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Abstract

This thesis studies the structure of categories of polynomials, the diagrams
that represent polynomial functors. Specifically, we construct new models

of intensional dependent type theory based on these categories.

Firstly, we formalize the conceptual viewpoint that polynomials are built
out of sums and products. Polynomial functors make sense in a category
when there exist pseudomonads freely adding indexed sums and products
to fibrations over the category, and a category of polynomials is obtained

by adding sums to the opposite of the codomain fibration.

A fibration with sums and products is essentially the structure defining a
categorical model of dependent type theory. For such a model the base
category of the fibration should also be identified with the fibre over the
terminal object. Since adding sums does not preserve this property, we
are led to consider a general method for building new models of type
theory from old ones, by first performing a fibrewise construction and

then extending the base.

Applying this method to the polynomial construction, we show that given
a fibration with sufficient structure modelling type theory, there is a new
model in a category of polynomials. The key result is establishing that
although the base category is not locally cartesian closed, this model has
dependent product types.

Finally, we investigate the properties of identity types in this model, and

consider the link with functional interpretations in logic.
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Introduction

The concept of a polynomial function on natural numbers, built out of sums and prod-
ucts, generalizes naturally to an abstract categorical setting. On sets, a polynomial
functor is a functor
Xy xPe
acA

where (By)aca is a family of sets indexed by A and the sum is a disjoint union. From
a computer science perspective, a functor of this form corresponds to a datatype: A
defines a set of ‘shapes’ of data structures and for each shape a the exponent B, is a

set of ‘positions’ to be filled by elements of X.

Such a functor can be completely characterized by specifying just the indexing
BL A (0.1)
where f~!(a) = B,. The functor >, _, X P is then explicitly described in terms of

the left and right adjoints X and II of pullback functors as X 411;B* : Set — Set.

In this form, polynomial functors make sense in any locally cartesian closed category

B. More generally, an indexed family of polynomials in multiple variables

(Xidier = | D 1] Xew

a€A; bEB, ied

can be represented by a diagram
1&£BL AL (0.2)

in B, which defines the polynomial functor ¥,I1;s* : B/I — B/.J on slice categories.

Notions of polynomial functors arise in a wide variety of fields (see [GK13] for ex-

amples). The categories formed by their polynomial diagrams provide a simplifying
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framework in which to work with such functors, and over the last decade the study
of these categories has revealed a remarkably rich structure [AAG03, GK13, Hyv13].

In most cases this structure can be constructed by hand, but from a conceptual point
of view it makes sense to see polynomials in terms of indexed sums and products.
The category Poly of diagrams of shape (0.2) in a category B is fibred over B, and
this fibration is constructed from the pseudomonads ¥ and II which freely add sums
and products to fibrations. In fact the requirement that B be locally cartesian closed
corresponds exactly to the existence of a pseudo-distributive law between > and II
giving Y11 the structure of a pseudomonad. The pseudomonad II is itself a composite
construction (X(—))°, formed from ¥ and the construction which takes the opposite
of a fibration. From this we see that Y1I is two iterations of a more basic construction
Pol(—) = X(—)°. In particular the fibred version of the category of single-variable
polynomials as in (0.1) is just given by applying Pol to the canonical indexing of B
over itself. For a general fibration p, we think of Pol(p) as the fibration of polynomials

over p.

The monads > and II also play a central role in the categorical perspective on de-
pendent type theory. Type theories are formal systems used variously in studying
foundations of mathematics, constructive mathematics and the formalization of pro-
gramming languages. Categorical models provide a useful framework for describing
semantics of these type theories. It is standard that a model of intuitionistic Martin-
Lof type theory [ML84] can be essentially represented by a fibration of types over
contexts, and the model has sum and product types when the fibration has the struc-

ture of a pseudoalgebra for 3 and II (see e.g. [Jac99]).

Considering this link between the polynomials and type theories, it seems natural to
ask if they can be combined in some way. Given a fibration modelling type theory
with sums and products, can applying the polynomial construction to the fibration

produce another such model?

There are certain points making this not quite straightforward. Firstly, in order that
the base of the fibration represents the contexts of the corresponding type theory,
it is necessary that the base be identified with the fibre over the terminal object.
Constructions like adding sums or taking fibrewise opposites will not preserve this
property. We therefore need a way of extending the fibration over a new base category

to take into account the new contexts.

In addition, we would like the construction of the new model to interact with identity

types of the type theory in a meaningful way. In a category, identity types correspond



to certain factorizations of morphisms [AW09]. Since the base category of polynomi-
als is cartesian closed [ALS10], it automatically has a trivial type theory structure
using the fibration of product projections, in which there is no type dependency and
the identity types internally identify all terms. On the other hand this category is not
locally cartesian closed, so it cannot model extensional type theory, where the fibra-
tion consists of all morphisms in the category and identity is just categorical equality.
Thus to get a reasonable notion of model we wish to find a class of maps intermediate
between these, which is closed under dependent products and has suitable factoriza-
tions. This thesis shows that, when the original model of type theory has sufficient

structure, we can in fact construct such a class of maps defining a polynomial model.

Outline of the thesis

To begin, Chapter 1 describes an abstract framework for defining polynomials. After
recalling the usual construction of categories formed by polynomials and polynomial
functors together with their morphisms and composition, we return to some foun-
dations. To build up a conceptual picture of these categories, we review the basic
notions of monads, fibrations and opposites of fibrations in the setting of a bicategory
of spans. Taking as a template the interaction between the free fibration monad and
free opfibration monad on a functor, we then see how a category of polynomials arises
from the interaction between the free sum and product pseudomonads on a fibration.
Finally we consider a way of making sense of this in a category which is not locally
cartesian closed. Some 2-categorical concepts used are defined in Appendix A. While
the constructions of sums, products and opposites for fibrations are well-known, they
have not previously been studied in the context of bicategories, or for fibrations of
internal categories. The connection here between distributive laws, local cartesian

closure and polynomials is new.

Chapter 2 reviews some basic background on type theory and categorical models.
This chapter does not contain new material, but motivates the form of categorical
structures used in the rest of the thesis. There are various essentially equivalent
ways of presenting a model of type theory in a category. More significantly, there are
choices to be made about which type constructors to include and which rules type
constructors should be required to satisfy, in particular when to admit an 7-conversion
rule corresponding to a strong universal property. We describe here one formulation,
which is chosen to make the constructions in this thesis clearer rather than for philo-

sophical reasons.
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Chapter 3 investigates a general method for taking a model of type theory and con-
structing a new one from it. Thinking of models of type theory from the fibration
point of view, we would like to perform some categorical constructions in the fibres.
We then need to fix the base category to ensure it is identified with the fibre over
the terminal object. Specifically, we freely add sums to a fibration with sufficient
structure, and construct a new model by extending along the right adjoint of the
fibration. Under suitable conditions the type constructors of the original model are

also preserved.

Chapter 4 is the heart of the thesis. The construction of the previous chapter is
applied to the opposite of a fibration, to give a model of type theory in a category
of polynomials. There are many details which then need to be checked. The crucial
step is showing that the display maps of this model are closed under dependent
products; in doing so we also characterize the exponential morphisms in the category
of polynomials over Set. We then construct identity types, and as an application of
this model show that in constrast to many models of type theory currently studied,

the principle of function extensionality does not hold in this case.

Finally, Chapter 5 explores some possible themes for future research. We look at the
link between polynomials and Godel’s Dialectica interpretation, raising the question
of potential extensions to other functional interpretations and how such models might
fit into a general theory.



Chapter 1

Polynomials, monads and

fibrations

1.1 Polynomials

We start by reviewing some of the theory of polynomials and polynomial functors
[GK13, Abb03]. The setting for this section is a locally cartesian closed (lcc) cat-
egory B, so that for each object I of B the slice category B/I is cartesian closed.
Equivalently, B has (chosen) pullbacks and for each morphism f : I — J in B, the
pullback functor f*: B/J — B/I has left and right adjoints

Y B /I — B/J

I;:B/ I —B/J
respectively. We also assume that B has a terminal object, so it has all finite limits
and is cartesian closed.

Definition 1.1. A polynomial F in B is a diagram

J.

The polynomial F' induces a functor Pr : B/I — B/J, called the extension of F, or



6 1.1. POLYNOMIALS

the functor represented by F', which is the composite
Pp =%, 11y 5™

A functor B/I — B/J is called a polynomial functor if it is isomorphic to one which

has the above form.

In the internal language of a locally cartesian closed category (defined in Chapter
2), an object X — J of B/J can be thought of as a J-indexed family (X;);c;. The
pullback f*: B/J — B/I corresponds to reindexing, sending (X;)jes to (Xyq))ier-
The left adjoint ¥y sums the components of each fibre I; of f, sending (X;)ier
to (Yier; Xi)jes, while the right adjoint IIy sends (X;)ie; to the family of sections
(Iier,Xi)jes. So the functor Pp takes the form of the polynomial

Pr (Xi)iel — Z H Xs(b)

(IEA]' bEBa jeJ

Ezample 1.2. (a) For an object A of B, the identity functor B/A — B/A is repre-
sented by the polynomial

Ac—m—m—A—A——A.

(b) The functor A x — : B — B is represented by

1 A——A 1.

(¢) The free monoid monad ¥,en(—)" : Set — Set is represented by

1

{(i,n) | i <n € N}—"-=N 1

since the fibre of 7y over each n € N is a set of size n.

The locally cartesian closed structure of B gives a canonical enrichment of each slice
category B/I in B [Kel05]. In the internal language, the hom-object for a pair of
objects A — I and B — [ is

Homp1((Ai)ier, (Bi)ier) = HB;‘{

i€l

For a morphism f : I — Jin B, each of f*, ¥ and Iy extends naturally to an enriched
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functor between the enriched slice categories. This means that all polynomial functors
are enriched in B, and the natural notion of morphism between them is an enriched

natural transformation. The corresponding notion for polynomials is the following:

Definition 1.3. A morphism of polynomials F — F' is given by morphisms h, k, [, m

in B making

commute.

When h and [ are identities, F' and F” both represent polynomial functors B/I — B/J.
To make sense of this definition intuitively, we can think of B as the category of
sets. For each [-indexed family (X;)icr, Pr((X;)icr) gives the J-indexed family
<ZaeAj [lien, XS(b))jeJ of elements in A; together with a function mapping each
b in B, to some ¢(b) in X,;). Then the morphism k defines an element a’ = k(a) in
A’ and for each V' in By, the element ¢(m(b')) is in Xy (). Thus we have a function

> 1 Xw) = 2 1 Xew

a€A; bEB, e a/eALbER, e

or a component of a transformation Pr — Pp.

Proposition 1.4 ([GK13]). Polynomials from I to J and morphisms of polynomi-
als over I and J form a category Polyg(I,J), which is equivalent to the category
PolyFung(B/1,B/J) of polynomial functors B/I — B/J and enriched natural trans-

formations.

When A and [ are not necessarily identities, a morphism as above corresponds to an
enriched natural transformation between the composites with the left adjoints >, and

Zl:
Pp

B/1 B/J (1.1)
Ehl 174 2
B/I'—— B

Given two polynomials I <& B AL JandJ E DSOS K representing functors
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Pr:B/I — B/J and Pg : B/J — B/K, the composite functor P;Pp : B/I — B/K
is also polynomial. This follows using two principles which hold in locally cartesian

closed categories which will reoccur throughout this thesis.

Proposition 1.5. Beck-Chevalley condition for sums (respectively products) (BCC):

For every pullback square

D—h" . B
_

g f

C——A

in B, the canonical map X,h* — k*X¢ (respectively k*I1y — II,h* ) is an isomorphism.

Proposition 1.6. “Type-theoretic axiom of choice” (AC): Given morphisms X = B
and BL A in B, there is a diagram

T
\

where € is the component at x of the counit of the adjunction f* = Ily. Then the

Hfil?

X k

B A

canonical morphism Y1l e* — 114X, is an isomorphism.

Using these, the composite PgPr is represented by the polynomial
I~ M—=Il;h - K
as in the diagram
/ g1l h
// \
/

/ \

I1,A

g
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since

PePp =3, I, u* 5, 11 s*
=¥, I, ¥ k" Il 57 (BCC)
~ 3, 0 1L, ek Iy st (AC)
>y, % 10, I, p*s* (BCC)
>~ Y Iy (sp)*.

Composition of polynomials is associative up to isomorphism and compatible with

polynomial morphisms.

Proposition 1.7 ([GK13]). Polynomials in B form the horizontal morphisms of a
(pseudo) double category Poly; which has B as its vertical category. It is equivalent
as a double category to the double category PolyFung with slice categories as objects,
polynomial functors as horizontal morphisms and enriched natural transformations
as in (1.1) as 2-cells.

Additionally, the double category Poly, has the structure of a framed bicategory
[Shu08] (equivalently a proarrow equipment [Woo082]). This says in particular that
the functor

(Polygz); —» B x B

projecting a polynomial onto its endpoints (1, J) is both a fibration and an opfibration.

In the rest of this chapter, we shall investigate how the structure of these categories
of polynomials arises naturally in an abstract setting when considering monads and

fibrations.

1.2 Spans and internal categories

While the polynomials described above correspond to functors on Cat, analogues
of the pullbacks, sums and products used also make sense for internal categories in
a setting other than Set. For example we might consider categories in other sheaf
toposes. It is interesting to investigate what structure of Set is needed to develop
the theory of polynomials. We will start by working merely with a category £ with
pullbacks, and add other conditions as they are required. The case & = Set will be
a running example throughout this section, and is the only case considered in later

chapters.
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As a first step towards the construction of polynomials, we recall the well-known
construction of internal categories as monads. Let £ be a category with (chosen)
pullbacks. Then there is a bicategory Span(€) of spans in £, where the objects are
the objects of £, 1-cells X —— Y are spans of arrows

/A\y,

and 2-cells are maps of spans. Composition is given by pullback.

If € is a 2-category, then Span(€) is a bicategory enriched in 2-Cat (as defined in
Appendix A): each hom-category has the structure of a 2-category and this structure
is compatible with horizontal composition. The 3-cells of Span(€) are the 2-cells in
&

A

STIN

X = Y

AN

B

which are vertical over X and Y.

To equip a 1-cell
Ay
7N
Ao Ao

d
in Span(€) with the structure of a monad A is exactly to equip Ai — Ap with

the structure of identities Ay — A; and composition A;x4,4; — A; of an internal

category in £.

Thus monads in Span(&) are the objects of the 2-category Cat(€) of internal cate-
gories. A 1-cell f: A — B is an internal functor, that is a diagram

Ag<=—24— A, —< A,

fo fi fo

By<—— B —— By
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preserving the category structure; and a 2-cell o : f = g between 1-cells A # B is
an internal natural transformation, that is a map Ay — B satisfying the usual equa-
tions. Garner and Shulman show in [GS13] how internal categories and profunctors
form a proarrow equipment arising from & together with Span(&), but we will not

consider this here.

The category Cat(€) has pullbacks, so we can repeat the construction to form the
2-Cat-enriched bicategory Span(Cat(€)). Monads in Span(Cat(€)) are internal

categories in Cat (&), which are (strict) double categories.

1.3 The arrow category

Let B € Cat(€) be an internal category. We consider a particular monad on B in

Span(Cat(£)), i.e. a double category in £.

Using pullbacks in £, we can construct the internal category of arrows B2. This is
the cotensor of B with the category 2 = e — e, i.e. it is equipped with functors and

a natural transformation
d
B2 o B
~_ 7
C
and is universal with this data.

This is equivalently described as the comma object

B —~- =B
d aﬂ 15
B——B

over the identity cospan B — B < B, or as the lax limit

B

9
/%:\
B B

1n

of the identity arrow on B.
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This universal property applied to the natural transformations

B and B? xz B?

15 o 1 ﬂ'% h \22
o BQ — BQ
B - B / <:Y / <:\c:
B o B . B
determines maps n : B — B2 and p : B® x5 B* — B? giving the span
BQ
SN
B B

the structure of a monad ¢z in Span(Cat(€)).

Example 1.8 (€ = Set). When € is Set, Cat(€) is the category of small categories
Cat. The monad ®p is given by the usual category of arrows and commutative

squares B2, with d and ¢ the domain and codomain functors.

A monad in a 2-Cat-enriched bicategory acts by composition as a 2-monad on each
of the hom-2-categories. Thus ®z defines by composition on one side a 2-monad on
Span(Cat(£))(A, B), and on the other a 2-monad on Span(Cat(€))(B,C), for all
A, C in Cat(E). Moreover, the definition of ®5 as a limit in a 2-category gives these
monads a form of uniqueness property which is characteristic of monads involving

limits and colimits. Recall from [Koc95]:

Definition 1.9. A pseudomonad (7,7, ) on a 2-category is laz-idempotent (also

called Kock-Zdoberlein) if the following equivalent conditions hold:
1. The multiplication p is left adjoint to 1" with invertible counit,
2. The multiplication u is right adjoint to Tn with invertible unit,
3. there is a modification ¢ : T — n7 such that on =1 and po =1,

4. to give an object A a T-pseudoalgebra structure is exactly to give a left adjoint
to n4 : A — T A with invertible counit.

Dually, a pseudomonad is colaz-idempotent if the multiplication is right adjoint to
nT" with invertible unit.

A pseudomonad in a 2-Cat-enriched bicategory is called lax-idempotent if it acts as a
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lax-idempotent pseudomonad on the left, equivalently if it acts as a colax-idempotent

pseudomonad on the right.

In particular, the 2-dimensional universal property of the arrow category B? deter-
mines a 3-cell
h
B Q/yb’? x5 B*
@7

satisfying én = 1 and ud = 1, so @5 is colax-idempotent.

1.4 Fibrations and opfibrations

We now take a closer look at the 2-monads that &z induces by composition.

Consider the slice Cat(€)/B for an object B. When £ has a terminal object, then
this can be identified with either of the hom-2-categories Span(Cat(£))(B,1) or
Span(Cat(£€))(1, B). So composing with monad ®5 gives two 2-monads on Cat(&)/B
which send an object A — B to the composites d*A4 — B* 5 B and ¢* A — B? 4B

respectively, as in the diagrams

/\ /\
/\/ \/\

Definition 1.10. A module for ®5 acting on the left hom-2-category is called a
fibration and on the right hom-2-category an opfibration; strict left and right modules

are strict fibrations and strict opfibrations respectively.

Note that since @5 is colax-idempotent these are ‘property-like’ structures — a mor-

phism can have at most one module structure up to isomorphism.

Ezample 1.11 (£ = Set). To give a functor A & B in Cat the structure of a left
®p-module is exactly to give p the structure of a cloven Grothendieck fibration, i.e. to
give a chosen cartesian lifting f*J — J for each morphism f : I — pJ in B. Likewise
to give A 2 B the structure of a right ®z-module is to give p the structure of a cloven
Grothendieck opfibration, i.e. a chosen opcartesian lifting I — f,I for each morphism
f:pl — Jin B. Strict fibrations and opfibrations correspond to split Grothendieck

fibrations and opfibrations.
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The morphism B2 4 Bis naturally a fibration, and B*> < B is an opfibration.
Definition 1.12. The internal category B has pullbacks if ¢ is also a fibration.
This definition is a generalization of the case in Cat:

Example 1.13 (€ = Set). A functor

B? XB B?

\\712

BQ

AN
A

in Cat gives ¢ the structure of a left $z-module exactly when e sends a cospan
IL K& JinBtoa pullback of f along g.

