus one curves defined
by equations other than Weierstrass equations. We are interested in genus one curves
given as double covers of P!, plane cubics, or complete intersections of two quadrics
in P?. By minimising such a curve we mean making the invariants associated to its
defining equations as small as possible using a suitable change of coordinates. We
study the non-uniqueness of minimisations of the genus one curves described above.
To achieve this goal we investigate models of genus one curves over Henselian discrete
valuation rings. We give geometric criteria which relate these models to the minimal
proper regular models of the Jacobian elliptic curves of the genus one curves above. We
perform explicit computations on the special fibers of minimal proper regular models of
elliptic curves. Then we use these computations to count the number of minimisations
of a genus one curve defined over a Henselian discrete valuation field. This number
depends only on the Kodaira symbol of the Jacobian and on an auxiliary rational point.
Finally, we consider the minimisation problem of a genus one curve defined over Q.
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Chapter 1

Introduction

Let E be an elliptic curve defined over a number field K. The problem of finding the
Mordell-Weil group E(K') has been a target for an enormous amount of research. It
is known that F(K) is a finitely generated abelian group. Furthermore, to determine
E(K) we only need to find E(K)/nE(K) for any integer n > 2. The method of n-
descent is one of the methods which enable us to get a bound on E(K)/nE(K), n > 2.
Indeed, the n-descent computes the n-Selmer group of E which contains F(K)/nE(K).
The difference between the two groups is the n-torsion of the Tate-Shafarevich group of
E/K.

An element of the n-Selmer group can be represented as a geometric object, namely
as a double cover of P! ramified in four points when n = 2, a plane cubic curve when
n = 3, an intersection of two quadrics in P* when n = 4. It follows from the definition
of the n-Selmer group that each of these curves has points everywhere locally. The
equations defining these genus one curves will be called genus one equations of degree
n. See §2.1 for the precise definitions of genus one equations and their invariants.

For using n-descent to search for points on E, we need the coefficients of the genus
one equations described above to be small. The solution has two parts: Reduction
and Minimisation. By reducing genus one equations, we mean reducing the size of the
coefficients by a unimodular linear change of coordinates, which does not change the
invariants. The problem of reduction is treated in [9] when n = 2, and in [11] when
n = 2, 3,4. To minimise genus one equations, we need to make the associated invariants
smaller. The minimisation problem has been investigated intensively, for example see
[4] and [29] for n = 2, [14] for n = 3, and [30] for n = 4. An algorithmic approach to the
minimisation problem can be found in [11]. In this thesis we will be interested in the
minimisation question.

The question of minimisation has a local nature. More precisely, we minimise genus



one equations of degree n over local fields. Usually, there are many further details to
consider when the residue field is not algebraically closed. Therefore, we prefer studying
genus one equations over strict Henselisations of local fields because these fields have
algebraically closed residue fields. Thus we assume that our base field K is a Henselian
discrete valuation field with ring of integers Ok and algebraically closed residue field
k. Moreover, since our genus one curves represent elements in n-Selmer groups, they
have rational points everywhere locally. Therefore, when we treat a genus one curve C'
over K, we will assume that C'(K) # (. It has been shown in [11] that if C' is defined
by a genus one equation ¢ of degree n, and C(K) # (), then the minimal discriminant
associated to ¢ has the same valuation as the minimal discriminant associated to the
Jacobian elliptic curve.

Unlike elliptic curves, the minimisations of the genus one curves described above are
not unique under the action of the group G, (Ok) defined in §2.1. We give the following
example to illustrate that a genus one equation of degree 2 might have more than one
minimisation. We consider the elliptic curve E : 4% 4+ y = 23 + 22 — 83z + 244. We use
MAGMA, see [6], to perform 2-descent on E. We obtain the following genus one equation
¢ y* = f(x) = b5t 4 202 + 102 — 40z + 25. We apply the Go(Zs)-transformation

1 3
(1, A), where A = ,
0 2

to move the zeros of f(z)/5 to 0 and co. Then we are able to apply the Go(Qs)-
transformations given by (1/25,diag(5,1)) and (1/25,diag(1,5)), so that we have the
following three minimal genus one equations which lie in the same G5(Q5)-equivalence
class.

y? = 27500z* + 170002° 4 400022 4 4162 + 16,
y* = 1100z* + 34002 + 400022 4 2080z + 400,
y? = 44z* + 6802 + 400022 + 10400 + 10000.

It can be shown that the transformations stated above are the only ones relating these
genus one equations. Therefore, the genus one equations written above lie in three
distinct Go(Zs)-equivalence classes. In this thesis we study the non-uniqueness of min-
imisation by considering the problem geometrically. In fact, since E has reduction of
type IV* over Qj5, Corollary 8.1.4 tells us that the number of Go(Zs)-equivalence classes
lying in the Go(Q5)-equivalence class containing ¢ is exactly 3.

The knowledge of all possible minimisations of a genus one curve can be exploited
to find rational points on elliptic curves. In fact, rational points on genus one curves,
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defined by minimal genus one equations of degree n, can be expected to be reasonably
of smaller height, and therefore will be found more easily. Our results on the number of
minimisations will be used to study heights on such genus one curves in [26].

In Chapter 3 we generalise the terminology of minimal Weierstrass models for elliptic
curves to minimal degree-n-models for genus one curves. In fact, we define a degree-n-
model for a genus one curve C' — P! to be a pair (C, «) consisting of a Spec O-scheme
C defined by an integral genus one equation of degree n, and an isomorphism « from the
generic fiber Cx of C onto C, where « is defined by an element in G,(K). Now we show
why we insist on remembering the isomorphism « in our definition of a degree-n-model.
In the case C(K) # 0, we pick P € C(K). Then we identify the group structure on
(C, P) with the group structure on the Jacobian elliptic curve E. The automorphism
group Aut(C') of C' fits in an exact sequence

0— E — Aut(C) — Aut(E,0) — 0.

The first map is @) — 7g, where 7¢ is the translation by (). Let H be a hyperplane
section on C. We are interested in automorphisms A\ of C' such that \*H ~ H. But
ToH ~ H if and only if n@Q = 0. Hence the elements of PGL,(K) that act fixed-
point-free on C' correspond precisely to E[n](K). Therefore, we can have more than one
K-isomorphism between Cx and C.

For example, we consider the elliptic curve E : y? = 2% — 22 — 1132 + 516 which
has a non-trivial 2-torsion point (—12,0). Performing 2-descent on E will yield the
genus one equation ¢ : y? = —3z* — 562° — 39922 — 12742 — 1519. We notice that
¢ y? = —147x* — 39223 — 39922 — 1827 — 31 is a genus one equation which lies in the
G2(Qr)-equivalence class containing ¢. The following two Go(Q7)-transformations carry

o to ¢'.
—-7 1
—6 1

T, = (1/7%,diag(7,1)), and, Ty = (1, A) where A =

Moreover, the transformation 7} is an element in Go(Q7) \ G2(Z7) while T is in Go(Z7).
The genus one equations ¢ and ¢’ lie in the same Go(Z7)-equivalence class because they
are related via the transformation 7. Let C’ be the Spec Og-scheme defined by ¢’. We
distinguish between the two degree-2-models (C’, 1) and (C’, o), where oy and ay are
defined by 77 and T; respectively. The reason is that the special fibers of these two
models have different representatives in the special fiber of the minimal proper regular
model of the Jacobian.

It is known that an integral Weierstrass equation defining a Weierstrass model W for
an elliptic curve E is minimal if the minimal desingularisation of W is isomorphic to the
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minimal proper regular model of E. The analogous result for the case n = 2 has been
proved by Liu in [18]. Liu obtained his results using hyperelliptic involutions defined on
double covers of the projective line. We use our knowledge of invariant theory of genus
one curves to give geometric criteria for the minimality of genus one equations of degree
n for n < 4, see Chapter 4.

In what follows we try to describe briefly how Liu obtained his results, and why we
did not use the hyperelliptic involution method to obtain our results. We suppose C
is a smooth curve defined by a minimal genus one equation. Let C™" be the minimal
proper regular model of C. Since we assume C(K) # (), there exists a divisor of degree 2
on C'. This divisor defines a separable morphism C' — Pk of degree 2. The generator of
Gal(K(C)/K(PL)) induces an automorphism o of order 2 on C'. We call o a hyperelliptic
involution. Now o extends to an automorphism ¢ on C™". If ' is an irreducible
component of multiplicity-1 in the special fiber of C"™ /{5), then we can find a model
P! of P}, which is birational to C™"/(5) in a neighborhood of the generic point of
I. Liu produced models for C' by taking the normalisation of P! in C'. The reason
why we could not use this method to construct minimal degree-n-models for C, when
n = 3,4, is that it only gives models for C' — P}, i.e., it gives models for C when C' is
viewed as a double cover of the projective line. Moreover, even if we consider the models
produced as Spec Og-schemes, then the special fibers of these models either consist of
one irreducible component of multiplicity-m, m < 2, or two irreducible components
of multiplicity-1. So, for example, we can not recover degree-n-models which contain
irreducible components of multiplicity-3 in their special fibers. But when n = 3,4, there
are degree-n-models whose special fibers contain irreducible components of multiplicity-
3.

In Chapter 5 we give a necessary and sufficient condition for degree-n-models to
be isomorphic. In Chapter 6 we perform some explicit computations on the minimal
proper regular model of an elliptic curve. These computations are used to count minimal
degree-n-models for a soluble smooth genus one curve C' — P% ! up to isomorphism,
in Chapter 7. Liu proved that there is a bijection between minimal degree-2-models
for C' — PL, up to isomorphism, and the multiplicity-1 irreducible components in the
special fiber of the quotient of the minimal proper regular model by a hyperelliptic
involution, see ([18], Corollaire 5). Our results relate the number of minimal degree-n-
models for C' — P’}(_l when n € {2,3,4}, up to isomorphism, to the cardinality of a
finite set which depends only on the Kodaira Symbol of the Jacobian of C' and on an
auxiliary rational point, see Theorem 7.1.1.

Finding all integral genus one equations of degree 2 which have the same invariants,
up to Go(Q)-equivalence, is an essential part of the 2-descent algorithm described by



Birch and Swinnerton-Dyer in [4]. The algorithm makes use of the fact that each Go(Q)-
equivalence class contains at least one reduced genus one equation of degree 2. Theorem
1 of [4] proves that reduced genus one equations of degree 2 are finite in number. The
problem of counting all the binary forms

f(z,2) = apa"™ + ayz™ 'z + ...+ a,2",

with Z-coefficients and the same invariants, up to GLg(Z)-equivalence, is a classical
problem. For example, Theorem 1 of ([23], Chapter 18) asserts that the number of
such equivalence classes is finite. In a series of papers Bhargava studied the number
of many forms and tuples of forms, up to some equivalence relations defined over Z.
He presented interesting counting results for these equivalence classes. Moreover, he
defined composition laws on the equivalence classes of these objects. See [3] for some of
Bhargava’s results.

Our work contributes to the problem of counting forms and pairs of forms up to
relations defined over Z. In fact, we fix a G, (Q)-equivalence class of genus one equations
of degree n, whose invariants are as small as possible, then we count the number of G, (Z)-
equivalence classes within this G,(Q)-equivalence class. We use arithmetic-geometric
methods to tackle this problem.

In Chapter 8 we get rid of the assumption that the residue field is algebraically
closed, and count the number of minimal degree-n-models for genus one curves defined
over p-adic fields. When the reduction of the Jacobian is split, we show that the number
of minimal degree-n-models for a genus one curve defined over a p-adic field is the same
as that number over the maximal unramified extension of the p-adic field. But maximal
unramified extensions are Henselian discrete valuation fields with algebraically closed
residue fields, and the number of models in this case is obtained in Chapter 7. Then
we work out how this number changes when the reduction of the Jacobian is non-split.
This step is a basic ingredient in counting minimal global degree-n-models for genus
one curves defined over Q. Our methods can be generalised easily to find the number
of minimal global degree-n-models for genus one curves defined over number fields with
class number one, as the problem reduces to considering genus one curves locally over
completions of number fields at non-archimedean places.

In Appendix A we work over complete discrete valuation fields with algebraically
closed residue fields. We treat the case when the genus one curve has no rational point
on it. We prove, using explicit computations, that the number of minimal degree-n-
models for such a curve is n when n € {2,3}. Then we give an example to show
that the number of minimal degree-4-models for insoluble genus one curves can become
arbitrarily large.



We have to mention that we proved our counting results only when the residue field
has characteristic greater than 3. We believe that similar results hold when the residue
characteristic is 3 but we have not checked the details. When the residue characteristic is
2, we believe that our counting results hold for minimal degree-n-models, when n = 3,4,
but the problem needs deeper analysis. When the residue characteristic is 2 and n = 2,
we have to consider generalised genus one equations of degree 2, i.e., genus one equations
of the form ¢ : y? + g(x)y = f(x), where degg < 2 and deg f < 4. Moreover, the
invariants associated to ¢ are more complicated. When n = 2, Liu’s treatment of the
problem provided him with results when the residue characteristic is 2, see [18].



Chapter 2

Preliminaries

2.1 Genus one equations of degree n

In this section we will give a brief description of several genus one curves and the
equations defining them. We work over a perfect field K with algebraic closure K. We
write G = Gal(K /K). We assume further that char(K) # 2, 3.

By a K-curve, or a curve over K, we mean a proper K-scheme that is geometrically
connected and of dimension 1.

Let C' be a smooth curve of genus one over K. The function field of C' will be denoted
by K(C). By a closed point P € C we mean the G k-orbit of P considered as a geometric
point in C'(K). The divisor group of C, called Div(C), is the free abelian group generated
by the closed points of C, i.e., a divisor D € Div(C) is a formal sum

D=> np(P)

with np € Z and np = 0 for all but finitely many closed points P € C. The divisor D
is said to be effective if np > 0 for every P € C. The degree of D is defined by

degD =Y np[K(P): K].

Let Cx = C xx K. If we assume that the Gg-orbit of P is {Py,..., Py, }, where dp =
[K(P): K], then we get a map

Div(C) — Div(Cg), Y np(P) — Z”P(Z P).



We define an action of Gk on Div(C%) in the following way:

o > mp(P)— > np(P7).

PeC(K) PeC(K)

Now we obtain Div(C) as the subgroup of G g-invariant divisors of Div(C%). In other
words, we have

Div(C) = Div(C%)°x.

We will call a divisor D € Div(C) a K-rational divisor on C.

The local ring of C' at P will be denoted by O¢ p. The ring Oc¢ p is a discrete
valuation ring with maximal ideal mp and valuation vp.

Let f € K(C)*. Then we can associate to f the divisor

div(f) =Y ve(f)(P).
PeC

A divisor D € Div(C) is said to be principal if D = div(f) for some f € K(C)*. Two
divisors Dy, Dy are linearly equivalent, denoted Dy ~ Ds, if Dy — D5 is principal. The
divisor class [D] of a divisor D € Div(C) is the set of all divisors linearly equivalent to
D. The quotient of Div(C') by the subgroup of principal divisors is the Picard group of
C, denoted Pic(C).

Let D € Div(C) be of degree n > 0. Set

L(D)=A{f e K(C)"|div(f)+ D is effective} U {0}.

Then Riemann-Roch Theorem implies that dimyx £(D) = deg D.
In what follows we aim to write explicit equations for the pair (C,[D]) when n =
1,2,3,4, see [1]. We assume A is a Dedekind domain.

Genus one equations of degree 1

If deg D = 1, then any effective rational divisor linearly equivalent to D is a rational
point P € C(K). Let z,y € K(C) be such that £(2(P)) and £(3(P)) have bases {1,z}
and {1,z,y} respectively. Note that z has a pole of exact order 2 at P, and y has a
pole of exact order 3 at P. There is a linear dependence relation between the 7 elements
1,z,y,2% 2y, 23, y? in the 6-dimensional space L£(6(P)). Furthermore, the coefficients
of 23 and y? are non-zero. Rescaling x and y this linear dependence relation can be
assumed to be

2+ azy + asy = o3 + asx? + aur + ag, a; € K. (2.1)



We will call the Weierstrass equation (2.1) a genus one equation of degree 1.
Two genus one equations of degree 1 with coefficients in A are A-equivalent, some-
times we will write G;(A)-equivalent, if they are related by the substitutions

d=wlr+r, y =udy+suPr+t, s te A ue A

The group G (A) is the group of all such transformations [u; 7, s, t]. We define det([u; 7, s,t]) =
ut.
We will write down the standard notations by, by, bg, bs, 4, ¢, and the discriminant

A associated to equation (2.1), see ([27], Chapter III).

b2 - a%+4a27
b4 = 2@4"‘@1&3,

b6 = CL% + 4(16,

bs = ajag + 4dasag — ajazay + axal — aj, (2.2)
cy, = bi—24b,

ce = —bi+ 36byby — 216bg,

A = —b2bg — 8b3 — 27b% 4 9bybybs.

It is easy to verify that 1728A = ¢} — .

Genus one equations of degree 2

If deg D = 2, then we pick z,y € K(C) such that £(D) and £(2D) have bases {1,z}
and {1,z,y,z%}. The 9 elements 1, z, 22, y, 2, zy, 2*, %y, y* in the 8-dimensional space
L(4D) satisfy a linear dependence relation. Moreover, the coefficient of y? is non-zero.
Therefore, (C, [D]) has equation

y? + (aor® + oz + o)y = az® + ba® + ca? + dw +e. (2.3)

We will always assume that char(K) # 2. Therefore, by completing the square it
suffices to consider equations of the form

y? = azx* + ba® + ca® + dx + e. (2.4)

Equation (2.4) is called a genus one equation of degree 2.
Two genus one equations of degree 2 with coefficients in A are A-equivalent, or
G2(A)-equivalent, if they are related by the substitutions

o' = (myux +mar)/(miax +ma), v = u™ 'y

9



where € A*, M = (m;;) € GLy(A). The group G»(A) is the group of all such trans-
formations [p, M]. We define det([u, M]) = pdet(M).
We associate the classical invariants I and J to equation (2.4), where

I = 12ae —3bd + ¢,
J = T2ace — 27ad* — 27b%¢ + 9bed — 2¢°. (2.5)

We set ¢y = 24T, c6 = 2°J, and A = (c§ — ¢2)/1728.

Genus one equations of degree 3

If deg D = 3, then we pick z,y, z € K(C) such that {z,y, z} is a basis for £(D). We write

a linear dependence relation between the 10 elements 23, 3, 23, 22y, 222, y%x, 2z, 2°x, 2%y, xyz
in the 9-dimensional space £(3D). Therefore, (C, [D]) has a homogeneous ternary cubic

equation
az® + by® + c2® + apr?y + asx’z + biytx + b’z + 2w + o2y + mayz = 0. (2.6)

Equation (2.6) is called a genus one equation of degree 3.
Two genus one equations of degree 3 with coefficients in A are A-equivalent, or
G3(A)-equivalent, if they are related by multiplying by pu € A* and then substituting

! / !
T =mnT+may +msiz, Y = M2k + Mooy + M322,2 = M13T + Mozl + M332,

where M = (m;;) € GL3(A). The group G5(A) is the group of all such transformations
[, M. We define det([u, M]) = pdet(M).
We define the Hessian of a genus one equation ¢(z,y,z) = 0 of degree 3 to be

¢mx ¢a:y ¢mz
H(¢) = _1/2 x det bea; ¢yy ¢yz
¢zx gbzy ¢zz

Then we have
H(A) + pH(})) = 3(cal®iu + 2c6 A\ + ) + (N — 3ea i — 2c6p®) H ().

Moreover, we put A = (¢ — ¢2)/1728, see [14].

10



Genus one equations of degree 4

If deg D = 4, then we pick x1, 29, 23,24 € K(C) such that {xy, z2, x5, 24} is a basis for
L(D). Now we consider the 10 elements x%, 23, 22, ¥3, 179, 173, T1T4, T3, Tolq, T3T4 iN

the 8-dimensional space £(2D). Therefore, (C, [D]) has equations

Fi(z1, 29, w3, x4) = Fy(x1, 29,23, 74) = 0, where Fy, Fy are quaternary quadratic forms.
(2.7)
We will call the equations (2.7) a genus one equation of degree 4.
Two genus one equations of degree 4 with coefficients in A are A-equivalent, or
Ga(A)-equivalent, if they are related by

Fi = muFy + mioFo, F) = mot Fy + mao Iy, M = (my;) € GLy(A),

and then substituting
4
[B; = Znijmi, N = (nl]) < GL4(A)
i=1

The group G4(A) is the group of all such transformations [M, N]. We define det([M, N]) =
det(M) det(N).

Let M; and M5 be the 4 x 4 symmetric matrices of second partial derivatives of
Fy and F5 respectively. We associate a genus one equation ¢ of degree 2 to the genus
one equation {F; = F, = 0}, where ¢ : y* = F(z,z2) := det(Mx + Msz). Then we
set ¢4 = I,c = J/2 where I,J are the invariants associated to ¢, see (2.5). We put
A= (c} —c2)/1728.

Definition 2.1.1. Let K, be the polynomial ring in the coefficients of a genus one
equation ¢ of degree n = 1,2,3,4. A polynomial G € K, is an invariant of weight k if
G o g = det(g)*G for all g € G, (K).

The following theorem indicates the properties of the invariants c4, cg, and A defined
above.

Theorem 2.1.2. Let ¢ be a genus one equation of degree n = 1,2,3,4. Let ¢4, cq, and
A be the associated invariants.

(i) The polynomials cy, cg, A € K,, are invariants of weight 4,6 and 12 respectively.

(11) The equation ¢ defines a smooth curve Cy of genus one if and only if A # 0.

11



(111) If char(K) # 2,3, and A # 0, then the Jacobian of Cy has equation

y? = a® — 2Tcqr — Hdc.
PROOF: See [15]. O

Definition 2.1.3. Let R be a Dedekind ring with fraction field K. A genus one equation
¢ of degree n with discriminant A # 0 is

(i) integral if the defining polynomials have coefficients in R.
If R is a discrete valuation ring with normalised valuation v, then ¢ is

(ii) minimal if it is integral and v(A) is minimal among all the valuations of the dis-
criminants of the integral genus one equations of degree n which are K-equivalent

to ¢.

2.2 Models of curves and contraction

In this section we recall the definition of a model of a curve, introduce some well-known
models of smooth curves and record their basic properties. Then we define contraction
morphisms and give some results on their existence and uniqueness. References for this

are [5], [8] and [20].

2.2.1 Models of curves

Let R be a Dedekind domain with fraction field K. Put S = Spec R.

We recall that an S-scheme X is reduced at x € X if the local ring Ox, has no
nilpotent elements. X is reduced if it is reduced at all its points. X is said to be integral
if it is reduced and irreducible. X is normal at x € X if Ox, is integrally closed in
Frac(Ox ). We say X is normal if it is irreducible and normal at all of its points. The
scheme X is said to be regular at z € X if Ox, is regular, i.e., dim Oy, = dimy, m,/m2,
where m,, is the maximal ideal corresponding to x. X is regular if it is regular at all of
its points.

Definition 2.2.1. An S-curve is an integral, projective, flat, normal S-scheme f : X —
S of dimension 2.

We define what an S-model for a smooth curve over K is.

12



Definition 2.2.2. Let C be a smooth projective curve over K. An S-model for C' is a
pair (C,1), where C — S is an S-curve and i : Cx = C' is an isomorphism. A morphism
of S-models (C,i) — (C',4’) is an S-morphism « : C — C’ such that i/ o ax = i. An
S-model (C, 1) for C' dominates another model (C’, ') if there exists a morphism C — C’
of S-models. We generally omit the explicit mention of ¢ unless there is a danger of
confusion.

Now we introduce two of the most interesting models of smooth curves.

Definition 2.2.3. Let C' be a smooth projective curve over K. A minimal proper reqular
model for C is a regular S-model C™" for C such that any domination map C™" — C
to another regular S-model C for C' is an isomorphism.

Theorem 2.2.4. Let C' be a smooth projective curve over K. If C' has positive genus,
then a minimal proper reqular model C™" for C exists and is unique up to unique
isomorphism. In particular, C™" is dominated by all reqular S-models for C.

PRrOOF: See ([8], Theorem 3.9). O

Definition 2.2.5. Let C be an S-model for a smooth curve C' over K. A proper mor-
phism f : C" — C of S-models for C' with C’ regular is called a desingularisation of C.
We call a desingularisation morphism C — C such that every other desingularisation
morphism C’" — C factors uniquely through C' — C — C a minimal desingularisation of
C. Moreover, C is an S-model for C. By definition, if a minimal desingularisation exists,
then it is unique up to unique isomorphism.

Theorem 2.2.6. Let C be an S-model for a smooth curve C' over K. If C has posi-
tive genus, then a minimal desingularisation C — C ewists and is unique up to unique
1somorphism.

PROOF: See (]20], Proposition 9.3.36 (b)). O

2.2.2 Contraction

Let K be a discrete valuation field with normalised valuation v. We write O for its
ring of integers. Fix a uniformiser ¢ € K and write k = Ok /tOf for the residue field.
Put S = Spec Ok. If X is an S-scheme, then we will denote its generic fiber by X and
its special fiber by Xj.
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Definition 2.2.7. Let C be an S-curve. Let (I';);e; be the family of irreducible compo-
nents of the special fiber C,. For a strict subset J C I, a contraction of the components
[, j € J, in C consists of an S-morphism u : C — C” of S-schemes such that

(a) For each j € J, the image u(T;) consists of a single point z; € C’, and

(b) w defines an isomorphism C — J,., T; = €7 = U, ¢, 7;.
Theorem 2.2.8. Assume that Ok is Henselian. Let C be an S-curve. Let (I';);er be
the family of irreducible components of C. For a strict subset J C I, the contraction
u:C — C’ of the components T';, j € J, exists. Moreover, the morphism u is unique up

to unique isomorphism.

PROOF: For the existence of u : C — C7, see ([20], Theorem 8.3.36) or ([5], §6.7,
Proposition 4). For the uniqueness of u : C — C’, see ([20], Proposition 8.3.28). O

Let X be a scheme over S. We recall that a Cartier divisor D is a system {(U;, f:)i},
where the U; are covering open subsets of X, f; is the quotient of two regular elements
of Ox(U;), and filv,rv, € filvinw, Ox(Us N U;)* for every i, j. Two systems {(Uj, fi)i}
and {(V}, g;);} represent the same Cartier divisor if on U; NV}, f; and g, differ by a
multiplicative factor in Ox (U; N'V;)*.

To a Cartier divisor D we associate an invertible sheaf Oy (D) defined by Ox (D)|y, =
[ Ox|u,. We define the support of D to be the set of points € X such that Ox (D), #
Ox », we denote it by Supp D. The set Supp D is a closed subset of X.

The Cartier divisor D is effective if it can be represented by {(U;, fi):} with f; €
Ox (U;). It is principal if it can be represented by a system { (X, f)}. An effective relative

Cartier divisor on X is an effective Cartier divisor on X which is flat over S when
considered as a closed subscheme of X. Linear equivalence is defined in the obvious
way. The group of isomorphism classes of Cartier divisors modulo linear equivalence is
denoted by CaCl(X).

A prime divisor on X is a closed integral subscheme of codimension one. A Weil
divisor is an element of the free abelian group generated by the prime divisors, i.e., we
write a Weil divisor D as Y n;Y;, where the Y; are prime divisors, the n; are integers, and
only finitely many n; are different from zero. If n; > 0 for every i, then D is effective. A
Weil divisor is said to be principal if it can be written as > vy (f).Y, where f € K(X)*,
and the sum is over all prime divisors of X and hence is finite. A Weil divisor D is locally
principal if X can be covered by open sets U such that D]y is principal for each U. We
define the linear equivalence as usual, and denote the group of isomorphism classes of
Weil divisors modulo linear equivalence by Cl(X).
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Remark 2.2.9. If C is an S-curve, then CaCl(C) is isomorphic to the group Pic(C) of
isomorphism classes of invertible sheaves on C, see ([20], Corollary 7.1.19). Moreover,
the group of Cartier divisors on C is isomorphic to the group of locally principal Weil
divisors on C, see ([16], Chapter II, Proposition 6.11 and Remark 6.11.2).

If C is regular, then the group of Cartier divisors on C is isomorphic to the group of
Weil divisors on C, and CaCl(C) is isomorphic to CI(C), see (|20], Proposition 7.2.16).

Proposition 2.2.10. Let C be an S-curve. Let L be an invertible sheaf on C generated
by global sections sg, ..., s,. Let us consider the morphism f : C — P§ associated to

these sections. Let I' be an irreducible component of Cy. Then f(I') is reduced to a point
if and only if L|r ~ Or.

