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Summary

The main results of my work contribute to the mathematical study of microscopic non-
equilibrium systems that were first introduced in order to derive macroscopic physical
laws such as Fourier’s law. In particular the main objective is to determine the scaling
of the spectral gap, i.e. the relaxation rate, in terms of the number of the particles for a
paradigmatic model describing heat transport, the chain of oscillators. The mathematical
study of this model started at the end of 90s and it is challenging due to the degeneracy of
the dynamics as the noise is not assumed to act to all the degrees of freedom, leading to lack
of ellipticity and coercivity. We give bounds on the spectral gap for weak nonlinearities of
the chain, i.e. perturbations around linear homogeneous chains and also a complete answer
for the linear, homogeneous and disordered, chain of oscillators as well as d-dimensional
grids of oscillators. The methods range from hypocoercivity inspired techniques, in the
sense of Villani, to spectral analysis of discrete Schrodinger operators. Moreover we study
heat conduction in gases addressing, with both analytic and probabilistic techniques,
the question of the existence, and properties, of a non-equilibrium steady state for the
nonlinear BGK model, introduced by Bhatnagar, Gross and Krook, with diffusive boundary
conditions. The case that we address concerns large boundary temperatures away from
the equilibrium case. Furthermore, besides non-equilibrium phenomena in many particle
systems, this thesis deals with the question of deriving nonlinear diffusion equations from
microscopic stochastic processes. We present a new, quantitative, unified method to show
that the particle densities of one-dimensional processes on a periodic lattice, including the
zero-range and simple exclusion jump processes as well as diffusion processes of Ginzburg-
Landau type, converge to the solution of a nonlinear diffusion equation with an explicit,
uniform in time, convergence rate. We discuss how we can extend the result to all the
dimensions. Finally a study of the scaling of the spectral gap for all the mean field O(n)
models of Ginzburg-Landau type using semiclassical tools, is included in this thesis. This
concerns the spectral gap as a function of the number of particles, spins, for the dynamics

below and at the critical temperature, with and without an external magnetic field.
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ANATOAH HAIOY

Eitav n dpa mou enpdxerto va avdouve ol gavootdte. Aev efye xopud opgiBoiia, to
‘Cepe mwg 6mou Vi vou Yo avdfave, 6mng xon xdle Ppddu diiwote. IIMye xou otdinxe ot
dloTadpwat), Yo Ty axplBela ot vnoldo acpahelog, yio va Bel ToU¢ pavooTITES Vo avdBouy
TAUTOY POV, TOGO GTOV XAVETO, 600 Xou GTOV 0pLLOVTIO BEOUO.

Me to xe@pdh acdreuto, €otpupe To Ol TOu pATL BeCLd, TO APIGTEPSG TOU OPICTERML.
Heplpeve, o ot gavootdteg dev avdBove. To pdtiar Tou xoLEdoTNXAY, GEYLGAY VoL TOVAVE,
o’exelvn v dBoAn otdor. Xe Alyo dev dvtele xa Epuye. 26T600, TO ENOUEVO GOUPOUTO,
moTté¢ 670 xadov, Tye xou Cavaotdinxe otr vnolda tou. Ou gavooTtdteg xou mdAL dev
avdave, oUte exeivo o Beddt, oUTe Tig dAAEG VUYTES, pa Tor pdtiat Tou ouvihlov Alyo Alyo,
0ev xovpdlovTay Ta, eV TOVOUCIY.

Kau xdmote, exel mou otexdtay xou neplueve, ydpale eviehns Capvixd. Eviehoe Cagpvixd,

elde Tov Lo VoL avaTéReL, TaUTOYPOVA, o' TOV XGUETO BEdUOo Xou o’ ToV GAhOV, ToV 0ptloVTLO. . .

Apnec AreZavdpou,
[Topiot, 1971
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Chapter 1
Introduction

The aim of this thesis is to study problems in mathematical physics motivated by kinetic
theory and non-equilibrium statistical mechanics. The main motivation is to understand
the scaling of certain quantities in many-particle systems in terms of the number of the
particles or other physical parameters of interest. In particular, in many cases we are
interested in making precise how the spectral gap of the associated dynamics (the speed of
the convergence to the steady state) scales. This contributes towards an answer to one of
the most important open problems in statistical physics which is the rigorous derivation
of Fourier’s law in an appropriate regime or a mathematical proof of its breakdown.
Fourier’s law was proposed by Fourier in 1808 and it is a physical macroscopic law that
relates the local thermal flux J(¢,z) to small variations of temperature VTI'(¢, z) through

a proportionality constant x(7T") known as thermal conductivity:

J(t,x) = —r(T)VT(t, z). (0.1)

Given that Fourier’s law (0.1) holds, one can deduce the following diffusion equation

for the temperature
c(T)oT(t,x) =V - [k(T)VT(t,z)] (0.2)

where ¢(T') is the specific heat of the system per unit volume. Apart from Fourier’s law
discussed here, there are other similar laws in physics discovered during the nineteenth
century, including Ohm’s law for electric currents or Fick’s law.