B

BQ

Definition 1.14. A span A <~ M % B is a two-sided fibration if it is a ®-bimodule,
i.e. has the structure of a right ® 4.-module and left ®z-module in a compatible way
(See Definition A.6).

Ezample 1.15 (€ = Set). In Cat, a span A <~ M % B is a two-sided fibration iff:

e p is a cloven fibration with g-vertical cartesian liftings f*J — J for each mor-
phism [ EN pJ in B,

e ¢ is a cloven opfibration with p-vertical opcartesian liftings J — ¢J for each
qJ % K in A,

e cach canonical morphism g, f*J — f*gJ is an isomorphism.

In particular, every morphism I — J in the category M factors into three
B
I —eo—0—J

where « is g-opcartesian p-vertical, 8 is p, g-vertical, and v is p-cartesian g-vertical,
and this factorization is unique up to unique vertical isomorphisms.

For a general 2-category £ with pullbacks, two-sided fibrations in Cat(€) can be
defined representably: A span B <~ M % A is a two-sided fibration iff

Cat(€)(C,B) & Cat(£)(C, M) &5 Cat(£)(C, A)
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is a two-sided fibration in Cat for each C in Cat(£), and for each f : C — D
in Cat(€) the functor Cat(€)(D, M) =, Cat(€)(C, M) preserves p-cartesian and
g-opcartesian morphisms.

Two-sided fibrations were defined by Street in [Str74], under the name bifibrations.
For each pair of objects A and B, the two-sided fibrations from A to B assemble
into a 2-category Fib(€)(A, B). It has as objects bimodules, as 1-cells the maps of
spans which preserve cartesian and opcartesian morphisms, and as 2-cells the 2-cells
of Span(Cat(&))(A, B).

Moreover, when & has sufficient structure, these 2-categories form the hom-2-categories

of a 2-Cat-enriched bicategory Fib(£). The composite

N oM

A/ \C

(also written as A « NM — C) of bimodules A + M — B and B + N — C
is given by composing as spans and then quotienting out by the action of ®z, so in

other words it is the following coequalizer:

M xpgB* xgN —=M xg N N @ M.

The identity for composition is the span &5 = B < B> 4 B. Composition is
associative (up to isomorphism) because ¢ and d are an opfibration and fibration
respectively, so are both exponentiable in Cat(€) when £ is locally cartesian closed
[Gir64, Joh77], and pulling back along either morphism commutes with coequalizers.
The required reflexive coequalizers exist in Cat(€) when £ has pullback-stable finite
colimits and free cartesian monoids. Thus for example the 2-Cat-enriched bicategory
Fib(€) is defined whenever £ is locally cartesian closed and has countable colimits,

or when & is a topos with a natural numbers object [Joh77].

By the symmetry of Span(Cat(£)), reversing ®z gives a span

— B2
N
B B,

which is also a monad in Span(Cat(€)), and is lax-idempotent. A left module for

Vg

Uy is the reverse of a right ®z-module, or in other words a span A <~ M 2 B where
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p has the structure of a cloven opfibration and the structure map commutes with q.
Similarly a right ¥z-module is a span B <~ M £ C where ¢ has the structure of a

cloven fibration and the structure map commutes with p.

The span ¥y is not a two-sided fibration, even when c is a fibration, as the compati-

bility condition between ¢ and d does not hold.

1.5 Distributivity

Although ¥z is not a ®z-module, we can still study the combination of module
structures for &5 and ¥z by considering pseudo-distributive laws between the two

monads.

Definition 1.16. A pseudo-distributive law of a monad S over a monad 7" in a
2-Cat-enriched bicategory consists of a 2-cell A: ST — T'S and invertible 3-cells

S2T A L grg A5 g2 sT2 X s TA 729
pusT Y a Tps Spr By urS
ST - TS ST - TS
T S
0T Tns Sy nrS
., /s
ST ——=T85 ST ——T8

satisfying 8 coherence conditions given by Marmolejo in [Mar99] (Definition A.7).

Here we have suppressed the associativity and unit constraints for S and 7.

In the case when S is colax-idempotent and T is lax-idempotent, such as for S = ®z
and T = Uy here, less data is required [Mar99]: a pseudo-distributive law is unique
up to isomorphism if it exists, and to define one it suffices to give A and v subject to

5 conditions (Proposition A.8).

To give such a pseudo-distributive law A : ®gWpg — Vpdg of 5 over Uy is equivalent
to giving a lifting of Uz to a pseudomonad on each 2-category ®z-Mod(A,B) of
left ®p-modules, pseudonaturally in A, as shown in [CHP04] and [Mar04]. Uzdg
then has the structure of a pseudomonad on Span(€)(A, B), with Ug®Ps-Mod(A, B)
biequivalent to the 2-category of left modules for this lifted pseudomonad. Wy in
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fact lifts to a pseudomonad on categories of two-sided fibrations Fib(&)(A, B), since
composition of spans with the pseudo-distributive law will not affect the right ® 4-

module structure.

If such a pseudo-distributive law from ®z to ¥ exists, then since the identity B — B

is canonically a fibration,

V(B B) = B*——B

will also be a fibration. In other words, B has pullbacks.

Conversely, having pullbacks suffices for such a pseudo-distributive law to exist. We
first consider the case in Set:

Proposition 1.17 (£ = Set). There is a pseudo-distributive law of &5 over Vg in
Span(Cat) iff the category B has pullbacks.

Proof. Assume B has pullbacks. The map sending a cospan in B to its (chosen)
pullback extends to a functor A : Pg¥p — Vgdbs:

B* B*
e NN
}

B* B? .
Wy
B B B :

A is clearly a 2-cell in Span(Cat)(B, B). The required invertible 3-cell v in

53
g Yin
2
DpUp Vpds

A
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is defined for each object A Iy B of B2 to be the unique isomorphism of spans

Similarly the invertible 3-cells in the coherence conditions (1)-(3) of Proposition A.8
are given by the natural isomorphisms relating (15)*g to g, h*¢*f to (gh)*f, and
k* f*g to (fk)*g for any morphisms E balplod pinB

The remaining two coherence conditions required for a pseudo-distributive law hold

since there is a unique 3-cell fitting into each diagram. O

More generally:

Proposition 1.18. There is a pseudo-distributive law of g over ¥ in Span(Cat(E))
iff B has pullbacks.

Proof. We reconstruct the above definition of A and v internally in Cat(£). Assuming

B has pullbacks, there is a ®z-module structure map

B* xp B*———=B*

in Cat(£) as in Example 1.13. Since ®5 is colax-idempotent, e is right adjoint
to (1,mc) : B* — B? x5 B* with invertible unit. Composing the counit & of this
adjunction with the map dm; : B? x5 B? — B gives a 2-cell

de
- T
BxpB | =B,
dmq

which by the universal property of the arrow category B* (Section 1.3) corresponds

to amap 7 : B® xg B? — B? satisfying dr = de, cr = dmy, and aT = dme.

The morphism

B2 x5 B2 B2 s B
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is then a map of spans ¥z — UdPz, which we define to be .
To construct the 3-cell v in
B2
(nd,1)
Yy
(1.€)

(1,nc)

BQ XBBQ BE XBBQ,

we require invertible 2-cells in Cat(€) of the form 7(1,nc) = nd and e(1,nc) = 1ps.
The second of these is the invertible unit of the adjunction (1,7c) - e, and the first is
again given by the universal property of B* since at(1,nc) = dme(1,nc) = 14 = and

by the triangular identity of the adjunction (1,7nc) - e.

The fact that A and ~y satisfy the coherence conditions required for a pseudo-distributive
law now follows from the case £ = Set by the Cat-enriched Yoneda embedding. All
the constructions used to form Span(Cat(&)), B%, @5 and ¥y are defined in terms of
limits, and are preserved by each hom 2-functor Cat(&)(A, —) : Cat(£) — Cat. [

Thus ¥z lifts to a pseudomonad ¥ on each Fib(€)(A, B) exactly when B has pull-
backs. Since ¢z and ¥z are colax-idempotent and lax-idempotent respectively, such

a lifting is unique up to isomorphism if it exists. Suppose now that this is the case.
Definition 1.19. A fibration has sums if it has the structure of a left Wjz-module.

Recall that composition in Fib(€) is given by bimodule tensor ®, in other words by
a coequalizer of composites of spans. Since W} is given by composition with a span
and pullback along d preserves coequalizers, W) has a tensorial strength: that is a
family of maps

U (N) @ M = W(N @ M)

natural in spans M: C - A and N': A —— B, which satisfy unit and associativity
conditions. Setting N to be the identity two-sided fibration ®5 shows that the monad
Ul is given by composition in Fib(E) with the span ¥ := Wi (Pp). In other words,
Y5 is a lax-idempotent pseudomonad in the 2-Cat-enriched bicategory Fib(€), and

composing with ¥z on the right freely adds sums to fibrations.
In Cat, this definition of fibrations with sums reduces to the well-known one [Jac99:

Ezample 1.20 (£ = Set). To give a cloven fibration 1 + M £ B in Cat sums is to
give a left adjoint [ [, for each reindexing functor f* : M7 — M which satisfy the
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Beck-Chevalley condition. The pseudomonad Y5 is the span

B~

B/ \B

where the category B~ has as objects the spans I <~ A — J in B and as morphisms

commuting diagrams

I A J

| |

r A J.

The functors [ and r send such a morphism to I — I’ and J — J' respectively.

1.6 Opposites of fibrations

In the previous section, when the monad ®z is considered as an internal category
in Span(€), constructing the reversed span ¥ from &5 corresponds to taking the
opposite internal category. There is an analogous construction for fibrations. We show
how strict fibrations can also be seen as internal categories in a particular category,

and so we find a natural definition of the opposite of a fibration.

Let B be an internal category in £, so we have objects By, By, By = By Xxp,B; and

morphisms
s d

BQ —m—> Bl S BO

t c

satisfying the required equations. Then this diagram also represents a category object

internal to Cat (), when By, By and B, are considered to be discrete categories.

B is the laz codescent object of this diagram in Cat(E), i.e. equipped with a functor
u : By — B (the inclusion of the discrete category) and natural transformation
« : ud = uc such that i = 1,, and

B1 Bl BO

v /\ SN w N

BQ = Bg B() wv——s 3

N \/ NS A

Bl Bl BO
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and is universal with this property [Lac02].

For any functor M % B in Cat(£), we can construct (not necessarily discrete)

categories My, M7 and M, and functors

v (1.2)

such that all corresponding squares are pullbacks. p is a strict fibration exactly if

there are functors

/

My —L o My — o M,

such that the corresponding squares involving s and d commute and make the top
row of (1.2) into a category object in Cat(€). The natural transformation « then

induces o : v'd’ = v/ making M into the lax codescent object of the top row.

Ezample 1.21 (€ = Set). In Cat, the category M, consists of the objects of M
with the morphisms of M that are p-vertical. The objects of M; are pairs (J € B,
f I — pJ € M), which d sends to the domain of the chosen cartesian lifting
f*J — J. This lifting is the corresponding component of the natural transformation

o'

Projecting onto the object, morphism, and composable morphism parts of the cat-
egories in (1.2) gives internal diagrams in £ over B, as defined in [Joh77]. Thus a
strict fibration over B corresponds exactly to an internal category in the category &2

of such diagrams.

Taking the opposite of this category corresponds to taking the opposites of all the
categories and functors in Diagram (1.2). This will not affect the bottom row, but

the top row will have a new lax codescent object

P MP == M Mo,

Such a lax codescent object always exists in Cat(£), as shown by Weber in [Web15]
for any internal category diagram where the internal codomain functor M{¥ — MgF
is the pullback of a functor of discrete categories. The universal property of the
colimit then induces a functor M° 22 B. This gives p°? the structure of a fibration,

and it is called the opposite of the fibration p.
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In Cat, this gives the usual construction of the opposite of a split Grothendieck
fibration:

Ezample 1.22 (€ = Set). The opposite of M £ B in Cat is given by reversing the
arrows of M which are vertical over B. The category M° has the same objects as
M, and as morphisms A — B over pA < pB the spans A & M 5 B in M where a

is p-vertical and [ is a chosen p-cartesian lifting of w.

Opposites for non-strict cloven fibrations are defined in the same way, except that

the M, no longer form a strict category object, with isomorphisms d'i’ = 1 and

d'm’ = d's’ rather than equalities.

Ezample 1.23 (€ = Set). For a cloven fibration M % B in Cat, the category M°
has the same objects as M. Morphisms are spans A < M 5 B in M where a is
p-vertical and [ is p-cartesian, considered up to the equivalence relation relating two
such spans (a, 8) and (¢, ') if there is a vertical isomorphism M — M’ forming a

morphism of spans.

For two-sided fibrations A <~ M % B, consider the internal category A x B and the

diagram

M, M, My—— M

T T

Ay X By "M AL x By —P° 0 Ay x B> A x B.

The fibration structure of p and the opfibration structure of ¢ induce morphisms
d, d: My — M, respectively, and the compatibility between the structures en-
sures that these can be extended to give a (weak) category object in Cat(€) with
lax codescent object M. Taking opposites of categories as above gives a functor
M° ACEEEAON A x B, which defines a new two-sided fibration between A and B.

Definition 1.24. The span
MO
AN
A B
is called the opposite two-sided fibration of A <& M % B.

Ezample 1.25 (£ = Set). In Cat this corresponds to reversing the arrows of M which

are vertical over both A and B.

Using the universal property of the codescent objects, taking opposites extends to a
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pseudofunctor

(—)°P: Fib(E)(A, B) — Fib(E)(A, B)

for each A and B, and ((—)°)% = 1. When & is either locally cartesian closed with
countable colimits or a topos with a natural numbers object, then opposites commute
with the composition of 2-sided fibrations defined in Section 1.4, i.e. NP @ M =
(N ® M) naturally in M and N.

1.7 Fibrations with products

Having defined sums and opposites for fibrations, we can now consider their combi-

nation.
Definition 1.26. A (two-sided) fibration has products if its opposite has sums.

Ezample 1.27 (€ = Set). In Cat, a cloven fibration 1 < M £ B has products if
each reindexing functor f*: M7 — M has a right adjoint II; satisfying the Beck-
Chevalley condition. In particular, this holds for the codomain functor B* = B if

and only if B is locally cartesian closed.
Thus in general we define:

Definition 1.28. A category B with pullbacks is locally cartesian closed if the

codomain fibration ¢ has products.

Given a two-sided fibration M, we can freely add products to M by taking the

opposite fibration, adding sums, and then taking the opposite again. Since
(X @ MP)P = (Xg)? @ M,

the span Ilp := (X5) is a colax-idempotent pseudomonad in Fib(€) which freely
adds products by composition on the right. Thus a fibration has products if it has

the structure of a left Ilg-module.

Ezample 1.29 (€ = Set). In Cat, the pseudomonad II5 is a span

(B<—-—>

)O
17 XP
B B,

where the category (B 7)° is given by reversing the arrows of B that are vertical
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for both projections onto B. So (B“7)° has as objects the spans I + A — J in B

and as morphisms commuting diagrams

I A J
A /
E
l_l

I Al J.

The functors [°P and r°? send such a morphism to I — I’ and J — J’ respectively.

1.8 Polynomials

We now have two monads in Fib(£): ¥z adding sums and its opposite Il adding
products. Mirroring the situation of &5z and Wy, we consider the interaction between
25 and HB‘

YpIlp will be a pseudomonad in Fib(&) if there is a pseudo-distributive law
A 1155 — Xgllg.

If such a law exists of IIz over X5, then as before ¥p lifts to a pseudomonad on left

IIz-modules. Since the identity B — B canonically has products,

>5(B

B = B2—° -3

will also have products. In other words, B is locally cartesian closed.
In Cat, the converse holds:

Proposition 1.30 (£ = Set). There exists a pseudo-distributive law of Ilg over ¥

in Fib exactly when B is locally cartesian closed.

Proof. In Cat, the composite fibration »pllz is a span B < M — B where the
category M has as objects diagrams [ + B — A — J in B, i.e. polynomials, and as
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morphisms the morphisms of polynomials

S

The composite I1zX3 is a span B < N — B where N has the same objects as M

and as morphisms the commuting diagrams

If B is locally cartesian closed, there is a functor A : ' — M sending a diagram
14 BL AL Jtothe polynomial

I%t*Htf—)Htf —J

as in the diagram

<

where ¢ is the component at f of the counit of the adjunction ¢* - II;. The Beck-
Chevalley condition for II ensures that A preserves the cartesian and opcartesian
morphisms in NV, so it defines a morphism [zYXz — XI5 in Span(Cat)(B, B).

The components of the 3-cell v in the diagram

B
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are defined for each span I < B Iy A as the unique isomorphism of polynomials

[<—" (1A)*H1Af HlAf A
=A
= l—' o~ =
I B B A.

= !

Similarly the first coherence condition of Proposition A.8 for a pseudo-distributive
law corresponds to giving the isomorphisms I1;(14) = J for any A Ly J. The second
coherence condition follows from the canonical isomorphisms II,,,f = IL,II;f for
any morphisms B L A% 7™ K. The third coherence condition reduces to the

‘type-theoretic axiom of choice’ of Proposition 1.6.

As in the proof of Proposition 1.17, the remaining two coherence conditions follow
by uniqueness, since by the universal properties of II and pullback there is a unique

3-cell fitting into each of the diagrams. O

Remark 1.31. Unlike the case of the distributive law for ®z and Wy, the previous
proposition does not extend by representability to arbitrary Fib(£). As hom-functors
do not preserve coequalizers in general, composition in the 2-Cat-enriched bicategory
Fib(&) is not representably defined. However, it might still be possible though com-
putationally challenging to internalize the proof of the proposition for Set and check
the coherence conditions by hand. It would also be interesting to investigate a more
conceptual proof by relating these pseudomonads to clubs defined by Kelly in [Kel92],
which are monads interacting well with pullbacks. The two propositions 1.30 and 1.18
have a similar form, stating that to give a distributive law ST — T'S between two
monads it suffices to give a S-module structure to 7" acting on a terminal object (in
this case the terminal object 1 <~ B — B of Fib(£)(1,B)), and a theorem of this

form was proved by Garner in [Gar08] using an generalization of clubs.

From now on we focus only on the case & = Set. Since Iz is colax-idempotent and
Y5 is lax-idempotent, if such a pseudo-distributive law exists then it is unique up
to isomorphism. Suppose that this is the case, then >zllg has the structure of a

pseudomonad with composition

(SIN(SI) = () 2 weim 2 s
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sending two polynomials[@B@A@ Jand J<&~ DL C 5 K to
I+ P—Il;h— K

as in the diagram

P g h I,h
_ & |
/E/h
P i S
I/ X(]/ \K,

i.e. exactly their composite as polynomials.
Thus we have:

Proposition 1.32 (£ = Set). The pseudo double category Poly, of polynomials
i a locally cartesian closed category B, as defined in Proposition 1.7, is exactly the

pseudomonad »plls. ]

1.9 Polynomials in non-lcc categories

When a category B (in Set) is not locally cartesian closed, it can still make sense to

consider polynomials in B, as long as we restrict to those diagrams
I+~B=>A—=J

for which s*, II; and ¥, are defined. For example, Weber [Web14] examines the case
of a category with pullbacks, in which the polynomials are all the diagrams of this
shape such that the middle morphism f is exponentiable. Here we generalize in a
slightly different direction, motivated by the above analysis of sums and products as
monads on slice categories. In a non-locally cartesian closed category, we will not
require the associated functor »,II;s* of a polynomial to be defined on the full slice
category B/I, but only on a subcategory of it. Polynomial diagrams should then
consist of morphisms for which pullback and its adjoints > and II are defined on this

subcategory.