PROOF: See (]20], Lemma 8.3.29). 0

The following theorem describes the contraction morphism explicitly. In fact, we use
it repeatedly in this thesis.

Theorem 2.2.11. Let C be an S-curve. Let (I';);er be the family of irreducible compo-
nents of Ci. Let D be a non-trivial effective relative Cartier divisor on C. Let J be the
set of all indices j € I such that Supp(D) NT; = 0. Then the canonical morphism

u:C — CJ = Proj(@ HO(C, Oc(mD)))

m=0
is a contraction of the components I';, j € J, and C’ is an S-curve.

PrROOF: Theorem 1 of ([5], §6.7) proves that the morphism u is a contraction of the
components I';,j € J, and that C’ is projective and normal. The proof that C’ is
integral is similar to the proof that C” is normal with replacing the integral closeness
property with being an integral domain, see the proof of Lemma 2 of ([5], §6.7) and
([20], Proposition 2.4.17). The flatness is a direct consequence of the integrality of C’
and that J # I, see ([20], Corollary 4.3.10). 0

Definition 2.2.12. Let C — S be a regular S-curve. Let I' be an irreducible component
of C. I is called an exceptional divisor (or (—1)-curve) if there exist a regular S-curve
C' — S and a morphism u : C — C' of S-schemes such that u(I") is reduced to a point,
and that u : C —T = C' — (") is an isomorphism, i.e., I can be contracted to a regular
point.
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Example 2.2.13. Let C be a smooth curve defined over K. Assume that C' has positive
genus. Let C™™ be the minimal proper regular model for C. Let C be an S-model for
C with minimal desingularisation C—C.

Theorem 2.2.4 implies that there exists a unique morphism C — C™" as S-models
for C'. Indeed, this morphism is the contraction morphism of the exceptional divisors in
C, see ([20], §10.1).

2.3 Canonical sheaves

In this section we define what a canonical sheaf is, and review some of its properties.
For a reference see ([20], Chapter 6).

Let f: X — Y be a morphism of schemes. Let A : X — X Xy X be the diagonal
morphism. The morphism A gives an isomorphism of X onto its image A(X). Moreover,
A(X) is a closed subscheme of an open subset U of X xy X.

Definition 2.3.1. Let Z be the sheaf of ideals of A(X) in U. We define the sheaf of
relative differentials of degree 1 of X over Y to be Qﬁ(/y := A*(Z/Z?) on X. For any
r > 1, we call the quasi-coherent sheaf QE(/Y = ATQ§(/Y the sheaf of differentials of
order r.

Recall that an immersion of schemes is a morphism which is an open immersion
followed by a closed immersion.

Definition 2.3.2. Let f : X — Y be a morphism of schemes. Assume that there exists
an open subscheme V of Y such that f factors through a closed immersion 7 : X — V.
Let J be the sheaf of ideals defining i(X). The sheaf i*(J/J?) on X is called the
conormal sheaf of X inY, and we denote it by Cx/y. This sheaf does not depend on the
choice of V.

Definition 2.3.3. Let F be a quasi-coherent sheaf on a scheme X. Assume moreover
that F is of constant rank r; on each connected component X; of X. We define the
invertible sheaf det F by setting (det F)|x, = A" (F

Xi)‘

Example 2.3.4. Let X = Spec A[T3,...,T,], where A is a Noetherian ring. Then
Q% /SpecA 1S locally free on X, and det 2} /SpecA = oy /SpecA 18 free over Oy, generated
by dTy A ... AdT,.

Definition 2.3.5. Let Y be a locally Noetherian scheme, and let f : X — Y be a
quasi-projective local complete intersection. Let ¢ : X — Z be an immersion into a

16



scheme Z that is smooth over Y. We define the canonical sheaf of X — Y to be the
invertible sheaf

wxyy = det(Cx/y)" ®oy i*(det QlZ/Y)'

This sheaf is independent of the choice of the decomposition X — Z — Y, up to
isomorphism.

Let f : X — Y be a smooth morphism of relative dimension d, i.e., for x &
X, dim, Xy, = d. It is known that wy/y = /\dQﬁ(/Y.

The reason we are interested in canonical sheaves and not in sheaves of differentials
is that we are dealing with non-smooth schemes most of the time.

If Ais aring and {a4,...,a,} is a sequence of elements of A. We say that it is a
reqular sequence if a; is not a zero divisor and for any ¢ > 2, a; is not a zero divisor
in A/(ay,...,a;—1). Now we state a lemma which enables us to compute the canonical
sheaves of S-curves.

Lemma 2.3.6. Let Y = Spec A be a Noetherian integral scheme, and let X be an
integral closed subscheme of Z = Spec AT}, ..., T,] defined by an ideal generated by a

reqular sequence Fy, ..., F. with r < n. Let us suppose that
oF;
A = det(=—)1<ij<r
€ (aTj)lg J<

is non-zero in K(X). Let £ be the generic point of X.
(1) Let t; be the image of T; in Ox(X). Then

wx/y’g = (dtqurl VAN dtn)OX@.

(ii) As a subsheaf of wx vy, we have

wX/y = Ail.(dtr+1 VANPAN dtn)OX

PROOF: See (]20], Corollary 6.4.14). 0
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Chapter 3

Degree-n-models

In this chapter we define what we mean by a degree-n-model for a smooth genus one
curve C' over a discrete valuation field K. Then we prove that if such a model is minimal,
then it is an S-model for C| see Definition 2.2.2. We conclude by describing the singular
loci of these models.

3.1 Definitions

Let R be a Dedekind domain with fraction field K. Put S = Spec R.
The S-scheme defined by an integral genus one equation ¢ of degree 1 is simply the
S-scheme C C P% defined as follows

Proj R[z,y, 2] /(¢ : vz + arvyz + asyz® — (2% + ap2®z + ayx2® + ag2?)), a; € R.

Definition 3.1.1. Let ¢ be a genus one equation of degree 1. Let C be the elliptic
curve over K defined by ¢. A degree-1-model for C'is a pair (C, ) where C C P% is an
S-scheme defined by an integral genus one equation of degree 1, and « : Cx = (' is an
isomorphism defined by a K-equivalence of genus one equations of degree 1, i.e., a is
defined by an element of G;(K), see §2.1 for the definition of G, (K).

An isomorphism (5 : (C1, 1) = (Co,2) of degree-1-models is an isomorphism [ :
Cy = Cy of S-schemes defined by an R-equivalence of genus one equations of degree 1,
i.e., 3 is defined by an element of G;(R), with S = a; a1, see §2.1.

Note that our definition of a degree-1-model for an elliptic curve C' is the definition
of a Weierstrass model for C' as given in ([20], §9.4.4).

The S-scheme C defined by an integral genus one equation ¢ : y* = F(x, 2) of degree
2 is the scheme obtained by glueing {y* = F(z,1)} C A% and {v? = F(1,u)} C A% via
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r = 1/u and y = x?v. It comes with a natural morphism C — P} given on these affine
pieces by (z,y) — (z : 1) and (u,v) — (1 : u).

The S-scheme defined by an integral genus one equation ¢ of degree n = 3,4, is
simply the subscheme C C P%™! defined by ¢.

Definition 3.1.2. (i) Let ¢ be a genus one equation of degree n € {2,3,4}. Let
C — P% ! be the genus one curve defined by ¢, where this morphism is a double
cover when n = 2, and it is an embedding when n > 3.

A degree-n-model for C'is a pair (C,a) where C — P! is an S-scheme defined
by an integral genus one equation of degree n, and « : Cx = C'is an isomorphism
defined by a K-equivalence of genus one equations of degree n, i.e., « is defined
by an element of G, (K).

(ii) An isomorphism of degree-n-models (Cy, a1) = (Cy, ) is an isomorphism (3 : C; =
Cy of S-schemes defined by an R-equivalence of genus one equations of degree n,
i.e., 3 is defined by an element of G, (R), with Bx = a; 'a;.

If there is no confusion, then we will omit mentioning the isomorphism « in the
degree-n-model (C, ) and write C instead.

Definition 3.1.3. Let R be a discrete valuation ring. A degree-n-model (C,a) for a
smooth genus one curve over K is said to be minimal if the defining genus one equation
of degree n of C is minimal, see Definition 2.1.3.

3.2 Normality

We will fix the following notations for the rest of this section unless otherwise stated.
K is a Henselian discrete valuation field with normalised valuation v. We write Ok for
its ring of integers. Fix a uniformiser ¢ € K and write k = Ok /tOk for the residue
field. We will assume moreover that k is algebraically closed and that char(k) # 2. Set
S = Spec Ok

In this section we find necessary and sufficient conditions for a degree-n-model for a
smooth genus one curve C' to be normal, and hence to be an S-model for C'.

If f(x1, ... m,) = S ali . ol € Oklay, ..., x,), then f(zy, ..., x,) will denote
its image in k[zy,...,z,|. Moreover, v(f) = min{v(a;) : 1 <i < m}.

A Noetherian S-scheme X is said to be Cohen-Macaulay if Ox , is a Cohen-Macaulay
ring for every x € X.

Let (A, m) be a regular Noetherian local ring of dimension d. Any system of gener-
ators of m with d elements is called a coordinate system for A.
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Lemma 3.2.1. Let (A, m) be a regular Noetherian local ring.
(i) Suppose that f € m\{0}. Then A/fA is reqular if and only if f & m?.

(i1) Suppose that I is a proper ideal of A. Then A/I is reqular if and only if I is
generated by r elements of a coordinate system for A, with r = dim A — dim A/I.
In other words, if and only if I is generated by r elements of m which are linearly
independent mod m?.

PROOF: See (]20], Corollary 4.2.12 and Corollary 4.2.15). O

We state the following lemma which we use throughout this section.

Lemma 3.2.2. Let C — S be a local complete intersection. Assume that Cx is normal.
Then the following statements are true.

(i) C is normal if and only if C is reqular at the generic points of Cy.
(ii) If Cy is reduced, then C is normal.

PRrROOF: (i) Since C is a local complete intersection, it follows that it is a Cohen-
Macaulay scheme, see ([20], Corollary 8.2.18). Therefore, as a consequence of Serre’s
criterion for normality, it follows that C is normal if and only if it is normal at its points
of codimension 1, i.e., either closed points of the generic fiber, or the generic points of
the special fiber, see for example ([20], Corollary 8.2.24). Since Ck is normal, we have
that C is normal if and only if C is normal at the generic points of its special fiber and

that is equivalent to regularity at these generic points.
(i7) See ([20], Lemma 4.1.18). 0

It is known that if C' is a curve over K, then the normality of C coincides with the
regularity.

We need to define the concept of multiplicity of an irreducible component. Let X
be a locally Noetherian scheme over k. Let I' be an irreducible component of X with
generic point . Let m¢ be the maximal ideal corresponding to {. Then the multiplicity
of I" in X is the dimension d of Ox¢/m¢ as a k-vector space. Moreover, d = 1 if and
only if Ox¢ is reduced (or, equivalently, if X is reduced on a non-empty open subset
containing &), see ([20], Definition 7.5.6).

If C is an S-curve, then there is a normalised valuation v of K(C) corresponding
to each irreducible component I' of C;. The multiplicity of ' in Cy, is equal to vr(t), see
([20], Exercise 8.3.3 (a)).

Let C be a genus one curve defined by a genus one equation ¢ of degree n = 1,2,
and let C be the degree-n-model for C' defined by ¢.
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If n =1, then C;, is one of the following
(1) smooth cubic (2) nodal cubic (3) cuspidal cubic.

Ifn=2 ie, ¢:y*= f(z), then we can classify C; according to the repeated roots
of f(z). Therefore, Cy, is one of the following

(1) smooth quartic (2) nodal quartic (3) cuspidal quartic
(4) two intersecting lines (5) two tangent conics (6) double line.

The forms (1), (2), (3), (4), (5) and (6) above correspond to f(x) having no repeated
roots, one and only one double root, a cubic root, two double roots, a root of order 4,
and f(z) = 0 mod ¢ respectively.

Now we state the conditions for C to be normal in the following two propositions.

Proposition 3.2.3. Let C' be a smooth genus one curve over K defined by an integral
genus one equation ¢ of degree 1. Let C be the degree-1-model for C given by ¢. Then
the model C is normal.

PROOF: Since C;, consists of one irreducible component of multiplicity-1, in particular
Cy. is reduced, and C' is smooth, it follows that C is normal, see Lemma 3.2.2 (i7). O

The following normality condition, when n = 2, can be found in ([18], Lemme 5).

Proposition 3.2.4. Let C' be a smooth genus one curve over K defined by an integral
genus one equation ¢ : y*> = f(z) of degree 2. Let C be the degree-2-model for C — Pk
given by ¢. The model C is normal if and only if v(f) < 1.

PROOF:

(i) If ¢ § f(x), then the defining equation y? — f(z) = 0 of C; has no square factor,
and so Cy, is reduced, see ([20], Exercise 2.4.1). Since C' is smooth, and hence it is
normal, and Cj is reduced, it follows that C is normal, see Lemma 3.2.2 (i7).

(ii) If ¢t | f(z), then the maximal ideal corresponding to the generic point £ of Cj
is m¢ = (¢,y). Lemma 3.2.2 (i) implies that C is normal if and only if Cj is
regular at &, and Lemma 3.2.1 (i) shows that the latter statement is equivalent to
y* — f(z) ¢ mZ. Since y*> € m{ and ¢ | f(z), whence C is normal if and only if
t f(x),ie, v(f)=1

O

When C' is a genus one curve defined by a genus one equation ¢ of degree n = 3,4,
and C is the degree-n-model for C' — P! defined by ¢, the combinatorial possibilities
for the special fiber Cy increase.
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We start with ¢ : F(z,y,z) = 0 of degree 3, then the special fiber Cy is one of the
following, see ([25], p. 266).

(1) smooth cubic (2) nodal cubic (3) cuspidal cubic
(4) conic + line (5) conic + tangent (6) line + double line
(7) three lines (8) three concurrent lines (9) triple line.

When ¢ : F(xq, 29, 23,74) = G(x1, 29, x3,24) = 0 is of degree 4, we will assume that
Cy is a curve, hence F and G are coprime. The special fiber Cj, is in one of the forms
given below, see [12] or ([7], p. 46).

(1) smooth quartic (2) nodal quartic (3) cuspidal quartic

(4) two secant conics (5) two tangent conics (6) four lines (skew quadrilateral)
(7) four concurrent lines (8) cubic + secant line (9) cubic + tangent line

(10) conic + two lines not crossing on it (11) conic + two lines crossing on it

(12) conic + double line (13) double conic (14) double line + two lines

(15) triple line + line (16) two double lines (17) quadruple line.

Remark 3.2.5. Let C be a degree-4-model for a smooth genus one curve. We will need
explicit defining equations for C, when Cy contains a component of multiplicity greater
than one. These equations can be obtained after applying transformations in G4(k). For
the whole list of defining equations for the special fiber Cy, see [12] or ([7], p. 46).

Cr Defining equations
conic + double line 1173 = 1104 + 23 =0
double conic x? = x5 + 22 + 22 = 0 which is k-equivalent to

12 =23+ 2374 =0

double line + two lines 22+ 13 = x w3+ prery =0, p €k
triple line + line T1To9 = x% + 2924 =0
two double lines 22 = xoxy + pr1w3 =0, p €k
quadruple line =23+ uriz3 =0, p €k
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Consider a genus one equation ¢ of degree 3 given by

¢ by® + fi(z, 2)y* + folz, 2)y + f3(z, 2) =0, (3.1)

where fi(x,2) = bix+bs3z, fo(, 2) = asx® +mwz+ 222, f3(x, 2) = ax® +azx?z + ¢ 2°x +
c23.
Let C be the degree-3-model defined by ¢. Assume that its special fiber C; contains
an irreducible component of multiplicity-m, m > 2. Using a matrix in GL3(O) we can
assume that the defining equation of this multiplicity-m component is y = 0. This means
that min{v(f2),v(f3)} > 1,v(f1) = 0 when m = 2, and min{v(f1),v(f2),v(f3)} >
1,v(b) = 0 when m = 3.

Proposition 3.2.6. Let C be the smooth genus one curve over K defined by the integral
equation ¢ : F(x,y,2) = 0 given in (3.1). Let C be the degree-3-model for C' — P2 given
by the same equation.

(1) If Cy contains only multiplicity-1 components, then C is normal.

(i1) If Ci contains a multiplicity-m component, m > 2, whose defining equation is
y =0, then C is normal if and only if v(f3) = 1.

PROOF: (i) Since C is normal and Cj, is reduced, then C is normal, see Lemma 3.2.2
(i7).

(i7) Assume that Cp contains an irreducible component I' : {y = 0} of multiplicity
m = 2. Using a matrix in GL3(Of) we can assume that Cj, is defined by 3%z = 0. The
maximal ideal corresponding to the generic point £ of I' is m¢ = (¢, y), and the maximal
ideal corresponding to the generic point ' of {x = 0} is mg = (¢,z). Lemma 3.2.1 and
Lemma 3.2.2 imply that C is normal if and only if F(z,y, z) ¢ m and F(z,y, z) ¢ mj,.
Since v(f2) > 1, we have y°,¢?, fao(x, 2)y € mZ. Therefore, F(z,y,2) ¢ m if and only
if t || fs(z, 2), ie., v(fs) = 1. Moreover, it is always true that F(z,y,z) ¢ mZ, because
v(by® + bsy?z + coyz? + ¢2®) = 0. Hence C is normal if and only if v(f3) = 1.

Assume that Cj, consists of a multiplicity-3 irreducible component I' : {y = 0}. The
maximal ideal corresponding to the generic point & of Cy is me = (¢, y). Since v(f2) > 1,
it follows that C is normal if and only if v(f3) = 1. a

Now we study the normality of degree-4-models for smooth genus one curves. Con-
sider a genus one equation ¢ of degree 4 given by F(x1, x9, x3,x4) = G(21, 29,3, 24) = 0,
where F' and G are given by the following two integral equations respectively

ale + G9x1%2 + A3T1X3 + A4T1T4 + a5x§ + aeTox3 + arroTy + agacg + agr3xy + aloxi,
blmf + byx1T9 + bsriT3 + bax1T4 + b5:1:§ ~+ bgxoxs + brroxy + bgazg + boxsry + blomi,
(3.2)
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where F , G are coprime, and do not define coplanar lines.

Proposition 3.2.7. Let C be the smooth genus one curve over K defined by the integral
equation ¢ given in (3.2). Let C be the degree-4-model for C — P3, given by the same
equation.

(i) If Cy contains a multiplicity-1 component I, then C is normal at T

(ii) If Cy, is a conic and a double line with F = xyx5 and G = xyx4 + 23, then C is

normal if and only if

I/(l’4F(O, O,$3,$4) - ﬂng(O, O,$3,l’4)) =1

(iii) Assume that Cy is a double conic with F = 23 and G = 13 + xsxy4. Then C is

normal unless F(0,zy, x3,24) = pu(x3 + x324) mod 2, for some u € Of.

(iv) Assume that Cy, contains a line I : {x1 = xo = 0} of multiplicity-m, m > 2, with
F = q(x1,22) and G = 123 + proxy + ¢ (21, 22), p € k. If v(F(0,0,23,24)) = 1,
then C is normal at T

PROOF: (i) If Cj, contains a multiplicity-1 component I', then Cy, is reduced at the generic
point & of I', but C' is normal, hence C is normal at &, see ([20], Lemma 4.1.18).

Now we use Lemma 3.2.1 (#i) and Lemma 3.2.2 (i) to study the normality of C
at components of multiplicity greater than 1. The model C is normal if and only if
F.G ¢ mg, and F,G are linearly independent mod mg, for every generic point £ of Cy.
Note that the linear independence condition for F,G mod mg, £ e, is: for A\, A €
Oklx1, ..., Tale, i MF + MG € mg, then Aj, Ay € me.

(1) Let & be the generic point of the double line {z; = x5 = 0} in C, then m, =
(1,9, t). It is clear that F,G ¢ mg. Now we consider the linear independence of F'
and G. If \{F 4+ MG € mg, then the fact that x; and ¢ are linearly independent mod
mg implies that A\jx3 + Aoy € mg, ie., Ay = pxy mod mg and Ay = —px3 mod mg for
some 1 € Ok. Therefore, C is normal if and only if v(f) = 1, where

f = ZE4<(18$§ + agr3ry + a10$i> - Ig(bgl‘g + b9I3$4 + blOI?,L)‘

(¢ii) Let mg = (1,23 + x324,t) be the maximal ideal corresponding to the generic
point £ of the conic. We have G ¢ mg. If asx3 + agrzry = tu(xs + x374),u € O, then
F ¢ m if and only if v(agzors + arrars + asr3 + aori) = 1, otherwise F ¢ mg if and
only if v(asx3 + agwars + arTexy + agTi + agrzry + ajpri) = 1.

To investigate the linear independence of F' and G, we note that if \{F'+ A\2G € mg,
then Ay € m¢. The reason is ¢ and 3 + x5z, are linearly independent mod mg. Therefore,
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the condition we obtained from F' ¢ mg implies that A\; € mg, and hence we get linear
independence.

(iv) Assume that ¢ is the generic point of I' : {#; = x5 = 0}. The ideal mg is given
by (z1,x,t). Since F = q(z1, x5), and v(agz? 4+ agrsry + a102?) = 1, we have F ¢ mg.
Since G = w123 + pwars + ¢ (21, 22), where p € k, we have G ¢ mg because 113 ¢ mZ.
Therefore, we need to check the linear independence only. Let Aj, Ay € Ok |[z1, ..., x4l¢
be such that \{F' + A\.G € mg. Since 1, xs and t are linearly independent mod mg, it
follows that Ay € mg. Moreover, as v(agz3 + agrsry + ajpri) = 1, we get \; € mg, hence
F and G are linearly independent mod mg. a

The proof of the following lemma can be found in §2.5.1 of [30].

Lemma 3.2.8. Let C' be the smooth genus one curve over K defined by the integral
equation ¢ given in (3.2). Let C be the degree-4-model for C — P3, given by the same
equation.

(i) Assume that F and G have a common factor. Then ¢ is not minimal.

(ii) Assume that Cy is a quadruple line with F = % and G = x3. Then either ¢ is not
minimal, or C(K) = (.

PROOF: (i) Applying a transformation in GL,(Of) we can assume that z; | F, G. Now
we deduce that ¢ is not minimal by applying the transformation

1
;F(tl'l,flfz,ﬂ?s,m) = ;G(tml,xQ,xg,m) =0.

(7)) If v(F(0,0,x3,24)) > 1, then ¢ is not minimal as we can apply the following trans-
formation ) X
t_QF(txl’ th’ x3, .%'4) = ;G(txla t‘TQa T3, l’4) = 0.

Similarly, if v(G(0,0,z3,24)) > 1, then ¢ is not minimal.
Now we assume that v(F(0,0,x3,24)) = v(G(0,0,x3,24)) = 1. Consider the pair of
quadrics

1 1
F/ = ¥F<tx17tm27x37 :U4) a’nd G/ = ;G(txl,th, xS’ ZC4>.

If I/ and G’ have a common factor, then the genus one equation F/ = G/ = 0 is
not minimal by (i). So we assume that F’ and G’ have no common factor. Let
(21, 29, x3,24) € C(K). Clearing denominators, we can assume that min;<;<4 v(x;) = 0.
Reducing F, G mod ¢, we have t | 1, z5. Reducing F, G mod t?, we get t | x3, x4, which
is a contradiction. Therefore, C(K) = . O
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Theorem 3.2.9. Let ¢ be an integral genus one equation of degree n € {1,2,3,4}
defining a genus one smooth curve C' over K. Let C be the degree-n-model defined by ¢.
When n = 4, assume that C is not isomorphic to a degree-4-model whose special fiber is
of the form {x? = x5 = 0}. If ¢ is minimal, then C is normal. In particular, C is an

S-model for C.

PRrROOF: If C; consists only of multiplicity-1 components, then C, is reduced and hence
C is normal, see Lemma 3.2.2 (7). Therefore, we only need to assume that ¢ is of degree
n, n > 2, and C; contains a component of multiplicity greater than 1.

For n = 2, let ¢ : y> = f(x) be minimal with ¢ | f(x). Then C is normal, since
otherwise v(f) > 2, see Proposition 3.2.4 (ii), and ¢ is not minimal as we can apply the
transformation y* = 5 f(z).

For n = 3, let ¢ : F(x,y,2) = 0 be a minimal genus one equation of degree 3 as
in equation (3.1). Let Cy contain a multiplicity-m component, m > 2. It follows that
after using a matrix in GL3(Ok), we can assume that v(fs), v(f3) > 1. We claim that
v(fs3) = 1, and hence C is normal, see Proposition 3.2.6 (i), since otherwise v(f3) > 2
and ¢ is not minimal because we can apply the transformation t%F(x, ty, z).

For n = 4, let ¢ be a minimal genus one equation of degree 4 given by F' = G =
0, where F' and G are given as in equation (3.2). Let C, contain a multiplicity-m
component, m > 2. We will go through the different cases of Proposition 3.2.7.

IfCy : {x123 = z124+23 = 0}, then we claim that v(z4F (0,0, 3, 24)—13G(0,0, 23, 24)) =
1, and hence C is normal. To prove that claim, we assume on the contrary that the latter
valuation is greater than 1. We use a matrix in GL4(Ox) to get rid of the 2%, z,x, and
r1x4-terms in F' and of the x%, r122 and z1x3-terms in G. We notice that in the equation

24F(0,0, 23, 24) — 23G(0,0, 23, 24) = —bgs + (ag — by)x324 + (a9 — b1o)T37] + @107,

we have min{v(bs),v(as — by),v(ag — bio),v(a10)} > 2. We apply the transformation
Ty — X1 — AgT3 — Agxg, T; — X; 1 = 2,3,4, to get rid of the terms a8x§ and agr3xy.
Thereafter, we obtain the genus one equation ¢’ : F/ = G' = 0, where

F' = 2103 + as503 + agTo73 + a720974 + a10Th,

G' = x134 + 25 + beToTs + brTozy + ng§ + (bg — ag)w3xy + (big — ag)x.

We deduce that ¢’ is not minimal by applying the transformation

1 1
t_QF,<t2fE1,t{E2,.T3,J)4) = t_QG/(tQ.Tl,tIQ,I‘g,.’L'Zl) = 0.

Assume that C : {22 = 23 + x324 = 0}. If C is not normal, then v(F (0, z9, 73, 74) —
p(x3 + w3my)) > 2 for some p € O, see Proposition 3.2.7 (ii7). But then ¢ is not
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minimal as we can apply the transformation

t—z(F(txl, T, X3, T4) — PG (tx1, o, 23, 24)) = G(tx1, T2, 23, 24) = 0.

Now assume that Cj contains a line I' : {z1 = xo = 0} of multiplicity-m, m > 2,
with F' = q(z1,22) and G = x123 + prozry + ¢ (21, 22), where p € k. We claim that
v(agzs + agrzry + ajozi) = 1, and hence C is normal at T', see Proposition 3.2.7 (iv),
since otherwise ¢ is not minimal because we can apply the transformation

1 1
t—2F(tx1,tw2,x3,x4) = ;G(twhmz,%,m) = 0.

O

The following corollary is a direct consequence of Lemma 3.2.8 and Theorem 3.2.9.

Corollary 3.2.10. Let ¢ be an integral genus one equation of degree n € {1,2,3,4}
defining a genus one smooth curve C' over K. Assume that C(K) # 0. Let C be the
degree-n-model defined by ¢. If ¢ is minimal, then C is normal.

3.3 Singular Loci

Let C be an S-curve with a smooth generic fiber. Then it is known that the normality of
C implies that there are only finitely many non-regular points on C, and all these points
are closed points in the special fiber, see for example ([8], p. 8). The set of non-regular
points of C will be called the singular locus of C, and we will denote it by Sing(C).

In this section we will compute the singular locus Sing(C) of a normal degree-n-model
C for a smooth genus one curve where n € {1,2,3,4}.

The set of zeros of a polynomial f € Oklxy,...,z,] will be denoted V(f). If f €
Ok, ..., z,], then we will write fi(x1,...,2,) = f(x1,...,2,)/t"

Proposition 3.3.1. Let C' be a smooth genus one curve over K defined by an integral
genus one equation ¢ of degree 1. Let C be the degree-1-model for C' given by ¢. Then
Sing(C) consists of one point at most.