At the microscopic scale, matter is made out of particles assumed to evolve according to
the classical laws of mechanics, and one of the goals of statistical physics is to model heat
conductivity through a system of interacting atoms and to achieve a rigorous derivation of
constitutive laws such as Fourier’s law [BLRB00, FB19, Lep16, Dha08|. Understanding

macroscopic laws of matter when starting from a microscopic system of interacting atoms
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is a challenge addressed to mathematicians by Hilbert in his 6th problem [Hil02]:

“6. Mathematical Treatment of the Azioms of Physics. The investigations on the
foundations of geometry suggest the problem: To treat in the same manner, by means of
axioms, those physical sciences in which already today mathematics plays an important

part; in the first rank are the theory of probabilities and mechanics.”

In a further explanation Hilbert proposed two specific problems: first, an axiomatic
treatment of probability with limit theorems for the foundation of statistical physics and
second, the rigorous theory of limiting processes “which lead from the atomistic view to
the laws of motion of continua.”

A paradigmatic set up where Fourier’s law is observed to hold with high precision is
when one considers a fluid in a cylindrical slab of height A and uniform cross sectional area
A, coupled at the two boundaries, the top and the bottom of the cylinder, to two heat
reservoirs at different temperatures. This is known as the Benard experiment [BLRB0O0].
The two heat reservoirs keep the system out of equilibrium and produce a stationary heat
flow. If there is a non-equilibrium steady state (NESS) that is described by a phase-space

measure, one would like to prove that the following limit exists:

0 < k(N):= lim (JV(t, 7))

N TATATIN)) (0:3)

where N is the microscopic length of the cylinder,

AT T,—Th
N~ N

is the effective temperature gradient, (JV(¢,z)) is the expectation of the heat flux with
respect to the non equilibrium steady state and where we write JV(¢,z) to stress the
dependence of J on N. The above limit allows us to define the thermal conductivity and
the very existence of the limit is a formulation of Fourier’s law.

Our main objective is to investigate how certain quantities, such as the relaxation rates
to the NESS of such systems (the spectral gap of the associated dynamics), scale with the
system size, since these are crucial to making sure that the thermal conductivity has a
thermodynamic limit.

A subclass of models describing thermal transport are one dimensional chain of atoms
[LLP03, Dha08]. These models have been the subject of many studies from a mathematical
and a numerical point of view, mainly after the end of 90s. Deriving Fourier’s law from this
model however turned out to be particularly challenging since the thermal conductivity of
one-dimensional chains does not have a well-defined thermodynamical limit as the number

of the particles goes to infinity. Nevertheless, interestingly, these caricatural systems are
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in fact physically relevant when one looks at promising new (one-dimensional or two-
dimensional) materials like carbon nanotubes or graphene sheets. It was experimentally
observed that the thermal conductivity diverges in actual sufficiently clean experimental
samples of such materials [ZOC'20], as predicted by numerical simulations. This is also
discussed in the introduction of [I0S21].

The introduction that follows provides the mathematical tools and framework for the
articles contained in the following chapters. In Section 1.1, I briefly recall some classical
features of the microscopic description of Hamiltonian systems. I introduce general Markov
processes and semigroups, describe their evolution laws, I briefly recall their properties
and finish with some examples from both equilibrium and non-equilibrium mechanics
of elliptic and hypoelliptic type. In Section 1.2, I review the main results about the
long-time behaviour of dynamics described by both elliptic and hypoelliptic operators,
focusing mainly on the examples that I introduced just before in section 1.1. T introduce
the notion of an invariant measure, I state the conditions for its existence and uniqueness
and introduce the notion of non-equilibrium stationary states. I present some existing
methodologies to study quantitatively the long time behavior of the systems. Next, in
Section 1.3 I discuss about some hydrodynamic limits, i.e. limits as the number of the
particles goes to infinity, connecting stochastic interacting particle systems to macroscopic
partial differential equations and I review known results on the topic. In the last section
of this introduction there is a summary of the results presented in each of the following
Chapters.

1.1 Evolution of Microscopic Interacting Particle Sys-

tems

1.1.1 Hamiltonian dynamics

The state of a microscopic system that consists of N point-like particles in d-dimensions,
d > 1, is determined by the values of the coordinates (qi,...,qna) € Xn, where the
dimension of Xy is dN, and the momenta (py,...,pyq) € R¥. The phase space is then
Oy = Xy x RN,

The total internal energy of the system is the sum of its total kinetic energy and its

potential energy. The energy is described by a Hamilton function H : Qy — R,
1
H(p,q) = §pT diag(my 1dg, ..., mxy'Id))p +Ulq), q€ Xn, p€ R¥W (1.4)

where m; >0, ¢ =1,..., N are the masses.