In detail, we start with a class of morphisms in B which contains identities and is
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closed under composition. This means that these morphisms are the objects of a full

subcategory F of B2, such that the spans

TN N

are submonads in Span of &5 and Wz respectively. In diagrams, objects in F will be

dr and Ur=

denoted by double-headed arrows —».

Just as before (Proposition 1.18) the existence of pullbacks corresponds to a pseudo-

distributive law.

Proposition 1.33. The following are equivalent:
1. Uz lifts to a lax-idempotent pseudomonad ¥ in Fib,
2. there 1s a pseudo-distributive law A : PgVr — U rdg,
3. the codomain functor ¢ : F — B is a fibration,

4. for every morphism f in F and morphism g in B, there exists a pullback

C B
_

h f

D A

such that h is in F.
O

Definition 1.34. A fibration p : M — B has F-sums if it has the structure of a
left module for ¥x considered as a pseudomonad on Fib/B = Fib(1,B). That is,
for every F-map f : B — A in B, the reindexing functor f*: M4 — Mp has a left
adjoint Xy and the Beck-Chevalley condition holds in the form: For every pullback

square
D—"_.p
1
g f
C A

in B with f (and hence g) in F, the canonical map X,h* — k*X; is an isomorphism.
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In particular, the fibration 7 — B itself has F-sums, with the left adjoint ¥, for a
morphism f € F given by composition with f.

Dually, a fibration has F-products if it has the structure of a left module for the
opposite pseudomonad Ilz, so each f*: M, — Mp has a right adjoint II; such that

for any pullback square as above the canonical map k*II; — II h* is an isomorphism.

The results about ¥z and Ilz (Proposition 1.30) now generalize to the monads X x
and IIz.

Proposition 1.35. To give a pseudo-distributive law of I1x over X is exactly to
give the fibration F < B the structure of F-products. O

Remark 1.36. 1. Such a pseudo-distributive law is constructed by Hofstra [Hofl1]
for the case when F is the class of product projections in a cartesian closed

category.

2. If F 5 B has F-products, then the functor II s is additionally a partial right
adjoint to the pullback functor on slice categories f* : B/A — B/B. In other
words, there is a bijection of morphisms

f*C\B/E C\A/M

even when k : C' — A is not in F, since by the Beck-Chevalley condition they
both correspond to morphisms C' — k*II¢E in the fibre F/C.

=

To summarize, when F is a class of morphisms which is closed under composition
and identities and F = B is a fibration with F-products, there is a pseudomonad
Y7l in Fib. In other words, we get a double category Poly » of polynomials. The

objects are all objects of B, and the horizontal morphisms are polynomials

1 J

where ¢t and f are in F. The 2-cells and horizontal composition correspond to mor-

phisms and composition of polynomials as before.

Now consider this pseudomonad acting on the slice category Fib/B = Fib(1, B) of
fibrations over B. Applying it to the domain fibration d : F — B gives the category
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(Poly »); of polynomials and polynomial morphisms described above. Considering

just the part fibred over J and not I, we get the fibration
SrF(B = B) = X5(F = B)? = S F.
For a general fibration M % B, we have
Yrllrp 2 Xr(Ex(p)™)”,

so the pseudomonad X #I1x is given by two iterations of the construction Xx(—)%, as
observed by Hyland in [Hyl07]. Thus we think of Pol(—) := Xz(—)% = (Ilx(—)) as
being the basic construction of polynomials over a fibration, and study the structure
of the fibration Pol(F) further in Chapter 4.



Chapter 2

Categorical models of type theory

2.1 Dependent type theory

We give here an informal account of the language of dependent type theory [ML84],

and how it is interpreted in category theory.

The basic objects of type theory are types, and terms of each type. The notation
a : A denotes that a is a term of type A. In dependent type theory, types and terms
can depend on terms of other types, so types and terms are always defined in context,

written
' A: Type and 'Fa:A, (2.1)

where a context I' is a finite (possibly empty) list of distinct typed variables
le’llAl, CEQZAQ, ey .I'nIAn

that A and a can depend on, and each A; depends only on the previous z;, j < 1.

Two types or two terms can be definitionally equal, written
I'A=B:Type and 'Fa=0b:A. (2.2)

The statements to the right of the turnstiles in (2.1) and (2.2) are the basic forms of
judgements that can be made in type theory.

Defined terms can be substituted for the variables in a judgement, so for example if

bis a term of type B in context x : A and a is a term of type A, then ba/z] is a term

31
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of type Bla/z|. This is written as a rule of inference

x: AART 'Fa:A
I Ala/x] = Jla/x]

where J stands for any judgement, asserting that the conclusion below follows from

the hypotheses above the line.
Further rules state that the hypotheses of a judgement can be weakened:

AR J I'EA: Type
Me: A AT

(when x is a new variable); that context variables are valid terms in context:

' A: Type
F,x:Al—x:/f

that definitional equality is compatible with typing judgements:

'Fa:A I'FA=B:Type 'Fa=b:A I'FA= B:Type
'Fa:B 'Fa=b:8B 7

and that definitional equality of types and terms are equivalence relations.

A particular instance of type theory consists of judgements in context given as ax-
ioms, plus all the judgements in context that can be derived using the above rules of

inference.

2.2 Categories of types

Given a type theory, we can study it categorically by thinking of the types as objects
of a category and the terms as morphisms. More formally, we can construct the
term model of a type theory, which is a category of types T fibred over a category of
contexts C (See e.g. [Jac99]).

C has as objects the contexts I' of the type theory. A morphism I' — A in C, where
A is a context vy : Bi, Y : B, ..., Ym : B, is a tuple of terms ¢ = (t1, -y tm)
satisfying

UC'Et: Bilti/ya, -y tic1 /i) for each 1 <i < m.
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We implicitly identify contexts, types and terms if they are the same up to substitution
of definitionally equal types and terms, as in [Jac99]. The identity morphism on the
context A is the tuple of variables (yi, ..., ¥m). The composite of two morphisms
t:T — Aand §: A — © is given by substituting each term ¢; for the variable y; in

each component of §. The empty context is a terminal object in C.

The category of types 7 has as objects types in context (I' = A : Type). A morphism
('F A: Type) = (A B : Type) consists of a morphism ¢y, ..., t, : ' = Ain C
and a term b where

T, x: AFb: Blti/yi, - tm/Ym)-

Proposition 2.1. The forgetful functor p : T — C sending a type in context
(I A Type) to T is a split fibration.

Proof. Reindexing is given by substitution: If ¢ is a morphism of contexts I' —

A, then the reindexing functor t* sends an object (A + B : Type) over A to
(' Blt1/y1, -« s tm/ym) = Type).

T'F Blti/y1, - tm/Ym] - Type

A+ B :Type (2.3)

| |
| |

| |

Y ¥
r A

t

The cartesian morphism above ¢ in 7 is (f,z), where z is a new variable of type

Blt1/y1, - -, tm/Ym], representing the projection

T, z:Blti/y1, - s tm/yml b 2 - Blt1/y1, -« st/ Ym)-
Splitness of the fibration follows since repeated substitution of terms is associative. [J

Each type A in context I' determines a morphism By : (Ixz : A) — ' in C by
projection. Such morphisms are called display maps (and denoted by arrows — in
diagrams). Terms of type A in context I' correspond to the morphisms in C which

are sections of the display map I';)xz : A — T.

Lo @A sT,x: A

N A

r
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A cartesian morphism as in Diagram 2.3 gives a commuting diagram between the
display maps

A z:B

N

Y

I, z: B[tl/yl,_l. st/ Ym)

r A

&

which has the universal property of a pullback square in C.

There are various essentially equivalent ways to formalize this categorical structure,
such as comprehension categories [Jac93], categories with families [Dyb96], categories
with attributes, contextual categories [Car86], D-categories [Ehr88] and type cate-
gories [Pit00].

Definition 2.2. A full split comprehension category consists of a split fibration
p: & — B, where the category B has a terminal object, together with a full and
faithful functor B: & — B* such that

commutes and *J3 preserves cartesian morphisms.

The term model of a type theory is a full split comprehension category; conversely
from a split comprehension category p : £ — B we can construct a type theory T,.
Contexts are represented by certain objects of B, and the objects in the fibre & over a
context ' are regarded as the types in context I'. The terminal object of B represents
the empty context, and further contexts are generated successively from it: if A is a
type in context I' then the domain of the display map 4 represents the extended
context I', x : A. Sections of the display map B 4 represent the terms of type A.

We usually restrict attention to those comprehension categories such that every ob-
ject of B appears as a context in the above construction of the type theory, called
reachable comprehension categories. In this case, these constructions are inverses
up to isomorphism: the correspondence sending a type theory to its term model
and a comprehension category p to the theory T, extends to an equivalence between
the category of full split reachable comprehension categories and structure-preserving

functors, and a suitable category of type theories [Car86, Pit00].
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A crucial role in the term model is played by the display maps in the context category
B, which essentially determine the type theory. Each display map defines a type in
context, with terms given by sections. Substitution of terms is the operation of taking
a pullback of a display map to get another display map. In other words we have the

following structure:

Definition 2.3 ([Tay99, HP89]). A class of display maps in a category B with termi-
nal object is a class of morphisms F C B? such that F is stable: pullbacks of display

maps along any morphism in B exist and are in F.

Remark 2.4. Such a class of morphisms is frequently called a class of fibrations, but

we will not use this terminology here to avoid confusion with Grothendieck fibrations.

Given a comprehension category B: & — B2, the closure of the image of B in B?
under isomorphism is a class of display maps. Conversely, given a class of display

maps F, the full subcategory of B? spanned by JF defines a fibration

This is not a split comprehension category unless pullbacks are strictly associative.
In general pullbacks are only associative up to isomorphism, so this does not give
a sound interpretation of the strictly associative substitution of terms into types.

However, such a fibration is equivalent to a split comprehension category:

Proposition 2.5 ([Gir71]). The forgetful 2-functor from split fibrations to cloven
fibrations over a category B has a left 2-adjoint F

U
SplitFib/B_——=Fib/B
F

such that each component of the unit is an equivalence.

Here the morphisms of the left-hand category are functors over B which preserve the
splitting exactly, while the morphisms of the right-hand category are functors over B
which preserve cartesian morphisms but not necessarily the cleavage. The 2-cells are
natural transformations over B. Thus every class of display maps is equivalent as a

fibration to a split fibration strictly modelling the rules of type theory.

Ezample 2.6. (a) If B has all pullbacks, so the codomain functor B2 — B is a fibra-



36 2.3. TYPE CONSTRUCTORS

tion, then the class of all maps in B is a class of display maps.
(b) The class of all isomorphisms in any category is a class of display maps.

(c) If B has pullbacks, or at least pullbacks along monomorphisms, then the class of
monomorphisms in B is a class of display maps. In this case a dependent type
a: AF B : Type can be thought of as a predicate on the type A, where each
fibre B(a) is either empty or uniquely inhabited. However, this and the previous

example are in general not reachable classes.

(d) If B has finite products, then the class of all product projections A x B — B is
a class of display maps, and is the smallest class which is reachable. This is in
some sense a trivial example of dependent type theory: the fibres of a dependent
type are constant, so the type dependency plays no role. The fibration s(B) — B
of such product projections is called the simple fibration, as the corresponding

syntax is simple type theory.

2.3 Type constructors

In addition to the basic rules of inference of Section 2.1, a type theory can be extended

by rules to construct and manipulate new kinds of types.

Each kind of type has associated rules following a similar pattern: there are rules de-
tailing how to form these types from other given types (formation), how to construct
terms of these types (introduction), how to derive new judgements from judgements
involving the introduced terms (elimination), and how to combine introduction and
elimination (conversion). In particular, we use both S-conversion rules, for simplify-
ing an introduction followed by an elimination, and the dual n-conversion rules for
an elimination followed by introduction. Most of the type constructors given here are
presented as positive types, where the introduction rules ‘generate’ all terms, in the
sense that judgements depending on a general term are specified by the case when

the term is one of the basic terms introduced.

We assume additional rules requiring the new types and terms to interact as expected
with substitution and definitional equality, but these will be left implicit. For clarity
context variables shared by the hypotheses and conclusion of an inference rule will

be omitted when stating the rules.

The new types give additional categorical structure to the term model of the theory.

The presence of n-rules in the type theory means that this usually takes the form of
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some kind of universal property. We shall recall some standard type constructors and
motivate what additional structure should be required of the corresponding class of

fibrations interpreting the theory.

2.3.1 The unit type

A unit type is a specified type which has a unique term. These are constructed by

the rules:

———  1-FORMATION
F1:Type

1-INTRODUCTION

Fax:l

The elimination rule states that types depending on a variable of unit type are de-

termined by the case for x*:

x:1FC:Type Fec:Clx/x]
z:1F case(c): C

1-ELIMINATION

Introduction and elimination are inverse processes:

x:1FC:Type Fc: Clx/x]
F case(c)[x/x] = c¢: C[x/x]

x:1FC: Type x:1lkc:C
x: 1k case(c[x/z]) =c:C

1-3-CONVERSION

1-n-CONVERSION

While the last three rules follow the general pattern for positive type constructors,
they can be replaced by a simpler one. Applying the S-conversion rule for the type

C =1 when c is either u or x gives the rule:

Fau:l
1-UNIQUENESS
Fu==x:1

In a categorical model, this says that there is an object 1 in the fibre above the

(terminal) empty context { }, such that for any context I" the display map representing
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(I' = 1: Type) has a unique section.

In other words, every I' has a unique morphism to the context x : 1, so = : 1 is

terminal in B and the display map 3 is an isomorphism.

Since a class of display maps is closed under pullbacks and every isomorphism appears

as a pullback of 3, we define:

Definition 2.7. A class of display maps F C B? has a unit type if F contains all

isomorphisms in B.

Example 2.8. 1f B has finite limits, the classes of display maps consisting of all mor-

phisms, monomorphisms, and product projections respectively all have a unit type.

2.3.2 Dependent sum types

Given a type B depending on a variable in A, the dependent sum type Yx:A.B
represents the disjoint union of the types B(x) as x ranges over A. Objects of Xz :A.B

are pairs of terms a in A and b in the corresponding type Bla/z]:

x:AF B: Type

FYz:A.B : Type

x:AF B:Type Fa:A b Bla/x]
- (a,b) : Yz:A.B

> -FORMATION

>-INTRODUCTION

The elimination rule states that for types and terms depending on a variable of the

sum type, it is sufficient to know what happens when the variable is a pair:

Fp:Yx:AB z:2x:A.BFC: Type
x:Ay:BEd:Cl(z,y)/z]

F case(p, (z,y).d) : C[p/z]

Y -ELIMINATION
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where the notation (x,y).d means that the variables x and y are bound. The conver-

sion rules ensure that the pairing and case functions are compatible:

Fa:A -b: Bla/x] z:Xx:ABFC :Type
x:Ay:BEd:Cl(z,y)/z]
F case((a,b), (x,y).d) = dla/z,b/y] : C[(a,b)/z]
z:YXr:A.BFC: Type
Fp:Yx:AB z:Xrx:ABkFd:C

- case(p, (x,y).d[(x,y)/2]) = dlp/2] : Clp/z]

Y-B-CONVERSION

3)-n-CONVERSION

Remark 2.9. 1. If the type B does not depend on the variable x in A, then terms
of type Yx:A.B are pairs of terms (a : A, b : B). The type ¥z:A.B is then
written as A X B and called a binary product type.

2. These rules define strong sum types. If the type C' in the elimination and conver-
sion rules is not allowed to depend on a variable in ¥z :A.B, the corresponding

types are called weak sum types.

Categorically, the rules for weak sums say that for any types A and C' in context
I' and type B in the extended context I',x : A, there is a bijection between terms
of C' depending on a variable z : (X2:A.B) and terms of C' depending on variables
x: A,y : B. In other words there is a bijection between maps in the fibre categories:

EQZ:A.B\ /C & B\ /C
r Mz A

Thus the functor ¥4 : F/(I',x : A) — F/I" sending a type B to Yz :A.B is left adjoint
to the pullback functor B% sending C to C' in the weakened context.

The fact that sum types are compatible with substitution corresponds to the Beck-

Chevalley condition: Consider a pullback square of the form

Fo:A—">Ay:B
i
B

2 | f

r

in the context category B. The type A is given by substituting the terms making
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up the morphism s into the type B. For a type C' depending on B, there is an

isomorphism of types in context
(Xy:B.C)[s1/x1, ..., spn/xn) = Xy:Bls1/x1,. .., S$n/xn].Cls1/x1,. .., Sn/xn],

i.e. the canonical map X 4t* — s*Xp is an isomorphism.

Definition 2.10. A class of display maps F has weak dependent sum types if the
fibration F — B has sums along display maps. In other words, for each f € F the
reindexing functor f* has a left adjoint X, and the Beck-Chevalley condition holds.

Strong sums correspond to composition of display maps: a pair of composable display
maps represents types ' = A : Type and I';z : A+ B : Type. If the type theory has

weak sum types, then there is a canonical context map t in

Ix:Ay: B——T,2: (Xz:A.B)

Ixz: A r

given by pairing. If it has strong sum types, then there is a map in the reverse

direction given by the terms

[,z : (Xz:A.B) & case(z, (z,y).x) : A (called 71 (2))
[z: (3z: :A.B)F case(z, (z,y).y) : Blcase(z, (z,y).x)/z] (called my(z)), (2.4)

and the conversion rules ensure that it is an inverse to pairing. Since display maps
are closed under composing with isomorphisms, the composite is a display map.

Definition 2.11. A class of display maps F has strong dependent sum types if it is

closed under composition.

Remark 2.12. If F has strong dependent sum types, then the left adjoint X to rein-
dexing along f € F is just given by composition with f. In what follows, ‘dependent

sum types’ will refer to the strong version.

In other words, a class of display maps has unit and sum types iff the span
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is a submonad of

in the bicategory Span(Cat). As in Proposition 1.33, the fact that F is closed under
pullbacks corresponds to the existence of a pseudo-distributive law ®g¥Vr — Urdp

between F and the monad ®5 given by reversing the span Up.

Having sum types allows us to blur the distinction between contexts and types. Up to
isomorphism, any non-empty context xy : Ay, w9 : Ao, ..., x, : A, can be identified

with the single-type context
(B AL (Brg A (- (B A1 AR) -+ 4)).

If there is additionally a unit type, identified with the empty context, then every
context corresponds to a closed type, and every context morphism corresponds to a
single term. Thus the condition that a categorical model with unit and sum types
be reachable reduces to requiring that there is a display map from each object to the

terminal object.

Definition 2.13. A class of display maps in a category B is called well-rooted if the

unique morphism from each object in B to the terminal object is a display map.

Since every isomorphism in B is a pullback of the identity morphism 1 — 1, a well-

rooted class of display maps automatically has a unit type.

Ezxample 2.14. The classes of display maps consisting of all morphisms, monomor-

phisms, and product projections respectively always have (strong) sum types.