Proor: This point is the node of Cy if C' has multiplicative reduction, and it is the
cusp of Cy if C' has additive reduction. O
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Proposition 3.3.2. Let C' be a smooth genus one curve over K defined by an integral
genus one equation ¢ : y* = f(z) of degree 2. Assume that ¢ defines a normal degree-2-
model C for C — Pk.. Then

{(20,0) : (z —20)?|f(2)} if v(f)
{(20,0) 3$0€V(f1 } if v(f)

PrROOF: Assume that v(f) = 0. Lemma 3.2.1 (¢) implies that the singular locus of C
consists of points P = (g, 0) € C such that y* — f(x) € m% = (x — 70, y, t)?. Therefore,
if v(f) = 0, then Sing(C) is the set {(z0,0) : (x — x0)? | f(x)}.

Now assume that v(f) = 1. The maximal ideal corresponding to the generic point
¢ of Ci, is m¢ = (t,y). Therefore, Sing(C) consists of the points P = (z¢,0) such that

f1<£L'0> =0. O

0
Sing(C) =
1

Remark 3.3.3. Keep the notations of Proposition 3.3.2. If v(f) = 0, then there are
at most two points in the singular locus of C. If v(f) = 1, then there are at most four
points in the singular locus of C corresponding to the zeros of fi(z).

Proposition 3.3.4. Let C' be a smooth genus one curve over K defined by an integral
genus one equation ¢ of degree 3 given by

F(z,y,2) = by’ + f(x,2)y* + gz, 2)y + h(z, z) = 0.
Assume that ¢ defines a normal degree-3-model C for C' — P2..

(i) If Cy. consists of I multiplicity-1 irreducible components, then Sing(C) consists of
one point at most when | = 1, and is contained in the set of intersection points of
these components when | > 2.

(ii) If min{v(g),v(h)} > 1, then Sing(C) = {(z0 : 0 : 20) : (0, 20) € V(b1 (z, 2))}.

PRrooF: (i) If Cy, is a nodal cubic or a cuspidal cubic, then Sing(C) consists of the node
or the cusp respectively. If C; consists of more than one multiplicity-1 component, then
each point of Cj, is regular except possibly the intersection points of these components.

(1) Now assume that min{v(g),v(h)} > 1. The normality implies that v(h) = 1,
see Proposition 3.2.6. The maximal ideal corresponding to the generic point of the
multiplicity-m component, m > 2, is (y,t). We dehomogenise by setting z = 1. Let
P = (zp:0:1) € C. The maximal ideal corresponding to P is mp = (v — x¢,y,1).
Lemma 3.2.1 (i) implies that P € C is non-regular if and only if F(x,y,1) € m%.
Since 32,9, g(z,1)y € m% and v(h) = 1, it follows that P is non-regular if and only
hy(zo,1) = 0. O
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Remark 3.3.5. Keep the notations of Proposition 3.3.4. If C;, consists only of multiplicity-
1 components, then the number of points in the singular locus of C is three points at
most.

If C). contains a multiplicity-m component, m > 2, then the fact that h(z,z) is a
homogeneous polynomial of degree 3 implies that C; has at most three points in its
singular locus corresponding to the factors of ﬁl(x, z).

Proposition 3.3.6. Let C' be a smooth genus one curve over K defined by an integral
genus one equation ¢ : F' = G = 0 of degree 4 given as in equation (3.2). Assume that
¢ defines a normal degree-A-model C for C — P3,.

(i) If Cy consists of I multiplicity-1 irreducible components, then Sing(C) consists of
one point at most when | = 1, and is contained in the set of intersection points of
these components when [ > 2.

(11) If Cy is a conic and a double line with F =a113 and G = 1124 + x3, then

Sing(C) ={(0:0:z:y) : (z,y) € V(hi(zs,24))},
where h<x37 x4> = 1174F<O, 07 T3, .I'4) - l’gG(O, 07 x3, *1'4)'

(iii) If Cy, is a double conic with F = 22 and G = 22 + x3x4, then

Sing(C) = {(0: zy : =22 : ) : (z,y) € V(hy (22, 24))},
where h(zy,74) = F(0, v9w4, —23, 23).

(iv) Assume that Cy, contains a line I : {x1 = xo = 0} of multiplicity-m, m > 2, with
F =q(x1,22) and G = xyx3 + pasxy + ¢ (21, 22) where pu € k. Then

S"CSing(C)NTCS"U{(0:0:0:1)},
where 8" ={(0:0: 2z :y): (x,y) € V(F1(0,0,z3,24))}.

PROOF: (i) If Cy, is a nodal or a cuspidal quartic, then Sing(C) consists of the node or
the cusp respectively. If Cy consists of more than one multiplicity-1 component, then
each point of Cj, is regular except possibly the intersection points of these components.

Therefore, we assume that Cp contains a component of multiplicity greater than 1,
we want to find the points of Sing(C) which lie on this multiple component. Let P € C.
Then Lemma 3.2.1 (z7) implies that P € C is non-regular if and only if either F' € m%,
or G € m%, or F,G are linearly dependent mod m%.
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(7) The maximal ideal corresponding to the generic point of the double line is
(x1,29,t). Let P be a closed point on the double line. Since z; and t are linearly
independent, we have F' € m% if and only if 3(P) = 0 and v(aj) > 2, in other words
Fem%ifand only if P=(0:0:0:1) and v(ao) > 2.

Similarly, G € m% if and only if P = (0:0:1:0) and v(bg) > 2.

Now for a point P = (0:0: x : y) on the double line of Cy, we have F' and G are lin-
early dependent if and only if (z,y) € V (hy(zs, 24)), where h(zs, x4) = 24F(0,0, x5, 74)—
x3G(0,0, z3,x4), see Proposition 3.2.7 (i7). Note that if a point P makes either F' or G
lie in m%, then it is a point at which F' and G are linearly dependent.

(ii1) Let [(wg, x3,14) = F(0, 29, T3, 14) — pt(asr3+agrsry), where = 1if a5 = ag, and
= 0 otherwise. We have F' € m? if and only if P € V(I (g, x5, 24)) OV (23 +2314), P.c.,
P=(0:2z:—2%: 2% where (z,2) € V(hi(zq, 24)) and h(zz,x4) = F(0, 2014, —13, 27).

For any P € C, we have G ¢ m% because x3z4(P) € m% for any P € C. There are no
new non-regular points which can cause linear dependence because x3(P) + x3x4(P) €
m% for any P € C.

(iv) Now let P be a point on the multiple line T'. F' € m% if and only if P = (0:0:
z 1 y), where (z,y) € V(FL(0,0, 23, 24).

Consider G = 1173 + prexy + ¢ (21, T2) where p € k. If u # 0, then G € m% for any
P e T.If 4 = 0, then the linear independence of ¢ and z; implies that G € m% if and
only if 23(P) = 0 and G1(0,0, z3(P), z4(P)) € mp. Therefore, G € m? if and only if
P=(0:0:0:1) and v(byy) > 2. We have no new non-regular points which can cause
linear dependence. O

Remark 3.3.7. Assume that the special fiber Cy, is given by 22 = 123+ pxsrs = 0, p €
k. We have

S"US” CSing(C) CS"US"U{(0:0:0:1)},
where S’ is as in Proposition 3.3.6 and S” = {(z: 0:0:9) : (z,y) € V(Fi(21,0,0,z4)}.
Hence Sing(C) consists of five points at most.

In any other case, the above proposition implies that a degree-4-model for a smooth
genus one curve has at most four points in its singular locus. Indeed, if C} consists
of multiplicity-1 components, then the number of points in Sing(C) is bounded by the
number of these components. If Cy is a conic and a double line as in (i), then the
number of points in Sing(C) is at most three points corresponding to the factors of the
degree-3 polynomial hy given in (i7). If Cj is a double conic as in (#ii), then Sing(C)
consists of at most four points corresponding to the factors of the degree-4 polynomial
hy of (iii). If Cj, consists of a double line and two simple lines, then Sing(C) consists at
most of three points on the double line plus the intersection point of the simple lines.
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Chapter 4

Criteria for minimality

In this chapter we will assume that K is a Henselian discrete valuation field with nor-
malised valuation v. We write O for the ring of integers. We fix a uniformiser t. The
residue field k = Ok /tOk is not necessarily algebraically closed. Set S := Spec Ok.
When we are dealing with degree-2-models for smooth genus one curves, we are going
to assume that char k # 2.

In this chapter we give geometric criteria for the minimality of normal degree-n-
models for smooth genus one curves. The main result introduced in this chapter is
stated in the following theorem.

Theorem 4.0.1. Let ¢ be an integral genus one equation of degree n = 1, 2, 3, 4. Assume
that ¢ defines a smooth genus one curve C over K, and that C'(K') # (). Assume moreover
that ¢ defines a normal degree-n-model C for C. Let E/K be the Jacobian elliptic curve
of C, and E™" be the minimal proper regular model of E.

Then ¢ is minimal, see Definition 2.1.3, if and only if = E™" where C — C is the

minimal desingularisation of C.

Theorem 4.0.1 is known for the case n = 1, see ([20], §9.4) or [8]. Moreover, Liu
gave a proof for the case n = 2, see ([18], Proposition 8 (b)). We will give a proof which
works for n = 1,2, 3,4.

4.1 Canonical sheaves of degree-n-models

Let ¢ be an integral genus one equation of degree n = 1,2, 3,4. Assume that ¢ defines
a smooth genus one curve C'/K whose Jacobian elliptic curve is F. Assume moreover
that C(K) # (. Then C =k F, whence the minimal proper regular model C™" of C
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is isomorphic to the minimal proper regular model E™" of E. For this reason we will
dispense with C™" and write E™™" from here on.
The following proposition describes the canonical sheaf wgmin /g of Emin,

Proposition 4.1.1. Let E/K be an elliptic curve. Let E™" be its minimal proper
reqular model. Then the canonical sheaf wgmin g of E™n s q trivial line bundle on E™".
In other words, there exists wg € HY(E™", wgmin/s) such that wgmn g = woO gmin.

PROOF: See ([8], Example 7.7). 0

If C is an S-model for a smooth genus one curve C, then the canonical sheaf we/g
of C satisfies we/s|c = weyk, see ([20], Theorem 6.4.9 (b)). Moreover, the restriction of
the canonical sheaf we/s on C' gives a canonical injection H%(C,we/s) — H°(C,weyk),
see ([20], Corollary 9.2.25 (a)).

Lemma 4.1.2. Let C be a normal degree-n-model for a smooth genus one curve C/K
with minimal desingularisation g : C — C. Assume that C(K) # 0. Let E™™ be the
mainimal proper reqular model of the Jacobian E of C'. Then

HO(E™™, wpminys) = H(C,wg,5) € H(C,weys).

PROOF: Since C and E™" are two regular S-curves with a contraction map C —
E™" we have H(E™", wpmin /g) = HO(C, We,g) as subgroups of HY(E,wg/K), see ([20],
Corollary 9.2.25 (b)).

Let F be the divisor such that C\ F 2 C\ g(F). Then we have the following relations
in HY(E,wg/k) :

HO(C,we)s) € HO(C\ Fywgg) = HO(C\ g(F),weys) = HO(C,weys),
the second equality holds because g(F') has codimension 2 in C, see ([20], Lemma 9.2.17
(a)). O
In the following proposition we compute the canonical sheaf of a degree-n-model for

a smooth genus one curve.

Proposition 4.1.3. Let ¢ be an integral genus one equation of degree n = 1,2,3,4.
Assume that ¢ defines a smooth genus one curve C'/K. Assume moreover that ¢ defines
a normal degree-n-model C for C. Then we/s = wO¢, where w € HY(C, WeyK) 18

(i) ifn=1and ¢ : y* + ayzyz + azyz? = 7° + agx’z + ayx2® + a2, then

du
w =
20 + (a1u + as)

, whereu=2x/z,v=1y/z € K(C),
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(ii) ifn=2 and ¢ : y* = f(x,1), then

(i1i) if n =3 and ¢ : F(x,y,z) =0, then

_du
YT 9F/ov’

where u=x/z,v=y/z € K(C),

() if n=4 and ¢ : Fy(21, 32,23, 74) = F5(01, 22,73, 74) = 0, then

du

OF, 0F, _ OF; 0F;
ow Ov ov ow

w= where u = xa/x1, v =x3/11, W= x4/71 € K(C).

PROOF: According to the definition of the canonical sheaf, see Definition 2.3.5, we have
to check first that C is a local complete intersection. In fact, C is a global complete
intersection over S. That follows directly from the fact that C can be embedded in P%
for n =1,2,3, and it can be embedded in P} as an intersection of a pair of quadrics for
n = 4.

For n = 1,3, let V; be the open affine subset of C obtained by setting z = 1. Then
we can write O¢(V]) as

Oc(V1) = Ok[u,v]/(00* + fi(u, 1)0* + folu, v + f3(u, 1)),

where b = 0 and f;(u,1) = 1 when n = 1. Therefore, wy, /s = wOy;, see Lemma 2.3.6.
Let V5 be the open affine subset of C given by setting y = 1. Set » = z/y, s = z/y. Then
Oc(Va) = Oklr, s]/(g(r, s)) where

g(T,S) =b+ fl(rv S) + fZ(T’ ‘9) + f3(r73)'

— ! __ _ds
Hence wy, /s = w'Oy,, where ' = B9/

We note that r = u/v, s =1/vin K(C), and ds = —Zdv in H(C,wcyk ). Therefore,
W o=w.

For n = 2, the first affine piece V; satisfies Oc (V) = Oklz,y]|/(y* — f(z,1)) and
therefore wy, /s = wOy,. Let V5 be the open affine subset of C given by s* = f(1,r),
where r = 1/2,y = z?s. Then Oc(Va) = Oklr,s]/(s* — f(1,7)) and wy,/s = W' Oy,
where ' = Z. Since r = 1/z € K(C) and dr = —%dz € H(C,wcyk), it follows that
W o=w.

Now as C = V; UV, we have weys = wOe.
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The proof is similar for n = 4. Let V; be the open subset of C given by z; = 1. We
have
Oc(V1) = Oklu,v,w]/(F1(1,u,v,w), F5(1,u, v, w)),

hence wy, ;s = wOy by Lemma 2.3.6.

Now let V4 be the open subset of C given by x5 = 1. Set ¢ = x1/x2, r = x3/x9, s =
x4/s. Then O¢(Va) = Oklq,r, 8]/ (Fi(q, 1,7, s), Fa(q, 1,7, 5)).
Therefore, wy, s is generated by the rational differential

. dq
WS R oF, _ 0F 0B

ds Or or Os

Using the relations
1
q=1/u, r=v/u, s=w/u, dg = ——du in K(C) and H°(C,weyk),
u

we find that w' = w. As C = Vi U V5, we have we/s = wOe. O

Recall the definitions of the groups G,(K) from §2.1. Now we state the following
corollary of Proposition 5.19 in [15].

Corollary 4.1.4. Let ¢1, ¢ be two K -equivalent integral genus one equations of degree
n = 1,2,3,4, where ¢1 = g.¢2,9 € G,(K). Assume that ¢1, P define smooth genus
one curves whose Jacobian elliptic curve is E/K. Assume moreover that ¢1,¢s define
two normal degree-n-models Cy,Co. If we,/s = wiOg,,i = 1,2, where w; is defined as in
Proposition 4.1.3, then wy = a(det g)wy as elements in HY(E,wg/r), where a € O.

PROOF: The genus one equation ¢; defines a smooth genus one curve C;, i = 1,2. The
element g € G, (K) defines an isomorphism ~ : C} = C5. The isomorphism ~ satisfies
Y*wy = (det g)wy, see ([15], Proposition 5.19). 0

Corollary 4.1.5. Let ¢1, ¢o be two K -equivalent integral genus one equations of degree
n =1,2,3,4, with corresponding discriminants A1, Ag. Assume that ¢1, ¢o define smooth
genus one curves whose Jacobian elliptic curve is E. Assume moreover that ¢q, ¢o define
two normal degree-n-models Cy,Cs. If we,/s = wiOe¢,,1 = 1,2, then

Awi? = NAw§'? € HY(E,wp/k)®", where X € Of.

PROOF: Assume that ¢, = g.¢» where g € G,,(K). Since A; = (det g)'2.A,, see Theorem
2.1.2 (i), and w; = a(det g)Lwy, where a € O}, see Corollary 4.1.4, we have Ajw'? =
a2 Agwt?, O
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Let ¢; be a minimal genus one equation of degree n = 1,2,3,4. Let ¢5 be a genus
one equation K-equivalent to ¢1. Let wy,ws be as in Corollary 4.1.4. We will call the
integer m such that wy = ut™""wy,u € OF, the level of ¢9, and denote it by level(¢ps).

Corollary 4.1.5 implies that the level of an integral genus one equation of degree
n does not depend on the choice of the minimal genus one equation ¢;. It follows
immediately that an integral genus one equation ¢ of degree n is minimal if and only if
level(¢) = 0.

Note that according to Corollary 4.1.5, we have v(Ay) = v(A;) +12level(¢s). Hence
AQ — u71t121eve1(¢>2)A1.

Lemma 4.1.6. Let C be an S-model for a smooth genus one curve C. Then we have
H(C,O¢) = Ok. In particular, if we;s = wOe¢, then H°(C,wc)s) = wOk.

PROOF: The Og-module H(C, O¢) is integral over O, see ([20], Proposition 3.3.18).
Moreover, H°(C,O¢) is contained in O¢(C), but Oc(C) = K as C is geometrically
integral, see ([20], Corollary 3.3.21). O

Lemma 4.1.7. Assume that ¢1, ¢ are two genus one equations of degree n defining two
normal degree-n-models C1,Cy for a smooth genus one curve C. Let E be the Jacobian
elliptic curve of C. Then we have H°(Cy,we,/s) € H(Ca,we,/s) as sub-Ok-modules of
H(E,wg/k) if and only if v(A(¢1)) < v(A(¢2)). Moreover, the equality of the two
submodules holds if and only if ¢1 and ¢o have the same level.

PROOF: Let we, /s = w;O¢,, w; € H'(E,wg/K), i = 1,2. The assumption H%(Cy,we,/s) C
H%(Cy,we,/s) is equivalent to wiOx C wyOk, by Lemma 4.1.6, ie., w1 € wOk.
Since A(¢y)w? = MA(¢o)ws'? for some A € O, see Corollary 4.1.5, it follows that
wy € weOf is equivalent to A(¢pa) € A(¢1)Ok, ie., v(A(¢1)) < v(A(p2)).

The equality of the sub-Ox-modules H%(Ci,we,/s) = H%(C2,we,/s) means that
w10k = w0k as Og-modules, i.e., w; € wyOj. The latter statement means that
¢, and ¢, have the same level. a

The following lemma compares the generators of the canonical sheaves of E™" and
C when E™" = C.

Lemma 4.1.8. If f : E™" — C is a contraction morphism, where C is a degree-
n-model for a smooth genus one curve, then f.wgmin;s = weys. In other words, if
wgmin /g = WoOpmin and weyg = wO¢, then wy € WOk

PROOF: See (][20], Corollary 9.4.18 (b)). 0

Now we will prove the first part of Theorem 4.0.1.
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Proposition 4.1.9. Let ¢ be an integral genus one equation of degree n = 1,2,3,4.
Assume that ¢ defines a smooth genus one curve C' over K, and that C(K) # (). Assume
moreover that ¢ defines a normal degree-n-model C for C. Let E/K be the Jacobian
ellzptzc curve of C, and E™" be the minimal proper reqular model of E.

]fC E™n where C — C is the minimal desingularisation of C, then ¢ is minimal.

PRrROOF: The assumption C = E™" means that C is obtained from E™" by contracting
the components different from those of Cy, thus we have a contraction morphism f :

We are going to prove that if C’ is another normal degree-n-model for C' given by a
genus one equation ¢’ of degree n, then

HO(C,Wc/s) Q H0<Cl,w61/s)7 (41)

hence v(A(¢)) < v(A(¢')), see Lemma 4.1.7, therefore ¢ is minimal.
To prove (4.1), let C' — C' be the minimal desingularisation of C’. According to
Lemma 4.1.2, we have

HO(Emin,wEmin/S> = Ho(@’w@/s) - HO(CI,WC//S).

The fact that C is obtained from E™" by contraction implies that f.wgmin /8 = Weys,
see Lemma 4.1.8. Therefore, we have H°(C,we/s) = H*(E™",wgming), and (4.1) holds.
O

4.2 Constructing minimal degree-n-models

Let ¢ be a genus one equation of degree n € {1,2,3,4} defining a smooth genus one
curve C/K. Assume that C(K) # 0. Let E be the Jacobian elliptic curve of C' with
minimal proper regular model E™". If P € C(K), then {P} will denote the Zariski
closure of {P} in E™",

When n = 1, set D; = 3.{P} where P € C(K). When n > 2, let 3_(P,) € Div(C) be
a K-rational divisor of a hyperplane section on C'. In particular, the degree of this divisor

is n. Assume moreover that {P;} N E/"™ is contained in one and only one irreducible
component of Ef*". Consider the following Weil divisor on E™"

D,=) {P}.

Since E™™ is regular, the divisor D,, is a Cartier divisor, see Remark 2.2.9.
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We define an S-model C,, for C as follows

Cp := Proj(EP H*(E™", Opmin(mD,))).

m=0

There is a canonical morphism u : E™" — C, contracting all the irreducible compo-
nents of Ef"" apart from the ones having nonempty intersection with D,,, see Theorem
2.2.11.

Lemma 4.2.1. Let D,,, n € {1,2,3,4}, be as above. Then H°(E™" Ogmin(mD,,)), m >
1, is a free Og-module of rank 3m if n = 1, and of rank mn if n > 2.

PROOF: It is known that HY(E™" Opmin(mD,)) Qo, K = H°(C,Oc(mD,|c)), see
for example ([20], Corollary 5.2.27). Moreover, by virtue of Riemann-Roch Theorem,
H°(C,Oc(mD,|c)) is a 3m-dimensional K-vector space when n = 1, and an mn-
dimensional K-vector space when n > 2.

Since Ogmin(mD,,) is an invertible sheaf on E™" it follows that HY(E™" O gmin(mD,,))
is a flat Og-module, see ([20], Lemma 5.2.31). But since Ok is a principal ideal
domain, an Og-module is flat if and only if it is torsion-free over Q. Therefore,
H(E™" Opmin(mD,)) is torsion-free over O.

Since O is a local ring, it is a general fact that a finitely generated flat Ox-module
is free. Hence HY(E™™, Opmin(mD,,)) is free over Ok. Thus H°(E™", O gmin(mD,)) is
a free Og-module of rank 3m if n = 1, and of rank mn if n > 2. O

Lemma 4.2.2. Let E be an elliptic curve over K with minimal proper reqular model
7 E™n — S Let D, be the divisor on E™" defined above. Then the following are true.

(i) HY(E™™ Ogmin) is a free Ox-module of rank 1.
(ii) For any m > 2, there exists an exact sequence
0 — HY(E™™ Opmin((m —1)D,)) — HY(E™" Opmin(mD,)) — A®™ — 0,
where A is a free O -module.

PROOF: (i) Since Ogmin is invertible on E™" we have H'(E™" Opmi) is a finitely
generated Og-module, see ([20], Theorem 5.3.2). Moreover, since O is a local ring, it
follows that H'(E™™ Ogmn) is free.

We have H'(E™" Ogmin) Qo, K = HY(E,Op) 2 K and HY(E™" Opmin) Qo k =
HY(EP™, Oppin) = k, see ([20], Lemma 9.4.28).
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Let £ := R'7,Ogmin be the first higher direct image of Ogmin. By definition we have
HO(S, L) = HY(E™™ Ogmin), see ([20], Proposition 5.2.28). Now we have L is locally
free of rank 1 and hence H°(S, £) is a flat Ox-module, see ([20], Lemma 5.2.31), which
implies that it is torsion-free over O. It follows that H'(E™" Opmin) is free of rank 1.

(it) Let ¢ : D, — E™™" be the canonical closed immersion. For any m > 1, we
have a canonical isomorphism Ogmin(mD,,) ®o . 1,0p, — .0*Opmin(mD,,), see ([20],
Exercise 5.1.1). But Op,, fits in

EmMin

Therefore, i.i*Ogmin(mD,,) = Ogmin(mD,,) @0
have the following short exact sequence

Opgmin |Ogmin(—D,,), and thus we

Emin

Consider the morphism E™" — P% determined by D,,. We note that
(1)« (1" Omin (M D)) = (72) (1" Opg () | gmin) = (72).(Op, (m)) = ((79)..Op, ) (m),

see ([20], Lemma 7.1.29 (b) and Exercise 5.1.16 (c)) for the second and last isomorphisms
respectively. Thus we have the following exact sequence by applying m, to sequence (4.2)

0 — T.Opmin((m — 1)D,,) — mOgmin(mD,,) — L™ — 0, (4.3)
where £ = ((7i).Op, )(1). Taking global sections in (4.3) we have

0 — HYE™ Opmmn((m—1)D,)) — H(E™", Ogmm(mD,)) — H°(S, L'®™)
— HYE™ Ogmin((m —1)D,)) — ... (4.4)
For m > 1, we have H'(E™" Ogmin(mD,)) ® K = H'(E,Op(mD,|k)) = 0, see for

example ([24], Chapter IIT). Therefore, we have H'(E™", O gmin(mD,,)) = 0 when m >
1. Therefore, taking m > 2 in sequence (4.4) we have

0 — HY(E™™ Opmin((m —1)D,)) — HY(E™" Opmin(mD,)) — H°(S,L*™) — 0.
Taking m = 1 in sequence (4.4) we will have
0 — O — HY(E™" Opmin(Dy)) — H(S, L) — H (E™", Opmin) — 0. (4.5)

Now £’ is an invertible sheaf over Og, therefore H°(S, £L') is a finitely generated torsion-
free Ox-module over a local ring, and hence it is free. O

The following theorem is classical for n = 1,2, see for example ([20], §9.4) and [18].
Recall that when n = 2, we assume that char k # 2.
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Theorem 4.2.3. Let C, and D,, n € {1,2,3,4}, be as above. Then there exists an
integral genus one equation ¢, of degree n defining C,,. Moreover, ¢, is minimal.

PRrOOF: Forn = 1, Lemma 4.2.2 (i7) allows us to pick a basis {1, z, y} of the free module
H(E™" Opmin(3Dy)) such that {1, x} is a basis of H*(E™" Opmin (2D1)). Now proceed
as in §2.1 to write a genus one equation ¢; : f(z,y) = 0 of degree 1, where f is some
dependence relation in H(E™", O gmin (6D;)). The morphism

A1 : €y == Proj(EP HY(E™", Opumin(mDy))) — P

m>0

associated to the basis {1,z,y} of H'(E™" Opmin(3D;)) sends C; into the cubic C}
defined by f(z,y) = 0. We know that both C; and C] are normal and integral, hence
A1 : C; — Cf is a birational morphism, see ([20], Exercise 3.2.6). Since the special fibers
of both C; and C] are irreducible, it follows that \; : C; — C] is an isomorphism, see
([20], Exercise 8.3.8 (b)).

For n = 2, we pick a basis {1,z} of H*(E™" Ogmin(D3)). Let Ay be the morphism

Ay i Co := Proj(@ HP(E™™ O pmin(mDy))) — P = Spec Ok[z] U Spec O [1/x]

m>0

associated to the basis {1,7}. Let U = \;'(Spec Okl[x]), V = A\;*(Spec O [1/x]). We
have C, = U U V. Taking the integral closure of Ok|z] in K(Cz), we have

Oc,(U) = Oklx] ® yOk|[zx], for some y € Oc,(U),

moreover there exist g(z), f(z) € Ok[x] such that degg < 2, deg f < 4 and y*+g(x)y =
f(z), see ([18], Lemme 1). As 2 is invertible in O, we can complete the square and
assume that g = 0. The surjective homomorphism

OK[x7y]/(y2 - f(ZL“)) - OCQ(U>’ y—y,

is an isomorphism because the left-hand term is integral of dimension 2, see ([20], Remark
8.3.25). Following the same argument we have Ok [w, z]/(2? — h(w)) = Og,(V), where
w=1/x, z=y/z? and h(w) = w*f(1/w). Therefore, C; is the union of the two affine
open schemes

U = Spec Oklz,y]/(y* = f(2)), V = Spec Ok[w, 2] /(z* — w" f(1/w)).

For n = 3,4, we pick a basis {z1,...,2,} of H*(E™™ Ogmi(D,)). Let A, : E™" —
P%~! be the morphism associated to the basis {z1,...,2,}. Let Z, be the closed subset
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A (E™) C ]P)g_l endowed with the reduced scheme structure. We are going to show
that Z,, is defined by an integral genus one equation of degree n. Then we show that
Cn = Z,, where C,, := Proj(D,,~q H*(E™", Ogmin(mD,,))).