The microscopic dynamics is governed by the following classical Hamiltonian equations:

19



dq(t) = V,H(p, q)dt = diag(mi'Idg, ..., my'1dy) p(t)dt = M~ 'p(t)dt
dp(t) = (=VH(p, q))dt = =V,U(q)dt (1.5)
(»(0),4(0)) = (o, 0), ¢ € Xn, p € R™.

We consider the Hamiltonian flow of the dynamics ¢;, which is a semigroup, i.e.
Oris = Or0 @ for all t,s € R, and is so that

¢(Po, 40) = (Pr> qi)- (1.6)

Let f € CY(Xy x R¥™) and compute the time-derivative of t — f(¢:(po, q0)):

d d
T/ ea) = 2 (&P, o)) = p" diag(my 1da, ..., my'1de) Vo f = VU ()" YV, f

dt (1.7)
= Lf.

We then say that the differential operator L is the infinitesimal generator of the Hamiltonian
dynamics so that when f € C'(Qy) as before,

fea) = (€ £)(po, q0) = (f © ) (po, Qo)

1.1.2 Stochastic dynamics

In this subsection we consider first the SDE of the following form
dZt = b(Zt)dt + O'(Zt)th, Zr € Q (18)

where W, are d-dimensional Wiener processes, b : 0 — R" is the drift vector and
o : Q — R™4 is the diffusion matrix. The solution to (1.8) forms a Markov process and

so we define the transition probabilities for all z € €2,
P} (z,dy) = P(z € dylzo = z) with / P} (z,dy) =1
Q
where z is the initial condition and P} satisfies the Chapman-Kolmogorov relation

Py, dy) = / P} (2, dw) P* (w, dy) (1.9)

wes)
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which is the semigroup property. Thus we consider a semigroup {P;" , ¢t > 0}! on the space

of Borel probability measures on the space §2 such that
(B = [ P Bdute). B e B(@)

Now, one can similarly consider the dual semigroup {P;,t > 0} acting on observables.?

For any measurable function f : {2 — R we define
PIE) = [ FP(dy) =Bl ()

where z = (p,q;) solves (1.1) and E.(f(z)) is the expectation taking over all the
realizations of the Brownian motion starting from z € €.

It is clear now that P, is indeed a semigroup because of the relation (1.9). The
Markov semigroup P; preserves mass, positivity and it is bounded (hence it is a contractive

semigroup), i.e.

P(1) =1, B(f) >0, for 0< f € L' and || P, f]| (0 = ' / f(y)Pt(x,dy)' < -

These properties allow to make sense of the following definition of the generator of the
semigroup { P };>0 (which is due to the so-called Hille-Yosida Theorem, see for instance
[Paz83] or [BGL14, Section 1.4] and references therein):

Lf:= lim nr=7

t—0+ t

(1.10)

for every f € C2°(Q2). An application of Ito’s formula then gives that the generator £ on

f(z:) when z; is solution to the process (1.8), is
L
£:b~V—|—§Ja vV (1.11)
where the symbol : denotes the Frobenius inner product, i.e.

1
Lf=0b- Vf + 5 Z O-i,lo-j,laxiél'j f

i)jﬂl

Regarding the existence and uniqueness of solutions to the SDE (1.8) it is well-known

[Ok03, RB06a] that if the fields b, o are locally Lipschitz and either

(1) [o(z)| + |o(z)] < (1 + |z|) for all x € Q, i.e. existence of a linear bound

!The semigroup interprets how a probability measure u propagates in time, i.e. P;u is the distribution
at time ¢ if the initial probability distribution is .
2An observable is a bounded and continuous function of the microscopic state f(q,p).
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or

(ii) there exists a Lyapunov function W with W > 1 and lim, . W(z) = oo with
LW (z) < cW (x), for ¢ > 0,

we have a unique global in time solution.

1.1.3 Examples

Here we expose the main examples of our interest and on which we will work on later
chapters.
e (i) Equilibrium mechanics: Langevin dynamics. A paradigmatic example of

equilibrium dynamics in the form of the SDE (1.8) is the Langevin dynamics, namely

dg, = Mﬁlptdt
y > N (1.12)
dpy = (_VU(Qt) - M pt) dt + Eth’ @ € Xy, p €R

where M = diag(m;'Idg,...,my'Idy), so that the state space is Q2 = Xy x R™ of
dimension 2dN, v > 0 is a positive friction constant, W; a d/N-dimensional Wiener process
and [ the inverse temperature of the system.

As discussed in [LRS10, Section 2.2.4] one can consider the limit v — oo under the

time rescaling ¢t — ~t, to recover the so-called overdamped Langevin dynamics:

3
dgs = —VU(g)dt + | /%th. (1.13)

This limiting process (1.13) can be also obtained when M = mld, as the limit m — 0.