Remark 2.15. Recall the binary product types described in Remark 2.9. The type
I' H A x B is the product of A and B in the fibre over I'. The projections are given
by terms m(z) : A and my(z) : B defined as in (2.4), where m((a,b)) = a and
mo((a,b)) = b for terms a : A, b: B by the conversion rules. A map C' — A X B in
the fibreisa term I', 2 : C'F p: A x B, and for such a p two applications of the n-rule
show that (m(p), m2(p)) = p. Thus a class of display maps with dependent sum types

in particular has fibred binary products.
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2.3.3 Dependent product types

Given a type B depending on a variable in A, the dependent product type 1lx:A.B
represents the collection of functions mapping each term @ in A to a term in the

corresponding type Bla/z].

x:AF B: Type
FIlx:A.B : Type

I[I-FORMATION

Terms of the dependent product are formed by abstracting the variable of dependent

terms in B:

x:AF B: Type r:AFb: B
FAx:Ab:Ilx:A.B

[I-INTRODUCTION

The dependent product is not a positive type, but terms of the dependent product

can be applied as functions to terms in A:

Ff:llz:A.B Fa:A
- fa: Bla/x]

II-ELIMINATION

The conversion rules assert that abstraction and application are inverse processes:

Fa:A Fb: Bla/x]
F (Az:A.b)a = bla/x] : Bla/z]
Fp:llz:A.B
Fp=XAx:Apx:llx:A.B

I1- 3-CONVERSION

[I-n-CONVERSION

Remark 2.16. If the type B does not depend on the variable x in A, then terms of
type Ilz:A.B correspond to functions from the terms of type A to the terms of type
B. The type Ilz:A.B is then written as A = B and called a function type.

Similarly to the case for sum types, the rules for dependent products give a natural

bijection between terms of the product type IIz:A.B in context I', y : C' and terms of
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B in context I,z : A,y : C. This gives a bijection of maps

C IIz:A.B = C B

NN

x: A

for any type C in the fibre category F/I', and so the functor F/(I',z: A) — F/I’
sending a type B to Ilz:A.B is right adjoint to the pullback functor J%.

As for sum types, the Beck-Chevalley condition corresponds to compatibility of prod-

uct types with substitution. For every pullback square of the form

Pae:A——=Ay:B
B

mr l‘n

r

s

and type C, there is always an isomorphism of types
(Iy:B.C)[s1/x1, ..., Sp)xn) Z My :Bls1/x1, ..., sp/Tn).Cls1/x1, ..., Sp/Tn]-

Thus the canonical map s*IIp — II4t* is an isomorphism.

Definition 2.17. A class of display maps has dependent product types if for each
morphism f in F the reindexing functor f* along the display map has a right adjoint
II; satisfying the Beck-Chevalley condition; in other words, if the fibration F — B
has F-products.

Ezample 2.18. (a) The codomain fibration has product types if and only if the pull-
back functor f* for each f : A — B in B has a right adjoint II; : B/A — B/B, i.e.
iff B is locally cartesian closed. The Beck-Chevalley condition holds by taking
right adjoints in the corresponding condition for sums, which is automatically
satisfied.

(b) When B has finite products, the class of display maps given by product projections
has product types if and only if the functor A x (=) : B — B has a right adjoint
for each A in B, i.e. iff B is cartesian closed. The Beck-Chevalley condition is
again automatically satisfied. The corresponding product types are known as

simple products.

Remark 2.19. 1. If a class of display maps has dependent product and sum types,
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then the function type I' - (A = B) in Remark 2.16 is an exponential in the
fibre category F/I" over I'. Morphisms C' — (A = B) in F/I' correspond to
morphisms C' — B in the fibre over I', = : A, which by the adjunction for sums
correspond to morphisms A x C' — B in F/I'. Thus a class of display maps

with unit, sum and product types is a fibred cartesian closed category.

2. As in Remark 1.36, the Beck-Chevalley condition says equivalently that the
functor Il is additionally a partial right adjoint to the pullback functor on slice
categories f* : B/A — B/B, or in other words that each inclusion F/A — B/A

preserves exponentials.

By analogy with Example 2.18(a), a class of display maps with unit, dependent sum
and dependent product types is called a relatively cartesian closed category [Tay99].
We see that a relatively cartesian closed category is exactly the structure required to
model polynomials, in the sense described in Section 1.9. As in that section, in what
follows we frequently write the sum ¥z :A.B using subscripts as > ., Bor > _, B

to mimic polynomials in Set, and similarly for products.

2.3.4 The empty type

An empty type is a specified type with no terms. It has no introduction rule, but has
rules stating that the existence of a term of this type would imply that all types are
uniquely inhabited.

——— (0-FORMATION
F0: Type
FC: Type Fa:0
= empty(a) : C
= C: Type Fa:0 x:0Fc:C
F empty(a) = cla/x] : C

0-ELIMINATION

0-n-CONVERSION

For any context I'; the empty type 0 is an object in the fibre F/T" with a unique map

to any other object C' given by empty. 0 is preserved by substitution, i.e. reindexing.

Definition 2.20. A class of display maps has an empty type if the fibration F — B
has a fibred initial object; equivalently if the category B has an initial object 0 which
is preserved by pullback.
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2.3.5 Binary sum types

If A and B are types, the binary sum type A + B represents the disjoint union of A
and B. Each term in A and B gives a term in the sum type:

FA: Type F B : Type

HA-+ B:Type

Fa:A Fb: B
Finl(a): A+ B Finr(b) : A+ B

+-FORMATION

+-INTRODUCTION

Analogously to the rules for dependent sum types, the elimination and conversion
rules assert that types and terms depending on a variable of the binary sum type are

completely determined by the case when the variable comes from either A or B:

Fp: A+ B z: A+ B,AFC: Type
x: A Alinl(x)/z] F c¢: Clinl(z)/z]
y: B, Alinr(y)/z] = d: Clinr(y)/z]
Alp/z] F case(p,z.c,y.d) : Cp/z]
Fa:A z2: A+ B,AFC: Type
z: A Alinl(x)/z] F ¢ : Clinl(x)/z]
y: B, Alinr(y)/z] = d : Clinr(y)/z]
Alinl(a)/z] b case(inl(a),x.c,y.d) = c[a/x] : Clinl(a)/z]
Fb: B z: A+ B,AFC: Type
x: A Alinl(x)/z] F ¢ : Clinl(z)/Z]
y: B, Alinr(y)/z| = d : Clinr(y)/z]
Alinr(b)/z] & case(inr(b), z.c,y.d) = d[b/y| : Clinr(b)/z]
z2: A+ B,AFC: Type
Fp: A+ B z:A+BFc:C

Alp/z] = case(p, x.clinl(x)/z], y.clinr(y)/z]) = c[p/7] : Cp/]

+-ELIMINATION

+-3-CONVERSION

+-17-CONVERSION

Remark 2.21. These rules define strong binary sum types. If the type C' in the elimi-
nation and conversion rules does not depend on a variable in A+ B, the corresponding

types are called weak binary sum types.

The formation and introduction rules for weak sums define inclusion maps A —
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A+ B < B in the fibre category F/I' for each context I". The elimination and
conversion rules state that there is a bijection between maps A + B — C' and pairs
of maps A — C, B — C for any C in the fibre category, and compatibility with

substitution corresponds to stability of coproducts under reindexing.

Definition 2.22. A class of display maps has weak binary sum types if the fibration
F — B has fibred binary coproducts, i.e. the category B has binary coproducts which

are stable under pullback.

The additional elimination and conversion rules for strong binary sum types assert
that for any types C' and D in the fibre category F/(I',z: A+ B), maps D — C
above A 4+ B correspond bijectively to pairs of maps between the types reindexed

along the coproduct inclusions.

Definition 2.23. A class of display maps has strong binary sum types if it has weak

binary sums and for any diagram

D C E (2.5)

A A+ B B

in B where the bottom row is a coproduct diagram and all the vertical maps are display
maps, the two squares are pullbacks iff the top row is also a coproduct diagram. This
says equivalently that the canonical functor F/(A+ B) — F/A x F/B given by

reindexing along the coproduct inclusions is full and faithful.

Remark 2.24. A category with finite coproducts satisfying the above condition when
the vertical morphisms are not required to be display maps is said to be extensive.
This is equivalent to the conditions that pullbacks of coproduct inclusions along any

morphisms exist and finite coproducts are disjoint and stable under pullback [CLW93].

The above rules for binary sums relate terms depending on variables of A and B with
terms depending on a variable of A + B. Further rules make it possible to do the

same for types:
Fp: A+ B
x:AFC:Type y:BFD:Type
F Case(p,x.C,y.D) : Type

+-TYPE-ELIMINATION
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Fa:A
x:AFC:Type y:BFD:Type
- Case(inl(a),z.C,y.D) = Cla/z] : Type
Fb: B
x:AFC:Type y:BFD:Type
F Case(inr(b),z.C,y.D) = D[b/y] : Type

+-TYPE-5-CONVERSION

Remark 2.25. 1. The n-conversion rule, which would assert that the type
Case(p, x.Clinl(x)/z],y.Cinl(y)/z]) is the same as C[p/z] for any z : A+ B
and type C depending on A + B, holds automatically up to isomorphism for
strong binary sums since by previous rules there is a bijection between their

terms.

2. Similar rules could be defined for types over dependent sums. However these
are automatically satisfied by a type theory with strong dependent sums, using

the projection maps of Equation 2.4.

In particular, assuming there are unit and empty types, the additional rules mean

that for any types A and B there is a type
p: A+ B A(p) = Case(p,x.1,1.0)

such that A(inl(a)) = 1 and A(inr(b)) = 0 for a : A, b : B. In a categorical model
with strong sums for types, this corresponds to the coproduct inclusion A - A+ B
being a display map. Conversely, if types of the form A and B exist, then the general
form of the +-Type-elimination rule can be obtained by setting Case(p, z.C,y.D) to
be the type

Ya:A(p).Clcase(p, z.x,y.empty(a))) + Lb:B(p).D(case(p, z.empty(b), y.y)).

If all coproduct inclusions are display maps, then considering a diagram of the form

in (2.5) when the top row is the coproduct diagram

0 B B

shows that coproducts are always disjoint, so the category is extensive.

Definition 2.26. A class of display maps F in B has strong sums for types if it
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has binary sum types and JF contains all coproduct inclusions; equivalently if B is

extensive and F contains all coproduct inclusions.

Remark 2.27. This definition says equivalently that for every diagram of the form in
(2.5), if the horizontal rows are coproduct diagrams and the outer vertical maps are
display maps, then the central vertical map D + F — A + B is also a display map.
In other words, the functor /(A + B) — F/A x F/B is an equivalence.

Ezample 2.28. (a) A locally cartesian closed category is extensive iff it has finite dis-
joint coproducts, since pullback functors are left adjoints and preserve all colimits
that exist.

(b) The class of all product projections in a category B cannot have strong sums
for types unless B is trivial, since if the coproduct inclusions 1 — 1 4 1 are also

product projections then 1 = 0.

2.3.6 Coherence

For each type constructor with the rules considered here, the condition a fibration
must satisfy to model these types takes a similar form. We require the existence in
each fibre of objects and morphisms with some universal property, with a stability
condition for reindexing. A variation on this formulation of constructors, which is
sometimes used in homotopy type theory and proof assistants for example, is to
remove the n-conversion rule. In category theory terms, the corresponding objects
and morphisms would then require a weak universal property, which asserts existence
but not uniqueness. The use of n-conversion is chosen here because it simplifies
calculations and fits naturally with the models used; modifications of the results for

other formulations may also be possible.

However, even a universal property will only define an object up to isomorphism. In
a strict categorical model of type theory, to satisfy the rules in the associated type
theory of Section 2.2 it is necessary to make a choice of each such object in such a
way that they are strictly stable under substitution. The following coherence results

by Lumsdaine and Warren [LW14] mean that this can always be done.

Proposition 2.29. If F is class of display maps with at least unit, dependent sum
and dependent product types, then the equivalent strict model of type theory given
by Proposition 2.5 can be given the structure of unit, dependent sum and dependent

product types, including strict associativity.



CHAPTER 2. CATEGORICAL MODELS OF TYPE THEORY 49

If F also has an empty type or binary sum types, then the strict model of type theory

can be given the structure of an empty type or binary sum types respectively. [

Remark 2.30. An equivalent coherence result was originally shown by Hofmann [Hof94]
using a right adjoint to the forgetful functor SplitFib/C — Fib/C in Proposition 2.5
instead of a left adjoint. However, this approach does not seem to extend to the

intensional identity types of the next section.

2.4 Identity types

If types are considered to be propositions, then under the Curry-Howard correspon-
dence terms correspond to proofs of the type they inhabit. The unit type represents
truth, and the empty type, which has no proofs, represents falsehood. Dependent
sum types Yx:A.B correspond to existential quantifiers: to give a proof of dx € A.B
is to give a witness a in A and a proof of Bla/z]. Dependent product types correspond
to universal quantifiers: to give a proof of Vo € A.B is to give a function assigning a

proof of Bla/x] to each a in A.

While types and terms can be judgementally equal, it is not possible to reason about
proofs of equality in the same way. Thus the identity type constructor provides a type
Id(a,b) for each pair of terms a,b of type A, which represents the type of proofs
that a equals b [ML84]. Terms a and b are called propositionally equal if Ida(a,b) is
inhabited.

Alternatively, in the homotopy type theory interpretation [Thel3] where types are
considered to be spaces, terms represent points of the spaces and the identity type

Ida(a,b) corresponds to the space of paths from point a to point b in A.

The formation rule for identity types defines an identity type for any two elements of

the same type:

FA: Type Fa:A Fb: A
= Ida(a,b) : Type

ID-FORMATION
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For each term a of A there is a specified term of the identity type Ida(a,a), corre-

sponding to a proof of the reflexivity of equality, or to a constant path:

Fa: A
Fr(a): Ida(a,a)

ID-INTRODUCTION

The elimination and conversion rules state that given a proof p that terms a and b
are equal, terms of types depending on p are inductively generated by terms of the

type for the reflexivity case:

Fa:A Fb: A Fp:lda(a,b)
x,y: Ayu: Idy(z,y) = C: Type
rx: Ak d:Clx/y,r(z)/u]
= J(a,b,p,x.d) : Cla/x,b/y, p/u]
Fa:A
z,y: Ayu: Ida(z,y) F C : Type
x: Ak d:Clx/y,r(x)/u
- J(@,0,7(a),2d) = da/z] : Clo/z,a/y,7(a) 4]

ID-ELIMINATION

ID-3-CONVERSION

In contrast to the type constructors of the previous section, we do not assume an 7-
conversion rule for identity types, which would state that the J constructor uniquely

determines all terms of types depending on identity types:

Fa:A Fb: A Fp:lda(a,b)
xz,y: Ayu: Idy(z,y) F C : Type
x,y: Ayu Idy(zy) Hd: C

ID-n-CONVERSION
= J(a,b,p,x.dlz/y,r(x)/u]) = dla/x,bfy, p/u] : Cla/z,bly,p/u]

This is because such a rule would force the structure of the identity types to be trivial
— each would be uniquely inhabited or empty and so we would lose the intended

computational interpretation identifying terms and proofs:

Proposition 2.31. [Str93] A type theory with identity types satisfies the n-conversion
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rule if and only if it satisfies

Fa:A Fb: A Fp:lda(a,b)
Fa=b:A

ID-REFLECTION

It then also satisfies

Fp:lda(a,b) Fq:Ida(a,b)
Fp=gq:Ida(a,b)

UNIQUENESS OF IDENTITY PROOFS

Proof. Applying the n-rule when the type C' is A and d is = gives the judgement
J(a,b,p,x.x) = a: A. However when C' is A and d is y it gives J(a,b,p,z.x) =b: A.

Similarly, applying the rule when C'is Id4(z,y) and d is u gives J(a,b,p,z.r(x)) =
p: Ida(a,a), which is well-typed since a = b. When dis r(x) it gives J(a, b, p, z.r(z)) =
r(a) : Ida(a,a), so repeating this for ¢ shows p = r(a) = ¢ : Ida(a,b).

Conversely, given the reflection rule, it suffices to prove the n-rule up to propositional

equality, i.e. to give a term of the identity type
zy: Ayu: Ida(z,y) F Ide(J(z,y,u, x.dlx/y, r(x)/u]), d) : Type.

When z = y and u = r(z), the two terms of C are equal by the S-rule so reflexivity
gives a term of the identity type, and the general case follows by the elimination
rule. O

The uniqueness of identity proofs and reflection rules are independent of the other
rules for identity types, first demonstrated by Hofmann and Streicher using a model
in the category of groupoids [HS98|. Dependent type theory with identity types
satisfying the reflection rule is called extensional, and intensional or Martin-Lof type

theory otherwise.

In a categorical model with the type constructors of the previous section, the forma-
tion rule gives an object Id,4 for each type A in context I', with a display map to the
object A xr A representing the context ',z : A,y : A.
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The reflexivity term corresponds to a morphism r4 making the diagram

A—"2 > Tdy
\ L‘ﬁ[dA
A Xr A

commute, where ¢ is the diagonal map.

Given any display map over Id, with a commuting square as in the outside of the

diagram
A—L ¢
/1
TA J// Bc
Idy———=1Idy4,

the elimination rule defines a diagonal morphism J : Idy — C. The bottom tri-
angle commutes since J represents a term, and the top triangle commutes by the

[-conversion rule.

More generally, any commuting square between 74 and a display map can be given a
diagonal filler, by pulling back the display map along the bottom morphism and then

applying the elimination rule.

A—L D = A c—* D (2.6)
/1 _
TA Bp TA J/ g P B
Ida FE Ida Idy E

€ €

The morphism k.J is then a filler for the original square.

Definition 2.32. A morphism f has the left lifting property with respect to g, or
equivalently g has the right lifting property with respect to f, written f 7 g, if for
every commutative square of the form

A B
f g
C D

Y

there exists a diagonal filler C' — B making both triangles commute.
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The elimination and S-conversion rules thus imply that the reflexivity map r4 has the
left lifting property with respect to all display maps. The compatibility of identity
types with substitution should mean that this property is stable under pullback, i.e.
that for any morphism s: A — T,

(2.7)

the pullback s*(r4) also has the left lifting property with respect to all display maps.

We consider the class of all such morphisms in B.

Definition 2.33. A class of morphisms R in a category B is called factorizing if

every morphism f in B can be factored as f = po A

Kf (2.8)

such that
e peR,
e )\ € YR, the class of morphisms with the left lifting property with respect to

every map in ‘R.

If additionally R = (¥R)2, the class of morphisms with the right lifting property

with respect to every map in R, then (YR, R) form a weak factorization system on

B.

A factorizing class of morphisms is functorial if a chosen factorization as in (2.8) is
given for each morphism in B, which extends to a functor (L, R) : B* — B* x5 B2.

It is an orthogonal factorization system if the filler for each square

A B
/1
(2R) !/ ER
//
C D
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is unique.

Ezample 2.34. (a) In any category the classes of isomorphisms and all morphisms

form a functorial orthogonal factorization system.

(b) If &€ — B is a fibration, then the classes of vertical and cartesian morphisms form

an orthogonal factorization system in &.

(c) In an extensive category, the classes of coproduct inclusions and split epimor-
phisms form a functorial weak factorization system. The factorization of a mor-
phismf:B—)AisgivenbyB‘—)A—i—B%A.

The following consequence of identity types was first shown for the term model by
Gambino and Garner [GGO8|, and in general by Shulman. Emmenegger [Emm14]
extended it to avoid the hypothesis of dependent products, as long as pullbacks of 4
along all display maps have the left lifting property.