When n = 3, the free Ox-module HO(E™" Opmin(3Ds)) is of rank-9, see Lemma
4.2.1, but it contains the 10 elements 3, ¥3, 23, x3xy, ¥3w3, 321, T5T3, T3T1, T3To, T1ToT3.
It follows that there are a; € O such that

3 3 3 2 2 2 2 2 2
F = a12]+tasxs+as3rs+asxiratasrix3+asr501+a70503+a30501 +a9T5T0 4010212203 = 0.

Rescaling =, y and z, we can assume that there is at least one a; € Oj};. Hence Z3 is
contained in Proj Ok[xy, xa, x3]/(F).

When n = 4, we consider the 10 elements @3, z,29, ¥123, T174, T3, ToT3, ToTy, T3, T3Ty, T3
in the rank-8 free Ox-module H°(E™" Opmin(2D,)). They satisfy two linearly inde-
pendent quadrics ) and R. Therefore, Z, is contained in the intersection of ) and
R.

We want to show that Z, = ProjOgl[zy,...,2,]/I,, where I3 = (F) and I, =
(Q,R). Since Z, C ProjOklxy,...,x,]|/I,, we have ProjOxlxy,...,x,]/1, = Z, U
7!, for some closed subscheme Z! C P4t Z! # ProjOklry,...,7,]/1,. Recall that
C is the generic fiber of E™™. Since D,|c is a divisor of degree n, n € {3,4}, on
C, it follows that Proj(Oklx1,...,x,]/1, ® K) is irreducible, see ([24], Chapter III).
Hence, Proj Oklz1, ..., x,)/I, is irreducible itself, see for example (2], Lemma 2.2). It
follows from the definition of irreducibility that Z/ = (), and the closed subscheme Z,
is Proj Oklxy, ..., x|/ 1.

According to the description of the contraction morphism included in the proof of
([20], Proposition 8.3.30), the morphism X\, : E™" — Z, C Pi™' n = 3,4, factors into
Uy, : E™" — C, followed by v, : C,, — Z,,, where v, is the normalisation morphism. It is
understood that v, is a finite morphism, hence for an irreducible component T" of E"",
An(T) is a point if and only if u,(I") is a point. In other words, the special fibers of C,
and Z, have the same number of irreducible components. We have shown that 7, is
integral of dimension 2. Hence both C,, and Z,, have dimension 2, their generic fibers are
isomorphic, and their special fibers have the same number of irreducible components.
By virtue of ([20], Remark 8.3.25), v, : C,, — Z,, is an isomorphism.

Since C,, is obtained by contracting components in E™"_ i.e., the minimal desingu-
larisation of C, is isomorphic to E™" we have that C, is minimal, see Proposition 4.1.9.

O
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4.3 Geometric criteria

In this section we will prove Theorem 4.0.1 and state some direct corollaries.

Lemma 4.3.1. Let ¢ be an integral genus one equation of degree n = 1,2,3,4. As-
sume that ¢ defines a smooth genus one curve C over K, and that C(K) # (). Assume
moreover that ¢ defines a normal degree-n-model C for C. Let E/K be the Jacobian
elliptic curve of C, and E™™ be the minimal proper reqular model of E. Then we have
HO(E™", wpmin)g) = HY(C,weys) as sub-Og-modules of H'(E,wg,r) if and only if ¢ is
minimal.

PROOF: Assume that H(E™" wpmin/g) = H°(C,wcys). Let C' be another degree-n-
model for C. Let ' — C’ be the minimal desingularisation of C’. Then we have

HO(C,weys) = HOE™, wgmin [8) = HOCwg)5) € HO(C' wers),

see Lemma 4.1.2. Therefore, ¢ is minimal by virtue of Lemma 4.1.7.

Now assume that ¢ is minimal. Let H be the K-rational hyperplane section divisor
defined by ¢, see §2.1. If n = 1, then H = 3(P) for some P € C(K). Set D, = 3{P},
where { P} is the Zariski closure of {P} in E™" If n > 2, then pick z € EJ™" such that
x lies on a multiplicity-1 component and on no other component, and z is defined over
k. Hensel’s Lemma allows us to lift = to a point P € C(K). Set Q € C(K) to be such
that (Q) ~ H — (n—1).(P). Set D,, = (n — 1).{P} + {Q}.

Consider the S-model C’" for C' given by

C' = Proj( H(E™", Opmin(mDy))).

m=0

Let ¢’ be the minimal genus one equation of degree n defining C’, see Theorem 4.2.3.
Since H,, and D,,|c have the same degree and sum, they are linearly equivalent and the
genus one equations ¢ and ¢ are K-equivalent, see for example [10].

Moreover, since C’ is obtained from E™" by contraction, Lemma 4.1.8 shows that
Wpmin /s = W' Opmin where w' € HY(E, wg/k) is such that werys = w'Ocr.

Since the genus one equations ¢ and ¢’ are both minimal, in particular they have
the same level, Lemma 4.1.7 implies the second equality of the following

HO(Emin,wEmin/S) = HO(C,,(,UC//S) = HO(C,LL)C/S).
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ProOOF OF THEOREM 4.0.1: We proved one of the implications of the theorem in
Proposition 4.1.9.

Assume that ¢ is minimal and that we/s = wO¢ for some w € HY(E, WE/K)-

We assume on the contrary that C % E™" and therefore C;, contains an exceptional
divisor T'.

Let B be the set of points x € C where Wers is not generated by its global sections.
Since I' is an exceptional divisor, we have degwg,g[r < 0, see ([20], Proposition 9.3.10),
it follows that H°(T',wz/g|r) = 0, therefore I' C B. But we have

weslr = weyslr = wOclr,

and the global sections of Wg/g are
Ho(g, wg/s) = HO(Emm,wEmm/S) = HO(C,MC/S) = wOK,

where the second equality is justified by C being minimal, see Lemma 4.3.1. Therefore,
Wers is generated by its global sections at every x € I', whence a contradiction. Thus

Cj, contains no exceptional divisors and C = E™". O

Now we state more criteria for normal degree-n-models to be minimal.

Corollary 4.3.2. Let ¢, C’,C,E,g and E™" be as in Theorem 4.0.1. Assume that
weys = wOe for some w € H(E,wp/k). Then the following statements are equivalent.

(i) ¢ is minimal.
(ii) w(’:'/s = wa..
(iii) HO(C,wg,5) = HO(C,weys) = wOk.

PROOF: (i) = (ii): Since ¢ is minimal, we have C & E™" But wgmin /g = WOpgmin, see
Lemma 4.1.8. Whence (i7).

(17) = (i77) follows directly from Lemma 4.1.6.

(24i) = (i): Since HO(C,wg/S) = HO(E™" wgming), see Lemma 4.1.2, then ¢ is
minimal, see Lemma 4.3.1. O

In §3.2 we stated all the combinatorial possibilities for the special fiber of a degree-
n-model C for a smooth genus one curve C'. Theorem 4.0.1 allows us to find out which
of these possibilities occur for minimal degree-n-models for C' according to the Kodaira
symbol of the Jacobian elliptic curve E of C. That can be done by looking at the pull-
back of the irreducible components of Cj \ Sing(C) under the contraction morphism

42



u: E™" — C, where Sing(C) is the singular locus of C. The pull-back of an irreducible
component I" of C; \ Sing(C) in Ef"" is called the strict transform of T'. Tt is understood
that the strict transform of an irreducible component I' has the same multiplicity as I'.
For example, if C; consists of a conic and a double line, then the strict transform of Cy
in EM™ consists of a multiplicity-1 irreducible component corresponding to the conic,
and a multiplicity-2 irreducible component corresponding to the double line.

We set
Ty = {nodal cubic, conic + line, three lines},
T> = {cuspidal cubic, conic + tangent, three concurrent lines},
T3 = {line + double line, triple line},

T nodal quartic, secant conics, conic + two lines not crossing on it, four lines,
4 e
cubic + secant line

T cuspidal quartic, tangent conics, conic + two lines crossing on it,
5 = ’
four concurrent lines, cubic 4+ tangent line
Ts = {two lines + double line, conic + double line, double conic, two double lines},
T7 = {triple line + line, quadruple line}.
In the following corollary we assume that k is algebraically closed.

Corollary 4.3.3. Let ¢ be a minimal genus one equation of degreen = 1,2,3,4. Assume
that ¢ defines a smooth genus one curve C, C(K) # 0. Let E be the Jacobian elliptic
curve of C" with Kodaira symbol T. Assume that C is a minimal degree-n-model for C
defined by ¢. Then Cy, lies in one of the sets determined by the following tables.

T n=1 n=2
Iy {smooth cubic} {smooth quartic}
Lp,m>1 {nodal cubic} {nodal quartic, intersecting lines}
11 {cuspidal cubic} {cuspidal quartic}
I, IV {cuspidal cubic} {cuspidal quartic, tangent conics}
I ,om >0, IV I || {cuspidal cubic} | {cuspidal quartic, tangent conics, double line }
T {cuspidal cubic} {cuspidal quartic, double line}
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T n=3 n=4

Iy {smooth cubic} {smooth quartic}
L,m>1 T T,

I1 {cuspidal cubic} {cuspidal quartic}

111 {cuspidal cubic, conic+tangent} {cubic+tangent}U

{cuspidal quartic, tangent conics}

v Ty T5 \ {four concurrent lines}
Ir.om>0 TyU{line+double line} T5 UTs

IvV* T, UTs TsU {triple line+line}U

Ts\ {four concurrent lines}

11T T5U Ts U T7:U{ cuspidal quartic}U

{cuspidal cubic, conic+tangent} | {tangent conics, cubic+tangent}

11" T3U{ cuspidal cubic} {cuspidal quartic}UT;U
Ts\{two lines+double line}

PROOF: The case n = 1 is already known, see ([27], Chapter III, Proposition 1.4).

In order to classify which of these forms of the special fibers occur when E has
multiplicative reduction and which occur when E has additive reduction, we need to
compute the valuations of the invariants ¢4, ¢g, and A corresponding to ¢. For explicit
formulae for ¢y, ¢g, and A see ([11], Lemma 2.9).

For n = 2, if C, is either a nodal quartic or two intersecting lines, then v(cs) = 0,
and v(A) > 1, hence E has multiplicative reduction. Similarly, for n = 3,4, if Cj, lies
in Ty, Ty respectively, then F has multiplicative reduction. The remaining forms of Cj
force v(cq) > 1,v(A) > 1, therefore F has additive reduction.

Now since ¢ is minimal, it follows that E™" =~ 5, where C — C is the minimal
desingularisation of C, see Theorem 4.0.1. The strict transforms of the irreducible com-
ponents of Cy are irreducible components in E*" with the same multiplicities. We
consider the multiplicities of the irreducible components of Cx, and the number [, of
irreducible components with multiplicity-m in Cj. If the graph associated to EJ"" has
components with the same multiplicities as those of Cy, and E"™ contains at least 1,
components with multiplicity-m, then the strict transform of Cy can lie in EJ"™, hence
we obtain the classification given above. For a reference for the graphs associated to
E™ see ([28], Chapter IV, Table 9.4.1). O
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Chapter 5

Isomorphisms of degree-n-models

For this chapter we assume that K is a Henselian discrete valuation field with ring of
integers Ok . The residue field k is algebraically closed, t is a uniformiser, and S =
Spec Ok.

In the first section of this chapter we see the conditions under which two minimal
degree-n-models are isomorphic. In fact, we show that two minimal degree-n-models
are isomorphic if and only if they have the same special fiber, see Theorem 5.1.4 below.
In the second section we assume that I' is an irreducible component of multiplicity-
1 in E/™" then we count the number of minimal degree-n-models with special fibers
containing a multiplicity-1 irreducible component whose strict transform in Ej*" is T'.
The results obtained in the second section will not be used elsewhere in this thesis.

5.1 Isomorphic degree-n-models

Let (C, @) be a minimal degree-n-model for a smooth genus one curve C' over K. Assume
that C(K) # 0. Let E be the Jacobian elliptic curve of C, and E™" be the minimal
proper regular model of E. Let P € C(K). Fix an isomorphism 5 : C' — E such that
B(P) = 0g. The isomorphism (3 identifies the group structure on the elliptic curve (C, P)
with the group structure on (E,0g), hence [ extends to an isomorphism between the
minimal proper regular model of C and E™™",

Let C be a degree-n-model for a smooth genus one curve over K. Let I' be an
irreducible component of Cy. We will write deg,(I") for the degree of I'. By the type
of I' we mean the ordered pair (multy(I"), deg,(I")), where mult,(T") is the multiplicity
of I" defined in §3.2.
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Remark 5.1.1. Let (Cy, ;) and (Cy, az) be two isomorphic minimal degree-n-models
for a smooth genus one curve C over K. Assume that C(K) # (). Let E be the Jacobian
of C' with minimal proper regular model E™". Let a := a;'ay : (C1)x — (Co)k. By
the definition of isomorphic degree-n-models, the map « extends to an S-isomorphism
& : C; — Cy which is defined by an element in G,(Of). Therefore, if I" is an irreducible
component of (Cg)g, then &*T" is an irreducible component of (C;); with the same type as
['. Moreover, after identifying the minimal proper regular model of C' with E™™ (C;);,
and (Cy); have the same strict transform in E"".

In this section we show that the converse of Remark 5.1.1 holds. More precisely, if
the strict transforms of the special fibers of two minimal degree-n-models coincide in
the sense given in Theorem 5.1.4, then these degree-n-models are isomorphic.

Let = be a generator of K(P}) over K. We define the S-scheme P! to be

P! := Spec Ok [x] U Spec Ok[1/x].

We have P! = P{ as S-schemes and P! is an S-model for P}. Furthermore, every
smooth S-model for P}, is obtained that way, see ([18], §4). Two S-models PL P! for
Pl are isomorphic if and only if there exists a matrix

€ GLy(Ok)
b d

such that z = (au + b)/(cu + d).
Now we use models of projective lines to describe isomorphic degree-2-models for
smooth genus one curves over K.

Theorem 5.1.2. Let (Cy, ) and (Ca, az) be two minimal degree-n-models, n = 1,2, for
a smooth genus one curve C' over K. Assume that C(K) # (). Set o : a5 'ay. Then the
following statements are equivalent.

(i) The map « extends to an isomorphism & : C; — Co of S-schemes.
(ii) The curves (Cy)r and (Cy) have the same strict transform in Ej"™.
(111) (C1, 1) and (Cq, ax) are isomorphic as degree-n-models for C.

PROOF: This is clear for the case n = 1 as there is a unique minimal degree-1-model
for C. So we will assume that n = 2.

(i) < (i7) : It is known that a birational map induces an S-isomorphism if and only if
it establishes a bijection between the generic points of the special fibers, see for example
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([20], Remark 8.3.25). Hence (i) is equivalent to the statement that any irreducible
component of (Cq)y is carried to an irreducible component of (C;); under &*. The latter
occurs if and only if the strict transforms of (C;)x and (Cz), coincide in E"™ because &
extends to the identity on E™™",

(i) < (7ii) : The degree-2-model C;,i = 1,2, is obtained from E™™ by a contraction
morphism, see Theorem 4.0.1. Let D; be a Cartier divisor on E™" such that

Ci == Proj( H(E™™", Opmin(mD;))).

m>0

Let {1, 2;} be a basis for the free module H°(E™" O pmin(D;)). Now consider the mor-
phism C; =5 IP’;, we have the commutative diagram

x1 1
C, ——P,,

Co —>P),

Therefore, C; and Cy are S-isomorphic if and only if P, and P} are S-isomorphic.
The latter occurs if and only if & : P, — P is defined by an element in GLy(Ok)
which means that C; and Cy are isomorphic degree-2-models for C. O

The following example, shown to me by T. Fisher, illustrates that Theorem 5.1.2
does not hold for n = 4.

Example 5.1.3. Consider the following forms

2 2 2 2
Fy = ta] — xoxy + a5, Fy = ta] — x123 + 75,

/ 2 2 g 2 2
F) =27 — xoxy +tag, Fy = x; — 21703 + t25.

The genus one equations ¢ : Fy = F, = 0 and ¢’ : F| = F} = 0 are minimal of degree
4. The genus one equation ¢ defines a smooth genus one curve C. Let (C,ids) and
(C', /) be two minimal degree-4-models for C, where C is given by ¢, C' is given by
¢, and o' is multiplying x5 and x3 by ¢ and dividing through by ¢. Now Cj consists
of the line I'y : {x9 = z3 = 0} and the twisted cubic I'y parameterised by [u : v] —
[u? : w?v : wo? : 03], Similarly, Cj, consists of T} : {1 = x4 = 0} and the twisted cubic
I [u:v] — [u?v:u? ;v ww?]. The morphism o’ carries the generic point of T'y to the
generic point of I, and the generic point of I'y to the generic point of I'}. But (C,id4)
and (C’, /) are not isomorphic degree-4-models.
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The above example shows that we need to modify Theorem 5.1.2 when n = 3, 4.

Let (Ci, ), = 1,2, be a minimal degree-n-model for a smooth genus one curve
C — P n = 3,4. Let D; be a divisor on E™" which defines C;, more precisely C;
is obtained from E™" by contraction using D;. What we are going to do next is to
compare the divisors Di|gmin and Ds|gyin.

Recall that the degree map deg, : Pic(P;) — Z is an isomorphism. Moreover,
Pic’(P}) = 1, see for example ([20], Proposition 9.3.16). Therefore, two effective divisors
D1, Dy on P are linearly equivalent if and only if they have the same degree.

Let X be a projective curve over k. Let Xy,..., X,, be its irreducible components
with respective multiplicities dy, ..., d,,. We give each X; the reduced subscheme struc-
ture. If £ is an invertible sheaf on X, then we define the partial degree of £ on X; to be
deg(L|x,). Then we have

deg £ =Y d;deg(L]y,),
i=1
see for example ([20], Proposition 7.5.7) or ([5], §9.1, Proposition 5).

We consider the families of invertible sheaves of degree 0 on X, Pic’(X). Since k
is algebraically closed, Corollary 13 of ([5], §9.3) shows that Pic’(X) consists of all
elements of Pic(X) whose partial degree on each irreducible component X; is zero.

Now we are in a place to generalise Theorem 5.1.2. Recall that the type of an
irreducible component T" is the pair (multy(T"), deg,(T")).

Theorem 5.1.4. Let (Cy, ) and (Ca, ) be two minimal degree-n-models, n = 1,2,3, 4,
for a smooth genus one curve C over K. Assume that C(K) # 0. Set a = o'y and
denote its extension C; --+ Co by &. Then the following statements are equivalent.

(1) (C1,aq) and (Cq, a2) are isomorphic as degree-n-models for C.

(ii) For every irreducible component I' of (Ca)i, &*I" is an irreducible component of
(C1)g with the same type as T'.

PRrROOF: The cases n = 1,2 have been done in Theorem 5.1.2.

Let n = 3,4. That (i) implies (iz) follows from Remark 5.1.1.

(77) = (i): We want to show that & is defined by an element in G, (Ok).

Let E™" be the minimal proper regular model of the Jacobian E of C. Statement
(ii) implies that both (Cy)x and (Ca)x have the same strict transform in E".

Let D; be a defining divisor of C; as a contraction in E™" i.e.,

Ci = Proj(EP HO(E™", Opmin (mDy))).

m2>0
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Set E'L - OE‘NL'L'H (D’L)7 th = DZ

Let T be an irreducible component of (Cy);,. Consider the strict transform T' of the

Epin and L, = L; Epin-
irreducible components I' and &*T" in E{". Since I' and &*T" have the same type, it
follows that deg;, L1 x|p = degy, Lok|p. For any irreducible component A which is not a
strict transform of a component of (C;)x, we have deg, £; x|a = 0. Since each irreducible
component of E™" is isomorphic to P} and Dy, Doy have the same degree on each
irreducible component of E"" we have D;j ~ Doy and Ly, = Loy

Now we know that C(K) # 0, Li|c)x = La|c)x, and we have established the
isomorphism L) = Loy, these imply that £; = Lo, see ([20], Exercise 9.1.13 (b)).
Therefore, H°(E™", L) and H°(E™™, L) are isomorphic as Ox-modules, and & is a
change of basis of a free Og-module of rank n, hence & is defined by an element in

gn(OK)- (I

In the following corollary we assume that char k # 2 when n = 2.

Corollary 5.1.5. Let C' a smooth genus one curve. Assume that C(K) # (). Assume
moreover that the Jacobian E of C' has either reduction types Iy or 1;. Then there is a
unique minimal degree-n-model for C'.

PRrROOF: There is always a unique minimal degree-1-model for C'. So assume n > 2.
Let E™™ be the minimal proper regular model of E. According to Theorem 4.0.1, any
minimal degree-n-model for C' is obtained from E™™" via contraction. Therefore, the
special fiber of a minimal degree-n-model for C' consists of one irreducible component of
multiplicity-1 because E{"" consists of a unique irreducible component of multiplicity-1.
By virtue of Theorem 5.1.4, if there are two minimal degree-n-models for ', then they

are isomorphic as they have the same strict transform in EJ"". a

5.2 Degree-n- and degree-(n — 1)-models, n > 3

In this section we will count minimal degree-n-models with a specific property.
Let C be an S-model for a curve C'/K. Let = be a closed point of Cj. Set

Ci(z):={PeC:{PYNC, = {z}},

where {P} is the Zariski closure of {P} in C. Cy(x) depends on the choice of the
model C. By K(P) we mean the field of definition of P. We state the following lemma
which plays an essential rule in the way we construct divisors on minimal proper regular
models.
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Proposition 5.2.1. Let C'/K be a curve of genus g > 1 with minimal proper regqular
model C™™. Fiz a closed point x € C{™™ such that  lies on one and only one irreducible
component ' of C7™", of multiplicity r > 1. Then there exists a point P € C(x) such
that [K(P) : K] =r.

PROOF: See (]20], Exercise 9.2.11 (c)) or ([19], Lemma 5.1 (b)). O

Now we investigate finite field extensions of K.

Proposition 5.2.2. If [L : K| = m, where m € {2,3,4}, then L = K(%/t), and L/K
is a Galois tamely ramified extension.

Proor: If a € L, we will denote its image in k by a.
Since k = k, it follows that L is a totally ramified extension of K. The fact that
2,3 1 char(k) implies that this extension is tame. Let t; be a uniformiser for the ring of
integers Oy, of L. Then t = ut}* for some u € OF. Hensel’'s Lemma implies that there is
a v € Oj such that v = w.

Therefore, L = K[z]/(x™ — t), which is clearly Galois for m = 2. For m = 3,4, k
has a full set p,, of m-th roots of unity, and we lift them to Ok using Hensel’s Lemma.
Thus L is Galois. O

Let C be a smooth genus one curve given by a minimal genus one equation of degree
n = 2,3,4 over K. Assume moreover that C(K) # (. Let E be the Jacobian elliptic
curve of C.

Let P € C(K). Again we fix an isomorphism 5 : C' — E such that 3(P) = 0g. So
we can dispense with C' and write E instead. If D is an effective K-rational divisor of
degree n on E, then Riemann-Roch theorem implies that there exists a point ) € E(K)
such that D ~ (n — 1).0g + Q. Therefore, the equation defining C' is an equation for
the double cover of the projective line E — P given by the divisor class [0g + Q] when
n = 2, or the image of E when it is embedded in P! by the divisor class [(n—1).0p+Q)]

when n = 3, 4.

[(n—1).05+Q]
_

Consider the smooth genus one curve E IP’”K’I, n > 2. Let " be an

irreducible component of E/"". We set

s minimal degree-n-models (C, «) for E 1) 0m 4@, P?! such that T is
r =

the strict transform of an irreducible component of Cj,

The following lemma shows that Sr is not empty if the multiplicity of I is less than n.

Lemma 5.2.3. Let n > 2. Let T be a multiplicity-m irreducible component of Ef*™. If
1 <m < n, then Sp # 0.
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PROOF: Let x € E/™" be a closed point on I'. Let P € E,(z) be a closed point, i.e., P
is identified with its Galois orbit {Py,..., P,}, where K(P) = K(t'/™). Now set

Q=Q—(n—1).P, D=(n—1){P}+{Q,} ifm=1,
ngQ—Z?:_IIPi,D:@—F@ ifm=n-—1,n>3,
Q:=Q— (PL+P), D={P}+{Qs} + {0} ifm=2n=4

Now consider the following minimal degree-n-model for £ [tn1)-0m 40, Pyt
C' = Proj(@ H(E™", Opmin (mD))),
m2>0
see Theorem 4.0.1 and Theorem 4.2.3. We have x € DNTI', and hence I' is an irreducible
component of C;.. Since D|g ~ (n—1).0p+ @, it follows that there exists an isomorphism

a : Cj = E defined by an element in G,,(K). Thus (C’,«) € Sr. 0
In what follows we compute the cardinality of Sr when the multiplicity of T" is 1.

[(n—1).0+Q] IP”;(_l, n >3,

with a rational point on it. Let T be a multiplicity-1 irreducible component of E™.

Let x € T and P € E(x). Then there is a bijection between the set Sr and the set of
[(n=2)0p+(Q=P)| pn—2
A

Theorem 5.2.4. Consider the smooth genus one curve E

minimal degree-(n — 1)-models for E

To prove Theorem 5.2.4 we have to establish a bijection between the two sets in
the statement. Let (C,«) € Sp. Let D be a defining divisor of C as a contraction in
E™. The restriction D|g satisfies D|g ~ (n — 1).0g + Q. Let P, € Supp D|g be such
that {P;} N E™ e T'. After applying a transformation in G, (Ok), we can assume that
P =P

Now the bijection map is

Ar:Sr — {degree-(n — 1)-models for £ =20 @)

C,a) — (ij(@HO(Emm,oEm<mD'))), 5),

m>0

Py

where D' = D — {P}, and § is obtained from the linear equivalence D|p — (P) ~
(n —2).0g + (Q — P). The model on the right is a minimal degree-(n — 1)-model for
E [(n=2)- 95 +(Q )] P?2, see Theorem 4.0.1 and Theorem 4.2.3.

PROOF OF THEOREM 5.2.4: The map Ar is well defined: Assume that (C;, ), @ =
1,2, are two isomorphic minimal degree-n-models in Spr. Remark 5.1.1 shows that the
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special fibers of both models have the same irreducible components with the same types,
therefore the irreducible components of the special fibers of Ar((C;, o)), i = 1,2, coincide
and have the same types. Thus Ap((Ci, 1)) and Ap((Cz, a2)) are isomorphic as degree-
(n — 1)-models for F (=2 05 +HQ=P) P%2, see Theorem 5.1.4.

To prove that the map Ar is injective: Assume that the images of (C;, a;) € Sr, i =
1,2, under Ar are isomorphic degree-(n—1)-models, hence the special fibers of Ar((C;, ;)

consist of the same irreducible components with the same types. It follows that the
special fibers of both C; and C; have the same irreducible components with the same
types, because they both have the same irreducible components as the special fiber of
Ar((C;, ;) with the degree of T' being increased by 1. Therefore, Theorem 5.1.4 implies
that (Cy, 1) and (Cq, ae) are isomorphic.

Now we prove that Ar is surjective. Let (C,«) be a degree-(n — 1)-model for

E (n=2)0p (@) P?7% with D being a divisor defining C as a contraction in E™".
Consider the model (C', /) € Sr defined by

Proj( HO(E™", Ogmin(m(D + {P})))),

m>0

and o is obtained from the linear equivalence D|g+ (P) ~ (n—1).0g + (Q). The model
C’ is defined by a minimal genus one equation of degree n, see Theorem 4.2.3. The
surjectivity follows by noting that Ar((C’,a/)) = (C, ). O
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Chapter 6
Computing in E""

In this chapter K will be a perfect Henselian discrete valuation field with algebraic
closure K, ring of integers O, normalised valuation v, and a uniformiser . We assume
that the residue field k is algebraically closed with char k # 2, 3.

Let E be an elliptic curve over K, with minimal proper regular model E™™". Let
E°(K) be the group of rational points of F with non-singular reduction. In this chapter
we define a map 9, : PR(E) — Pg(E), where P (F) is the set of multiplicity-m
irreducible components of E" and ®x(F) := ®}(F) is the group of components
E(K)/E°(K).

Since k is algebraically closed, it follows that the reduction of E is always split.

6.1 The components group

In this section we will study the components group ®x(E) = E(K)/E°(K). We start
by describing this group.

Proposition 6.1.1 ([28], Chapter IV, Corollary 9.2). Let E be an elliptic curve over K.
Let j(E) be the j-invariant of E. Then the group E(K)/E°(K) is finite. More precisely,
if E has multiplicative reduction, then E(K)/E°(K) is a cyclic group of order —v(j(E));
otherwise, E(K)/E°(K) has order 1,2,3, or 4.