The explicit expression of the generator of the Langevin dynamics is then given by
L=M"p V,=VU(q) -V, +7 (674, —~M'p-V,) (1.14)
for inhomogeneous dynamics and
L=-V,U(q) -V, +B7'A, (1.15)

for overdampled Langevin dynamics.
The Langevin dynamics (and generalized Langevin dynamics®) have been studied

extensively in [I0S19, lac17, PSV21] and references therein, where questions of existence

3In general generalized Langevin dynamics (GLE) is a non-Markovian stochastic integro-differential
equation more complicated to study than the Langevin and overdamped Langevin equations. This is
why in many mathematical works quasi-Markovian approximation are studied instead, see [PSV21] and
references therein.
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and uniqueness of invariant measures and rates of convergence towards the stationary
measure are tackled, as well as analytical and numerical results on how several parameters
of physical interest, such as friction coefficients for example, affect the convergence rates.

Before we present the second example, let us make a brief introduction. Apart from
the example regarding Langevin dynamics from equilibrium dynamics, in this thesis we are
mainly interested in non-equilibrium perturbations of equilibrium dynamics. We study the
effects of some external forcings on the system, so that that they perturb the equilibrium
dynamics and keep the system in a non-equilibrium state. From a physical viewpoint,
the irreversibility of the evolution is characterised by the existence of non-zero currents,
which represent the response of the system to the perturbation. Typically, the external
action can be either an external force, like a potential force, or it can be caused by letting
different parts of the system interact with heat baths at different temperatures, which is a
localized forcing.

Here we will focus on a family of heat-conducting systems. We consider a classical
system of IV particles, each of which in d dimensions. As before, we denote by ¢; the position
and by p; the momentum of each particle i € {1,..., N}. The phase space is denoted by
Q2. The two usual cases, depending on the domain of ¢;, that have been considered in the

literature are (for more details we refer to the thesis [Cunl6] and references therein):
e Oscillators: Q = R™ x R, That is, ¢;, p; € R%.

e Rotors: = T4 x R We then have that the ¢;’s are on the torus and p; € R,

In this case one sees each particle as a rotor, i.e. rotating disk.

We consider a rod (typically an electrical insulator) in contact at two ends with heat
reservoirs at different temperatures 77, > Tx. The motivation of considering this model
is the derivation of Fourier’s law, according to which we expect to see a heat flux along
the rod moving from left to right, which is proportional to the temperature difference
Ty, — Tr (which has been experimentally tested when the temperature difference is small),
and inversely proportional to the length of the rod. A model of a heat-conducting medium
is typically a network of interacting sites, which can be thought of as atoms, coupled to
some reservoirs (heat baths). We will focus on the case of oscillators such that at the
bulk of the system they undergo Hamiltonian dynamics. Regarding the reservoirs (heat
baths), there are several ways to model the thermostats, see the review [BLRB0O, section
4]. Here we will model the coupling through Langevin thermostats, which is the simplest
coupling for our purposes, as we will see below. Lastly, we will consider nearest neighbor
interaction among the oscillators and the geometry of our network will be either a line

(one-dimensional) or d-dimensional grids.
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e (ii) Non-Equilibrium mechanics: Hamiltonian systems in contact with
Langevin thermostats.

We consider a chain (or network) of oscillators, the energy of which is described by a
Hamilton function H : T*R¥ — R, where T*R?®" is the cotangent bundle phase space

and can, of course, be identified with R??V,

-1 N
,m
H(q,p) = w +V(g) where V(q) = ; Vila:) + ZN; Va(ai — ¢5) (1.16)
where ~ indicates nearest neighbors on the {1,..., N} C Z lattice. The above form of

the potential describes particles that are fixed by a pinning potential V;(q) and interact
through an interaction potential Va(q; — g;) for i,j such that ||i — j||oc = 1, i.e. the
neighboring particles. For simplicity we assume that the masses m; are all equal and
normalized to 1.

The dynamics of this model is such that the particles at the boundary are coupled
to heat baths at (possibly) different temperatures 8;',i € F are subject to friction.
F C {1,..., N} here is the subset of the particles on which we impose friction and noise
and we also denote by 7; > 0 the friction strength at the i-th particle. The time evolution
is then for particles i € {1,..., N} described by a coupled system of SDEs:

dgi(t) = (V,,H)dt and

2 (1.17)
dpi(t) = (= Vo, H — vipibicr) dt + 51'6]:\/% dW;

where f3; is the inverse temperature at the boundary of the chain of oscillators, W; with
1 € F are independent identically distributed Wiener processes, v; > 0 a friction parameter,
and F C {1,..., N} the set of the particles subject to friction. Let us consider for this
example here the case F = {1, N}, i.e. where the noise and the friction are imposed only
on the particles on the boundary of the chain (the first and the last particle).