Proposition 2.35 ([Shul3]). If a model of type theory with dependent sum, dependent
product and unit types in a category B has factorizations of each diagonal satisfying
the stability condition (2.7), then the class of display maps D C B2 is factorizing. It

follows that (“D, (¥D)?) is a weak factorization system.

Sketch of Proof. Given a map f : B — A, define the factorization of f to be
BY Id(f) L5 A given by the pullback

B—1 .4
_
l TA
1d(f) —— Id,
(Svt) g13Itll14:(5147t:4)
Bx A A x A.
fx1

In other words, Id(f) represents the type >, 5 .4 Ida(fb, a).

The span B <= Id(f) L Als equivalently described as a composite in Span(B) with
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the span A &£ Idy =5 A:

Id(f)

N
/\/\

Since D contains product projections and is closed under composition and pullback,
t is a display map. The morphism [ can be shown to be in YD because r4 is and D

has product types.
As D C (D)?, the class (¥D)? is also factorizing, and 2((¥D)?) = ¥D, so (¥D)¥ is

the right class of a weak factorization system. m

In particular, the identity Idg appears as the factorization of the identity morphism
on B

Conversely, given a class of display maps F which is factorizing, the factorizations of
diagonal maps required for identity types exist. The stability condition (2.7) holds if
F has dependent product types [Shul3]. Thus we define:

Definition 2.36. A class of display maps F C B with sum, unit and product types
has identity types if F is factorizing, with a chosen factorization for each morphism
in B.

Remark 2.37. Unlike the other type constructors considered in this chapter, identity
types in a categorical model are not unique up to isomorphism. However, a choice of
identity types induces a weaker notion of equivalence in the category. Two morphisms
f,9: B — A are said to be homotopic, written f ~ g, if (f,g) : B — A x A factors
through the identity type (sa,t4) : Ids — A x A. In the type theory, this says that
the type

b:B

is inhabited. Two objects B and A are (homotopy) equivalent, written B ~ A, if
there are morphisms f: B — A and h : A — B such that the composites fh and hf
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are homotopic to identity morphisms.

The object Id(f) then plays the role of a limit of f ‘up to homotopy’: there is a
homotopy fs ~t

and Id(f),t, s are universal with this property.

Example 2.38. In a model of extensional identity types, the n-conversion rule requires
the filler J to be unique for any commutative square of the form in Diagram 2.6. In

this case in the square

B—"5 < Idg
B SB
Idg ——B

where sp is the first projection of P;4,, both 174, and rpsp are suitable fillers so
they must be equal and rg must be an isomorphism. Thus in a class of display maps
with extensional identity types all diagonal morphisms are display maps. If it is also
well-rooted then since any morphism f : B — A factors as

(L.f)

B Bx A—" . A

which are pullbacks of the display maps A - A x A and B — 1 respectively, every

morphism is a display map.

Conversely identity types in the codomain comprehension category are automatically
extensional, since the reflexivity map r4 has the left lifting property with respect to

all maps and so must be an isomorphism [See84].

In the intensional case, the lack of uniqueness of fillers means choices have to be
made for each term J. This gives another coherence problem in addition to the
stability under pullback considered in Section 2.3.6. In a strict categorical model of
type theory, to give identity types requires not only specifying types Id and terms r4
which are stable, but also specifying extra data to give a filler J for each square in
such a way that they are compatible with substitution. This problem is considered
in detail in [War08] and [vdBG12]. However, for the associated strict model of type

theory of Proposition 2.5, it is always possible to choose these fillers in a coherent
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way:

Proposition 2.39 ([LW14]). If F is well-rooted class of display maps with dependent
sum and product types and identity types, then the associated comprehension category

models identity types. [

2.5 Interaction of type constructors

We now consider types built out of more than one type constructor, and the properties
that can be deduced.

2.5.1 Sums and products

Proposition 2.40. For types C — B — A in a context I', there is an isomorphism

II> cv = > J[cCfa)
)

a:A b:B(a fiIl,. 4 B(a) a:A

Proof. Let ¢ be a term of type [],. 4>}, C(a,b). Then for any a : A, we have

terms

m1(pa) : B(a) and
ma(pa) : Cla, m (pa)).

So the term (Aa.m1(pa), Aa.me(pa)) has the type of the right-hand side.

Conversely, given a term of type Zf:l_l L Bla) [1,.4C(a, fa), it suffices by the rules for
sums to assume that it has the form (f, 1) where f : [[,., B(a) and ¢ : [],., C(a, fa).
Then the term Aa.(fa,1a) has the type of the left-hand side. The conversion rules for

products and sums ensure that the two constructions are inverse to each other. [

Translating this into a categorical model gives exactly the distributive law between

the monads ¥ and Il# in Proposition 1.35.

Remark 2.41. Under the propositions-as-types interpretation of type theory, reading
Y2 as dand II as V, the statement above corresponds to a form of the axiom of choice.
However, to give a term of a sum type 3,.4P(a) involves specifying a witness a, so

there is no actual choice involved.
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2.5.2 Binary sums and products

Proposition 2.42. For types C and B in the same context I', there is an isomorphism

C+B = > (i(s)=C)

s:1+B

over I, where 1 — 1+ B is the type corresponding to the coproduct inclusion.

Proof. To construct a term of type > _, . 5(1(s) = C) from a term p of type C'+ B, it
suffices by the rules for binary sums to consider the cases p = inl(c) and p = inr(b) for
terms ¢ : C, b: B. If p = inl(c), then since 1(inl(x)) = 1, we get that (inl(x), A\v.c)
is a term of type >, 5(1(s) = C). If p = inr(b), then since 1(inr(b)) = 0,
(inr(b), Az.empty(z)) is a term of type >, 5(1(s) = C).

=

Conversely, given a term p of type >, 5(1(s) = C), it suffices to consider p =
(inl(*),¢: 1 = C) and p = (inr(b),¢ : 0 = C). In the first case, inl(¢(*)) is a term
of type C' + B, and in the second case inr(b) is. The two constructions are inverse to
each other. O

2.5.3 Identities and sums

As the lack of n-conversion rules means that identity types are not defined uniquely,
we cannot expect that identity types will commute up to isomorphism with other
type constructors. However, at least for sum types they do commute up to homotopy

equivalence, i.e. up to a term of a corresponding identity type.

Proposition 2.43 ([Thel3]). For types B — A and terms
r,y: Y Bla),
a:A

there is an equivalence of types

ldy, , B@(7,y) =~ > Idpey)(pu(mz), my),

p:Ida(miz,m1y)

where for any ay,ay @ A, the path transport map p. : B(as) = B(ay) is defined using
the identity type rules to be the term J(asz, a1, 2.1pw)).

Proof. To construct a term f(q) of the type on the right-hand side from a term ¢ of
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type Ids> . B()(Z,¥), it suffices to assume that z = y and ¢ = r(x). But then r(m1)
is a term of type Ida(mx, my) and r(mx), is the identity function by [-conversion,

and so (r(mx),r(mx)) is a term of the right-hand side as required.

Conversely, given p : Ida(ma,my) and s : Idpx,y) (p«(m2x), moy), using the identity
rules twice we can assume that mz = my and p = r(mx), and also that mx = my
and s = r(mex). Since x = (ma, mex) = (my, my) =y, r(x) is then a term g(p, s) of
the left-hand side.

To show that f and g form an equivalence, we need to find terms of the identity types
Id(q,gf(q)) and Id((p,s), fg(p,s)) for q,p,s as above. Again, it suffices to assume

= r(x), so gf(q) = g(r(mx),r(mx)) = r(z) = ¢. Similarly, assuming p = r(mx)
and s = r(mx), we get fg(p,s) = f(r(z)) = (r(ma),r(mex)) = (p, s) as required. [

In a similar way, identities for binary sum types and the unit type are characterized

up to homotopy by their constituent types.

Proposition 2.44 ([Thel3|). For types A, B and terms ai,aq,a : A, b: B there are

equivalences of types

Idayp(inl(ay),inl(az)) =~ Ida(as,as)
Idayg(inl(a),inr(b)) ~ 0
]dl(*, *) ~ 1.

l

2.5.4 Identities and products

In the case of product types, identities are not constrained in the same way. For any

types B — A and any dependent functions
f.9: 1] Bla),
a:A
there is a map

happly : IdeA B(a)(fv g) — H ]dB(a)(f(a)v g(a)>
a:A

To construct it, it suffices by the rules for identity types to assume that f = g and r(f)
is a term of the left-hand side, in which case Aa.r(f(a)) is a term of the right-hand

side.
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However, unlike the case for sum types, the rules of type theory do not necessarily

imply that this is an equivalence.

Definition 2.45. A type theory satisfies the principle of function extensionality if
for all f,g:1],.4 B(a), happly is an equivalence

IdHE:AB(a)(fa g) = HIdB(a)(f(a)ag<a>>
a:A

Intuitively, function extensionality says that functions which have equal values every-
where are equal. In a type theory without this principle, functions can be intensionally
different despite being extensionally the same — the identity types of function spaces
are not fixed by the identity types of their images. Assuming function extensionality

as an axiom determines these function space identity types up to equivalence.

By a result of Streicher [Str93], function extensionality cannot be derived from the
rules for Il-types, ¥-types and Id-types given above. Indeed, Streicher constructed
a model where function extensionality fails, obtained by glueing the global sections
functor of the category of assemblies. This model has intensional identity types
satisfying the propositional version of the uniqueness of identity proofs condition,
i.e. such that any two terms of an identity type are propositionally equal. It was
previously known that function extensionality is independent of the rules of type
theory without n-rules for product types, see [TvD88]. Hofmann [Hof95] gives an
informal explanation for why it would not be expected to hold in general, using the

normalization property of type theory.

It has been shown by Voevodsky (see [Lum11]) that to ensure happly is an equivalence,

it is sufficient to construct a function in the opposite direction:

Proposition 2.46. Function exstensionality holds iff for all f,g : [[,.. B(a) there

exists a map
[11dsw(f(a).9(a) — Idp, , Bw(f.9)- (2.9)
a:A

O]

Ezample 2.47. (a) For an extensive type theory modelled by a locally cartesian closed
category, the identity type of a dependent type B — A is represented by the
diagonal map

B—". By .B.

There is a (unique) term of type Id(f, g) for functions f and g if and only f and g
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are equal as terms of the function type, so function extensionality automatically
holds.

(b) For the class of display maps consisting of product projections, identity types
are trivial: given a dependent type B — A, the diagonal B — B x4 B is a
split monomorphism so has the left lifting property with respect to all product
projections. Thus the identity type is just B x 4 B and there is a (unique) identity
path between any two terms in a fibre. Both sides of (2.9) represent the product
[1,.4B(a) x [[,.4B(a), so function extensionality always holds.

Remark 2.48. 1. A well-rooted class of fibrations with dependent sum and product
types and identity types is called a tribe by Joyal [Joyl4], a typical category by
Awodey [Awol4], and a type-theoretic fibration category by Shulman [Shul3].
A tribe satisfying function extensionality is called a Martin-Ldf tribe [Joy14].

2. In the models of type theory usually studied from a homotopy type theory per-
spective, function extensionality holds. A term of the identity type between
two functions can then be thought of as a path or a continuous homotopy. In
particular, function extensionality is implied by Voevodsky’s univalence aziom
[Thel3]. This asserts the existence of a universe type, whose terms are types,
such that the identity type between two types corresponds to the type of ho-
motopy equivalences between them.
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Chapter 3

Constructing new models

3.1 Extending the type theory

Suppose we have a well-rooted class of display maps

Fe B?
B

representing a type theory. The aim of this chapter is to use such a model of type

theory to build other models with possibly different properties, or in other words to

construct a different well-rooted class of display maps G in some related category C.
We start with some informal motivation for the form this construction will take.

The model F represents some particular instance of type theory T. If we were to
modify the type theory in some way, this should give a corresponding change in the
categorical model, and conversely a categorical construction on F which produces a

new class of display maps should correspond to a type-theoretic construction on T.

In particular, consider the process of adding new types to the theory. For each context

I'in T, suppose there is an embedding

FFC—>5F

of the fibre Fr into some category which we want to think of as additional types in

context I

63
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In order for the new types to respect substitution along morphisms in B, the categories
&r should also assemble into a fibration £ — B, with the inclusions of original types

forming a full and faithful fibred functor from F

However, if types have been added to the fibre F; over the terminal object, then
we have added ‘closed types’ in the new theory which no longer correspond to the
category of contexts B. To get a model of type theory it is necessary to add contexts

as well, and ‘extend’ the fibration ¢ along the functor
BeFR<.g =C

in some way to construct a well-rooted class of display maps G in the category C.
The functor ®; should preserve the terminal object and pullbacks of display maps
to preserve the existing types. Requiring that the pullback of G along ®; is just £
then ensures that for an original context I' coming from B, & represents exactly the

category of types over I' in the new theory.

In summary, the proposed construction of a new model proceeds according to the
following scheme. We start with a model of type theory F in B. Then, given a fibred
inclusion ¢ : F — & over B such that ®; : B — C preserves finite limits where C = &,

we obtain (under appropriate assumptions) a new model of the form

g« Cc?
C
such that the square
€_CI—> g (3.1)
B———C

[o3]

is a pullback.
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3.2 Adding sums

This section describes a family of new models of type theory which fit into the above
framework. In particular, we consider models based on the monad > which freely
adds sums to fibrations. We give two variants of the construction, one of which is a

generalization of the other.

Given the class of display maps F in B, let v : C — B be any cloven fibration over
B. To relate this to the above setting, we assume 1 has the following property.

Proposition 3.1. The following are equivalent:

1. ¢ has a full and faithful right adjoint

BT ¢ (3.2)
P

making B into a reflective subcategory of C,
2. C has a terminal object preserved by 1,

3. 1 has fibrewise terminal objects.

Proof. (1) = (2) : B has a terminal object 1 preserved by the right adjoint ¢. Then
¥@(1) = 1 by the counit of the reflection.

(2) = (3) : For any object A of B, the reindexing of the terminal object 1 of C along
the unique morphism A — (1) is terminal in the fibre over A, and is stable under
reindexing.

(3) = (1) : For an object A of B, define ¢(A) to be the terminal object of the fibre
of 1 over A. This extends to an adjunction ) 4 ¢ where for D in C the component
of the unit np : D — ¢(D) is the unique vertical arrow over (D), and the counit

is ¥ = 1. O

Assume now that the class of display maps F has (strong) dependent sum types, so
the monad Xz is defined which adds sums along morphisms in F to fibrations over
B as in Definition 1.34.
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Proposition 3.2. Given ¢ and v as above, there is a fibred adjunction

d
FIY,
v

¢ ]
B T C
P

such that the restrictions of ® and ¥ to the fibres over the terminal object of B are ¢
and ) respectively.

Proof. The fibration ¥xC — B is given by pullback:

YrC

PN
/\/

The fibre W of ¥ over an object f of F is the fibre ¢4 of ¢, with reindexing along
a morphism h : f — g given by (dh)* : ¢4, — 4. The cartesian morphisms for the
fibration c¢¥ : ¥xC — B are the pairs (h € F2,g € C?) such that g is 1)-cartesian
over dh and h is c-cartesian, so W preserves cartesian morphisms and hence defines a
fibred functor over B. Because F is well-rooted, the restriction of d to the fibre of ¢

over 1 in B is an isomorphism, so ¥ restricts to .

Each fibre category of 1 has a terminal object preserved by reindexing, so the same
holds for W. This defines a full and faithful functor ® which is right adjoint to ¥ and
restricts to the right adjoint ¢ over 1 in B. ® preserves cartesian morphisms and the

unit and counit of the adjunction are vertical over B. O

Thus we have a fibred inclusion of F into X #C as described in the previous section.
We want to construct a model of type theory F¢ in C, which extends ¥ #C in the sense

outlined there.

Firstly, the display maps over an object ¢D in C should correspond to the fibre of
> 7C over D, which is just the set of pairs

{(C,f:vC —=D) | CeC, feF}
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To give such a pair it suffices to give the transpose f : C — ¢D of f under the
adjunction ¢ 4 ¢. This means that the display maps of F¢ over objects in the image
of ¢ should be exactly

F={f:C—¢D | (f:¢vC — D)e F}, (3:3)

that is, the class of morphisms in C whose transpose under the adjunction is in F.

If F¢ is to form a class of display maps, then pullbacks along these morphisms must

exist in C. We therefore assume that the following equivalent conditions hold.
Proposition 3.3. Given F and an adjunction as above, the following are equivalent:
1. C has and v preserves finite products,
2. the pullback of a morphism f € F along any morphism in C exists, and v

preserves this pullback.

Proof. (2) = (1) : Since ¢ preserve terminal objects, the product of objects A and B
in C is the pullback

A A

X

B
J

"4

o1,

where the transpose VA — 1 of the morphism !4 is in the well-rooted class of maps

B

F. 1 preserves this product because it also preserves the terminal object.
(1) = (2): Let f: C — ¢pAin F and g : B — ¢»A be morphisms for which we
want to construct a pullback in C. The pullback

P - 1 yC (3.4)
P 7
YB —— A

exists in B since f is in the class of display maps F. Now since v preserves binary
products, VB x pC = (B x C'). Consider the morphism

(=23

P—2Y B x ¢C

W(B x O)

in B. 1 is a fibration, so this morphism has a cartesian lifting (m,n) : Q — BxC'in C.
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This satisfies @) = P, ¥m = p and ¢n = ¢, and so also fn = gm by transposing. The
universal property of the lifting is the condition that a morphism (h, k) : K — Bx C
factors uniquely through (m,n) if and only if ¥ (h, k) factors through (p, q),

Q B x C

(m,n)

X
I
|
|
|
t Y Y
X

VB x $C ——= (B

),

if and only if fik = guyh, if and only if fk = gh (and then automatically 1) applied
to the morphism s : K — () must give ¢ by uniqueness of ). In other words, it is

exactly the condition that

Q7 —C
m s
B—f— ¢0A

is a pullback square in C. The image of this square under 1 is the pullback of f and
g in (3.4), so v preserves this pullback. H

Remark 3.4. When f € F is in the image of ¢, so it is of the form ¢ f : p1pC — PP A,
then condition (2) always holds: the pullback of ¢ f along g is given by

Q—"~ P —1yC

|¢¢f

o OUB ——= G A

m

op

B

where Q = B is the cartesian lifting of P 2 ¢)B. This property makes the adjunction
1 - ¢ together with the classes of morphisms F and F¢ into an admissible Galois
structure defined by Janelidze in [Jan89]. An adjunction which satisfies condition

(2) in the case when F consists of all morphisms of C is said to have stable units in
[CHKS5].

We can now define the new model of type theory.

Proposition 3.5. Suppose we are given
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(i) a well-rooted class of display maps F C B* with dependent sums,

(i1) an adjunction
c ¢
B T C
()

where Y is a finite-product-preserving fibration.

Let F C C® be the class of transposed maps defined in (3.3), and let Fe be the closure
of F under pullback. Then Fe is a well-rooted class of display maps in C, and the
restriction of Fe along ¢ is XxC.

Proof. Since all pullbacks of morphisms in F¢ exist and are in F¢ by definition, it
is a stable class of maps. The right adjoint ¢ preserves the terminal object of B, so
any morphism A — 1 in C corresponds to »A — 1 in B, which is in F because F is

well-rooted. The class F¢ contains all isomorphisms since 1 — 1 is in F. O

Proposition 3.6. F¢ is exactly the class of morphisms in C which appear as the left

vertical morphism in a pullback square of the form

D C
_
€F
A GUA.