Assume F has reduction of type I,,n > 0. Then E™" is a non-singular smooth
curve of genus one when n = 0. E{"" is a rational curve with a node when n = 1. E"
consists of n multiplicity-1 irreducible components arranged in the shape of an n-gon
when n > 2.

We will denote the extension of the normalised valuation v on K to K by vz : K —
QU {oc}. Let p = char k. Denote by | * | = 1/p*E™) an associated absolute value. Tate’s
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uniformisation of E, see ([28], Chapter V, §3), implies that there exists a ¢ € K* with
v(q) = v(A) = n such that
K /¢* =~ E(K).

For z € K, we denote by Z the image of z in E(K). For z € K, there exists an integer
i such that [¢]"! < |z] < Jt|%.

Consider the reduction map r : E(K) — E(k). Any isomorphism Z/nZ = ®x(E)
enables us to number the irreducible components T';’s of E", with i € Z/nZ where i
denotes the class of the integer i in Z/nZ. There exists such a numbering such that if
|z| = |¢t|’, then 7(Z) belongs to the i-th component I';, and if [t|""! < |z| < [¢[*, then
r(Z) is an intersection point of the irreducible components I'; and I';, ;. This intersection
point is unique when n > 3. For the above discussion see ([21], p. 503).

Assume that E has additive reduction. We fix an isomorphism « : $g(FE) =
Z/nZ,n =1,2,3,4, or Z/27 x Z/2Z when E has reduction of type I, , m > 0. Let A
be a multiplicity-1 irreducible component of EJ*". By Hensel’s Lemma we can lift any
closed point x of A which lies on no other component to a rational point P € E(K).
Now consider the image ¢ of P under a. We give the component A the number i, and
denote it by I';.

The map §; : PL(E) — P (F) will be viewed as the identification of multiplicity-1
components with their images in Z/nZ when the reduction is of type I,,, and with their
images under the isomorphism « defined above when the reduction is additive. In other
words, d;(T;) = t.

We note that if F has one of the reduction types I,,,n > 0,1, III, or IV, then EJ""
consists only of multiplicity-1 components, hence ®7(E) = () when m > 2 and we do
not need to define 9,,, for m > 2.

6.2 The set O} (E), m > 2

In this section we assume that E has one of the reduction types I¥,,m > 0,IV* III*, or
IT*. Then the special fiber of the minimal proper regular model £™" contains irreducible
components of multiplicities greater than one. In other words, there exists an integer
m > 2 such that ®7(E) # (.

We define the map 4§, : PR(E) — P(E), m > 2, as follows: Let x be a k-point
of © € PR(F). Recall that k is algebraically closed and hence z is a closed point.
Assume moreover that z lies on no other component. Let P € E(K) be a point which
reduces to « such that [K(P) : K| = m, see Proposition 5.2.1. Let o be a generator of

Gal(K(P)/K). The sum of the Galois orbit sum P := P+ ...+ P°" " of P is a point
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in E(K). The image 4,,(©) is the image of sum P in ®x(F) = E(K)/E°(K). It will be
clear from the description of the map d,, that d,,(0) does not depend on x nor on P.

Since K (P)/K is a totally tamely ramified extension, see Proposition 5.2.2, the Ga-
lois group Gal(K (P)/K) is the inertia group of K (P)/K. In other words, Gal(K (P)/K)
fixes every irreducible component of EJ"".

In what follows we are going to follow two strategies to determine the image of
each © € ®2(FE) under §,,. When the reduction type is I*, we use Tate’s algorithm
to write down explicit equations for the components in ®%(F). For reduction types
IV*) III* and II*, the defining equations of the components in ®7(E), m > 2, are
complicated. Therefore, we use the projection formula to exploit the symmetry of the
graphs associated to Ej™.

6.2.1 Reduction typeI’, n >0

n?

Assume that E/K has reduction of type I, n > 0. The special fiber E"™ contains
a sequence of multiplicity-2 components and no components of higher multiplicities.
Therefore, ®72(E) = 0 when m > 3. The strategy we will follow to compute 05 in this
case is as follows: We desingularise a minimal Weierstrass model for E using a sequence
of blow-ups, then we determine conditions for points in E defined over K (/) to lie on
one of the produced multiplicity-2 irreducible components, and use that to compute the
sums of the Galois orbits of these points.

We will use the data given by the proof of Tate’s algorithm to write the defining
equations of © € ®%(E), see ([28], Chapter IV, §9). We start with a homogenised
minimal genus one equation of degree 1, i.e., a minimal Weierstrass equation of the
form

E y2z + a1xYz + a3y22 = 23 + a2x2z + a4xz2 + a6z3, a; € Ok,
for E/K. We will write a;, for t"a;, and x,,y, for t "z, t "y respectively.

The proof of Tate’s algorithm shows that if E has additive reduction of one of the
types I¥, n > 0, IV*, TII* or IT*, then we can assume ¢ | aj,as,t* | as,ay, and ¢ | ag.
Now blowing-up the singularity t = x = y = 0, by making the substitutions x = tx; and
y = ty; we will have

V: y%Z + ta171I1y12 + ta372y122 = tﬁ?? + tCLQ’lQZ%Z + ta472x122 + taG,gzg,

and its special fiber y?z = 0 consists of the double line y = 0 and the multiplicity-1 line
z = 0. We next blow-up the line ¢t = y; = 0. Putting z = 1 and recalling the definitions
of x; and y; above, we obtain

D42 _ .3 2
Vo @ tys + tay 11y + tazoys = ) + a2 177 + a4271 + ag 3,
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and the special fiber of the total blow-up consists of

Ve =0, Vo:ad + dg2% 4 a2y + 63 = 0.

For type Ijj, the special fiber Vi consists of three distinct lines. Hence E™™ consists of
the double line y? = 0 together with four distinct lines of multiplicity 1 intersecting it.

Now we assume that h(z) = 23 + d271x2 + @427 + ag 3 has one double root. We may
assume that this root is # = 0, which implies that ¢* { ag, > | a4, and t* | ag. Now we
have

Vo : a(xy + dgq) = 0,

so we blow up the double line ¢t = 1 = 0. Therefore, we make the substitution x; = tx,
and divide by t to get

Vi y% + tay 122y + az 2y = t%g + tag?lxg + tas 372 + a6 4.

The total special fiber consists now of the simple lines 2 = 0 and x; + a2; = 0, the
double lines y? = 0 and x? = 0, and the special fiber of V; which is given by

Vi Y3 + G32y> — Gga = 0.

If this quadratic equation has distinct roots in k, then V; consists of two distinct simple
lines, and the reduction of E is of type I}. Otherwise, it has a double root and after a
translation on g, we can take this double root to y» = 0, i.e., t* | a3 and t° | ag, and the
special fiber V; of V; is the double line y3 = 0. We blow-up V; along this double line via
the substitution y, = ty3 and divide by ¢ to get

‘/2 : ty§ + ta171x2y3 + ta373y3 = tl’% + a271$§ + 4,372 + Qg 5-
The special fiber is
Vo = G915 + 4372 + dg5 = 0.

If this quadratic equation has distinct roots, then E has reduction type 5. Otherwise,
we continue the blowing-up process which will terminate eventually.
We note that at each step we have a new scheme V; of the form

Y2+ tar 1Ty Yy + 30Y0 = U0 + tas 122 + tag 1%, + G600 if | = 2u — 3 is odd,

2 _ —-1,.3 2 : _ :
W1 101120 Yur1 + a3 us1Yurr = 72 + @217y + Gaup1Tu + Agougr I L= 2u— 2 1s even.

The special fiber of V} is given by
i Y2+ G3.4Yu — dg2u = 0 if | = 2u — 3 is odd,
l -
&2711'3 —+ &47u+1£€u + &6,2u+1 =0 ifl=2u—2Iiseven.
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After each two blowing-ups the coefficients a3 and a4 are forced to be divisible by an
additional power of ¢. The special fiber V; consists of two distinct lines precisely when
[ =n =wv(A)— 6. Thus if E has reduction of type I}, n > 0, we can assume that E has
coefficients with valuations as in the following table.

Table 6.1:
a a9 as ay Qe
n=>0 >11>1 > 2 > 2 >3
n>2even | >1|=1| >3+2 =5+2 | =2n+3
nodd |[>1|=1|=22+2|>2%14+2|>n+3

The inequalities in the second, third, and fourth line relate to the valuation of the
coefficient in the first line.

The special fiber E{" is as in the following figure. The numbers on the components
refer to the multiplicities.

The number of multiplicity-2 components in E" is n + 1. Let L = K(/t) be
the unique quadratic tame Galois extension of K. A point lying above a k-point on V},
where [ = 2u — 2 is even, and on no other component is a point in E(L) of the form
(at"+t 4 Btet1/2 ) where y € L, t**! | y and «a, 8 € O with v(a) > v(B) = 0. We
have 3 € O}, since otherwise this point would reduce to a point on ‘7z+1'

A point lying above a k-point on Vj, where { = 2u — 3 is odd, and on no other
component is a point in E(L) of the form (x, at"*' + ft*T1/2) where x € L, t* | x and

a,f € Ok with v(a) > v(B) = 0. We have 5 € O}, since otherwise this point would
reduce to a point on V.

We recall the addition formula on elliptic curves. Let P, P, € E(K). If P, # +Ps,
then

(P+P) = X +ad—ag—x(P)—2(P,), and, y(Pi+P) = —(Aa))z(Py+ Py) — p—as,
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where
y(P) —y(P1) = y(P)z(Py) — y(Py)z(P)
LL’(PQ) —$(P1)’ .Z'(PQ) —SL’(Pl) )

Lemma 6.2.1. Assume E has one of the reduction types I', n > 0, IV*, III* or II*.
Let L = K(v/t) with Gal(L/K) = (c). Let P € E(L) be a point which lies above the the
multiplicity-2 component ©q : y? = 0. Then P+ P’ € E°(K). In particular, §3(©y) = 0.

=

PRrROOF: We can assume that P = (z,at? + $t%?), where € L,t |  and o, 8 € Ok,

with v(a) > v(3) = 0. If P° = —P, then P+ P° = 0 € E°(K) and we are done. Since

t | z(P), we assume z(P) = o/t + 332, where o/, 3’ € Of. Therefore, we have in the
addition formula given above that

P) —y(P°

N L I

w(P) —a(Po) [

If v(B') =0, then v(z(P + P?)) = 0 because t | a1, as, see Table 6.1. Hence P + P is

not a singular point, i.e., P+ P° € E°(K). If v(3') > 0, then we have v(z(P+ P?)) < 0,

in particular P + P € E°(K), and we are done. a

Now we state our main result of this subsection in the following proposition.

Proposition 6.2.2. Assume that E/K has reduction type I*, n > 0. Let L = K(\/1)
with Gal(L/K) = (o).

(1) The multiplicity-1 component I' given by x1 + @1 = 0 is of order 2 in i (F).
(ii) Let P € E(L) be a point lying above the double line yi = 0. Then P+ P’ € E°(K).

(iii) Let P € E(L) be a point lying above V; where | = 2u — 2 is even. Then P + P°
reduces to a point on I'.

(iv) Let P € E(L) be a point lying above V; where | = 2u — 3 is odd. Then P + P? €
EO(K).

PROOF: We note first that the identity component, i.e., points in E°(K), is given by
the linear equation z = 0.

(i) If P € E(K), then x(—P) = z(P). If moreover P lies above I' : x; + @1 = 0,
then —P lies above I' as well. It follows that the inverse of I' when considered as an
element of @ (F) is itself, i.e., I has order 2 as an element in & (FE).

(#4) This is Lemma 6.2.1.

(4ii) We can assume that P = (at*™' + Bt**1/2 y), where y € L, t“*' | y and

—y(P7)
—a(Po)

a, € Ok with v(a) > v(B) = 0. Therefore, we have v(\) > 0 where \ := %
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Following the addition formula we have z(P + P%) = \* + qy\ — ay — x(P) — z(P?),
dividing by ¢ and using that ¢ | a1, a2, see Table 6.1, we get that x1(P + P%) = —ag,
mod t, and we are done.

(iv) We can assume that P = (z, at*™' +t"+1/2) where z € L, t* | z and o, 3 € Ok,
with v(a) > v(3) = 0. If P = —P, then P+ P° = (0 € E°(K) and we are done. Thus
we assume x(P) = o/t + f't“71/2 where o/, 8/ € K with v(a/) > v(3') > 0. Therefore,
we have in the addition formula given above that A\ = 2 € K. If v(f') = 0, then

/6/
v(z(P + P°)) = 0, hence P + P is not a singular point, i.e., P + P° € E°(K). If
v(B') > 0, then we have v(z(P + P?)) < 0, in particular P + P° € E°(K). O

In Proposition 6.2.2 we note that since I' : x; + ag; = 0 has order 2, we have
that 6;(T) = 2 € g (F) = Z/AZ, when n is odd. When n is even, we know that
a: O (F) = Z/27 x 727, therefore every non-identity irreducible component has
order 2. From now on, we will fix o such that 6;(I') = (1,1). We obtain the following
direct consequence.

Corollary 6.2.3. Assume that E/K has reduction type I', n > 0. Let
@%((E) = {‘7,1 : y% = 0, ‘N/O, ey anl}
be as above. Then 8y : % (F) — Pk (F) is determined according to the following.

0 if © =V, wherel is odd and n is odd,
5,(0) = 27 ) if © = :l, where | is even and n is odd,
(0,0) if © =V, wherel is odd and n is even,
| (1,1) ife= Vi, wherel is even and n is even.

While treating elliptic curves with reduction type III*, see below, we will need more
information on the reduction type If. If E/K is an elliptic curve given by a minimal
Weierstrass equation with reduction type Ijj, then the special fiber of the minimal proper
regular model of E consists of the single line z = 0, a double line y? = 0, and the three
distinct lines of

Vo : T} 4 G177 + Ag071 + A6z = 0.
Using Hensel’s Lemma we can lift the simple zeros of this cubic polynomial to aq, s,
and as in Ok such that

2% + a1’ + a4 + ag = (v — tay)(z — tag)(x — taz).

Let P, = (ta;,0). We conclude that the reduction map {0, P, Py, P3s} — ®g(FE) is
surjective as each of these points lies on a different multiplicity-1 component. Note that
these points are the elements of E(K)[2].
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6.2.2 Reduction types IV*, III" and II"

Let E/K be an elliptic curve with either reduction types IV* or III*. We start by
investigating the new reduction type of E over Galois tame extensions.

Lemma 6.2.4. Let E/K be an elliptic curve. Let Ly, = K(t,,), where t,, = t'/™ m €
{2,3,4}. The following statements are true.

(i) If E/K has reduction type IV* then E /L3 has good reduction.

(11) Assume that E/K has reduction type I11*. Then E/Ls has reduction type I§, E/Ls
has reduction type 111, and E /Ly has good reduction.

PROOF: Let vy, denote the normalised discrete valuation on L,,.

(i) We recall from ([28], Chapter IV, §9) that if £ has reduction type IV*, then
v(cy) > 3, v(cg) = 4, and v(A) = 8. Therefore, vi,(cs) > 9, vp,(cg) = 12, and
v, (A) = 24. Since char K # 2, 3, a Weierstrass equation for F/Ls with good reduction
is now given by

y? =2’ — 27t5 % cyr — Hat; e,

(77) Recall from [28] that if F has reduction type III*, then v(cs) = 3, v(c) > 5, and
v(A) = 9. Therefore, vy, (c4) = 3m, v, (cg) > dm, and vy, (A) = 9m. The following
Weierstrass equation for E/L,, has reduction type I§ when m = 2, reduction type III
when m = 3, and good reduction when m = 4

vt =2’ — 2715;14(’”’1)043: — 5415,;6(”1’1)06.
O

Now we assume that F/K has additive reduction of type IV*. The minimal proper
regular model E™™ has special fiber as in the following figure. Again the numbers on
the components refer to the multiplicities.

I'y I'y I's
1 1 1
JICH 2|10, 2|0,
3
A

60



According to the proof of Tate’s algorithm, the blowing-up process will yield that the
multiplicity-1 identity component I'j is given by the equation z = 0, and the multiplicity-
2 component O is given by the equation y? = 0. The multiplicity-3 component A has
equation 3 = 0, see ([28], Chapter IV, §9). The multiplicity-1 component T'; will
correspond as usual to 1 € Px(E).

Proposition 6.2.5. Assume that E/K has reduction type IV*. Let L, = K (t,,), where
tm =tY™ m € {2,3}. Let Gal(L,,/K) = (0,,).

(i) Let P € E(Ls) lie above a multiplicity-2 component ©;, i € {0,1,2}. The following
table relates the component ©; to the multiplicity-1 component above which P+ P>
lies, and the image §5(0;).

Pe O | ©1 | O
(P+P2)~e| Ty | Iy | Ty
da 021

(i) Let P € E(L3) be a point lying above A. Then we have -, P% € E°(K). In
particular, 65(A) = 0.

PROOF: (i) If P € E(Ly) lies above Oy : y? = 0, then P + P € E°(K), see Lemma
6.2.1.

Let P € E(Ls) be a point lying above ©; and above no other component. Now
let Q € F(K) be a point lying above I's. Consider the translation-by-@) automorphism
7q : £ — E. This K-automorphism extends to give an Ox-automorphism 7, : Emin
E™n see e.g. ([28], Chapter IV, Proposition 4.6). Moreover, 76(I'1) = Tp, and the
projection formula implies that 75(I'1).75(01) = TI'1.0y, see ([20], Theorem 9.2.12),
therefore 75 (©1) = ©g. Therefore, 7o(P) lies above Oy, hence the first part of the proof
shows that 7o (P) +7o(P)?2 € E°(K), but 7o(P)?2 = P72 + Q. Whence P+ P72 +2Q €
E°(K), in other words P + P2 € Q + E°(K), i.e., P + P lies above I's.

If P € E(Ly) lies above O and above no other component, then we choose @ € E(K)
to lie above I'; and we follow the same argument to get P + P € Q + E°(K), i.e.,
P + P22 lies above 1';.

(1) Since E /L3 has good reduction, see Lemma 6.2.4, it follows that E(L3) = Fy(Ls).
Moreover, since k& = k, and chark # 3, the theory of formal groups implies that
Eo(L3)/3Eo(Ls) = 0, see ([27], Chapter VII, Exercise 7.8). This means that the
multiplication-by-3 map is surjective on E(Ls). Therefore, P = 3Q, for some @) € E(Ls),
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and hence 3.7 P% = 337 Q% € 3E(K). Hence .7 P% € E°(K) because
O (E)=Z/3Z. a

Now assume that E/K has reduction type III*. The special fiber of the minimal
proper regular model is as follows.

The multiplicity-1 identity component I'y is given by z = 0, the multiplicity-2 com-
ponent Qg is given by y? = 0, and the multiplicity-3 component Ag is given by z3 = 0,
see ([28], Chapter IV, §9).

Proposition 6.2.6. Assume that E/K has reduction type 111*. Let L,, = K(t,,), where
tm =tY™ m € {2,3,4}. Let Gal(L,,/K) = (o).

(i) Let P € E(Ls) lie above a multiplicity-2 component ©;, i € {0,1,2}. Then P +
P72 € E°(K) when i = 0,1, and P+ P°2 ¢ E°(K) when i = 2.

(ii) Let P € E(Ls) be a point lying above A;, i € {0,1}. Then we have Y, P
E°(K) wheni=0, and 3.;_, P ¢ E°(K) when i = 1.

(iii) Let P € E(Ly) be a point lying above ¥. Then we have 3 ;. P% ¢ E°(K).

PrROOF: Let Q € E(K) be a point lying above I'y. Let 7, : E™" — E™" be the
extension of the translation-by-() automorphism 7.

(1) Let P € FE(Ly). If P lies above O : y? = 0, then P + P2 € E°(K), see Lemma
6.2.1.

So let P € E(Ly) lie above ©;. We have 75(I'1) = I, and 75(I'1).75(01) = I'1.04,
s0 75(01) = ©g. Therefore, 7q(P) + 79(P)?* € E°(K), i.e., P4+ P7 +2Q € E°(K). In
other words, P + P°2 € E°(K).

Now let P € E(Ls) lie above ©4. By virtue of Lemma 6.2.4, the reduction type of
E /Ly is Ii. We showed in the last paragraph of the previous subsection that E/Ly has
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a minimal Weierstrass equation
2 _ .3 2 O
Y-t arxy +azy = x° + axx” + aqx + ag, a; € Op,,

where 13 + a2 + asx + ag = (v — tay)(x — tay)(z — tag), a; € Or,. Now o9 fixes one
of the «;’s and swaps the other two because F[2] ¢ E(K), see ([28], p. 390), so we can
assume without loss of generality that a; € Ok and ag, a3 € Or, \ Ok, moreover we
know P = (tay,0) € E°(K).

Since the reduction map

{0, P = (ta;,0)[i = 1,2,3} — ®p,(E)

is surjective, it follows that P; lies above a non-identity multiplicity-1 component IV of &,
where £ is the minimal proper regular model of E/L,. Moreover, o3 fixes the components
['(0,0) and I' of £ and swaps the other two multiplicity-1 irreducible components I',, I'72.
Note that I'( o) and I lie above I'g and I'; respectively.

Since [Ls : K] divides the multiplicities of O, and W, it is a known fact that I', and
['72 are lying above ©5 under the following morphism

N — N := Norm(E™" x o, Op,) — E™",

where N is the normalisation of E™" X, Op,, and N is the minimal desingularisation
of N, see for example ([20], §10.4) and (][22], pp. 10-11). The model & is obtained from
N by contracting the exceptional divisors, see Definition 2.2.12.

Therefore, if P lies above O, in E™™", then it lies on either I', or I'9? in £. Since
O, (E) = Z/)2Z x Z)27, we have P + P lies above I" in &, and hence it lies above
[y in BV,

(i) If P € E(L3) lies above the multiplicity-3 component A : 23 = 0, then 3., P%
is a non-singular point. This follows from Proposition 6.2.5 (i1).

Let P € E(Ls3) be a point lying above A;. Since 755 (©1) = Oy, see (i), and 75(01).75 (A1) =
©1.Ay, therefore 755 (A1) = Ag. Thus 7 To(P)% € E°(K). In other words, 3_;_, P% +
3Q € E°(K), which means Y7 P% ¢ E°(K).

(i7) Lemma 6.2.4 shows that F /L4 has good reduction. It follows that E(L,) =
Ey(Lys). Moreover, since k = k, and chark # 2, the theory of formal groups implies
that Eo(L4)/4Eo(Ly) = 0, see ([27], Chapter VII, Exercise 7.8). Therefore, P = 4Q), for
some @ € E(Ly) and hence > P = 430, Q% € 4E(K), and we are done because
O (F) = Z)27. O

Remark 6.2.7. When E/K has reduction type III*, the above Proposition implies
that d2(0;) = 0 when i € {0,1}, and d5(05) = 1. Moreover, d3(A;) = 7, i € {0,1}, and
64(0) = 0.
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Now assume that E/K has reduction type II*. The special fiber of the minimal
proper regular model is as follows.

Proposition 6.2.8. Assume that E/K has reduction type 11*. Let L,, = K(t,,), where
ty = tY™. Let Gal(L m/K) = (om). Let P € E(Ly) lie above a component of multi-
plicity m. Then Y ", ' pom e E°K). In particular, 6,,(T') = 0, for every multiplicity-m
irreducible component T' of Ef™™ m € {1,2,3,4}.

PROOF: That is straightforward because 37" ' P € F(K), and E(K) = E°(K) for
reduction type IT*. O

We conclude this chapter by stating the following direct corollary.

Corollary 6.2.9. Let E/K be an elliptic curve with minimal proper reqular model E™™,
Let Ly, 0, and d,,, where m € {1,2,3,4}, be as above. Let Q € E(K). Assume that
there exists a multiplicity-m irreducible component © in E™™ such that §,,(0 ) Ve(Q).
Then there exists a point P € E(Ly,) lying above © such that Q = Y 7" Pom

PROOF: The statement is clear for m = 1 by taking P = Q.
So assume m > 2. Let P’ € E(L,,) be a point above O, see Proposition 5.2.1.
Then Z:i_ol P’7m reduces to the same multiplicity-1 irreducible component as @ because

0,n(0) = ¥5(Q). Therefore, R := Q — 3.} P € E°(K). Since chark # 2,3 and
k =k, we have E°(K) = mE°(K), see ([27], Chapter VII, Exercise 7.8). Thus R = mT
for some T € E°(K).

Now consider the extension 74 : E™" — E™" of the translation-by-T automor-
phism 77. The multiplicity-1 irreducible components of E{*" are fixed under 74, the
projection formula then implies that TT fixes every irreducible component of E{". Set

P:=7p(P') =T + P'. Then Y1, Pon = mT + Y7 P = Q. -
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Chapter 7

Counting minimal degree-n-models

Let K be a Henselian discrete valuation field with ring of integers Ox. We fix a uni-
formiser £. We denote the normalised valuation on K by v. We assume that the residue
field k is algebraically closed and that char k # 2, 3.

Let C' be a smooth genus one curve over K defined by a genus one equation ¢ of
degree n. We assume that C(K) # (). In this chapter we count the number of minimal
degree-n-models for C' — P’}(_l up to isomorphism, where n € {2,3,4}.

7.1 Counting results

Let E be the Jacobian of C. Since F =k C, we can assume that ¢ is the defining
equation of a morphism E — P% ! determined by a divisor class [H], where H is a
hyperplane section divisor on E. The divisor H is linearly equivalent to (n — 1).0g + P
for some P € E(K).
The homomorphism g is the surjective homomorphism in the following short exact
sequence
0 — EYK) — B(K) 25 ®p(K) — 0.

We recall that ®72(E), m > 1, is the set of multiplicity-m components in the special
fiber of the minimal proper regular model E™" of E. The main result of this chapter is
the following theorem.

Theorem 7.1.1. Let E/K be an elliptic curve and let P € E(K). Let E — P!
be the morphism determined by the divisor class [(n — 1).0g + P|, n € {2,3,4}. Let
Om = PR(E) — Pk (F) be the function defined in Chapter 6. Then there is a bijection
between the set of minimal degree-n-models for E — P%1 up to isomorphism and the
disjoint union of the following sets.
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(i) The set of unordered n-tuples
Sl(”) = {(ala"'aan) ta; € (I)K<E) ’ a+...+a, :wE(P)}a

(i1) the set S, = {a € PL(E) | du(a) = vr(P)},
and
ifn>3
(iti) the set Sp-11) = {(a,b) € P (E) x Px(E) | 6p1(a) +b=1p(P)},
and
ifn=4
(iv) the set Sp11) = {(a,b,c) € PL(E) X Pg(E) x Pk (E) | d2(a) + b+ c=vgr(P)},

where the order of b and c is immaterial,

(v) the set of unordered pairs
Sz = {(a,b) € Dy (E) x Dy (E) | d2(a) + 62(b) = vp(P)}.

The proof will follow directly from Theorem 7.2.3 stated below.
The sets defined in the theorem above depend on the point P € E(K). Now we get
the following corollaries as direct consequences of Theorem 7.1.1

Corollary 7.1.2. Let E/K be an elliptic curve and let P € E(K). Let E — P} be
the morphism determined by the divisor class [(n — 1).0g + P], n € {2,3,4}. Assume
that E has one of the reduction types 1,,,m > 0,11, 111, or IV. Let m = #®x(FE). The
number of minimal degree-n-models for E — P% ' is N, where

(i) if n =2
(m+1)/2 if24¢m
No=49 m/2+1 if2|m and Yp(P) € 20k (F)
m/2 if 2| m and Yp(P) € 20k (F)
(i) ifn =3

(m+1)(m+2)/6 if31m
Ny=4q m(m+3)/6+1 if 3| m and Yr(P) € 30k (F)
m(m +3)/6 if 3| m and Yg(P) & 30k (F)
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(iii) if n = 4

(m+1)(m+2)(m+3)/24 if2tm

3 if m=2 and Yg(P) =0

Ny=<q mim+2)(m+4)/24+2  if 2| m, m#2 and Yr(P) € 40k (E)
m(m+2)(m+4)/24+1  if 2| m and Yp(P) € 20k (E) \ 4Pk (E)
m(m + 2)(m + 4)/24 if 2| m and Yp(P) € 20k (F).