The generator of the dynamics in this case is given by

N
L= ij Vo, = [V, V(@) - Vi, +1p1 - Vi, — 980N - Vi + NTLAp, + WTrRA,,

J=1

(1.18)

where 17, Txr are the (possibly) different temperatures at the left and right boundary
of the network of oscillators. One remark about our choice of Langevin thermostats,
comparatively with works-stations on this problem, as [EPRB99a, EPRB99b, RBT02] is
the following: The authors there considered ‘infinite’ Hamiltonian heat baths. That is

each heat bath was an infinite dimensional linear Hamiltonian system, where it was chosen
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as the classical field theory associated with linear wave equations. The initial assumption
was that the initial states of the reservoirs are distributed according to Gibbs distribution
with given (possibly) different temperatures. Integrating the variables of the heat baths
then, would lead to a system of random integro-differential equations, the generalized
Langevin equations (GLE). Eve though this way of modeling the thermostats would not
give immediately Markov solutions, it is shown that the resulting process can become
Markovian under a specific interaction between the chain and the fields. In particular one
can introduce a finite number of auxiliary variables in such a way that the evolution of
the chain, together with these variables, is described by a system of Markovian stochastic
differential equations.

Nevertheless, even in this more complicated scenario, the equation (1.17) can be recovered
by taking some appropriate limit as discussed in [RBT02] (see comments above the equation
(10)) and [FKM65].

1.2 Long Time behaviour

1.2.1 Elliptic case

Here we briefly review the long time analysis of the dynamics for the elliptic case, an
example of which is the overdamped Langevin dynamics, introduced in the example (i) in
subsection 1.1.3. We start by giving the definitions of certain functional inequalities that

are useful for establishing convergence to the invariant measure (i.e. equilibrium measure).

Definition 2.1 (Entropy, Log-Sobolev Inequalities and Poincaré Inequalities). Given a
probability measure p on some Borel space ) the entropy Ent,(F) of a positive measurable
function F': Q@ = R is defined as

Buty(F) = [ Fo)tox (F@) /[ F) dutw)) duto) €000 219

We say that u satisfies a logarithmic Sobolev inequality with constant k, denoted LSI(k),
uf
Ent,, () < IV fl 720 (2.20)

for all smooth functions f. The LSI(k) implies [Led99, Prop. 2.1] that u satisfies a spectral
gap inequality with constant k, denoted SGI(k), also called Poincaré Inequality, iff

Var,(f) < 4 HVin?(du) : (2.21)

Logarithmic Sobolev (and other functional) inequalities are very effective tools to study

the concentration of measure phenomenon and to quantify the relaxation rates, i.e. the
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mixing properties, of the dynamics of many-particle systems [Gro93, BE85, Led99, Led01,
GZ03, ABCT00]. This is since the spectral gap (the speed of relaxation) is known to be
determined by the constant in the Log-Sobolev inequalities. We define the spectral gap to
be the size of the gap between 0 and the rest of the spectrum of the associated generator

L. The gap then can be also characterized by

—(L
re2m\{oy  Var,(f)

where Var, is the variance relative to the equilibrium measure p. The generator L and the
reference measure p are specified for the dynamics of our interest, in the following chapters.
In what follows, we briefly discuss the fullfilment of some functional inequalities and
convergence to equilibrium for the overdamped Langevin dynamics. This is an example
where the generator is an elliptic operator, since the matrix S7!Id corresponding to the

second order derivatives, is positive definite.

Overdamped Langevin dynamics: In the case of the overdamped Langevin dynamics,

equation (1.15), the invariant measure
pldg) = Z7te PV Ddg, qe Xy (2.22)

is the solution to the stationary Fokker Planck equation £ = 0, where £ is the L2-
adjoint and L is given by (1.15). Note that this generator in the weighted space L?(dp) is
self-adjoint, see [BGL14, Section 3.3]Jand writing £* for the L?(dp)-adjoint we have

L= —ﬁ*lv;vq, where V) = -V, + V,U(q) (2.23)

i.e. V is the adjoint of V, in the weighted space L*(dp). Also note that Ker(£) = span(1).
Regarding the long time behavior of this dynamics, i.e. the convergence to the invariant
measure, we consider the density f(¢,q) with respect to the invariant measure p(dq), i.e.
f(t,q) = ¥(t,q)dq/p(dq) . Then we see that f(t,q) satisfies the Kolmogorov equation

atf(tv Q) = ‘C*f(t7 Q)v f<07 q) = fO<Q>

with initial data fo € L*(dp), [y fo(q)p(dg) =1, and so fi(q) = €'*" fo(g). The convergence

to equilibrium then reads
e (fo—1) =0, ast— oo. (2.24)

In order to state quantitative convergence results involving exponential rates, we exploit

functional inequalities such as the Poincaré and logarithmic Sobolev inequalities.
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1.2.1.1 Relaxation of the semigroup via Poincaré Inequality