Proof. This class of morphisms is clearly contained in F¢. Conversely, given a mor-
phism h : D — B in F¢ which arises as a pullback

D C
J
h !
B——— ¢A,
this factors by naturality as
D C’ C

J J

h ! !

B———ouB T PP A.

Since v preserves the right pullback, the transpose f’:9C” — ¢ B of f’is a pullback
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of f € Fin B. Hence f’isin F,ie. f € F. O

Ezample 3.7. (a) Let C be any category with finite products. Then C — 1 is trivially

a fibration preserving finite products and the terminal object defines a unique
adjunction

| S A
There is a unique well-rooted class of display maps F on the category 1. The class
of transposed morphisms F in C consists of all maps into the terminal object, so
applying the construction of Proposition 3.5 to this adjunction gives the simple
model of type theory of Example 2.6(d) where the display maps in C are the

product projections.

For a class of display maps F with dependent sums, the functor ¢ : F — B is
itself a fibration such that F has and c¢ preserves finite products. This means we
can construct a model of type theory Fr in the category F. The morphisms in

F in this model are commutative squares

B

I

eF

C ——C.

Thus the display maps between objects (B — A) and (D — C) in F are the

commutative squares

B A
f g
D C
with g in F which arise as a pullback
(B —»_IA) (E— A)
(ﬁg)\ \
(D — C) (C —C)

for some (E — A) in F, in other words such that B is the pullback D x¢ E and
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f is the right morphism in

B E

_
DX%A A
g
D C.

(c¢) The category of small categories Cat is fibred over Set via the objects functor,
where the cartesian morphisms are the full and faithful functors. This fibration
preserves finite limits and has a full and faithful right adjoint which sends a set to
the indiscrete category on that set. Using the locally cartesian closed structure
of Set, we get a well-rooted class of display maps in Cat, albeit a not very
interesting one: the display maps are all pullbacks of functors with codomain an

indiscrete category.

We now look again at the construction of display maps from a different viewpoint.
In the hypotheses of Proposition 3.5, 1 is a fibration, so every morphism f in C
factors uniquely (up to -vertical isomorphism) as a vertical morphism f* followed
by a morphism f¢ which is cartesian over ¥ f. In other words, f factors through a
pullback

N P 0B
fe ldﬂﬂf
A GA.

This gives another characterization of the display maps of the new model:

Proposition 3.8. F¢ is exactly the class of maps f : B — A in C such that v f € F

and the vertical comparison map f° is a product projection in the fibre of 1 over ¥ B.

Proof. From the description of display maps in Proposition 3.6, f is a display map
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ift f € F and
B C
fv nc
P—=¢¥B
is a pullback for some C' in the fibre of ¥ over v»B. But this universal property makes
B into the product P x C' in the fibre category. O

Generalizing from the class of product projections to other classes of display maps in
the fibre categories, we get a more general construction of new models of type theory

extending Y xC.
Proposition 3.9. Suppose we have
(i) a well-rooted class of display maps F C B* with dependent sums,

(i1) an adjunction
¢ ¢
B T C
(4

where 1 is a finite-product-preserving fibration.

Assume additionally that for each D € C, the fibre category vp of ¥ has a class of

morphisms Rp such that
(111) Rp is a well-rooted class of display maps with dependent sums,

(iv) reindexing preserves these classes, i.e. for any f: B — A in Ryp and cartesian

g: D — B in B, the induced vertical morphism h : D — E in

g
D cart B
h f
E A

cart
18 1N RwE,
(v) reindexing preserves the pullbacks of maps in Rp.

Then

G={f:B—AecC|yfeF and the comparison map f* € Ryp}
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15 a well-rooted class of display maps in C. The restriction of G along ¢ is again XxC.

Proof. Firstly, since Ry p contains all vertical isomorphisms and is closed under com-
position, G is well-defined whatever the choice of f”. G is closed under composition

with isomorphisms: given

D E

IR| =
N
IR |

€g

in C, Y(afp) € F since F is a class of display maps. All isomorphisms in C are
cartesian, and the stability property of R ensures that ff factors as a cartesian

morphism composed with a vertical map in Ryp.

To show that pullbacks along morphisms in G exist, let f : B — A be in G. The
cartesian part of f is stable under pullback as in Proposition 3.5, so assume f is

vertical and in Ryp. For any cartesian morphism g : C' — A, the square

P2 .pB
q f
C A

g

is a pullback where P % B is a cartesian lifting of ¢¢, and ¢ € Ryc by the stability
property. For any vertical morphism g : C' — A, the pullback of f along g exists in
the fibre category 1y and is in Ry p. Since reindexing preserves this pullback, it also

has the universal property of a pullback in C.

For any A in C, ¢ A is terminal in the fibre of ¥ over ¥ A, so each component
na : A — ¢ A of the unit of the adjunction is in the well-rooted class R4 and so is
in G. Thus F C G and G is well-rooted. Similarly, a morphism f : B — ¢ A in C is
in G iff ¢ f € F, so the class of display maps extends ¥ xC. O]

Remark 3.10. Intuitively, this construction based on the sums monad Yz gives a
type theory whose types look like elements of a dependent sum — a type A in the new
theory is a pair (4, A), where A = A is a type in the theory corresponding to F,
and A is a type in the theory corresponding to R4. A dependent type f : B — A
consists of a dependent type f : B — A in F (which is the morphism % f), together
with a dependent type B — (f)*A in Rp (which is f). We can think of such a B as

having two kinds of type dependency, on B and A respectively, and write B — A in
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type theory notation as

(B(a), B(a,b;a)) - (A, A(a)).

A term of this type is a pair (b,b), where b: A — Bisatermin Fand b: A — (b)*B

is a term of the reindexed type in R 4.

Ezample 3.11. (a) When each class of display maps Rp consists of the product pro-

jections in the fibre 1p, they each have dependent sums and are stable under
reindexing exactly when 1 preserves finite products. So the model F¢ is indeed

a special case of this construction.

Consider again the fibration ¢ : F — B in Example 3.7(b). Each fibre of ¢ is a
slice category F/B, which has a class of display maps (F/B)z consisting of the

commuting triangles with all morphisms in F:

A C

N

B.

This has dependent sums, and is stable under reindexing because F is stable
under pullback, so we can construct a model of type theory G in the category F
which has more display maps than the model Fr. This class of display maps is
described by Shulman in [Shul3]. Cartesian morphisms for ¢ in C are pullback
squares, so display maps between objects (B — A) and (D — () in F are the

commutative squares

B A
f g
D C

with g in F such that the comparison map A in

B
\\
¥ DXCLIA A
\ g
D C
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is also in F.

3.3 Dependent sum and product types

In order to construct the new models, the original class of display maps F was assumed
to have at least dependent sum types. We now consider sum, product and identity
types in F, and investigate conditions for which the extended models inherit this

structure.

Proposition 3.12. The class of display maps G has dependent sum types, that is G

18 closed under composition.

Proof. Let g: C' — B and f: B — A be display maps in G. Then ¢(fg) = ¢¥(f)¥(g)
is in F because F has dependent sum types. The morphisms ¢ and f factor as
c%p% Band B LS Q T A for some cartesian g¢, f¢and g" € Ryc, f¥ € Rys.
If M ™ Q is a cartesian lifting of ¥(g) = ¥(¢¢) and n the induced vertical map in

then n € Ryc by stability. Thus

v fcm

C—" M

A

is a cartesian-vertical factorization of gf with ng” € Ryc, so gf is in G. m

In the notation of Remark 3.10, given display maps C' % B ENy} corresponding to
types

(C(a,b), C(a,b,c;a,b)) - (B(a), Bla,b;a)) - (4, A(a)),

the sum %;.5C(a,b) — A is just calculated componentwise as

Y. Clab), Y Clabcab) | — (4 Aq).
b:B(a)

b:B(a,ba)

Here the first 3 refers to the sum types of the model F, and the second to the sum
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types of the model R¢.

Lemma 3.13. If the class of display maps F has dependent product types and the
fibration i has F-products which preserve the display maps Rp, then G has products
along all cartesian morphisms f in C with ¢ f € F.

Proof. If f: B — A is cartesian, it appears as a pullback

nB
B- ¢VB
f e f
A—— $YA.

Firstly, consider products along ¢ f. Since G restricts to X #C along ¢, to give a right
adjoint Il4, ¢ for the reindexing functor

(P f)" 1 (G)gpa — (G)pyn

is equivalent to giving a right adjoint IL,; for

(Wf)": (BrC)ypa — (E#C)yB.

But ¥ f is in F, and if the fibration ¢ : C — B has products along morphisms in F
then so does X C — B, by the distributivity law for . The Beck-Chevalley condition

holds for morphisms of this form in G since it holds for .

Let g : D — B be another morphism in G for which we want to construct the product
II;g. Since G contains n4 and is closed under composition, ¢ is also a morphism
nafg — naf in the slice category G/(¢p1A). The fact that products exist along ¢ f
means that ¢ f is an exponentiable object in this slice category. As products for ¢

preserve display maps, ¢?¥/ is in G and we can form the pullback

P 1 povf
4

p \g¢¢f

A RS

a

in G/(¢pvA), where A % B®%7 is the transpose of A x ¢ f = B. Given any K 5 A

in G, there are natural correspondences between morphisms
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k- — p inC/A
ak —  g¢®¥7 in C/(B%¥/)
kxopf — g  inC/(¢pA)
'k — g in C/B.

In other words, the morphism P £ A has the universal property of the product II 19
The Beck-Chevalley condition holds since it holds for morphisms of the form ¢y f. [

Proposition 3.14. If F has dependent product types, each class of display maps Rp
has dependent product types which are preserved by reindexing, and the fibration 1)
has F-products which preserve Rp-maps, then G has dependent product types.

Proof. Using the above lemma, it remains to construct products along vertical maps
in G. Consider morphisms g : D — B and f : B — A in G where f is ¢-vertical,
f € Ryp, for which we we want to construct II;g. Let ¢ : ) — A be a cartesian
lifting of g, so there is an induced factorization of g

D
g’U \
h
PJ Q
g° \‘1
B A

f

where h and ¢ are vertical. Then ¢ : ) — A has the universal property of the
product II;g¢ in C. To show this, take any other morphism k£ : K — A € G. To give
a morphism K — (@ over A corresponds to giving a morphism n : YK — 9@ in B
such that ¥k = (1)g)n. Since ¢° is also cartesian over g, this corresponds to giving
a morphism f*K — P over B.

By the stability under reindexing of the class Ryp, h € Ryp, so we can form the
product II,¢" — @ in the fibre category over ¥ P. This is in fact a product in the
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category C too: given any morphism k£ : K — @ in C, form the diagram

Q/

where all the horizontal morphisms are cartesian over ¥k. Then to give a map K —
I1,g" over @ corresponds to giving a map K — (II,¢")" over @)', which since fibrewise
products are stable under reindexing corresponds to giving (h')*K — D’ over P, i.e.
a morphism h*K — D over P.

Putting this together, the morphism Y II;¢g* — A has the universal property of the
product II;g — A. For any other morphism K — A € G, a morphism K — ¥,1I;¢"
over A corresponds to a morphism K — ) over A together with a morphism K —
Ilpg" over @, i.e. a morphism f*K — P over B and h*K — D over P, which

corresponds to just a morphism f*K — D over B as required. O

Intuitively, a cartesian display map f : B — A in G takes the form (B(a), A(a)) —»
(A, A(a)). For another morphism g : C' — B, the construction of [I;9= Hb:B(a) C(a,b)
in Lemma 3.13 gives

C(a,b), C(a,b, p(b);a)
b:B(a) b:B(a)

The first II refers to the product types of the model of type theory F, and the second
to the structure of F-products of the fibration 1. When f is vertical, so it has the
form (A, B(a;@)) — (A, A(a)), the product type constructed in Proposition 3.14 is

The II here refers to the product types of the model R¢.

Combining the two cases, the general form of a product type [],. B(a) C(a,b) in the
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extended model is

Cl(a,b), II Cla.be®);ab

b:B(a) b:B(a) b:B(a,b;a)

In the case of the model Fr where the classes of display maps Rp consist of the

product projections in the fibres, each Rp has dependent product types iff the fibre

Yp is cartesian closed. F-products for ¢ are right adjoints and so always preserve

R p-maps. So we have as a special case of Proposition 3.14:

Corollary 3.15. If F has dependent product types and the fibration ¢ : C — B

has F-products and fibred exponentials (that is, each fibre has exponentials which are

preserved by reindexing), then the class of display maps Fe has dependent product
types.

Remark 3.16. (a) When F¢ has dependent product types, then in particular it has

products along maps to the terminal object, so the base category C is cartesian
closed. In this case the cartesian closed structure of the original category B
is inherited from that of C and preserved by the adjunction: Day’s reflection
theorem states that a reflective subcategory of a cartesian closed category is an

exponential ideal if and only if the reflector preserves finite products [Day72].

In the case of Corollary 3.15, the previous remark can be demonstrated directly.
As shown by Hermida in [Her99], if a fibration C — B over a cartesian closed
category B has simple products and fibred exponentials then the total category
C is cartesian closed. For objects A, B in C the exponential B = A is given by

[[((r2)"B = (ev)*4)

where ev : (VB = ¢ A) X B — 1A is the evaluation map in B. Thus ¢(B =
A) = (B = 1 A), and ¢ preserves the cartesian closed structure.

FEzample 3.17. (a) If B is cartesian closed, then the functor B — 1 clearly has fibred

(b)

exponentials so the the model of type theory consisting of product projections
has dependent product types.

If F has dependent product types, then each slice category F /B has exponentials
which are preserved by pullback. Thus the class of display maps Fr adding sums
along the fibration F — B has dependent product types.
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3.4 Identity types

Proposition 3.18. If each class of display maps F and R4 has identity types, and
¥ 1s an opfibration as well as a fibration, then G has identity types.

Proof. This was proved by Stanculescu in [Stal2], where F and R4 are the right
classes of weak factorization systems (i.e. closed under retracts).

Given a morphism f : B — A in C, we require a factorization f = py o Ay where
P € g, )\f € “g.

The image 1 f in B has a factorization py oy s with pyr € F, Ay € 2F. Ifp: P — A
is a cartesian lifting of pyy, then f factors through p:

B B gwa

\ s

P\ P oKyf

P PPy f

A——= YA

p is in the class of display maps G. The cartesian property of p means it has the right
lifting property with respect to all morphisms m such that ¥m € Y F: There exists a

filler for a square

F P
m p
M A
if there exists a filler for
F oY P
m PYp
M PYA,
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so by transposing, if there exists a filler for

YE YP
Ym ¥p
WM YA.

Since 9 is also an opfibration, [ factors as

B\l/P
Q

where m is cocartesian over ¢A;r and v is i¢-vertical. Dually to the above, the

cocartesian property of m means it has the left lifting property with respect to all
morphisms g such that g € F, so in particular m € G.

Since Ryp has identity types, v factors as @) 5 Kv L P for some y € Ryp and
x € “Ryp. Since the classes of morphisms R are stable under reindexing, « will in

fact have the left lifting property with respect to R 4-maps for any A. Then

is a factorization of f as required. O]

In most of the examples we have considered, ¢ does not have sums along morphisms
in P F, so it is not an opfibration. However, in some cases it is still possible to get a
factorization of the morphism [ as a map in ?G followed by a vertical morphism, by

requiring that the adjunction ¥ 4 ¢ commutes suitably with the identity types in F.
Proposition 3.19. The following are equivalent:

1. For anyl in P F, ¢l € 9G,

2. Foranyl: B — ¢C in®F, ¢l anc,

3. For any h : ¢B — C in C such that Yh € YF, h factors as t o ¢p1ph for some
vertical t : popC — C.
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Proof. (1) clearly implies (2). Given (2) and a morphism [ : B — A in 2F, as above
¢l lifts against all cartesian morphisms in G. It also lifts against all R-maps, since

for any commutative diagram

¢B—r > F
@l T€R¢D
PA D,

g

there exists a filler by reindexing along ¢

h
¢B K C- E
¢l d ne r
PA $pC —D.

Condition (3) is a restatement of (2), saying that if a square such as the left one in
the above diagram commutes, then it has a filler ¢ : pyC' — C. O]

Definition 3.20. The functor ¢ preserves left morphisms if the above equivalent

conditions hold.

Proposition 3.21. If G has dependent product types, each class of display maps F
and R 4 has identity types and ¢ preserves left morphisms, then G has identity types.

To show this we need the following result about product types and identities:

Lemma 3.22. When a class of display maps F has product types, the class of mor-
phisms ©F is stable under pullback along F-maps.

Proof. Given a pullback

"y, u
m| leBF
1% v,

to show that m is in PF it suffices to show there exists a filler for every commutative
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square
U Z
m| reF
W==W.

But such a filler corresponds under the adjunction f* 4 Il; to a filler for

U 1,2
I Mpref
V——=V,
which exists since [ € PF. O

Proof of Proposition 3.21. Given a morphism f : B — A, we can factorize ¢ f as
pyfApr and construct p € G and [ as in the previous proposition. Recall from the
construction of factorizations from identity types (Proposition 2.35) that in general
we work with a factorization of the morphism (1,¢g) : B — A x A rather than g
itself. In other words, the factorization pA of g is chosen in such a way that A has a
retraction s : A — B. In particular, we can do this for the factorization of ¢ f in B.
We therefore have pullbacks

B_, 1B B
m DAy s
Q"> ¢Kvf
q Psyf
B——5= 0B

in C, where m and ¢ are cartesian over A\, and s, respectively.

Since ¢ preserves left morphisms, ¢y is in PG. The morphism m is then also in ¥G

by the above lemma, so in other words m lifts against all display maps. In particular
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there is a filler v for the square

B—! - P (3.5)
m /U/ d . ‘UP
Q- 0K f.

Now v is -vertical, so just as in the proof of Proposition 3.18 it can be factored using
the identity types of Ryp as @ % Kv 2 P for some y € Ryp and x € “Ryp. Then
B ™ Kv % A is the required factorization of f. m

In other words, the factorization of a morphism f : B — A is constructed by factoriz-
ing the projection ¢ f in B, and then factorizing the induced morphism v in the fibre
of ¢

K

2N, c

Q

/ \ I /
5@_@4

I \\ | // I ¥
| \Yr |

| Kvf |
JB/ \JA .

~ w =

In the notation of Remark 3.10, the type Ida(fb,a) = Kf — B x A looks like
(Fda(fb.0), Tdz (b)) — (B x A, B(®) x Ala))

where v is the map B(b) — A(a) induced by f and a term of the identity IdA(fb,a).
This description matches what we might expect for the identity type of an element

of a dependent sum as in Section 2.5.3.

Remark 3.23. If G has identity types and also dependent product types as con-
structed in Proposition 3.21, then for dependent functions f,g : [[,.4 B(a) the type
[1,.41dB@)(f(a),g(a)) could be thought of as

[T 74500 @, 9@). TT T1 1450 gianm (vF(a.0).9(a.0))

a:A g:4(a)
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On the other hand the type Idy, , B)(f,g) would look like

(1 dn,, 5@ (f>9): 1Ay 11 Bag@a (O §)> :

Thus if function extensionality holds for each class F and R4, and the F-products of
1 preserve the identity types of R 4, then the products and identity types in each com-
ponent would commute, so that the types [[,., Idpw)(f(a), g(a)) and Idpy. , B@)(f,9)
would have equivalent descriptions. In other words in this case we would expect that
function extensionality should also hold for G. In contrast, in Section 4.5 we shall
see in a model in a category of polynomials that without these assumptions, this no

longer holds.