\

PROOF: Since for the given reduction types we have ®7(E) = () when m > 2, the sets
Sny Sn-11); S(2,1,1) and S(a,9) of Theorem 7.1.1 are empty. In other words, N,, = #S51(n).
The numbers stated above are the possible cardinalities of Si(n). O

For a € ®%.(F) we set
Sea(a) ={(b,c):b,c € Px(E) | b+c=1gp(P)—ds(a)}.
Lemma 7.1.3. The following equalities hold
(i) #Sm-11) = #@7}{1(19) when n > 3.
(ii) #50211) = Daces () S21.1)(a)-

PROOF: (i) We consider the projection map S¢,—1,1) — ®% ' (F) which sends an element
(a,b) € DL (E) x @k (E) to a. It is surjective and we want to show the injectivity. Let
(a1,b1), (az, by) be two elements in S(,_1,1) with the same image, i.e., a1 = ay. From the
definition of S(,—1,1) we have 6,_1(a1) + b1 = 6,—1(az) + by = Y(P). Therefore, by = bo,
and the two sets are in bijection.

(i1) Direct calculation by computing the number of triples in which each a € ®%(E)
lies. a

Corollary 7.1.4. Let E/K be an elliptic curve and let P € FE(K). Assume that E
has reduction type T € {I*,, m > 0,IV* III* II*}. Let E — P% ' be the morphism
determined by the divisor class [(n — 1).0g + P], n € {2,3,4}. Let N, denote the
number of minimal degree-n-models for E — P!, Then N, is determined according to

the following tables

(1) if E has reduction type 15 ,m > 0, then

2m»
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Ye(P) | (0,0) (1,1) (0,1) | (1,0)
Ny m—+5 m—+ 2 9 9
N; 2m +6
Ny (m+4)% | (m+2)(m+5) 4m + 10
(i) if E has reduction type 15, .., m >0, then
Yg(P) 0 2 1| 3
NQ m+4 2
N om +7
N, (m+3)(m+6) | (m+4)? | 4m+ 12

(i11) if E has reduction type IV*, then

(iv) if E has reduction type 111", then

(v) if E has reduction type 11", then

Yp(P) 10|12
N, 3
N; [8]6]6
N, 14
Ye(P) | 0] 1
Ny | 4|2
Ns |66
Ny | 15|10

Ny | 3

Ns | 5

Ny | 10
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PROOF: We recall that the number of minimal degree-2-models for £ — Pj. is the
cardinality of the disjoint union of the sets S;(2) and S;. The number of minimal degree-
3-models for E — P% is the cardinality of the disjoint union of Sy(3), S(2,1), and S3. The
number of minimal degree-4-models for £ — P3. is the cardinality of the disjoint union
of S1(4),Si,1), S2,2): S(2,1,1), and Sy. So we have to find the cardinality of each set when
E has one of the reduction types I, IV* III*, or II*.

(1) When E has reduction type I5, ;m > 0, the components group ®x(FE) is iso-
morphic to Z/2Z x Z/27. We have #5;(2) = 4 when ¢(P) = (0,0) and #5:(2) = 2
otherwise. We have #51(3) = 5, moreover #5;(4) = 11 when vg(P) = (0,0), and
#51(4) = 8 otherwise. Moreover, #S2,1) = #P%(E) = 2m + 1, see Lemma 7.1.3. The
sets 5,1 = 3,4, and S(31) are empty.

To compute the size of Ss,S(2,1,1), and Sip2) we need to recall some results from
Chapter 6. The multiplicity-2 components of E{" consists of a sequence V_; : {yi =
0}, Vo, Vi, ..., Vam_1, where 65(V;) = (0,0) if 7 is odd and it is equal to (1,1) otherwise,
see Corollary 6.2.3. Therefore, Sy = 0 if ¥p(P) = (0,1) or (1,0), and #S, = m + 1 if
wE(P) = (076)7 and #SQ =m if wE<P) = (Li)

Now if ¢g(P) = 02(Vi), then #Sw11)(Vi) = 4, otherwise #S211)(Vi) = 2, see
Lemma 7.1.3. Therefore, if ¢(P) = (0,1) or (0, 1), then #S21,1)(V;) = 2 for each i and
#S011) = 2(2m + 1), see Lemma 7.1.3. If ¢5(P) = (0,0)(= (1,1) respectively), then
(#S2,11)(Vaic1), #5211 (Vai)) = (4,2), ((2,4) respectively),i = 0,...,m. Therefore, we
have #S211) = 4(m + 1) 4+ 2m, (2(m + 1) + 4m respectively), see Lemma 7.1.3.

Again if ¥g(P) = (0,1) or (1,0), then Spo) = 0. If ¢5(P) = (0,0), then #Sp2) =
S i = (m A+ 1)2 I p(P) = (1,1), then #S2.9) = m(m + 1).

(¢¢) When E has reduction type I3, ;,m > 0, the components group ®x (E) = Z/4Z.
We have #51(3) = 5. Lemma 7.1.3 implies that #S21) = #P% (E) = 2m+2. Moreover,
Si,t = 3,4, and S3; are empty sets.

Now S1(2) = 3 when ¢x(P) = 0 or 2, and #51(2) = 2 otherwise. We have #35;(4) =
10 when g (P) =0, #51(4) = 9 when ¢g(P) = 2, and #5;(4) = 8 otherwise.

We recall that the multiplicity-2 components of E™™ consists of a sequence V_; :
{y? = 0}, Vo, Vi, ..., Vo, where 8o(V;) = 0 if 4 is odd and it is equal to 2 otherwise,
see Corollary 6.2.3. Therefore, if ¢5(P) =1 or 3, then S, and S(s9) are empty sets. If
YEp(P) =0 or 2, then #Sy =m + 1.

If Yp(P) — 62(V;) € 20 (E), then #S21,1)(V;) = 3. Otherwise, #S21,1)(V;) = 2.
Therefore, if ¥g(P) = 1 or 3, then #Sr11)(Vi) = 2 for each ¢, hence #Sp2,11) =
2(2m + 2), see Lemma 7.1.3. If ¢g(P) = 0 or 2, then #Sp11)(V;) = 3 for each 1.
Therefore, #S,1,1) = 3(2m + 2).

If Yp(P) =1 or 3, then S0 = 0. If Y(P) =0, then #Sp2) = (m+1)(m +2). If
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Yp(P) =2, then #S(59) = (m + 1)

(i49) When E has reduction type IV*, we have ®x (F) = Z/3Z. Therefore, #51(2) = 2
and #51(4) = 5, moreover #51(3) = 4 when ¥ g(P) = 0 and #5:(3) = 3 otherwise.

We recall that #S3 = 1 if ¢¥g(P) = 0, and S3 = () otherwise, see Proposition
6.2.5 (i1). Moreover, ®%(F) = 0 and ®%(E) = {©;, i = 0,1,2}, where §5(0) = 0,
02(01) = 2, and d5(0,) = 1, see Proposition 6.2.5. Therefore, Lemma 7.1.3 implies that
#S01) = #P%(E) = 3, and #S531) = #P%(E) = 1. We have Sy = 0, #5, = 1, and
#S52,2) = 2. Furthermore, S 11)(a) = 2 for every a € ®%(E), therefore #S511) = 6.

(iv) When E has reduction type III*, we have @ (E) = Z/2Z. Therefore, #5,(2) = 2
if Yg(P) =0, and #5,(2) = 1 otherwise. #51(3) = 2, moreover we have #S5;(4) = 3
when ¢ (P) =0, and #5,(4) = 2 otherwise.

Recall that ®% (F) = {0;, i = 0,1,2}, where 62(0;) = 0 when i = 0,1, and §5(03) =
1. Moreover, ®3.(E) = {A;, A2}, where d3(A;) = i, and &% (E) = {¥}, where §4(¥) = 0,
see Proposition 6.2.6. By virtue of Lemma 7.1.3, we have #S1) = #®%(E) = 3, and
#S1) = #L(E) = 2. If p(P) = 0, then #£S, = 2, #S55 = 4, #S@11) = 5, and
#S4 = 1. Otherwise, we have #S55 = 1, #S555 = 2, #S2,1,1) = 4, and Sy = (. We always
have #53 = 1.

(v) When E has reduction type II*, we have ®x(F) = (0). Therefore, #S5;(n) =
1,n € {2,3,4}, see Corollary 7.1.2.

We have that #S,11) = #®% '(E) = 2,n = 3,4, see Lemma 7.1.3. Moreover,
#S, = 2,n = 2,3,4. Finally, S29) = 3 and 52,11y = 2, see Proposition 6.2.8. O

7.2 Constructing divisors and models

The aim of this section is to prove Theorem 7.1.1. Again we start with a smooth genus
one curve C/K where n € {2,3,4}. We assume that the equation of C' is obtained as

an equation for the morphism E — P%! determined by [(n — 1).0g + P], where E is
the Jacobian of C' and P € F(K). We set

52 = 81(2) U SQ, SS = 81(3) U Sg U 8(2,1) and 54 = 51(4) U S4 U 5(371) U 5(2’1’1) U 5(272).

Then we define the map

An : {minimal degree-n-models for C' up to isomorphism} — S™; (C,a) — (I'1,..., '),
where
(i) (I'y,...,I,) consists of the irreducible components of the strict transform of Cy, in
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(i) If m > 2, then multy(I'y) > ... > mult,(I',,).

(iii) If [ is the strict transform of a component I in Cy, then I appears in (I'y, ..., ;)
as many times as deg;, I'". In particular, we have ;" mult,(I;) = n.

We will prove that the map A\, is a bijection and hence Theorem 7.1.1 follows. Recall
that the type of an irreducible component I' of the special fiber of a degree-n-model is
the pair (multy I', deg, I).

Lemma 7.2.1. The map A, described above is well-defined.

PROOF: We need to show that (i) if C and C” are minimal isomorphic degree-n-models for
C, then A\, (C) = A\, (C'), and (ii) A(C) € S™. To prove (i) we know that the special fibers
of any two isomorphic degree-n-models for C' have the same irreducible components
with the same types, therefore the corresponding tuples of both models are the same,
see Theorem 5.1.4.

Now we want to prove (ii), in other words we want to show that if (I'y,...,T,) is
the tuple associated to C, then Y ", d,,,(I;) = ¥p(P) where m; = mult,(T;). Let D
be a divisor on E™" such that C is obtained from E™™" by contraction using D, see
Theorem 4.0.1. The divisor D intersects the I';’s and no other components. We have
D.I'; = mjdeg, I'}, where I} is an irreducible component of Cj, whose strict transform
in E"™ is T';, in particular if deg, I, = dj, then D intersects I'; in d; points which
might not be distinct. Let (x1,...,x,,) be a tuple of all intersection points of D with
the irreducible components (I'y,...,I,,), where z; € T';. Note that z; may be repeated
in (z1,...,z,) if T'; is the strict transform of a component whose degree is greater than
1. Moreover, we have D|g ~ (n —1).0 + P.

Let m, = max{m; := mult;I'; : 1 < j < m}. It is clear that for I';, j =1,...,m,
the multiplicity m; € {1, m,}, since otherwise we will have 1 < m; < m, which implies
that m, > 3, hence m, + m; > 5 which contradicts that Z:’ll m; = n < 4. Let
L; = K(tY™) and Gal(L;/K) = (o). By virtue of Proposition 5.2.1, there exists a
closed point P; € E(L;) such that [K(P;) : K] = m;, and {P;} NT; = {z;}. Let £ be
the minimal proper regular model of E/L,. Since z; lies on one and only one component

of Ef"™, then there are exactly m; points {yi,... ,Ym, } of € lying above z;, and each
of these points lies on a multiplicity-1 component of &, see ([20], Remark 10.4.8). Now
we view D as a divisor on £. We have

m My m My
P = (sum D|g)~ = sum D|¢, = ZZyl = Zzpﬁ
j=1 =1 j=1 I1=1
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The second equality holds because D intersects &, only in multiplicity-1 components.
Therefore, we have P — Z;n:l S P’ e E°(K). Applying the surjective group homo-

. o'l. m
morphism g : E(K) — ®k(E), we get ¢p(P) = Z;”Zl Ve300 P7) = Zj:1 Om; (L';).
O

Lemma 7.2.2. Let (T'y,...,T,,) € S™. Then there exists a divisor D on E™™ such that:
(i) D|g is K-rational.
(i) D.I'; = d;. multy I';, where d; is the number of times I'; appears in (I'y,...,Tp).
(i1i)) D|g ~ (n—1).0+ P.

PROOF: Assume that (I'y,...,T,) € Si(n). Let x; € T, i = 1,...,n — 1, be a point
defined over k. Hensel’s Lemma allows us to lift ; toa point P, € E(K), i =1,...,n—1.
Set P, = P—Y.""' P, € E(K). Note that P, lies above I, because 1g(P,) = ¥p(P) —
22:11 Yp(P) = p(P) =277 6,(1) = 6,(T,), where the last equality follows from the
definition of S;(n). Set the divisor D to be S°7, {P;} on E™" where {P;} is the Zariski
closure of P, in E™".

Now let K,,, = K(t'/™) and Gal(K,,/K) = (0,,).

Assume that (I';)) € S,. Since 6,(I'y,) = ¥g(P), Corollary 6.2.9 shows that there

exists a point Q € F with [K(Q): K] =n, Q € T, and Yoy Q7» = P. Set D = {Q}.
Assume that (Fn 1,1) € Spe1,1), n > 3. Let Q" be a point which reduces on I'. We

have 8,1 (I'p—1) = YE(P)—6(1) = ¢E(P Q’). Again Corollary 6.2.9 shows that there

exists a point Q € E with [K(Q) : K] =n—1, Q € T',_y, and Z?:_ll Qn1=P—(Q.

et D = {Q) + (@) ~

Assume that (©,I'1,I's) € S11). Let P, € E(K) be such that P; € I';, We have
92(0) = Yp(P — P, — P,). Again there exists a point @) € E with [K(Q) : K] = 2,
QeO,and Q+ Q=P —P, —P,. Set D={P,} +{P,} +{Q}.

Assume that (01,03) € Spg). Let P’ € E(K) be such that 6,(0:1) = ¢p(F).
According to Corollary 6.2.9, there exists Q; € E with [K(Q;) : K] = 2, Q; € 6,
Qi+ Q7 =P and Q2+ Q=P — P . Set D = {Q1} + {Q2}. O

Theorem 7.2.3. The map A, is a bijection.

PrRoOOF: We proved that A, is well defined in Lemma 7.2.1. To prove that A, is injective,
let (C1,aq) and (Cy, 2) be two minimal degree-n-models for C. Assume that A\,(C;) =
An(Ca). We want to show that (Cy, ) and (Ca, a2) are isomorphic. The fact that they
have the same corresponding tuples implies that for an irreducible component I" of (Cs),
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we have (ay'ap)*T is an irreducible component of (C);, with the same type, therefore
(C1, 1) and (Cq, ag) are isomorphic, see Theorem 5.1.4.

Now we will prove that A, is surjective. So assume that (I'y,...,I,;,) € S™ and we
want to construct a minimal degree-n-model (C, o) whose image under A, is (I'y, ..., ;).
If I'; appears d; times in (I'y,...,T",,), then Cy should contain an irreducible component
I, whose strict transform in E™" is T, such that deg, I, = d;. By virtue of Lemma
7.2.2, there exists a divisor D on E™" such that D|g is K-rational, D.T'; = d;. multy, T;,
and D|g ~ (n —1).0 + P. Consider the following S-model for C

C == Proj(EP H(E™", Opwin(mD))).

m=0

The model C is given by a genus one equation of degree n, moreover it is minimal
because it is obtained by contracting components in E™" see Theorem 4.2.3. The
special fiber Cj consists of the components in (I'y,...,T';,) because D intersects these
components in E,Tm and intersects no other components. Moreover, each component of
Ci. has degree equal to the number of iterations of its strict transform in (I'y,...,T,)
because D.I'; = d;. mult, I';, We obtain « from the linear equivalence of D|r and
(n—1).0g+ P. O
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Chapter 8

Counting models over QQ

Let p > 5 be a prime number, and n € {2,3,4}. Let Q" be the maximal unramified
extension of the p-adic field Q. Let Z, be the ring of p-adic integers and Z;" the ring
of integers of Q™.

In this chapter we will be interested in attacking the global question. More precisely,
let C' be a smooth genus one curve over Q defined by an integral genus one equation
of degree n, we define a minimal global degree-n-model (C,«) for C' — ]P’&_1 to be a
degree-n-model C — Spec Z for C' — ]P’&_l such that C — SpecZ, is minimal for every
prime p, see §3.1.

It is known that a minimal global degree-1-model for C'/Q, i.e., a Weierstrass model,
exists and is unique up to isomorphism. A proof of the existence of a minimal global
degree-n-model for C'/Q when n € {2,3} can be found in ([14], Theorem 2.6). An algo-
rithm which proves the existence of minimal global degree-n-models when n € {1,2, 3,4}
can be found in [11].

The problem stated above can be tackled locally by considering C' as a curve over Q,
and looking at minimal degree-n-models for C' — IP’&;I up to Spec Z,-isomorphism at
each prime p. It turns out that we need only to investigate a finite set of primes. We need
to overcome two obstacles: (i) the residue fields [, are not algebraically closed which
means that we can not use the results we obtained in the previous chapters directly (ii)
collecting the local data we obtain at each prime to count minimal global models up to
Spec Z-isomorphism.

We will show that the split reduction types are no different from the geometric
case, i.e., when the residue field is algebraically closed. Then we move to the non-split
reduction types and use the fact that after a finite unramified base change the reduction
becomes split. In fact, we make use of the action of the Galois group Gal(F,/F,) on the
irreducible components of the minimal proper regular model.
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The last remark to make is that considering C' as a curve over Q)" rather than over
Qp, the number of degree-n-models for C' — IP’QW up to Spec Z,"-isomorphism is deter-

mined according to Theorem 7.1.1 because the residue field ]Fp is algebraically closed.
Thus we only need to figure out how many of these models are Spec Z;"-isomorphic to
ones defined over Z,.

8.1 [,-rational divisors

We write G, for Gal(F,/F,). Let C' be a smooth genus one curve over Q,, such that
C(Q,) # 0, with Jacobian elliptic curve £ and minimal proper regular model E™™".
Let C — SpecZ," be a minimal degree-n-model for C' — P”_l Set Irre to be the tuple
consisting of the irreducible components of the strict transform of Cf in Emm such
that if I' is an irreducible component of C]F , then the strict transform of r appears in
Irre as many times as degFP I It is understood that only multiplicity-m components,
where m = 1,2, can have degrees greater than 1 in CF,,- The order of the tuple Irre
is immaterial. The group G, acts on Irre in the obvious way, namely (I'y,...,I[})7 =
(I',...,I7) for o € G,.

We recall that C is obtained from E™" — Spec Z," by contraction via a divisor D,
see Theorem 4.0.1. The divisor D intersects each irreducible component of Irre and
meets no other components in E%:”, i.e., for an irreducible component I' of E%’:'”, we
have DNT # ( if and only if I' € Irre. The defining genus one equation ¢ of C is
obtained as a dependence relation in a finitely generated free Z;"-module of the form
H(E™" Opmin(mD)), for some m > 1, see Theorem 4.2.3.

In this section we give a necessary and sufficient condition for C to be SpecZ,"-
isomorphic to a degree-n-model which is defined over Z,, in other words the condition
under which it is possible to construct a divisor D’ on E™" — Spec Z," such that
Opgmin(D) = Ogmin(D') and D'|¢ is Qp-rational. In fact, this condition will turn out to
be that Irre is Gp-invariant. The main result for counting degree-n-models over Z,, is
the following theorem.

Theorem 8.1.1. Let C' be a smooth curve over Q, defined by an integral genus one
equation of degree n with C'(Q,) # 0. Let E™™ — Spec Zy" be the minimal proper
regular model of the Jacobian elliptic curve E. Let (C — SpecZ,", ) be a minimal
degree-n-model for C' — P&;l. Then (C, a) is Spec Z,"-isomorphic to a minimal degree-
n-model defined over Z, if and only if Irre is Gy-invariant.

The next section is devoted to the proof of Theorem 8.1.1. Now we get some ap-
plications of Theorem 8.1.1. We will count minimal degree-n-models for C' which are
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defined over Z,. That is the number of all the combinatorial possibilities for Irre to be
Gp-invariant. Recall that the genus one equation defining C' can be considered as an equa-
tion for a morphism F — P&;l determined by a divisor class of the form [(n—1).0g + P]
for some P € E(Q,). This point P reduces to a point on a multiplicity-1 irreducible
component in Eﬁm defined over F,,.

Corollary 8.1.2. Let E/Q, be an elliptic curve and let P € E(Q,). Assume that E
has split reduction. Let E — IP’" ' be the morphism determined by the divisor class
[(n—1).0g + P], n € {2,3,4}. Let Om Qun(E) — ®qun(E) be the function defined
in Chapter 6. Then there is a bijection between the set of minimal degree-n-models for
E— ]P’&;l up to isomorphism and the union of the sets given in Theorem 7.1.1.

PROOF: If we consider £ as a curve over )", then the number of minimal degree-n-
models up to Spec Z;"-isomorphism is the cardinality of the disjoint union of the sets
stated in Theorem 7.1.1. But Theorem 8.1.1 shows that each of these models is isomor-
phic to a minimal degree-n-model with coefficients in Z, because all the components of
E%’:” are defined over F,,. 0

Remark 8.1.3. If E has one of the reduction types
L, m € {0, 1,2}, 1T, IIT, T1T*, 1T,

then the reduction is always split, in particular all irreducible components of Emm are
defined over [F,,. Therefore, the number of minimal degree-n-models for these reductlon
types is determined according to Corollary 8.1.2.

For the rest of this section we will be concerned with non-split reduction types.
We will count the set of minimal degree-n-models C — Spec Z“" for which Irre is G-
invariant. We will denote the number of multiplicity-1 1rredu(21ble components of Emm

which are defined over F,, by ¢,, this is the Tamagawa number of the Jacobian E/ @p

Corollary 8.1.4. Let E/Q, be an elliptic curve and let P € E(Q,). Let E — P&;l
be the morphism determined by the divisor class [(n — 1).0g + P]. Assume that E has
non-split reduction. Then the number of minimal degree-n-models for E — P&;l up to
isomorphism is determined according to the following table.
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cpllmn=2| n=3 n=4
Lot L{m+1| m+1|(m+1)(m+2)/2
Iom, P € E°(Q,) 2 m+1| m+1 | (m+1)(m+2)/2
L, P € E°(Q,) 2 1 m+1 m+1
v 1 2 2 3
I 1| 2 3 4
L1, m>0, PEE(Q,) | 2 | m—+4|2m+5| (m+3)(m+4)
Lo, m>0, PZEY Q) | 2 [m+2|2m+5| (m+2)(m+4)
L, m>0, PEEYQ,) |2 |m+3|2m+4| (m+2)(m+4)
L, m>0, PZEYQ,) |2 |m+2|2m+4| (m+2)(m+3)
Iv* 1 3 4 8

Recall that ¥ is the surjective group homomorphism in the short exact sequence
0= E°(Q,) — B(Q,) * @q,(E)(E,) — 0,

and that we fix an isomorphism ®gun(E) (F,) = Z/27Z x 7Z/2Z when E has reduction
I5,,, and ®qun (E)(F,) = Z/IZ for other reduction types.
PRrROOF OF COROLLARY 8.1.4:

Multiplicative reduction: It is known that if £/Q, has non-split multiplicative
reduction I,,, m > 3, over Q,, then there exists an unramified quadratic extension K/Q,
such that F/K has split multiplicative reduction I,,.

For reduction type Isn,11 we have ¢, = 1. Therefore, the identity component I'y
is the only multiplicity-1 component defined over F,. We have 1 x(P) = 0. The two
intersection points of I'y with the other irreducible components of Eﬁm are switched
under the action of some o € G,. It follows that o carries the ith component of E%’:” to
the (2m + 1 — 4)th component.

For reduction type Iy, we have ¢, = 2. One of the two irreducible components
defined over [F, is the identity component. Again G, carries the ¢th component to the
(2m — i)th component, therefore the other irreducible component defined over I, is the
mth component. We have ¢g(P) is either 0 or m.

Now the tuple Irre corresponding to a minimal degree-n-model C for C'is G,-invariant
if and only if it consists of components of the form determined by the following table.
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n =2 n=23 n=4

L, Ye(P)=0 (i,m—1i) | (0,4,m—1) | (i,m—i,j,m—j)
L, m:even, Yp(P)=m/2 | (0,m/2) | (m/2,i,m —1i). | (0,m/2,i,m — 1)

The numbers given in the statement of the corollary are the cardinalities of the sets
consisting of the tuples given in the table above.

Additive reduction: Now we consider non-split additive reduction types. Let C
be a minimal degree-n-model for £ — IP’&;I determined by [(n — 1).0g + P]. Let N,
be the number of minimal degree-n-models which are defined over Z,, up to SpecZ,-
isomorphism, i.e., IV, is the number of minimal degree-n-models, up to Spec Z,-isomorphism,
whose corresponding tuples are G,-invariant.

Reduction IV: If F has non-split reduction of type IV, then ¢, = 1. We have
YE(P) = 0. The group G, switches the two non-identity components. When n = 2, the
tuple Irre is Gp-invariant if and only if it is either (0,0) or (1,2). Therefore, Ny = 2.
When n = 3, Trre is Gp-invariant if and only if it is either (0,0,0) or (0,1,2). Hence
N3 = 2. When n = 4, Irre is G,-invariant if and only if Irre € {(0,0,0,0), (0,0, 1,2),
(1,2,1,2)}. Hence N, = 3.

Reduction Ijj: If E has reduction type Ifj, then

o =14+#{aeF,: f(a) =0}

where f is a polynomial of degree 3 in the coefficients of the defining polynomial of F,
see ([28], p. 367). Moreover, f has distinct roots in IF,,. Thus if the reduction is non-split,
then either ¢, = 1 or ¢, = 2. Moreover, the multiplicity-2 component © is defined over
Iy, i.e., it is isomorphic to P . In addition, d2(©) = (0,0), see Corollary 6.2.3.

When ¢, = 1, we have ¢g(P) = (0,0) and G, swaps the 3 non-identity components.
When ¢, = 2, we fix an isomorphism ®gun (E)(F,) & Z/27 x Z,/2Z such that (1,1) cor-
responds to the non-identity component which is defined over F,. Then we have ¢z (P)
is either (0,0) or (1,1), and G, switches the two other components. The multiplicity-2
component © is always fixed under the action of G,.

Assume that ¢, = 1. For the case n = 2, Irr¢ is Gp-invariant if and only if it
is either ((0,0),(0,0)) or the multiplicity-2 component ©. When n = 3, Irr¢ is G,-
invariant if and only if it is either ((0,0), (0,0), (0,0)), ((0,1), (1,0),(1,1)) or ((0,0),©).
When n = 4, Irrc is Gy-invariant if and only if it is either ((0,0),(0,0), (0,0),(0,0)),
((0,0), (0,1),(1,0),(1,1)), ((0,0),(0,0),0) or (6,0). Hence Ny = 2, N3 = 3 and
Ny = 4.

Now assume that ¢, = 2. Assume moreover that ¢p(P) = (0,0). When n =

0 1,1)

2, Irre is Gp-invariant if and only if it is either ((0,0),(0,0)), ((
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multiplicity-2 component ©. When n = 3, Irr¢ is Gp-invariant if and only if it is either

((0,0),(0,0),(0,0)), ((0,0), (1, 1), (L,1)), ((0,1),(L,0), (L, 1)) or ((0,0),0). When n =4,
Irlicis gp:ililvariargt iffnnﬁd onlxif}t 1§e{cher((0 02 (0,0), (0,0), (0, . ))L(S ,0) g 0), Elll),glll)),
((0,0),(0,1),(1,0), (1,1)), ((0,1), (1,0), (0, 1), (1,0)), (1, 1), (1, 1), (1, 1), (1, 1)), ((1, 1), (1,1),©),

0

((0,0),(0,0),0) or (©,0). Hence Ny = 3, N3 =4 and N, = 8.

Assume ¢p(P) = (I,
ther ((0,0),(1,1)) or ((0,1),(1,0)). When n = 3, Irr¢ is G,-invariant if and only if
it is either ((0,0), (6 0),(1,1)), ((0,0),(0,1),(1,0)), ((1,1),(1,1),(1,1)) or ((1,1),0).
When n = 4, Irre is Gy-invariant if and only if it is either ((0,0), (0
(0.0, (0.0), (0. 1), (1.0)), (L. 1), (L. 1), @, 1), (1.0)). ((0,0). (1, 1), (L, 1),
or ((0,1),(1,0),0). Hence Ny =2, N3 =4 and Ny = 6.

Reduction [},, m > 1: If E has non-split reduction of type I',, m > 1, then ¢, = 2.