For the overdamped generator (1.15) we have that

<_‘C¢J ¢>L2(dp) = 571‘|Vq¢“%2(dp) (225)

so that if we have a Poincaré Inequality (2.21) and restrict to the functional space

Li(dp) := {¢ € L*(dp) : [ d(q)dp(q) = 0}, we have
(=L, )2y = B IVl T2y = B kNN 7200, for all ¢ € Li(dp). (2.26)

In other words, Poincaré Inequality implies the coercivity of the operator with respect to
the L?(dp)-inner product.The Gronwall’s inequality then implies exponential relaxation of

the associated semigroup:

kB

1”0 r2gap) < € 7 |l r2(ap)-

We can summarize this in the following statement.

Proposition 2.2. The semigroup e** satisfies

71t

||et£H < e~ , forallt >0

if and only if the reference measure p satisfies a Poincaré Inequality with constant k > 0,

SGI(k). This implies that L is invertible with L™+ = — [ e“dt and

1274 < gkt

One more important property of Spectral Gap Inequalities, is the tensorization. It will
prove to be particularly useful when we study the spectral gap for the O(n) model by

employing the renormalization group procedure. The following proposition holds.

Proposition 2.3 ([BGL14]). Given m probability measure py, ..., py which all satisfy the
Poincaré Inequality with constants k;, i = 1,...,m, the product measure p1 Q po @+ -+ & pm

satisfies the Poincaré Inequality with constant k = min{ky, ... ky,}.

1.2.1.2 Relaxation of the semigroup via Log-Sobolev Inequality

This inequality was introduced by L. Gross in [Gro75] to prove the hypercontractivity
result of Nelson (see [Nel73]) for the Ornstein-Uhlenbeck semigroup. Even though we will
restrict ourselves here to the case of diffusions, this inequality is valid in more general

settings and in infinite dimensional situations.
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Consider two probability measures p, v, so that v < p and define

_dy

2 —_—
f_dﬂ’

then the entropy defined in 2.1 is
Ent,(f?) = /longdV

which is the relative entropy of v with respect to p and it is denoted H(u|v) = H,(p).
Recalling now the definition of the Log-Sobolev Inequality in 2.1:

Ent,,(2) < 2|V flf32(4 -

we first observe that it is homogeneous so that without loss of generality we assume that

J f?dp =1 and then we can write dv = f? du := g dp, so that the inequality takes the

1 |Vg|?
< — X
Aol < 57 [ S0d

form

The quantity in the right-hand side I,(v) := f@dﬂ is called the relative Fisher
Information of v with respect to pu.

Note that the Log-Sobolev Inequality is stronger than the Poincaré inequality, so that
if a measure p satisfies a LSI(k) then it satisfies a SGI with the constant k£/2 > 0. As a
matter of fact Poincaré is a linearization of the LSI. To see this, it suffices to apply the
LSI to (1 + €f) and then let € go to 0. For that and more details, see the book [BGL14,
Section 5]. Let us also mention [OV00] which draws connections with other functional
inequalities, such as the Talagrand Inequality.

We can now state the convergence result: If ¢,(g) solves the Kolmogorov equation (or
the Fokker-Planck equation) 9;1:(q) = LT:(q), i.e. ¥(q) = etﬁwo(q), then we have the

following equivalence:

H(hi|p) < e 27 H(ypglp) forall ¢ >0, if and only if

(2.27)
p satisfies a LSI(k)

for any initial state 1y such that [, 1o(¢)dg = 1 and H(¢|p) < oo. Once we have
established a convergence in relative entropy as above, by exploiting the Pinsker-Csiszar-

Kullback Inequality which in general reads: ||u — v||%, < 2H (u|v), we have

[0 — pli3y < 2H(4i]p) < e 7 H(yy|p) for all t > 0, (2.28)
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or equivalently if ¢/, has density f; with respect to the reference measure p, we write
Ife — 1021, < 2Ent,(fo)e 2" for all t > 0. (2.29)

There are several ways to obtain Log-Sobolev Inequalities for measures of the form
of the canonical measure p, as in (2.22) for example. In the particular case of a measure
which is a product of m measures and each one satisfies a LSI, then the whole measure
satisfies a LSI with constant k£ = min; k;. Just like Poincaré Inequalities, the LSI has the

tensorization property as well (see [Gro75]).