Ezample 3.24. (a) For a class of display maps F with dependent products and iden-
tities, consider the model of type theory over the category F constructed in
Example 3.11(b). The inclusion 1 : B — F preserves left morphisms. To show
this, let A : B — C be a morphism in 2F and D — C an object of . We require

a filler for all squares of the form

(B — B) (D — C)
1(h)| \nDﬁc
(C—(C) (C - O).

To give such a square is to give a morphism k in B such that

B B
k h
D——C

commutes. Using the left lifting property of h, the square

B—*.pD
7
g//
h ~
ol C

then has a diagonal filler g, and the morphism (g, 1¢) is a filler for the original
square. Thus this model has identity types. It also has dependent product types

by Proposition 3.14, and the model satisfies function extensionality, as shown by
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Shulman in [Shul3].

Let G be a class of display maps in a category C. If G has a functorial choice of
identity types such that the functor Id : C — C preserves coequalizers, then this
model arises naturally as an example of the construction of this chapter. In other
words there is a particular adjunction ¢ 4 : B — C and class of display maps F
for which G is an extended type theory. Specifically, let B be the full subcategory

Caise of objects A which are internally discrete, i.e. for which the two morphisms

ta

Id(A) A

SA

are equal. The restriction F of G to B gives a model of type theory in which
identity types are trivial, as internally all paths are constant. The inclusion
Caisc — C has a left adjoint L which sends an object A to the coequalizer of sy4
and t4, the discrete reflection of A. LA can be thought of as the set of ‘path
components’ of A. Non-constant paths in G are determined by the identity types
of the display maps R in each fibre of L, in other words by the paths in each
connected component. A similar construction is used by van Oosten [vO10] to
describe a model of type theory in the effective topos Eff which arises from the
category of discrete objects Eff 4. studied by Hyland, Robinson and Rosolini in
[HRR90].

In the case of Proposition 3.21 when each class of display maps R 4 consists of product

projections, R 4 automatically has identity types. The factorization in the extended

class of display maps F¢ can then be equivalently described by a pullback in C:

Proposition 3.25. If F has identity types and ¢ preserves left morphisms, then F¢

A s
has identity types, where the factorization B =5 K f <L A of a morphism [ is given

by

B nB SUB

Af Pyt

an| Kf T Ky f

(sf.pf) (PSy,PPy 1)

BXxA——>¢YB x g A

Proof. In the proof of the previous proposition, the factorization of the morphism f

is constructed by forming the pullbacks P and @ of ¢s,¢ and ¢py, ¢ along components
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of the unit  and then factoring the morphism v :  — P (Diagram 3.5) in the fibre
over K1 f. In this model F¢, the factorization of v is given by
(1,v) Q % P

Q P

?

using the product in the fibre of ¥. This fibrewise product is constructed in the total
category C by the pullback of ng and np, as in the diagram

QX¢K¢<
N N
\W N A

which is equivalently described as the pullback of (¢syr, ¢pys) along npxa. O

Remark 3.26. In this case, because the identity types of each class of display maps
Rya are trivial, to give a term of an identity type Idy4 is just to give a term of the
projected identity type Idya in B. Two distinct terms of A can have equal values
under 1, so the identity types of F¢ will not in general be extensional, even if the
identity types in F are. The principle of uniqueness of identity proofs holds if and
only it holds for F.
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Chapter 4

A polynomial model

4.1 Polynomials

In the previous chapter, new models of type theory were constructed by applying the
sums monad X to a fibration. We now combine this with the other key component

of the polynomial construction — the opposite of a fibration.

In particular, assume we have a fixed model

As p is a fibration we can also form the fibration of polynomials
Pol(F — B) = Xx(p™)

over B, where the fibre over the terminal object of this fibration is Poly » := F°. The
objective of this chapter is to use the techniques of Chapter 3 to extend this along
the opposite fibration p” : Poly » — B and construct a new model

Fpoly (Poly »)?

N 7

Poly

89
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where Fpoly is a suitable class of display maps in Poly .

The base category of the new type theory Poly » is also known as the category of
containers and studied in the case when B is locally cartesian closed in [Abb03,
AAGO3]. It is the fibre over the terminal objects of the 2-sided fibration

SAI-F

B/ \B

constructed in Section 1.9, and corresponds to the category of polynomial functors

B — B.

An object of Poly r is a display map (B — A) in F. Using the type theory structure

of F, it can be thought of as an indexed family over A and written as
> Bla)—
a:A

It represents the polynomial functor B — B given by

Xy xP@
a:A

A morphism from a display map (B — A) to (D — C) in Poly, is a pair of
morphisms (f, ) making the diagram

D;——~B A
_

[ ;

D C

commute (where the subscript of Dy refers to the pullback along f). In other words,

to give such a morphism is to give a pair of terms
f:A=C
P H (fa) = B(a)),

which by the type-theoretic axiom of choice is equivalent to giving a term of type

[I> (D) = Bla).

a:A c:C
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As in Chapter 1, Poly » is equivalent to a full subcategory of the category B, B] of
enriched endofunctors and enriched natural transformations. In the internal language

of B, a morphism as above corresponds to a natural transformation of polynomial

ZXB(a) N ZXD(C)
cC

a:A

functors

defined on terms by X¥(@ . XB(a) _ xD(fa),

To construct a new model of type theory in Poly » using the methods of the previous

chapter, Proposition 3.5 requires an adjunction

c ¢
B T Poly

where 1 is a finite-product-preserving fibration.

Proposition 4.1. Such an adjunction exists when the class of display maps F has

an empty type and weak binary sum types.

Proof. The fibration 1» = p® : Polyr — B sends (B — A) to A and (f,¢) to f.
This fibration has fibred finite products exactly when its opposite F — B has fibred
finite coproducts, so when B has an initial object 0 and binary coproducts which are
stable under pullback. As shown in Section 2.3, these correspond to an empty type
and weak binary sum types in the type theory interpreted by F. Then (0 — 1) is

clearly terminal in the category F°, and the functor
¢: A (0 A)

is a full and faithful right adjoint to ¢. The product of display maps (B — A) and
(D — C) is
BxC+AxD—» AxC,

or in type theory notation,

> Bla)+D(c) » AxC.

(a,c):AxC

]

As well as products, the category Polyr has some pullbacks. Given morphisms
(fio) : (B> A) - (D - C) and (g9,7) : (F - E) — (D — (), assume the
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pullback P of f and g exists in B. Then whenever the following pushout exists in
F /P and is stable under pullback,

s Pr
P4 Dy, = Dyr, — B,
T2 f Vg 31
r
E—0>—C F,, - Q

the induced display map (@ — P) has the universal property of a pullback of (f, )
and (g,7). The projections onto (B — A) and (F' — FE) are the morphisms (1, ¢;)
and (mo, 1) respectively. In particular, if B has stable coproducts then we always
have pullbacks along a morphism (f,¢) when f is in F and ¢ is a coproduct inclusion
Dy < Dy + B for some display map (B — A). The pullback of (g,7) in this case is
the polynomial (Fy, + B,, — P).

4.2 A model of type theory

Applying Proposition 3.5 when Poly » — B has fibred finite products as above gives:

Proposition 4.2. If F is a class of display maps representing a type theory with unit,
dependent sum, dependent product, empty and weak binary sum types, then there is a

model of type theory Fpory C (Poly z)? in the category of polynomials. ]

The display maps in the new model are those appearing as the left vertical morphism

in a pullback of the form

- (B — A)
l I(ﬁb)
(D= C) 5= (0 0)
where f is in F. This is a morphism
Df_l(_L) D+ B A
1 ;
D C.

In other words, the display maps are the morphisms (f,¢) such that f € F and ¢ is
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a coproduct inclusion.

Under the correspondence with polynomial functors, a display map represents a nat-

ural transformation of the form

Z XD(C)+B(c,a) N Z XD(c)

(c,a):3"..c Ale) c:C
which is termwise just a projection X P()+B(ea) _ xD(e),

In order for this construction to be stable, so that the new model of type theory
has the type constructors of the original, we can strengthen the binary sum type

requirement:

Proposition 4.3. The model of type theory in Proposition 4.2 has unit, dependent
sum, and empty types. If F has strong binary sum types and binary sum types for

types, then so does the new model.

Proof. As a class of display maps the new model automatically has unit and dependent
sum types. The polynomial (0 — 0) is initial in Poly» since 0 is stable under
pullback and is therefore a strict initial object in B, and this polynomial is stable

under pullback. The binary sum of polynomials (B — A) and (D — C) is
B+ D — A+ C,

which is a display map by the extensivity property of F. The sum is then represented
as

Z B(s)+ D(s) » A+ C

where B is the type B considered as a dependent type over A + C. The coproduct
inclusions from (B — A) and (D — C) are the morphisms (ta,1p) and (i¢, 1p)

respectively. Given a display map into the sum
(H—»G) = (B+D—»A+C)

for another object of Poly », we have G = G+ G5 for some (G; - A) and (G — C)
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and so H = Hy + H, for some (H; — G) and (Hy — Gs), giving pullbacks

(H - Q)

(Hl _»_IGl) (HQL_» GQ)

(B— A) (D+B—» A+C) (D — C).

L L

Conversely if the two outer maps are given and (H — G) is defined as the coproduct
then the centre map is clearly a display map in Poly ~, so the new model has strong

binary sum types and sum types for types. O]

4.3 Dependent product types

The binary sums and products in Section 4.1 can alternatively be constructed by
considering Poly » as a full subcategory of the functor category [B,B]. Limits and
colimits are calculated pointwise in this category, so given polynomials (D — C') and

(B — A) representing functors P and () respectively,

QP(X) = ZXB(“‘) X ZXD<C) o Z X B(a)+D(c)

a:A caC (a,c):AxC
(Q+ P)(X) = ZXB(a) + ZXD(C) ~ Z X BE)+D6)
a:A c:C s:A+C

which are again polynomial functors. Thus Poly » is closed under finite sums and

products.

Exponential objects in Poly = can be calculated similarly. If P% exists in [B, B] and
is also represented by a polynomial, then this should be (D — C)Z~4) in Poly .

Theorem 4.4 ([ALS10]). The category Poly » is cartesian closed.
Proof. We use the Yoneda lemma to motivate the form that an exponential in Poly »

should take. When B is locally small, the category [B,B] is enriched in B, with

internal hom given by the end

Hompp (P, Q) = ; BHomB(P(X),Q(X)).

First consider the case when @ is represented by (B — 1), so @ is internally a

representable functor Hompg(B, —). When the exponential P% exists, it follows from
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the enriched Yoneda lemma that it must have the form

POX) = Hom g (
= Homp g (Homp
(

= Hom[lg,g]

~ P(X + B).

The extensivity property of F ensures that the functor X — X 4 B can be formalized

as expected as a polynomial functor. We have that

X+B= Y X'®
s:1+B

corresponding to the display map 1 — 1+ B in B.

A general () is the sum of representable functors, and so

PR(X) = PZaaoms(Ba).o)(x)
~ [ pom=t@) (x)

uhpx+m»
NHZH > X

a:A ¢:C d:D(c) s:1+B(a)

which can be rearranged by the axiom of choice to give

SV S VR

a:A «C ¢:D(c —>1+B( )dD

~ Z H (a)2(d))

oS aAdD(())

where S' is the type

1> (D) = 1+ B(a)).

a:A c:C
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Thus when it exists, P? is a polynomial endofunctor represented by the display map

2.2 2] - 5.

c:S a:A d:D(o(a)1)

A direct calculation shows that this does indeed have the universal property of an
exponential: a morphism in Poly » from another object (H — G) into this polynomial

corresponds to a term of type

> {2 2 1 —~ H(g)

g:G oS a:A d:D(o

)
“T[D 11 11 (ito(a)s(d) = H(g))

¢:G 0:S a:A d:D(o(a)1)

HZ >, 1Id H(g)) (AC)

c¢:C 7:D(c)—1+B(a) d:D(c)

HZH > (i(s) = Hl(g)) (AC)

(c) s:1+B(a)

c:C d
o~ Z(D(c) — H(g) + B(a))

which corresponds to a morphism (B — A) x (H - G) — (D — C). O

Recall from Corollary 3.15 that when a fibration ¢ : C — B has fibrewise exponen-
tials, the resulting extended model of type theory in C has dependent product types.
Unfortunately, we cannot apply this result to get dependent product types in this
case: if ¢ : Poly » — B had fibrewise exponentials then the functor ¢ would preserve
the cartesian closed structure, but the type

Y((D - )Yy = T[> (D(c) = 1+ B(a))

a:A c:C

is clearly not in general isomorphic to [[,., C. And while Theorem 4.4 shows that
dependent products exist along morphisms to 1 in Poly », the theorem cannot be
extended to products along all morphisms in Poly », as Altenkirch, Levy and Staton
[ALS10] have shown:

Theorem 4.5. The category Poly r is not locally cartesian closed, even when the

original underlying category B 1is.
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This is proved in [ALS10] by assuming that the unique morphism from (1 — 1) to
(2 — 1) is exponentiable and deriving a contradiction. In fact, a similar contradiction

can be obtained for a larger class of morphisms in Poly -:

Proposition 4.6. If ¢ is a display map which is not monic, then the morphism (f, ¢)

s not exponentiable in Poly r.
Proof. 1f it is exponentiable, then the pullback functor
(f.¢)": Poly /(D — C) — Polyz/(B — A)

exists and has a right adjoint [, . Then (f, )" preserves all colimits which exist.
We shall construct a coequalizer in Poly /(D — C') for which this does not hold.
Since ¢ : Dy — B is a display map, its kernel pair

K——=D;

t

exists in B, with equalizer the unique morphism e : Dy — K such that se = te = 1p,.

As ¢ is not monic e is not an isomorphism.

The diagram

Df+Df¢>Df+K

T

is then an equalizer diagram in F/A. The fibre of Poly» — B over A is just the

A

opposite category (F/A)°, so the top row of the diagram

(1,(1,5) (1,1+e)

(Dy — A) T (Dy+ K — A) (Dy+ Dy — A)
(D — C)

is a coequalizer in Poly ». But the forgetful functor
Poly /(D — C) — Poly »

is comonadic and hence creates coequalizers, where the comonad on Poly » is given



98 4.3. DEPENDENT PRODUCT TYPES

by (D — C') x (—), so the whole diagram is a coequalizer in Poly »/(D — C).

The pullback of this coequalizer along (f, ) is constructed by forming the pullback

Ap—— A
1
T2 f
A 7 C
and the pushout along ¢,
I4en, (om)

(1,<1,<,077257r2>) (171+6”2)

in Poly /(B — A).

This is a coequalizer if and only if the bottom row of the pushout diagram is an
equalizer. The two morphisms B, + K, — B, in the bottom row are equal, so
ry ¢ Dfr, — K5, must be an isomorphism. However, e is a retract of e,, and is not

an isomorphism, so this is a contradiction. O

For the display maps in the model of Proposition 4.2 however, ¢ is a coproduct
inclusion, and so is a display map in F which is monic. Surprisingly, in this case the
morphism (f,¢) is exponentiable, so dependent product types can still be defined.
Note that unlike the other type constructors considered so far this does not follow

from the general methods of Chapter 3, but is shown by a direct calculation.

Proposition 4.7. The polynomial model of type theory Fpoly, has dependent product
types.
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Proof. Let (f,¢) and (p,¢) be display maps in Poly »

(Dyp+ B, + F - E) (4.1)
(:t)

G (D= 0),

for which we want to form the dependent product H( ) (p,0).

These can be thought of as a collection of types

(Z(c,a,e) D<C) + B(C, CL) + F(Cv a, 6) - Z(c,a) E(Cv CL))

(2 (eay D(€) + Blc,a) = 3 Ale)) (22 D(e) = ©).

As in the previous chapter, display maps in this model factor naturally into a cartesian

and a vertical part, and we can consider each case separately. (f, ) factors as

Df—lc—>Df+B A (Dy+ B — A)
(La) Case 2
Dy=———=Dy A (Dy — A)
| f (fi1p,) Case 1
D C (D — O).

Case 1: Since the fibration / — B has F-sums, its opposite Poly  — B has F-
products. For such a fibration, Lemma 3.13 states that morphisms in Poly » which

are cartesian over F-maps are exponentiable. Thus the lower morphism
(f,1)
(Df » A) =— (D - C)
is exponentiable, and the product along it of a morphism

(Dy + F — E) 2% (D; — A)
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18

> ) Do)+ Fle,a,6(a)) — > ] Elc.a).

(¢e,9) a:A(c) c:C a:A(c)

Case 2: Since every display map in this model arises as a pullback along a component

of the unit 7, it is enough to construct the product in the case when D = 0. The full
product H(f’LDf)(p, LDy, +B,) 18 then given by the pullback (np—c)*[1 ;. (P:¢B,)-

For the upper morphism
(B s A) nBaA (0 _ A)

we can factor the display map (p, ) again into a vertical and cartesian component.
In the proof of Corollary 3.15, which constructed dependent products along vertical
morphisms, the assumption of products in the fibre categories was only used when
both morphisms were vertical. So it suffices to construct a product of the form

HnB%E(l, t), where the map (1,¢) is a pullback of a component of the unit »:

(B+F - E) (F - E)
(1) |77F~>E
(B —» E) T (0> FE)

Then the product [[,  (p,)isgiven by >3-, IL,, . (1.¢).

So, let (H — G) be another object in Poly » with a morphism (k,¢) into (0 — E)

(not necessarily a display map). The pullback of (k, ) along np_, g exists and is given

by
> B(k(g)) + H(g) - G.

To give a morphism from this pullback into (B + F — E) over (B — E) is to give a
term of type

H(F( ) = B(k(g)) + H(g))
H 11 Z H{(g))

9:G f:F(k(g)) s:14+B(k(g

I > HHH

9:G w:F(k(9))=1+B(k(9)) f:F(k(9)) t:1(w(f))

I1 w) — H(g))
9:G w:

Wk (9)

1%

1%

1%
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where we define the dependent types (W — E) and (Z — W) by

Wi(e)=F(e) - 1+ B(e)
Z(e,w) =Y 1(w(f)):

f:F(e)

This corresponds to the type of morphisms (m, ¢) in Poly » making the diagram

(H — G) (m¢) (Z = W)

5 /

(0~ E)

commute, so in other words the polynomial (Z — W) =

> > Z — Y (F(e) =+ 1+ B(e))

e:E w:F(e)—»1+B(e) f:F(e e:F

has the universal property of the product HanE(l, L).

Putting together all the above cases, the general form of the dependent product
H( 0 (p, ¢) for morphisms as in Diagram 4.1 is the polynomial

Yo+ Y Ueaan))] —»S (4.2)

(¢e,0):S a:A(e) f:F(c,a,p(a)1)

where S is

ZH Z (c,a,e) = 1+ B(c,a)).

c:C a:A(c) e:E(c,a)

Finally, we look at the Beck-Chevalley condition for the dependent products. Consider

a pullback square in Poly », which will be a diagram of polynomials of the form

(h,H)

(Ng+Bh+JF—»P) (Dy+ B — A)
(g:t) (f:0)

(N = M) (D — O).

(k,K)

We require the canonical morphism (k, K)*I(;,) — Iy, (h, H)* to be an isomor-
phism.