The multiplicity-1 non-identity component I' which is defined over I, is the one attached

1). When n = 2, Irrc is Gp-invariant if and only if it is ei-
1

{
1

m?

to the same multiplicity-2 component to which the identity component is attached. From
the description of the irreducible component I', it follows that it corresponds to an
element of order 2 in the components group, see Proposition 6.2.2, so it corresponds to
2 when m is odd. When m is even, we fix an isomorphism ®gun (E) (F,) = 7/27 x 7./ 27
such that I' corresponds to (1,1). The group G, switches the two other multiplicity-1
irreducible components. All the multiplicity-2 components are defined over F,, i.e., each
of them is isomorphic to IP’IIF , and hence they are fixed under the action of G,,.

(i) Reduction I3, : We start with non-split reduction of type I5,, . ,, m > 0.
We recall that the multiplicity-2 components of Eﬁm are V_1, Vo, V1,..., Vo, where
92(V;) = 0 if 7 is odd and it is equal to 2 otherwise, see Corollary 6.2.3.

Assume that ¢p(P) = 0. When n = 2, Irrc is Gp-invariant if and only if it is either
(0,0), (2,2), (1,3), or V; where i is odd. When n = 3, Irr¢ is G,-invariant if and only
if it is either (0,0,0), (0,2,2), (0,1, 3), (0,V;) where i is odd, or (2,V;) where i is even.
When n = 4, Irr¢ is Gp-invariant if and only if it is either (0,0,0,0), (0,0,2,2), (0,0,1, 3),
(2,2,1,3), (2,2,2,2), (1,3,1,3) or if Irre lies in

{(V;,0,0),(V;,2,2),(V;,1,3)} if i is odd
{(V;,0,2)} if 4 is even

or if Irre is (V;,V;) where i + j is even. Therefore, Ny = m + 4, N3 = 2m + 5 and
Ny=6+4m+ 1)+ (m+1)(m+2)=(m+3)(m+4).

Now assume that ¢g(P) = 2. When n = 2, Irre is G,-invariant if and only if it is
either (0,2) or V; where i is even. When n = 3, Irrc is Gp-invariant if and only if it is
either (0,0,2), (2,2,2), (2,1,3), or if it is of the form (0,V;) where i is even, or (2, V)
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where i is odd. When n = 4, Irrc is Gp-invariant if and only if it is either (0,0,0,2),
(2,2,0,2), (1,3,0,2) or if it lies in

{(V;,0,2) if 4 is odd

Sean(Vi) = o o -
| ) {(‘/;7070)7(‘/;7272)7(‘/7,,1,?))}’ lfl 1S even

or if Irre is of the form (V;,V;) where ¢ + j is odd. Therefore, No = m+2, N3 =2m+5
and Ny =3+4(m+1)+ (m+1)2 = (m+2)(m+4).

(ii) Reduction I}, : Now we assume that E has non-split reduction of type I}, , m >
1. The multiplicity-2 components of B are V_1, Vo, Vi, ..., Va1 where 65(V;) = (0,0)
if 7 is odd and it is equal to (1, 1) otherwise, see Corollary 6.2.3.

Assume that ¥g(P) = (0,0).
either ((0,0), (0,0)), ((1,1),(1,1)), or V; where 7 is odd. When n = 3, Irr¢ is G,-invariant
if and only if it is either ((0,0),(0,0),(0,0)), ((0,0),(1,1),(1,1)), ((0,1),(1,0),(1,1)),
((0,0), V;) where i is odd, or ((1,1),V;) where 7 is even.

When n = 4, Irre is Gp-invariant if and only if it is either ((0,0), (
(0.0, 0,0), (1. 1), (L, 1), ((0,0),(0,1), (1,0), (1. 1)) (0,1, (1,0} 0
((1,1),(1,1),(1,1),(1,1)), or if it lies in

(1
0,0). When n = 2, Irre is Gp-invariant if and only if it is
1

I\_/ H\ OI

—_ I

0), (0.0), (0.0)),
). (1.0),

Sean(Vi) =

or if Irre is of the form (V;, V;) where ¢+ j is even. Therefore, No = m+3, N3 =2m+4
and Ny =5+202m+ 1)+ (m+1)> = (m +2)(m + 4).

Now assume that ¢ x(P) = (1,1). When n = 2, Irr¢ is Gp-invariant if and only if it is
either ((0,0), (1,1)), ((0,1),(1,0)), or V; where i is even. When n = 3, Irr¢ is G,-invariant
if and only if it is either ((0,0),(0,0),(1,1)), ((1,1),(1,1),(1,1)), ((0,0),(0,1), (1,0)),

1

(1,
((0,0),V;) where i is even, or ((1,1),V;) where i is odd. When n = 4, Irrc is G-
invariant if an(_:l ?nly_if_it is either E((_)_ 0), (ﬁ_ _)_(q 0),(1,1)), ((0,0),(0,0),(0,1),(1,0)),
((1,1),(1,1),(0,0),(1,1)), ((1,1),(1,1),(0,1),(1,0)), or if it lies in

or if Irre is of the form (V;,V;) where i + j is odd. Therefore, Ny = m+2, N3 =2m+4
and Ny =4+22m+1)+m(m+1) = (m+2)(m + 3).

Reduction IV*: If E has non-split reduction of type IV*, then ¢, = 1. More pre-
cisely, Eﬁm consists of three irreducible components I'; ©, A of multiplicities 1,2, 3 re-
spectively. The group G, switches the two non-identity multiplicity-1 components, and
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it switches the two multiplicity-2 components ©', ©” which are not defined over F,.
Moreover, §2(0) = 0, d2(0") 4+ §2(0”) = 0, and §3(A) = 0, see Proposition 6.2.5. When
n = 2, Irrc is Gp-invariant if and only if it consists of either (0,0),(1,2) or ©. When
n = 3, Irrc is Gp-invariant if and only if it is either (0,0,0), (0,1,2), (0,0) or A. When
n = 4, Irre is Gp-invariant if and only if it is either (0,0,0,0), (0,0,1,2), (1,2,1,2),
(0,0,0), (1,2,0), (6,0), (0/,0") or (0,A). Hence Ny =3, N3 =4 and N, = 8. O

8.2 Proof of Theorem 8.1.1

Now we prove one of the implications of Theorem 8.1.1.

Proposition 8.2.1. Let C be a smooth curve over Q, defined by an integral genus one
equation of degree n with C(Q,) # 0. Let E™™ — Spec Z," be the minimal proper regular
model of the Jacobian elliptic curve E. Let (C — SpecZ,",a) be a minimal degree-n-
model for C' — P&;l. If (C,«a) is SpecZy"-isomorphic to a minimal degree-n-model
defined over Z,, then Irrc is Gy-invariant.

PROOF: Assume that (C,«) is isomorphic to a degree-n-model (C" — SpecZ,, o). Set
B = o' ta. It follows that if I" is an irreducible component of C%p, then 3*(T") is an
irreducible component of Cﬁp with the same degree and multiplicity as I', see Theorem
5.1.4, hence Irrer coincides with Irre . Now we will show that Irres is Gp-invariant.

The model C’ is obtained from E™" — Spec Zy" by contraction via a divisor D'.
Moreover, HO(E™" O gmin(mD')), m > 1, is a free finitely generated Z,-module. Hence

the divisors D’ |% and D'|gmin are Q,-rational and F,-rational respectively. Since D’
Fp

un
P

intersects irreducible components of Irres and no other components in E%”i", it follows
p
that if ' € Irrer, and hence there is an « € (D'|gmin) N T # (), then T'? € Trrer for every
F

P
o € G,, because z7 € (D’\E%m)” NI = (D’\E%nm) nIe. O
P P

The following Theorem is the main ingredient to proceed with the proof of the rest
of Theorem 8.1.1.

Theorem 8.2.2. Let E/Q, be an elliptic curve with minimal proper regular model
E™n™ — SpecZ,. Let P € E(Q,). Let n € {1,2,3,4}. Let (T'y,...,Ty,) be a tuple of

wrreducible components of E%”m satisfying:
p
(i) The tuple (I'v,...,I'yw,) is Gy-invariant.

(i) >, multy I'; = n.
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(iii) 3 ity Om, (L) = Y(P) where m; = multy T;.
Then there exists a divisor D on E™™ — Spec Zy," such that:

(i) (D|g)” = D|g for every o € Gal(Qy"/Q,).

(i) D.I'; = d;. multFp L'y, where d; is the number of times I'; appears in (I'1,...,Tp).
(i1i)) D|g ~ (n—1).0+ P.

Remark 8.2.3. Notice that the invariance of the tuple of components under Galois
action in Theorem 8.2.2; condition (), was always satisfied when the residue field was
algebraically closed, see Lemma 7.2.2.

Now we need a few lemmas to prove Theorem 8.2.2.

Lemma 8.2.4. Let p be a prime and d an integer such that ged(d,p) = 1. Let K be
a finite extension of Q,. Let E/K be an elliptic curve. Assume that E/K has additive
reduction. Then the group E°(K) is divisible by d.

PROOF: Let k be the residue field of K. Recall that E'(K) = {P € E(K) : P = 0g}.
The group E°(K)/E'(K) is isomorphic to k™ because F has additive reduction. In
particular, E°(K)/FE'(K) is divisible by d because (d,p) = 1. But the group E'(K)
is uniquely divisible by d, see ([17], Chapter 14, Corollary 1.3). Therefore, E°(K) is
divisible by d. a

We know that E°(Qy")/dE®(Qy") = 0, where (d,p) = 1, whatever the reduction
type of E is, see ([27], Chapter VII, Exercise 7.8).

If E/Q, has non-split reduction type, then there exists a finite unramified extension
K over which E has split reduction. This field extension is quadratic except possibly
when F has non-split reduction of type If, then it is either quadratic or cubic.

Let d = [K : Q,] € {2,3}. We define the norm map Normg /g, to be Normg/q,

E(K)— E(Q,); @ — >, Q"' where Gal(K/Q,) = ().

Lemma 8.2.5. Let p > 5 be a prime. Assume that E/Q, has non-split reduction.
Let K be the smallest unramified extension over which E has split reduction. Then
Normg g, : E°(K) — E°(Q,) is surjective.

Proor: We first treat the additive case. So assume that E has non-split additive
reduction. Let Q € E°(Q,). Since E°(Q,) is divisible by d = [K : Q,], see Lemma 8.2.4,
there is a Q' € E°(Q,) with dQ’ = Q. Now we have Normg/q,(Q') = dQ' = Q.
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Now we treat the multiplicative case. So assume E has non-split multiplicative re-
duction. We have [K : Q,] = 2. The non-singular reduction of E will be denoted by
Ens. Let k be the residue field of K. We denote the image of o under the isomorphism
Gal(K/Q,) = Gal(k/F,) by o again. Let Normy,p, : Ens(k) — En(Fy): Q— Q +Q°.
Consider the following diagram.

NormK/@pl NormK/@pl Normk/]ppl
0— El(@p) - EO(QP> - EnS(]Fp) —0

To prove that Normyq, : E°(K) — E°(Q,) is surjective, we only need to show the
surjectivity of both Normy/q, : E*(K) — E'Y(Q,) and Normy g, : Eps(k) — E,s(F,).
Let Q € E'Y(Q,). Since E'(Q,) is divisible by 2, there is a Q" € E*(Q,) such that
2Q" = Q. Now Normpgq,(Q') = 2Q" = Q.

Now we will show the surjectivity of Normyr, . The isomorphism f : B (k) = k*
induces an isomorphism E,(F,) = U := {u € k* : Normyg,(u) = 1}. Moreover, the
k-automorphism o~ fof~! 1 k* — k* is u — u™!, see ([20], Exercise 10.2.7). Therefore,
the map Normyp, induces the map k* — U; v +— v/v?. Now according to Hilbert’s
Theorem 90, for u € k* we have Normyr,(u) = 1 if and only if u = v/v” for some
v € k™. Therefore, we deduce the surjectivity of Normy p,. O

We need the following lemma which describes totally ramified extensions of Q,,.

Lemma 8.2.6. Let L be a totally ramified extension of Q, with [L : Q)] = m, m =
2,3,4. Then the mazimal unramified extension L' of L is a Galois extension of Q)"
with [L'™ = Q"] = m.

PRrROOF: According to Corollary 3.4 of [13], since Q,, is complete, L*" is a totally ramified
extension of Q)™ with [L*" : Q"] = [L : Lg|, where Lo = L N Qp". But since L/Q, is a
totally ramified extension, it follows that Ly = Q,. Now by virtue of Proposition 5.2.2,
since Q" is a Henselian discrete valuation field with algebraically closed residue field,
we have L'" = Q" ( x/p), and L*"/Qp" is Galois. O

If Q= (x,y) € £(Q,), then K(Q) will denote its field of definition Q,(z,y).
PROOF OF THEOREM 8.2.2: The field k will always denote the residue field of K. The
image of o under Gal(K/Q,) = Gal(k/F,) will be denoted by o again. We will divide
the proof into several subcases:

(i) Assume that A := (I'y,...,I,,) consists of one G,-orbit. Then we have the
following three subcases:
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(1) If A consists of one irreducible component of multiplicity-n, then this component
I' is defined over F, and 6, (I") = ¥ g(P). We have two subcases:

— If n =1, then set D = {P}.

— If n > 2, then the reduction is additive. There exists a point x € I' defined
over F,. According to ([20], Exercise 9.2.11 (c)), there exists a point ) € E
such that {Q'} NT" = {z} and [K(Q’) : Q,] = n. Since z is defined over F,,
it follows that the residue field of K(Q') is F, itself. Therefore, K(Q')/Q,
is a totally ramified extension. Let L = K(Q'). According to Lemma 8.2.6,
L = Q" (3/p)- Let Gal(L"*"/Qp") = (A). By the definition of ¢, we have
P =3" Q% — P € E°Q,). Since E°(Q,) is divisible by n, see Lemma
8.2.4, we have P’ = nS for some S € E°(Q,). Now our divisor is D = {Q}
where Q = Q' — S.

(2) If A consists of two irreducible components of multiplicity-m, then E has non-split
reduction over Q,, and this reduction splits over an unramified quadratic extension
K. Let Gal(K/Q,) = (o). We have 2m =n, A = (I',T) and 6,,(I") + 0,,(I'7) =
Yr(P). We have two further subcases to consider:

— If ' is of multiplicity-1, then we pick x € I" to be defined over k. According to
Hensel’s Lemma, we can lift = to a point ' € E(K). Since 6,,(I") +0,,(I'7) =
Yp(P), we have P’ := Q' + Q° — P € E°Q,). Lemma 8.2.5 shows that

P =S+ 57 for some S € E(K). Set D = {Q} where Q@ = Q' — 5.

— If ' is of multiplicity-2, then E has non-split reduction of type IV* over Q,,.
Let = be a point on I' defined over k. By virtue of ([20], Exercise 9.2.11
(c)), there exists a point Q' € E such that {Q'} NT = {z} and K(Q') is
a totally ramified extension of K with [K(Q') : K] = 2. Let L = K(Q'),
then [L** : K" = [L : LN K" = [L : K| = 2, see ([13], Corollary 3.4).
Since K is an unramified extension of Q,, it follows that K" = Q,". Let
Gal(L*"/Qp") = (A). If we assume that d5(T") = 1, then by the definition of J,
the point Q'+ Q" reduces on the multiplicity-1 component corresponding to 1.
Similarly, Q" +(Q'*)* reduces on the multiplicity-1 component corresponding
to 2. Therefore, we have P’ := Q' + Q™+ Q" + (Q")* — P € E°(Q,). Since
E°(Q,) is divisible by 4, see Lemma 8.2.4, we have P’ = 45, then we set
D = {Q} where Q = Q' — S.
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(3) If A consists of three irreducible components of multiplicity-1, then £ has non-
split reduction of type Ij and ¢, = 1. The reduction splits over an unramified cubic
extension K. Let Gal(K/Q,) = (o). We have A = (I',T7,T"), where I'"" # '/
if i # j, and Z?:o 51(I°") = ¢p(P). Let # € T be a point defined over k. Lift x
to a point Q' € E(K), then we have P’ := Q'+ Q" + Q" — P ¢ E°(Q,). There
is a point S € E(Q,) such that P’ = 35, see Lemma 8.2.4. Set D = {@} where
Q=0Q -5

(ii) Assume that A := (I'y,...,I',,) consists of n G,-orbits. Then m = n, multg, (I';) = 1,
for each 7, and Y, 6:(I';) = ¥g(P). On each I'; we pick a point z; defined over F,,
then we lift it to a point Q; € E(Q,). We have P’ := > Q;, — P € E°(Q,). Set
D =>"1{Q:} +{Q.} where Q', = Q, — P'.

(ili) Assume that A := (I'y,...,[,) consists of two G,-orbits and m # 2. Then we have
the following three subcases:

(1) Each G,-orbit consists of one irreducible component. We have two further subcases:

— A = (0,I') where multg, (©) = n — 1 and multg,(I') = 1. Pick z € T" to be
defined over FF,, then we lift it to P’ € E(Q,). According to (i)-(1), there
is a divisor D' on E™™ — SpecZ, such that D'|g is Q,-rational, D'|p ~
(n—2).0+(P—P),and 'O =n—1. Set D = D'+ {P'}.

— A = (04,0,) where multg, (0;) = 2. Let P, € E(Q,) be such that 0,(0) =
Yg(Py). Let P, = P—Py. According to (i)-(1), there are two divisors Dy, Dy on
E™n s Spec Z,, such that D;|p is Q,-rational, D;|g ~ 0+ P;, and D;.0; = 2,
where i € {1,2}. Set D = Dy + Ds.

(2) One of the G,-orbits consists of two components exactly. Then the reduction of £
splits over K where Gal(K/Q,) = {1,0}. We have further two subcases:

— A = (I, I],I,I'9) where multg I'; = 1 and I'; # I', where ¢ € {1,2}.
Let P, € E(Q,) be such that 61(I'y) + 6;(I'Y) = ¥g(F). Let P, = P — P;.
According to (i)-(2), there are two divisors Dy, Dy on E™" — Spec Z4" such
that D;|g is Q,-rational, D;|g ~ 0+ P;, and D;.I; = D, I' = 1, where

i€ {1,2}. Set D = D, + Ds.

- A = (0,I'T?) where m := multg,(©) € {1,2} and T' is a multiplicity-1
component such that I' # I'?. Let P, € E(Q,) be such that 05(0) = g (Fy).
Let P, = P—P;. According to (i)-(1) and (i)-(2), there are two divisors Dy, Dy
on E™" — SpecZi™ such that D;|p is Q,-rational, Di|g ~ (m —1).0 + P,
D1.© =m, Dy|p ~0+ Py and Dy.I' = Dy. ' = 1. Set D = D; + Ds.
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(3) One of the G,-orbits consists of three components exactly. Then E has non-split
reduction of type I}, and the reduction splits over K where Gal(K/Q,) = {1, 0, %}
Moreover, we have A = (T, "7, e’ ') where multg, [V = 1 and 0o £ T if i # j.
Let P' € E(Q,) be such that 6§;(I) = ¢g(P’). According to (i)-(3), there is a
divisors D" on E™" — Spec Z4" such that D'| is Q,-rational, D'|g ~ 2.0+(P—F’)
and D'.T°" = 1. Set D = D' + {P'}.

(iv) Assume that A consists of three G,-orbits and m # 3. We have two further subcases:

(1) Each G,-orbit consists of one component, and hence A = (©,I'1,I'y), where multg, (©)

2 and multg,(I';) = 1. Let P, € E(Q,) be such that 6,(I;) = vg(F), i €
{1,2}. Let P’ := P — P, — P,. According to (i)-(1), there is a divisor D’ on
E™™ — SpecZ, such that D'|g is Q,-rational, D'|p ~ 0+ P’, and D".© = 2. Set
D =D +{P}+ {P}.

(2) One of the G,-orbits consists of two components. Then the reduction of E splits
over K, where Gal(K/Q,) = {1,0}, and A = (I',T"7,I'1,I'y), where I" # I'“ and
multg, (I';) = 1. Let P, € E(Q,) be such that 6,(I';) = Yr(F), i € {1,2}. Let
P':= P — P| — P,. According to (i)-(2), there is a divisor D" on E™" — Spec Z2"
such that D'|g is Q,-rational, D'|g ~ 0+ P, and D'.I' = D'T? = 1. Set D =
D' +{P} + {P}.

Now Theorem 8.1.1 follows as a direct consequence of Theorem 8.2.2.

PrROOF OF THEOREM 8.1.1: Proposition 8.2.1 shows that if C is isomorphic to a
minimal degree-n-model defined over Z,, then Irr¢ is G,-invariant. So we assume that
the tuple Irr¢ is Gp-invariant. The model C is obtained from E™™ by contraction via a
divisor D, see Theorem 4.0.1. We want to construct a divisor D’ such that Ogmin (D) =
Ogmin(D') and HY(E™" Opmin(mD')), m > 1, is a finitely generated free Z,-module.
Therefore, C' = Proj(@;._, H*(E™", Ogmin(mD'))) — SpecZ, is a minimal degree-n-
model isomorphic to C, see Theorem 4.2.3.

The tuple Irte = (I'y,...,I,,) satisfies the conditions of Theorem 8.2.2, for the
condition " 0, (I';) = ¢g(P) we follow the same argument as in the proof of Lemma
7.2.1. Therefore, there exists a divisor D’ on E™" — Spec Z4" such that (D'|g)” = D'|g
for every o € Gal(Qy"/Qp), D'.I'; = d;. multz I';, where d; is the number of iterations
of T'; in the tuple (T'y,...,T,,), and D'|g ~ (n —1).0 + P. It is clear that D|g ~ D'|g
and D|Eﬁm ~ D/|Eﬁm’ hence Opgmin (D) = Ogmin (D'), see ([20], Exercise 9.1.13). O
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8.3 Counting global models

Let n € {2,3,4}. Now we are in a place to find the number N of minimal global degree-
n-models for a smooth curve C' — IP’&_I defined by a genus one equation of degree n
such that C(Q,) # 0 for every prime p. In the previous two sections we managed to
find the number NN, of minimal degree-n-models for C' — P%;l, at each prime p > 5. In
this section, we relate N to the N,’s using Chinese Remainder Theorem.

If m € Z, then we set

P(m)={2,3,p|p>5is aprime ,p* | m}.
The main result of this chapter is the following Theorem.

Theorem 8.3.1. Let C — P%ﬁl be a smooth curve defined by a genus one equation of
degree n. Assume that C(Q,) # 0 for every prime p. Let E/Q be the Jacobian elliptic
curve of C' and let A be its minimal discriminant. Let N and N, denote the numbers of
minimal global degree-n-models for C' — ]P’&‘l, up to 1somorphism, and minimal degree-
n-models for C' — P&;l, up to isomorphism, respectively. Then

N = N,
peEP(A)

To prove Theorem 8.3.1 we will show that the map A defined by

{minimal global degree-n-models for C'/Q} — H {minimal degree-n-models for C/Q,}
peP(A)

C,a) — ((C,a),...,(C,a))

is a bijection. Notice that the above two sets of degree-n-models are defined up to
isomorphism. Theorem 8.3.1 follows immediately from the bijectivity of .

Notice that our work enables us to compute N, for each prime p > 5. Before pro-
ceeding with the proof of Theorem 8.3.1 we need two Lemmas on matrices.

Lemma 8.3.2. Let A € GL,,(Q,)NMat,,(Z,) have coprime entries. Then there exist ma-
tricesU € GL,(Z) andV € GL,,(Z,) such that A = V DU, where D = diag(p™,...,p™ ', 1)
and ry > ... > Tp_1.

PrOOF: We claim that there exists a matrix B € GL,(Q) N Mat,(Z) such that V' :=
BA™!' € GL,(Z,). Granted this claim we write the Smith Normal Form for the matrix
B, so we have B = U'D'DU where U,U" € GL,(Z), D" is a diagonal matrix whose
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entries are not divisible by p, and D = diag(p™,...,p™ ', 1), 11 > ... > rp_1. Then we
set V:=V'7'U'D’' € GL,(Z,), hence we are done.

To prove the claim, assume that A = (a;;); ;. Recall that every element in Z, can be
written uniquely as >, a;p’, where a; € Z satisfies 0 < a; < p — 1. Let m > 0 be an
integer large enough such that the matrix B = (a;; mod p™);; € GL,(Q) N Mat,(Z).
Now we have BA™! =id,, mod p™ and hence BA™! € GL,(Z,). O

Lemma 8.3.3. Let S = {p1,...,pm} be a finite set of primes. Let U; € SL,(Z) and
m; > 0 be an integer, 1 < i < m. Then there exists U € SL,(Z) such that U = U;
mod p;"* for every i, 1 <i < m.

ProOOF: That is Lemma 3.2 of [14]. O

Recall that if R is a ring, then G,(R) is the group of transformations of the form
[tn, An], where A, € GL,(R), p, € R* when n = 2,3, and py € GLa(R), see §2.1.

Lemma 8.3.4. Let ¢ and ¢’ be two minimal G, (Q,)-equivalent genus one equations of
degree n with coefficients in Z and 7Z, respectively. Then ¢' is G, (Z,)-equivalent to a
mainimal genus one equation of degree n whose coefficients lie in Z.

PROOF: Assume that ¢’ is obtained from ¢ via [u,, A,] in G,(Q,). For r € Qj, the
following transformations are identical:

[fin, An] = [T’Z,un,'r’An] when n = 2,4, and [us, A3] = [r’?’ug,rA;;].

Therefore, we can assume that A, has coprime entries in Z,. Lemma 8.3.2 allows us to
write A,, = V,,D,U,, where V,, € GL,(Z,), U,, € GL,(Z), and D,, = diag(p™,...,p™*,1).
Similarly, we can write 4 = vymyvy where vy, € GL,(Z,), va € GL,(Z), and 74 =
diag(p™™,p™").

Let v be the Z-integral genus one equation obtained from ¢ via the transformation
[1,U,] when n = 2,3, and via [vy, Uy] when n = 4. Then 1 lies in the same G, (Z)-
equivalence class as ¢. Let ¢” be the genus one equation obtained from 1 via the
transformation [u,, D,], where u, = (det Dy)™2, py = (det D3)™ !, and p) = 74. Tt is
clear that ¢" is G, (Z,)-equivalent to ¢’. We claim that ¢” has coefficients in Z. If it is
not the case, then some of the coefficients of the polynomials defining ¢” would lie in
L C —xZ, for some k > 0. But ¢ is obtained from ¢’ via [w,, V"], where w, € Z
when n = 2,3, and wy € GLy(Z,), and since ¢’ is Z,-integral, it follows that ¢” should
be Z,-integral, which is a contradiction. a

The following lemma, ([28], Chapter IV, Lemma 9.5), will be used to justify our
choice of the set of prime numbers P(A).
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Lemma 8.3.5. Let K be a discrete valuation field with normalised valuation v. Let E
be an elliptic curve over K with discriminant A. If v(A) = 1, then E has reduction of
type 1.

PrROOF OF THEOREM 8.3.1: First we will show that the map A is well defined. Let
(C1, 1) and (Cg, a) be two isomorphic minimal global degree-n-models for ' — P ™"
Then a := a;'a; : (C1)g, — (C2)g, is defined by an element in G, (Z) — G,(Z,) for
every prime p, i.e., (Ci, 1) and (Ca, az) have the same image under \.

To show that A is injective, let (Cy, ;) and (Cq, ) be two minimal global degree-
n-models for C' — P&_l with the same image under A\. We need to show that (Cy, ;)
and (Ca, ) are isomorphic. Let o := ay'a;. The map « is defined by an element
(1, A] € G,(Q). We can assume that A € Mat,(Z) has coprime entries. Since (Cy, )
and (Cy, a2) have the same image under A, hence Spec Z,-isomorphic for every p € P(A),
it follows that A € GL,(Z,), and so p 1 det A. If p ¢ P(A), then E/Q, has either
reduction types Iy or I;, see Lemma 8.3.5. But according to Corollary 7.1.2, when F
has either reduction types Iy or I, there is a unique degree-n-model for C' — ]P’&;l.
That means that for p &€ P(A), (C1, 1) and (Ca, a2) are isomorphic as degree-n-models
for C — IP’&;I. Hence A € GL,(Z,) for every prime p, in particular p { det A. Thus
det A==+1 and A € GL,(Z).

Now we will prove the surjectivity of \. We will assume without loss of generality
that the defining genus one equation ¢ of C' has coefficients in Z and that the associated
discriminant is everywhere minimal.

Let P(A) = {p1,...,pm} where m > 2. Let (C; — SpecZ,,, o;), where 1 < i < m,
be a minimal degree-n-model for C' — ]P”pl We want to construct a minimal global
degree-n-model (C, ) for €' — Pg~ ! such that a'a; : (Ci)g,, — C is defined by an
element in G, (Z,,) for each i. Let ¢l be the defining genus one equation of C;.