1.2.1.3 Curvature-Dimension Inequalities

As in the works by Bakry-Emery [BES85], see also [ABCT00, Bak06, BGL14], one way
to get to the functional inequalities described above, and as a consequence to obtain
quantitative rates of convergence to the stationary state, is to study the local structure
of the generator and prove a so-called Curvature-Dimension Inequalities. Let A be an
algebra, included in the domain of the generator L of the semigroup, D(L). We introduce
the bilinear map I' : A x A — A, called the Carré Du Champ Operator:

(L(fg) — fLg—gLf) forall f,g € A. (2.30)

DN | —

I(f.9) =

We iterate this and in the same way that we defined I' having as action the standard inner

product, now we define I'y on A x A having as action the action of T:

La(f,9) = 5 (LT (f.) = T(f. Lg) ~ T, L) (231)

We say that the operator L satisfies the curvature-dimension condition CD(A, n) with

curvature A € R and dimension n € [1, 00|, if and only if for any function f € A, we have

Dolf, ) 2 AT ) + (L) (232)

It is well-known then that if CD(\, c0) holds true with A € R, then this is equivalent to
having a Poincaré and a Log-Sobolev Inequality with constant proportional to A, so that
the spectral gap is proportional to A\. We refer to [BGL14, ABC*00], [Bak06, Proposition
3.3].
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1.2.2 Hypoellipticity and Hypocoercivity
1.2.2.1 Hypoellipticity

We are also interested in degenerate dynamics such as the inhomogeneous Langevin
dynamics introduced in Example (i) in subsection 1.1.3, as well as dynamics describing
non-equilibrium transport phenomena as in the Example (ii) in subsection 1.1.3. In
contrast to the overdamped Langevin dynamics, the generators in such cases is not elliptic.

When L is elliptic, the regularization properties of the Laplacian imply that if Lf = ¢
with g € H™(W) and W a bounded open subset of the state space, the solution f is in
H™2(W). Now when the generator is not elliptic, as for the (inhomogenous) Langevin
dynamics where the second order derivatives are not acting on all the degrees of freedom,
we still can have regularizing properties, under certain conditions on the operator, thanks
to the theory of hypoellipticity. We start by presenting Hormander’s condition, [Hé?}. We
denote by [A, B] = AB — BA the commutator between two operators. We recall that a
differential operator A is called hypoelliptic if

sing supp u = singsupp Lu for all u € D'(X) (2.33)

where X is the state space, D'(X) is the space of distributions on the infinitely differential
functions with compact support and for u € D’'(X), sing supp v (i.e. the singular support
of u) is the set of points x € X so that there is no open neighborhood of = where u
restricted in that region is C'*°.

Let the operator £ be of the form

M
CZZX]2+X0,

j=1
where the X;’s, i € {1,..., M} are C* vector fields.

Definition 2.4 (Hormander’s condition). The family of vector fields {X;}; satisfies
Hérmander’s condition if the Lie algebra spanned by {X;}, i € {1,..., M} has rank dim
X at every point.

The celebrated Hérmander’s Theorem [H07b, Theorem 22.2.1] that states that if an
operator L satisfies Definition 2.4, then L is hypoelliptic. In particular it can be shown,
[RB06¢], that in this case the solution f to Lf = g with g € H™(W) and W is a compact
subset of the state space X, is in H™ (W) for some € > 0. In particular of course when
g € C(X) then f € C*(X). Note that if £ satisfies Hormander’s condition, then one
may easily check that any of the following operators also satisfy it and are therefore
hypoelliptic: £, L",0, — L,0, — L.
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As immediate consequence we have that the transition probabilities of the associated
Markov process have a smooth density with respect to the Lebesgue measure. The latter
implies that if we assume that an invariant measure exists, then it should have a smooth
density.

As an example of how the generator of the Langevin dynamics satisfy the Hormander’s

condition, we take X to be the first order part of the generator, i.e.
Xo=M"'p-V,-V,U(q) -V, +7M'p-V,

and
X, =+\/p719, fori=1... Nd

Then the first commutator between X, and X; gives

[XiaXO] =M V ’75_1(8% - apl)

so that we can recover the vector field d,, by linear combination of X; and [Xy, X;]. Hence,
by considering successive commutators, the family of vector fields {[X;, [X}, Xo]}:; has
maximum rank 2/Nd. Similar discussion for the oscillator chains model in particular can
be found in Chapter 2.

Invariant measure. From the definition of the generator (1.10) and integrating both sides
with respect to the measure p on the state space X, we get the following characterization

of the invariant measure pu: For all f € C°(X),

/ Lfdp=0 (2.34)
X

where L is the generator of the dynamics. By duality the invariant measure can be also

obtained as a solution to the Fokker-Planck equation
L =0

where L1 is the L2-dual operator of £. In the weighted L?(u) space, the adjoint is denoted
by L£* and it satisfies

/X or( o)y = /X (L6 ).

Combining this with (2.34) for ¢y = 1, then p is invariant measure iff £*1 = 0.
Concerning the Langevin dynamics (1.12), it is easy to see that an invariant measure
is the Gibbs measure e 7 ®9dpdq .
The existence and uniqueness of invariant measures for a stochastic Markov processes
is guaranteed by [RB06¢c, HM11]:
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Proposition 2.5. Let (x;); be a Markov stochastic process on the phase space X with

transition kernel Py(x,dy) and with generator L. Then if

(a) X is a compact phase space with (x;); being irreducible, i.e. there exists t, > 0 so
that Py, (x,A) > 0 for all x € X and all open sets A C X, and Pi(x,dy) admits a

smooth density.