102 4.4. IDENTITY TYPES

Because the original class of display maps F has dependent types satisfying Beck-
Chevalley, we can use the type theory notation to manipulate expressions such as (4.2)
directly, where substitution of terms commutes naturally with sums and products.
Then if (p, ¢) is a dependent type over (Dy+ B — A) as before, (k, K)*Is,(p,¢) and
g (h, H)*(p, ) both represent the polynomial

o [(Nm)+ > > Ulaalf) ] » S

(m,p):S7 a:A(km) f:F(km,a,¢(a)1)
for
Z H Z F(km,a,e) - 1+ B(km,a))
m:M a:A(km) e:E(km,a)
in a canonical way. Thus the Beck-Chevalley condition holds. O]

Combining this result with Proposition 4.6 shows that when the underlying category
B is Set, the class of fibrations given by this construction is the largest class of

morphisms which can be given the structure of a model with dependent product

types:

Corollary 4.8. If B is a locally cartesian closed Boolean category, then a morphism

(f, ) is exponentiable in Poly if and only if ¢ is a monomorphism. ]

4.4 Identity types

Recall from Proposition 3.21 that we can construct identity types in the extended
model as long as it has dependent product types, the original class of display maps
F has identity types, and the left class Y F is suitably preserved by the functor along

which we are extending.

Proposition 4.9. The inclusion ¢ : B — Poly » preserves left morphisms.

Proof. Given a morphism h : B — C in BF and an object (D — C') in Poly », we

require a filler for all squares

0 —»_IB) (D — C)
¢h| |77D—»C
(00— C) (00— C)
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in Poly ». The top horizontal morphism of such a square must take the form

H
Dh_l 0 B
\ h
D C

in B for some morphism H. But 0 is a strict initial object, so D, = 0. Recall from
Lemma 3.22 that 2F is stable under pullback along display maps, so the morphism
0 — D must be in . By constructing a filler for the square

O—>(|)
1

it then follows that D = 0. This gives an isomorphism (0 - C) — (D — C) in
Poly », which is the required filler. ]

D——1,

From Proposition 3.21 we therefore get:

Corollary 4.10. If F has identity types, then so does the model of type theory Fpoty -
O

The identity type for an object (B — A) in Poly » is given as in Proposition 3.25 by
the pullback

IdBjYi (O-ﬁ9]dA)
((s,1),(t,1))

(B— A) x (B— A)

(0 = A) x (0 — A).

n

This is the fibration (Bs + By — [dy), i.e.

> Blsp) + B(t(p) — Ida,

peldp
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with projection

By +JBt=BS+Bt Idy (Bs+ By — Ida)
L(&t) ‘
BxA+AxB AxA (B— A) x (B — A).

4.5 Function extensionality

Because dependent products in this polynomial model are not preserved by the fi-
bration Poly » — B, we cannot use the argument of Remark 3.23 to conclude that
function extensionality in F implies function extensionality in Fpery. And in fact, it
does not hold in general. The following proposition gives a new proof of the indepen-
dence of this principle from the rules for product, sum and identity types, originally
shown by Streicher (see Section 2.5.4).

Proposition 4.11. Function extensionality fails in this model of type theory in Poly .

Proof. Recall from Proposition 2.46 that function extensionality holds if and only if
for all dependent types B — A and terms f, g : [[,.4 B(a) there exists a morphism

[[ds@(f(a),9(a)) — Idp,, sw(f9)-

In this model, let the types A and B be polynomials 1 +1 — 1l and 14+ (1 +1) — 1
respectively. There is a display map B — A in Fpery given by the coproduct inclusion
1+1—=1+(1+1).

The product type [],. 4 B(a) is the polynomial >, . 1(s) = 14 (1+1) where 1
refers to the first coproduct inclusion. The type 1 + 1 has two distinct terms inl(x)
and inr(x) with Idyq(inl(x),inr(x)) ~ 0, and since 0 is a strict initial object in a
categorical model this must actually be an isomorphism. These define two terms f, g

of the product type

Zs:l—i—l—i—l 1(8) 1 + (1 + 1)
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where the right vertical morphism is inr(inl(x)) or inr(inr(x)) respectively. The type

Idpy,., Ba)(f,g) is then represented by the polynomial

0 = Idyy 11y (inr(inl(x)), inr(inr(x)))
~ (0 — 0.

Intuitively, this says there are no ‘global paths’ between the terms f and g.

We now consider the ‘pointwise paths’. The dependent type
IdB(a)(bl, bg) — B X A B

corresponds to the morphism of polynomials

szldl(*,*) 1 +_|1 + (1 + 1) szldl(*,*) L+1+ (1 + 1) Idl(*7 *)

141+ (1+1) 1,

so Idpa(f(a),g(a)) - Ais

> (41) > Idi(k,%) | > (1+1 1),

p:Idy (%)

and then using the construction of product types in Proposition 4.7, the type
[1,.41dB@)(f(a),g(a)) is the polynomial

0 — ]dl(*7 *)

~(0— 1.

There is clearly no morphism from this to Idy, , p(a)(f, 9), and function extensionality
fails. m

Remark 4.12. More generally, given a polynomial A = (}_.D(c) — C) with a
dependent type B = (3_.. D(c) + F(c,e) — > .o E(c)) over it, terms f, g of the
product type [[,.4 B(a) corresponds to certain terms s, ¢ of type

T:H Z(F(c,e)jl—i-D(c))
)

c:C e:E(c
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in B. The type [[,.4 /dpw)(f(a),g(a)) is then represented by

0 — [[ Zdsw(s(e)1, t(e)),
c:C

while IdHG:A B(a)(f7 g) is
0— ]dT(S, t)

If function extensionality holds in B, to give a term of this latter type corresponds to

giving for each ¢ : C'a term p of type Idg)(s(c)1,t(c)1), together with a term of type

Idp(ct(c))=1+D() (P+5(C)2, 1(C)2).

This contains more information than just a term of type [[, 4 Idp@)(f(a), g(a)), and

in general there is no reason to expect the types to be equivalent.

To summarize, given a categorical model of type theory with unit, dependent sum,
dependent product, binary sum, and identity types, (for example the category Set,
or the groupoid model), the polynomial construction gives a model of type theory
with the same type constructors. This model has identity types which need not be
extensional or satisfy the uniqueness of identity proofs, and function extensionality
can fail to hold. In particular, this gives a new semantic proof that the function

extensionality axiom is independent of the other rules of intensional type theory.



Chapter 5

Outlook

5.1 Iterating polynomials

The existence of a polynomial model suggests various avenues which could be inves-

tigated in future work.

For instance, consider again the pseudomonad YII acting on fibrations, which is
constructed in Chapter 1. Applying this to a fibration representing a model of type
theory, we could try to build a new model using the general method of Chapter 3
to extend the base. Alternatively, since LII = Y(X(—)%)% = Pol?, we could use
the construction of a polynomial model twice. The two resulting fibrations would
be different in general, with different base categories, and it might be worthwhile to

compare them.

5.2 Dialectica-style interpretations

The original motivation for studying these iterated constructions comes from the
“Dialectica interpretation”, which Godel introduced to provide a relative consistency
proof for Heyting Arithmetic [G6d58]. Each formula « of Heyting Arithmetic is
assigned a formula

oP = JuVr ap(u, )

in a simply-typed system of computable functionals, where ap is quantifier-free and
decidable and defined by induction on the structure of a. A crucial step is the

interpretation of implication, where for 32 = v Vy Bp(v,y) the formula (o — 3)P
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is defined to be
Elf> F VU, Yy (OéD(U, F(U, y)) — ﬂD(f(U’)?y)) .

An abstract version of this was described by de Paiva [dP89], forming a category
where objects correspond to formulae and morphisms correspond to proofs under this
style of implication. Given a fibration p : P — T (originally taken to be the subobject
fibration), the category Dial(p) has as objects triples (U € T, X € T, € P(U x X)),
which are thought of as formulae Ju € UVx € X.a(u,x). We can represent this as a
diagram

U<—"-U x X< -"- -A.

A morphism (U, X, o) — (V,Y, ) in Dial(p) consistsof f : U - Vand F: U xY =V
in 7 together with ¢ : A(u, F(u,y)) — B(f(u),y) in the fibre of P over U x Y, as in

the diagram

U U><X<——a———?l
\ (m1,F) (m, F)*A
f UXYA/ @
L ~<_
Fx1 (fx1)B
5 \
V VXY<-—---- B.

In other words, Dial(p) is the fibre over 1 of the fibration ¥gITgp which adds sums
and products along product projections to p. This correspondence is explained by
Hofstra in [Hofl1]. Thus iterating the type theory construction as described above
should give some kind of model of type theory in the indexed Dialectica category. It
would be interesting to study the properties of this model and see in what sense it

corresponds to the original interpretation.

Several variants on the Dialectica interpretation have been proposed for proof-theoretic
reasons, and some of these have also been shown to naturally give rise to categories.
For example the Diller-Nahm interpretation, which does not require that atomic for-
mulae be decidable, corresponds to the Kleisli category Dialpy(p) for a comonad on
Dial(p) induced by the free commutative monoid monad on p [Hyl02]. Taking the
Kleisli category Dial™(p) for the comonad induced by the monad (—+ 1) corresponds
to Dialectica with exception passing [Hyl07, Bie08]. These fibrations have good cat-
egorical properties if the original fibration p has sufficient structure: unlike Dial(p)
the fibres of Dialpy(p) are cartesian closed and those of Dial™*(p) weakly cartesian

closed. It seems reasonable to try to extend them to models of type theory.
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5.3 A model theory for type theory

In addition to constructing new models of type theory, it is useful to study the
relationships between them. With a general theory of models we could compare
and contrast different type theories and understand interpretations of one theory in

another.

One of many viewpoints on the theory of toposes is that it provides a model theory
for higher-order intuitionistic type theory [Joh02]. It seems natural to look for an
analogous categorical model theory for dependent type theory. However, there are

some apparent differences.

Primary examples of toposes are given by categories of sheaves. Dependent type
theory has presheaf models, such as those in simplicial sets [KLV12] and cubical sets
[BCH14], but it is not evident how to extend constructions of this kind to sheaves.
There are also toposes constructed from notions of realizability. Although realizabil-
ity is a form of functional interpretation just as the Dialectica interpretation is, and
Hofstra and Warren [HW13] have constructed models of type theory from realizers
in a slightly different sense, there is no clear type-theoretic analogue of realizabil-
ity toposes. Even describing a model theory for extensional type theories is not
straightforward, as for example considered by van den Berg in [vdB06]. In any case
constructions such as forming polynomials as described in this thesis do not necessar-
ily preserve extensionality of the type theory. It seems there is still much to explore

in this area.
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Appendix A

Some definitions

In this appendix, we spell out for completeness some of the categorical definitions

used in the previous chapters.

A bicategory B is enriched in 2-Cat (Section 1.2) when each hom-category B(X,Y)
has the structure of a 2-category, and this structure is preserved by horizontal com-

position. In detail:
Definition A.1 ([Car95]). A 2-Cat-enriched bicategory B consists of

e a collection of objects 0b*B,

a 2-category B(X,Y) for each pair of objects X,Y in B, whose objects are
called I-cells and written f : X — Y, whose morphisms are 2-cells, and whose
2-cells are 3-cells of B,

e a composition 2-functor

oX,v,Z

B(Y,Z) x B(X,Y) 2224 B(X, Z)

for each triple of objects X,Y, Z,

an identity 2-functor 1 X, B(X, X) for each object X,

a 2-natural isomorphism

B(Z,W) x B(Y,Z) x B(X,Y) 2= B(Y,W) x B(X,Y)

1xo = ﬂaX,Y,Z,W o

B(Z, W) x B(X, Z) B(X, W)
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for each quadruple of objects X, Y, Z, W,

e two 2-natural isomorphisms

1 xB(X,Y) B(X,Y)x1

o

1%

ly x1 1x1x

=\ XY Ixy 7 =

B(X,Y)<—B(Y,Y) x B(X,Y) B(X,Y)x B(X,X)—B(X,Y)

for each pair of objects X,Y,

such that the diagrams
((/{:oh)og)ofa—ﬂ>(ko(hog))of

« «

(koh)o(gof) ko((hog)of)

and

(gol)of - go(lof)

lol lor

golf
commute for all 1-cells f, g, h, k such that the necessary composites are defined.

Ezample A.2. (a) Any bicategory can be considered as a 2-Cat-enriched bicategory
by regarding the hom-categories as locally discrete 2-categories. Conversely, any
2-Cat-enriched bicategory B has an underlying bicategory B,, obtained by for-
getting the 3-cells.

(b) Any strict 3-category can be considered as a 2-Cat-enriched bicategory with

identities as the 2-natural isomorphisms in Definition A.1.

(c) Reversing the 1-cells of a 2-Cat-enriched bicategory B gives another 2-Cat-
enriched bicategory ®B°. In other words, the hom-2-category B?(X,Y)is B(Y, X).

Remark A.3. Composition o is usually denoted by juxtaposition and the associativity

and unit isomorphisms for B are suppressed.
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Definition A.4 ([CHP04]). In a 2-Cat-enriched bicategory B, a pseudomonad con-

sists of
e alcell T:X — X,
o 2cells p:T?> T andn:1x — T,
e invertible 3-cells

T

T3 T? T T? T
P
uT %r H _ ”)‘ H X _
T? T
such that the following pasting diagrams of 3-cells are equal:
4T 3 4T 3
T8 ——T = T8 ——T
ul? Urr V wr? = uT &
et T T
T 2, TP —LT? T8—-T2 = T?
o
R uT ¢, B R ﬂ7\ Iz
T2 T T2 —T
T2 T T3 Ty T2 _ T2 T T3 Ty T2
\”\\W g, s XTP o= e
T? T T? T.

It is a monad if the 3-cells 7, A and p are identities, in which case the coherence

axioms are automatically satisfied.

Composition with a 1-cell T : X —+ X defines a strict 2-functor on each hom-2-
category B(Z,X) and B(X,Y). If (T,u,n) is a pseudomonad, then composition
with g and n define 2-natural transformations giving these 2-functors the structure

of pseudomonads. They are 2-monads if T" is a monad.

Definition A.5. A left module for a pseudomonad 7' : X — X is a pseudoalgebra for
T acting on the left hom-2-category, so in other words consists of a 1-cell F : A —— X
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with a 2-cell e : TE — E and invertible 3-cells

g T TR E-"  TE
) Y, e _ ”5 e
TE E E
satisfying the coherence axioms:
T3E — g T, 2R
\\ ﬂT\ uTEI > ue N
°E 2z, T°E T™E—"-~TE »~ TE
k /’LE ﬂa e k ﬂe\ e
TE E TE———E
TE P g _Te _pp - pp P R _Te g
A %\E AU/E ﬂ e A ﬂT\f Te — e
TE E TE E.

It is a strict left T-module if € and € are identities, in which case the coherence axioms
are automatically satisfied.

A right T-module is a pseudoalgebra for T acting on a right hom-2-category, or
equivalently a left module for 7" in B°P.

Definition A.6. A bimodule for pseudomonads S :Y —— Y and T : X —+— X is a
I-cell M : Y —+ X with the structure (d, d,6) of a right S-module and the structure
(e,e,€) of a left T-module, together with an invertible 3-cell

TMS
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which is compatible with 8,6, ¢, &, i.e. satisfies the coherence axioms:

TMS? 145 - TMS2 TS NS

T™S = TMS

O PR

MST>M MST>M

T2

TMS é T™™MS ———— TMS TM Z, M
X \eS 14/7 Ie > ﬂ’y\ \e
MST>M MST>M

Definition A.7. A pseudo-distributive law of a pseudomonad S : X —+ X over
a pseudomonad 7' : X — X in a 2-Cat-enriched bicategory consists of a 2-cell
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A: ST — TS and invertible 3-cells

S2T STS TS?
nsT ﬂa Tps
ST 5 TS

T
nsT s
2
ST TS

satisfying the coherence axioms:

1.
37 S gepg
\S‘{)\S
wST v  STS?
SuT Sa YT”
ST 2 ST S . STS
J)\S
T uT 4, TS?
2
ST X TS
2.
ST
\nT ST
\ sy
ST STS
Ar
1 AS
ut z TS
T
ST TS

ST? TST T2%S
Spr B 7 purS
ST X TS
S
Snr nrsS
2
ST TS
= S3T S?TS
\S;)\S
uST =~ uTS %a ST S?
NG
AS2
S?T STS TS®=STS
ws >S§ l)\S
TS2 zé T52
NE
TS

ST
)\ x
TS = STS

) I TS
T
TS
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3,
2% gy §2 5 gep
59 ﬂ S S
SnS
w p STS p ~ T STS
n 6S
7
AS a” AS
S = T2 5" ST T52
6ﬂ A
\ TM ?75\ "
TS TS
1.
Iy — T Iy ——T
nl ~ g7 n|
5. g IS ) T
(5ﬂ \
nS nS
TS
5,
S27? Sf; L g2 ser2 St e
STST Yss 5 \
ST o
AST ST? STS STS
/j,TQ = yT2 = uT
¥ TS?*T | rs
oT T& Y gs AS Yo AS
TSTS
Iy TS <
ST'A’\ TaT25% 22 o 752 STQ\ ST 752
MorsT |12 = T AT TST\ yﬁ\ i
™ g TS ™ g TS
wS uS
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6.
T2 " T —
77T2\ ~ nT\
sT2 %" o
2, N\
AT
TST 4, s
AN
2
7?5 — TS
7.
ST3 ST2 sT =  sr3_Tr g2 St _op
T2 \ / \T? = AT
2
TST TST? —>TST
TAT /st A TAT Y3 A
28T M 2 T2ST g A
T2\ \ T2\
3 =~ TST TS T35 peg M5 g
NTxx T)\% m brs wS
28 28
8.
ST ST = ST ! ST
wﬂ\ 'ﬂ S;/
A A A = A
-1
e 07
TS ! TS
TST TS
\ ™ / NS ! %
= 28
T2

Pseudo-distributive laws between pseudomonads are defined with nine coherence con-
ditions in [Mar99], and the ninth is shown to follow from the others in [MWO08]. The

conditions are summarized in [Gam09].
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Proposition A.8 ([Mar99]). If S is a colaz-idempotent pseudomonad and T is a laz-
idempotent pseudomonad, then to give a pseudo-distributive law of S over T it suffices
to give the 2-cell \: ST — T'S and the invertible 3-cell v, satisfying the conditions

1. the 3-cell 6 =
nTS TnS
75 =
77 Q %
- STn o TSn
Sn 1

ST

is invertible (equivalently, the composite (T )(AS)(SnS)v is invertible),

2. the 3-cell (Tu)(AS)(SA)(eT) is invertible, where o : 1g2 = (Sn)u is the unit of
the adjunction p = .Sn,

3. the 3-cell (WS)(TN)(ANT)(Sp) is invertible, where p : (Tn)p = lr2 is the counit
of the adjunction Tn = u,

4
ST A TS = ST A TS
SnT | <= |nST = T8 TnS SnT STn = TSn|<=|TnS
vT Y V% Tv
7S Sy
2 2 2 2
STTSTSTTS T—#>TS ST 5 STS 5 TS T TS
.
ST A TS = ST A TS
SyT|<|stqm = TSy nS SnT nST = yrs|<|Tns
Sv %4 V% vS
Té 5T
2 2 2 2

In this case a pseudo-distributive law is unique up to isomorphism if it exists.
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