By virtue of Lemma 8.3.4, ¢; is GL,,(Z,,)-equivalent to a genus one equation ¢} with
coefficients in Z. In fact, according to the proof of Lemma 8.3.4, ¢! is obtained from ¢ via
(i, D;U;] where D; = diag(p;™",...,p;"" ', 1), Ui € GL,(Z), and y; is a scaling element.
In fact, we can assume that U; € SL,(Z) as if det U; = —1, then we replace ¢, by the
Gn(Z)-equivalent genus one equation obtained by acting on ¢} by V; = diag(—1,...,1),
and we replace U; by U, V.

According to Lemma 8.3.3, given integers m; > 0, there exists a matrix U € SL,,(Z)
such that U = U; mod p;" for every i. We note that [[", DZUU]-_IDJ-_1 = Hi# D,
mod pgnj . Therefore, the genus one equation ¢ obtained from ¢ via the transformation
T2 wa ITi%y DiU] is Gu(Zy,)-equivalent to ¢}, for every j.

Now we want to show that 1 is Z-integral. This will imply that ¢ defines a mini-
mal global degree-n-model for C' — IP’&_I which is Spec Z,, -isomorphic to (C;, a;), for
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every j. Hence we will be done with the surjectivity. Assume on the contrary that
1 is not Z-integral. Since v is obtained from the Z-integral genus one equation ¢ via
M1, p, TT, DiU], it follows that some of the coefficients of the defining polynomials
of ¢ lie in +Z, b = pi'py ...plm, where I; > 0 and I; > 0 for some j € {1,...,m}. We
have shown that ¢ is G,(Z,,)-equivalent to the Z-integral genus one equation ¢. It
follows that 1 is Z, -integral, which is a contradiction. O

We give the following examples which show that the number of minimal global
degree-n-models, up to isomorphism, for a given smooth genus one curve agrees with
the result given by Theorem 8.3.1. Since our counting results work for minimal degree-
n-models for genus one curves defined over Q, when p > 5, we choose our examples such
that the number of minimal degree-n-models defined over Z,,, where m € {2,3}, is 1.
Therefore, there is no contribution of the primes 2,3 towards the counting recipe given
in Theorem 8.3.1.

Moreover, the genus one equations of degree 2 and 3 given below are not reduced.
In fact, we moved the zeros of the defining polynomials to our favorite places to allow
applying diagonal matrices whose entries are powers of the bad primes of the Jacobian.
The calculations included in the examples below are performed using MAGMA, see [6].
N, (T) will denote the number of minimal degree-n-models when the reduction of the
Jacobian is of type T, see Corollary 8.1.4.

Example 8.3.6. The elliptic curve E : y* + xy = 23 — 22 + 6603008  — 1118312959
has bad primes 5, 7, and 11. E has reduction of types II*, non-split I7, and III* at
these primes respectively. Consider the following minimal global genus one equation ¢
of degree 2.

y? = f(z,2) = 820018280652573365 2* + 405939973623867606 °z +
75358348438862775 x22% + 6217537401171250 x2% + 1923697181656252%.

The equation ¢ defines an everywhere locally soluble element C' in the 2-Selmer group
of E. Let C be the minimal global degree-2-model defined by ¢s.

We claim that C — Spec Zs is the unique minimal degree-2-model for C'. Assume on
the contrary that there is another minimal degree-2-model for C'/Q, defined by a genus
one equation ¢’. The equation ¢’ is obtained from ¢ via an element (a, A) € Go(Qy).
Smith Normal Forms for matrices allow us to write A = VBU, where U,V € GLy(Z,)
and B is a diagonal matrix whose entries are powers of 2. Therefore, f(x,z) mod 2 has
at least one zero, and the matrix U will move this zero to either (0,1) or (1,0). But
f(z,2) = (2% + 22 + 2%)? mod 2, in particular f(x,z) has no zeros over Fy which is a
contradiction. We deduce that the number of minimal degree-2-models for C'/Qs is 1.
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The model C — SpecZs is smooth, and hence it is the unique degree-2-model for
C'/Qs, see Corollary 5.1.5. Hence the number of minimal global degree-2-models for C
is No(IT*) x No(I7) x No(IIT*) = 3 x 4 x 2 = 24, see Theorem 8.3.1.

The defining genus one equations of the minimal global degree-2-models for C' are
obtained from ¢ via the following transformations in Go(Q).

[1/(5% x 7% x 11%), diag(5' x 77,11%)], where 0 <i <2, 0<;j <3, 0<k < 1.

Example 8.3.7. Consider the elliptic curve E : y? + 2y = 2° — 22 — 6172 + 5916. It
has reduction of types I1I* and I, at its bad primes 5 and 19 respectively. The following
minimal global genus one equation ¢3 of degree 3 defines an everywhere locally soluble
element C' in the 3-Selmer group of F.

21686353648850 x° + 234081254700017 x*y + 9338329782950 2%z + 842219868972245 xy* +
67198263238095 xyz + 1340388284750 xz* + 1010096983050575 y* + 120889031707155 3%z +
4822691362750 y2*> + 64131409475 23 = 0.
The minimal degree-3-model C — SpecZ,,,, m = 2,3, defined by ¢3 is smooth. There-
fore, according to Corollary 5.1.5, this model C is the unique minimal degree-3-model for
C/Q,. Hence the number of minimal global degree-3-models for C'is N5(III*) x N3(Iy) =

6 x2 = 12, see Theorem 8.3.1. These models have defining genus one equations obtained
from ¢3 via the following transformations in G3(Q).

1,ids], [1/5, diag(5, 1,1)], [1/5,diag(1,5,1)],
[1/25,diag(5,5,1)],  [1/25,diag(5,1,5)],  [1/25,diag(1,25,1)],
[1/19,diag(1,1,19)],  [1/95,diag(5,1,19)],  [1/95, diag(1,5, 19)],

[1/475, diag(5, 5,19)], [1/475,diag(5,1,95)], [1/475,diag(1,25,19)].

Example 8.3.8. Let £ : > +ay+y=a3—42—3. Thecurve C : 3> = -3 2* +2 23 +
7 22 — 2 x — 3 represents an element in the 2-Selmer group of E. A second 2-descent on
C gives the following minimal global genus one equation ¢, of degree 4.

a2} — x5 — 15 + 29y + 75 = 0,

124 + :r;g + X935 — Loy + x§ —x3r4y = 0.
The equation ¢, defines a smooth genus one curve C;/Q. The discriminant A of E is
185. Therefore, we have P(A) = {2,3}. But the equation ¢, defines a smooth minimal
degree-4-model C — SpecZ,,, m = 2,3. Therefore, according to Corollary 5.1.5, this

model C is the unique minimal degree-4-model for C4/Q,,. Hence the minimal global
degree-4-model C — SpecZ defined by ¢, is unique, see Theorem 8.3.1.
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Appendix A

Insoluble degree-n-models

In this appendix K will denote a complete discrete valuation field with ring of integers
Ok and normalised valuation v. We will fix a uniformiser ¢t and write k for Ok /tOk.
We will assume that k is algebraically closed and that chark = p # 2,3. We set S =
Spec Ok.

We count the number of minimal degree-n-models for a curve C' given by a genus
one equation of degree n when C'(K) = ().

A.1 Special fibers

Let C' be a smooth genus one curve over K given by a minimal genus one equation ¢ of
degree n = 2, 3,4, with C(K) = (. Let C be a degree-n-model for C' — P%'. We start
by classifying the possibilities of the special fiber Cy.

Proposition A.1.1. Let C' be a smooth projective curve over K. Then C(K) # 0 if
and only if C' admits a model C over S whose special fiber Cy contains an irreducible
component of multiplicity 1.

PROOF: See ([20], Exercise 10.1.5). O

Corollary A.1.2. Let C' be a smooth curve over K given by a genus one equation of
degree n > 2. Assume that C(K) = (). Let C be a degree-n-model for C — P3'. Then
Ck 18

(1) if n =2, a double line

(ii) if n =3, a triple line
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(111) if n = 4, either a double conic, two double lines, or a quadruple line.

PROOF: We consider the possibilities for Cj, given in §3.2. Since C'(K) = (), C; must not
contain multiplicity-1 components, see Proposition A.1.1. The only such forms of the
special fiber are the ones given in the statement of the corollary. a

Let E be an elliptic curve over K with reduction type T', where
T € {L,,I*,, m >0, I IT* 11T, 11T, IV, IV*}.

If I > 0 is an integer, then we denote by [T the new type obtained from 7" by multiplying
all the multiplicities of T by [.
We will state some facts which will help us determine the reduction type of C' when

C(K) = 0.

Theorem A.1.3. Let X be a smooth projective curve of genus 1 over K and let E be
its Jacobian. Let X™" — S and E™™ — S be the minimal proper reqular models of X
and E respectively. Let m denote the order of the element of H' (K, E) corresponding
to the torsor X. If T denotes the type of E, then X is of type mT.

PRrROOF: See ([21], Theorem 6.6). O
The following proposition is Corollary 7.4 in [21].

Proposition A.1.4. Let X be a smooth projective curve of genus 1 over K with minimal
proper reqular model X™". Assume that the Jacobian E of X has additive reduction.

Let Ty, ...,T,, be the irreducible components of X" of respective multiplicities ry, ..., 7.
If r == ged(ry,...,r) > 1, then r = p® for some s > 1 where p = char k.

Theorem A.1.5. Let K be a complete discrete valuation field with ring of integers
Ok and algebraically closed residue field k with chark = p # 2,3. Let C be a smooth
genus one curve giwven by a minimal genus one equation ¢ of degree n = 2,3,4. Assume
moreover that C(K) = (. Then the Jacobian E of C has reduction type 1,,, m > 0.
Moreover, the minimal proper reqular model C™™ of C' has special fiber of type

(i) 21, if ¢ is of degree 2,
(11) 3L, if ¢ is of degree 3,

(111) either 21, or 4l,, if ¢ is of degree 4.
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Proor: Theorem A.1.3 implies that C™™ has reduction type {17 where [ is the order of
the element of H'(K, E) corresponding to the torsor C' and T is the reduction type of
E. The order of an element of H'(K, F) is equal to the greatest common divisor of the
degrees of K-rational divisors on C. Since C'(K) = (), the order [ of C in H (K, E) is n
when n = 2,3, and it is either 2 or 4 when n = 4.

Now we want to find 7. Assume on the contrary that £ has additive reduction. Then
according to Proposition A.1.4, since [ is the greatest common divisor of the irreducible
components of C"" because C;™" is of the form [T, we have [ = p* for some s > 1,
which is a contradiction as p # 2, 3. Therefore, the reduction type T of F is I,,,, m > 0.

O

A.2 Insoluble degree-n-models, n = 2,3

Recall that if f(zy,...,2m) € OxlT1, ..., Ty], then we write fi(x1, ..., 2m) = f(21,...,2m)/t"

We start by describing the special fiber of a minimal degree-n-model for a smooth genus
one curve C' — P& for n = 2,3, where C(K) = 0.

Lemma A.2.1. Let ¢ be a minimal genus one equation of degree n = 2,3. Assume that
¢ defines a smooth curve C over K with C(K) = 0. Let C be the minimal degree-n-
model for C — Pt defined by ¢. Assume that Cy contains the multiplicity-n irreducible
component {y = 0}. Then

(i) if ¢ : y* = f(x,z) where v(f) =1, then fi(z,z) = (a1x — azz)* mod t for some
o; € k,

(ii) if ¢ : by® + f(z, 2)y* + g(x, 2)y + h(z, z) where v(b) = 0,v(f),v(g9) > 1,v(h) =1,

then hy(z,z) = (a1x — az2)® mod t for some a; € k.

ProoF: (i) If fi(z,z) mod t contains a linear factor, i.e., we can assume fi(x,z) =
xf'(z,z) mod t where x t f'(x, z), then Hensel’s Lemma allows us to lift 0 to xy € Ok
with fi(xg,1) = 0. Therefore, (z¢,0,1) € C(K), a contradiction.

Assume f(z,1) = az* 4+ b2x® + cx® +dx +e. If fi(x,2) mod ¢ contains two quadratic
factors, i.e., we can assume fi(z,z) = 2222 mod t, then t? | a,b,d, e, t || c. Therefore,
v(cs) = 2,v(cg) = 3 where ¢y, cg are the invariants associated to ¢, see §2.1. That
contradicts the fact that the Jacobian elliptic curve y? = 2 —27¢c,x — 54cg has reduction
of type I,,, m > 0, see Theorem A.1.5.

(7) If hqy(z,z) mod t contains a linear factor, i.e., we can assume hy(z, z) = zh/(z, 2)
mod ¢ where x { h/(z,z), then Hensel’s Lemma allows us to lift 0 to xy € Ok with
hi(zo,1) = 0. Therefore, (x¢:0:1) € C(K), which is a contradiction. O
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Remark A.2.2. If C is given by a minimal genus one equation y? = f(x,z) = az* +
b3z + cx?2? +dzz® + e2* and C(K) = (), then we can assume that fi(z,z) = 2* mod ¢,
see Lemma A.2.1 (7). Therefore, v(a) = 1 and min{v(b),v(c),v(d),v(e)} > 2. Indeed,
v(e) > 3 since otherwise fo(tx,z) # 0 mod ¢ which contradicts Corollary A.1.2 (7).

If v(e) > 4 then v(d) = 2 otherwise fy(tx, z) is not minimal, but then f3(tx,z) has
a linear factor which contradicts Lemma A.2.1 (7). Therefore, v(e) = 3. Moreover, if
v(d) = 2 then again f3(tx, z) has a linear factor.

To summarise, we can assume that v(a) = 1, min{v(b),v(c)} > 2,v(d) > 3, and
v(e) = 3.

Let C' be given by a minimal genus one equation F(z,y,z) = by* + f(z,2)y* +
g(x,2)y + h(z, z) = 0 where g(z, 2) = asz? + maz + 2% and h(z,z) = ar® + aza?z +
c122%+cz3. We will assume that C(K) =0, v(b) = 0,v(f),v(g) > 1 and v(h) = 1. Then

3 mod t and therefore

according to Lemma A.2.1 (i7) we can assume that hy(z, z) = x
v(a) =1, min{v(as),v(c1),v(c)} > 2 and ¢ # 0.

Indeed, we have v(c) = 2 and v(cy) > 2, since otherwise the equation Fy(tx,ty,1) =0
would define a minimal degree-3-model for C' — P4 whose special fiber is a double line
and a line which contradicts Corollary A.1.2 (7).

A curve defined by a genus one equation with coefficients of the above valuations is

called a critical model in [11].

Theorem A.2.3. Assume that C' is a smooth curve given by a minimal genus one
equation ¢y of degree n = 2,3. Assume moreover that C(K) = (. Then the number of
minimal degree-n-models for C — P! is n.

PROOF: n = 2 : The equation ¢, : y? = f(z,1) = ax*+bx3+ cax® +dx+e where t || f(z)
defines a minimal degree-2-model C; for C. According to Remark A.2.2 we are allowed
to assume that v(a) = 1, min{v(b),v(c)} > 2,v(d) > 3, and v(e) = 3. We claim that
the models (Cy,id) and (Cy, an), where Cs is given by ¢y : y? = fo(tz, 1) and hence ay is
defined by the matrix diag(t, 1), are the only minimal degree-2-models for C' — Pi.. So
assume that (Csz, a3) is another minimal degree-2-model for C' — P},. We will show that
Cs is isomorphic to either C; or Co. Assume that Cs is defined by the genus one equation

¢3 1 y* = aapf(ai(z, 2), as(x, 2)) where

11 Q12

A=
Q21 A22

and a;(x, z) = ay;x + a9z, i = 1,2, moreover we will assume that A has coprime entries.
If ¢t | det A, then t? | f(a1(x,2),as(x, 2)) because ¢3 is integral, hence t | a;(z, z) because
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v(a) = 1. If t* | det A, then t* | f(ay(x,2),as(z, 2)) and so t | as(z, z) because v(e) = 3.
Therefore, if det A is divisible by a power of ¢ which is greater than 1, then ¢ divides
each entry of A which contradicts our assumption. Thus we can assume that if ¢ | det A,
then ¢ || det A.

Now assume that Cj is not isomorphic to Cy, hence ¢ || det A. We will show that

C3 must be isomorphic to Cy. Writing A in a Smith Normal Form we can assume that
A = B'T'B, where

t 0 b
B/ € GLQ(OK), T = s and B = € GLQ(OK)
01 bo1 Do

We apply the matrix B’~! which does not change the isomorphism class of C3. So we
can assume without loss of generality that A = T'B. The defining genus one equation
d3 : y* = f'(x,z) of Cs satisfies f'(x,2) = TBT . fy(tx, 2). So we only need to show
that TBT ! € GLy(Of). Noting that

b1 thio
bor/t bao

TBT ' =

we have to show that ¢ | be;. Let €’ be the coefficient of the Z4-term in
f/(ZL’, Z) = f(t(bul’ + b21z/t), tbul’ + bQQZ)/tQ.

Hence ¢’ = f/(ba1, ba2)/t> = aby, /1> mod Ok. Since v(a) = 1, we conclude that ¢ | by,
since otherwise ¢3 is not integral.

n =3 : Let ¢; be given by F(x,y,2) = by® + f(x,2)y* + g(z, 2)y + h(x, z) = 0 where
9(x,2) = ar® +maz+cez?, h(z,2) = a4 azx*z+ ez’ +¢23, and v(f),v(g), v(h) > 1.
By virtue of Remark A.2.2, we can assume that v(a) = 1, min{v(as),v(c1),v(c2)} >
2,v(c) = 2, and ¢ # 0. We claim that the models (Cy,id), (Ca, o) and (Cs, av3) given by
the genus one equations F'(x,y,z) = 0,¢y : Fi(z,ty,z) = 0, and ¢3 : Fy(tz,ty,z) =0
respectively are the only degree-3-models for C' — P2.. So assume that (Cy, ) is another
degree-3-model for C' — P2 and we want to prove that C, is isomorphic to one of the
Ci’s, i = 1,2,3. Let C4 be given by ¢, : @F(al(x,y, 2), as(z,y, 2),a3(z,y,2)) = 0
where

11 Q12 Q13

A= G21 Q22 23 )

a31 32 Q33
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and a;(z,y, 2) = ay;x + ayy + ag;iz, i = 1,2,3, moreover we assume that A has coprime
entries. If £3 | det A, then t | as(z,y, z) because ¢, is integral and v(b) = 0, similarly
t | ay(x,y, z) because v(a) = 1, and t | az(z,y, z) because v(c) = 2, i.e., if t* | det A, then
that contradicts our assumption that A has coprime entries. Therefore, v(det A) < 2.
Now we assume that C, is not isomorphic to C;, hence we can assume that A is written
as T'B where

0 0 b1 bia bi3
T= 0 t= 0 5 B = b21 bgg b23 S GL3(0K)>
0 0 1 bs1 b3y bss

and r1 > ro,r1 + 179 < 2. We first eliminate the possibility of r; = 2,79 = 0. That is
because if we have a genus one equation of degree 3 which is K-equivalent to ¢; and
given by

Fl(z,y,2) = Ax® + By? + 028 + Ay X?Y 4+ A3X*Z + BY?X
+ ByY?Z+C1Z2°X 4+ CyZ°Y + MXYZ

such that Fy(t*z,y,z) € Oklr,y, 2], then we have t* | B,C, Bs,Cy. But the model
corresponding to the integral genus one equation Fy(t%x,y, z) = 0 has a triple line special
fiber, see Corollary A.1.2, and the reduction of Fj(t*z,y,z) mod ¢ contains no 3>, 23-
terms, therefore ¢ | Ay, A3, By, C1, M. Now the equation F'(x,y,z) = 0 is not minimal
as we can minimise it using the transformation Fj(tx,y, z). So either r; = 1,79 = 0 or
r1 =719 = 1.

We will show that if r; = ro = 1, then C4 is isomorphic to C3. The case when
r1 = 1,79 = 0 is similar and we have C4 is isomorphic to Cy. Let 1 = 79 = 1. We need

to show that TBT ™! € GL3(Of). We notice that for r; = ry = 1 we have
bii bz thig
TBT™' = b by thaz |
b1/t bsa/t  Dbss

so we have to prove that ¢ | by, bsa. C4 is defined by the equation

TBT_I.FQ(tlL', ty, Z) = F(t(b11$+b21y+b312/t), t(b12$+b22y+b322/t), tb13$+tb23y+b332’)/t2 = 0

In the above polynomial the coefficient of 23 is ¢ = F(bsy, bsa, bsz) /t. If v(bsy) = 0, then
since v(b) = 0, we would have v(¢’) = —2, which contradicts the integrality of the genus
one equation above. Hence v(b3y) > 1. Now if v(bsg;) = 0, then since v(a) = 1, we would
have v(¢’) = —1, which is again a contradiction. Therefore, ¢ | b3y, bss. O
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A.3 Insoluble degree-4-models

Let ¢ be a genus one equation of degree 4 given by {F(z,...,24) = G(xy,...,24) = 0}
where F' and G are given by the following polynomials respectively

2 2 2 2
a1r] + ax1xy + a3T1T3 + A4T1T4 + A5T5 + AeT2X3 + A7T2X4 + AgTZ + A9T3T4 + A10Ty,
2 2 2 2

biz] + bexyxo + bsxix3 + by g + b5 + bewows 4 brrozy + bgxs + boxsxy + bioTy.
(A.1)

Assume that ¢ defines a smooth curve C' with C(K) = ). Then Corollary A.1.2 (i)
implies that the special fiber of any degree-4-model for C' — P3. is either a double conic,
two double lines, or a quadruple line.

In Chapter 3 we introduced conditions for a degree-4-model for C' to be normal and
we determined its singular locus. We are going to investigate the singular locus of a
minimal degree-4-model for C' — P3 under the assumption that C'(K) = (). Then we
show that unlike the case when n = 2,3, the number of minimal degree-4-models for
C — P% can be arbitrarily large.

We start by stating the following version of Hensel’s Lemma.

Lemma A.3.1. Let f1,..., fr € Oglz1,...,2,],7 < n. Let x € O} be such that fi(z) =
0 mod t for every i and

rank(%(g) mod t) > 7.
Lj

Then there exists a y € Of such that y =x mod t and fi(y) =0 for every i.
Again f; will denote f/t'.

Lemma A.3.2. Let C' be a smooth genus one curve over K defined by an integral genus
one equation ¢ : F = G =0 of degree 4 as in equation (A.1). Assume that C'(K) = 0.
Assume moreover that ¢ defines a minimal degree-4-model C for C' — P3..

(i) Assume that Cy is a double conic with F = 23 and G = x3+xsxy. Then Fy(0, zozy, —23, %) =
(oo — apry)t where oy € k.

(i1) Assume that Cy is two double lines given by {x1 = x5 = 0} and {x1 = x4 = 0}.
Then both F1(0,0,$3,$4) and Fl(O,xg,xg,O) are squares.

(iii) Assume that Cy, is a quadruple line given by F = 23 and G = 13 4 z123. Then
Fi(0,0, x3,24) is a square.
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(i) Assume that Cy is a quadruple line given by F = 23 and G = x3. Then both
F1(0,0,23,24) and G1(0,0, x5, x4) are squares.

PROOF: Set
f(ze,23) = F1(0,29,23,1) = a5,1$§ + ag,1T2x3 + a7 12 + Cls,ﬂfg + ag173 + a1,
f'(we,23) = G(0,29,23,1) = bsa3 + bgoxs + brwy + bgaa + boxs + bio.
(i) Let h(ze,r4) = F(0, 73w, —x3,2%). Assume that hi(zz,74) mod ¢ has a simple
factor. Using a matrix in GL4(Ok) we can assume that hy(zq,x4) = x2g(22, x4), where

x9 1 g(xo, x4), therefore v(a;) = 1 and v(ayy) > 2.
we have f(0,0) = f’(0,0) =0 mod ¢ and

of  of -
el azy Qg azp 0
Jigy = 2= 9% 1(0,0)= ’ = ’ mod ¢.
(fvf) 8f/ af/ b
Ors  Oxs 7 1 0 1

Lemma A.3.1 implies that there are z,y € Ok such that f(z,y) = f'(z,y) = 0 which
means that (0:x:y:1) € C(K), whence a contradiction.

When a5 # ag, the polynomial hq(x9,z4) can have two double factors mod ¢, in
this case we can use a matrix in GL4(Of) to assume that hy(z2,z4) = 327 mod ¢, in
particular we assume that min{v(a), v(ar),v(as),v(a10)} > 2 and v(as — ag) = 1. But

then the degree-4-model defined by the genus one equation
Fl(tl‘17 T, X3, I’4> - G(twlv To, T3, CCél) - O

has special fiber with equations as 173 + ag 12374 = (T, 4)* + x30'(22, 24) = 0, where [
and [" are linear factors. The latter special fiber contradicts either Corollary A.1.2 (ii)
or Theorem A.1.5 (iii).

(i1) We can assume that F' = 22 and G = xyz4+ pizy 3 where p € k. If F1(0,0, 25, x4)
consists of two distinct linear factors, then we can assume that v(ag) = 1 and v(asg), v(a9)
2. Now we have

a a
‘](f»f') = 7 o1 mod t.

1 0
That implies the existence of a rational point on C' which is a contradiction. We follow
the same argument to prove that Fy(0, x4, z5,0) is a square.
(i11), (iv) Assume that F}(0,,0, x3, z4) consists of two distinct linear factors. We can
use a matrix in GL4(Ok) to assume that v(ag) = 1 and v(ag), v(ai9) > 2. But then the
degree-4-model C' for C' — 3. given by

Fl(t'rlatham?);xll) - Gl(txlat$2ax37x4) - 0
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has a special fiber of the form ag 2324 = paql(zs, v4) + él(O, 0,3, x4) where p € k and
[ is a linear factor. Therefore, C, contains a multiplicity-1 component which contradicts
Corollary A.1.2 (i7i). Similar argument works for the polynomial G(0,0, x5, x4) of (iv).

([

Remark A.3.3. Let C be as in Lemma A.3.2. Let Sing(C) be the singular locus of C.
If Cy, is a double conic with defining equations #? = 22 + w324 = 0, then after a

transformation in GL4(Ok) we can assume that v(ag) = 1 and

min{v(as), v(ag),v(az), v(ag),v(a)} > 2,

see Lemma A.3.2. Moreover, Sing(C) = {(0:0:0: 1)}, see Proposition 3.3.6 (7ii).

Assume that Cj is two double lines with equations 2?2 = xomy + pxiz3 = 0. If we
assume that v(as) = v(ap) = 1 and min{v(ag),v(ag),v(ag)} > 2, then the degree-4-
model defined by the genus one equation

Fl(tx17'r27x37x4) - G(t$1,$2,$3,l’4) - O

has special fiber with equations a5,1x§ + a7 172wy + Glo,ﬂi = x9xy = 0, which is a
contradiction. Therefore, if Cy is two double lines given by the above equations, then
we can assume that

v(ag) = 1, min{v(as), v(ag),v(ag),v(ain)} > 2,

and Sing(C) ={(0:1:0:0),(0:0:0: 1)}, see Proposition 3.3.6 (iii).

If Cy is a quadruple line, then we have two possibilities according to Lemma A.3.2:
(i) the defining equations of Cj are 2 = z3 + xyz3 = 0 with v(ag) = v(by) =
1, v(ag),v(a) > 2, Sing(C) = {(0 : 0 : 0 : 1)}, or v(ag) = 1, v(as),v(ag) > 2,
Sing(C) = {(0:0:1:0)}. (ii) the defining equations of C;, are z? = x5 = (0 with

v(ag) = v(bip) = 1 and min{v(ay), v(ai),v(bs),v(by)} > 2.

Now we give an example to show that the number of non-isomorphic minimal degree-
4-models for C' — P3- may become arbitrarily large when C'(K) = (.

Example A.3.4. Let ¢« > 0 be an integer. Let ¢ be a minimal genus one equation of
degree 4 as in Equation (A.1) with the following coefficients valuations
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J?% T1To X1T3 T1T4 =0 >+ >1 >3 >1 >1 >1 >1
x% ToX3 Xaly >0 >i1 > =0 >21 >1

x% T3%4 =1 >3 >2 >2

x3 > 21 =1.

The equation ¢ defines a degree-4-model C for the curve C' — P3. defined by the
same equation. We have C'(K) = (), see ([11], Lemma 5.2). In addition, this genus one
equation ¢ is minimal, see ([11], Lemma 5.3). The special fiber is a quadruple line. We
define non-isomorphic degree-4-models (Cp,, ), 1 < m < i, for C — P3., where C,, is
given by

o (tmxy, 29, t™xsg, x4) = G(t" 2y, 29,1 w3, 24) = 0.
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