(b) X =R?N and (i) (z;); is irreducible, (i) Py(x,dy) admits a smooth density and (iii)
we have a Lyapunov condition: There ezists a Lyapunov function W : X — [1,00)
so that (LW)(z) < —aW (z) 4+ b, for all x € X and some constants a > 0,b > 0,

there exists a unique invariant measure p for (xy);.

Note that the first assumption (in both cases, compact and non-compact) about the
irreducibility ensures the ergodicity of the invariant measure, while the second assumption
implies hypoellipticity and therefore ensures us about the regularity of the invariant
measure. In order to have existence and uniqueness in the second (non-compact) case
which is the one we are interested in for our example of Langevin dynamics, we need the
Lyapunov condition to ensure stability. With this assumption we ensure that the process
(x;); stays most of the time in a compact subset of X, where the Lyapunov function takes

small values.

Equilibrium and non-equilibrium invariant measures. Regarding non-equilibrium
invariant measures, the steady state is induced by external forcing. Examples of such
forcings are interactions with thermal reservoirs coupled to some particles of our system
as in the Example (ii) in subsection 1.1.2; or interactions with some externally generated
field. The steady state is then reached due to the dissipation mechanism which prevents
the external forcing to cause an uncontrolled growth of the energy of the system.

For the purpose of describing non-equilibrium steady states we do not make a distinction
here between non-equilibrium dynamics and non-reversible dynamics since the dynamics
perturbed by some external forcing are irreversible in the sense that the law of forward
trajectories is different from the law of backward trajectories. This is discussed in [LS16].
In contrast with equilibrium systems which can be characterized by the self-adjointness of
the generator £ on the weighted Hilbert space L?(i), where p is the invariant measure,
which interprets the reversibility for such dynamics, in non-equilibrium systems such

property does not hold.

1.2.2.2 Convergence rates towards stationary measure in the hypoelliptic case

As explained above in the cases where our operator fails to be elliptic, i.e. the noise is

degenerate and it acts only on a subset of our degrees of freedom (in the overdamped
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Langevin case, it acts only on momentum variables), Hormander’s theorem implies regular-
izing properties by taking advantage of the commutators and transferring the smoothing
to all the variables, i.e. hypoellipticity.

The main observation here is that similar phenomena arise when one wants to study the
convergence to the equilibrium as well for degenerate systems. In particular, in contrast
with the overdamped Langevin (elliptic) case, the operator corresponding to degenerate
dynamics is not coercive, and the lack of second-order derivatives, i.e. diffusion, in the
position variables leads to the non-coercivity of the operator.

In order to overcome this problem, we exploit the theory of hypocoercivity, which
is inspired by hypoellipticity and gives a way through commutators to retrieve some
dissipation in the position-variables. The idea is to introduce a modified scalar product
with additional correctors by mixed derivatives-terms in the momentum and position
variables, see the equation below, (2.35). This new inner product induces a norm different
but equivalent to the original norm. Through this norm, one is able to prove and estimate
coercivity of the operator which leads (as discussed above) to an exponentially fast
convergence to the invariant measure. The price to pay is that we have this convergence
in the modified norm, so that when we go back to the original norm (thanks to their
equivalence) we end up with a prefactor greater that 1 in front of the exponential.

The first idea of hypocoercivity goes back to Talay [Tal02] and it was generalized a
bit later by Villani [Vil09a]. Related methods were also employed by Hérau and Nier in
[HNO04] earlier than Villani. Originally, Villani worked in the H'(u) setting, where p is
an invariant measure, and the modified scalar product he introduced was of the following

form

(f,9)) = (f,9) + a{V,f,Vpg) +0((Vpf, Veg) +(Vof, Vug)) + (Vo f, Veg)  (2.35)

where (-, -) is the original L?(u)-inner product and a,b,c € R with a,c > 0, ac —b* > 0.
The scalar product ((-,-)) is equivalent to the original H' () scalar product. It allows

us to prove coercivity in the space H'(u) N L2(p), where L3(u) is the weighted L? space

with functions that have zero average. Provided that u(dq) satisfies a Poincaré inequality,

it yields a convergence of the form

1Fellzrr gy < Ce™ 1 foll (2.36)

with explicit constants C' and \. This is the concept of the so-called H'-hypocoercivity.
Once we have a quantitative convergence result in H'(11), we can combine it with an

independent regularity study (hypoelliptic regularization) applied on the initial data to get

also a convergence in L2(j1), see [H07a, HP08]. This is also discussed in [LS16, Vil09a).

Regarding hypocoercivity in L?, there is a more direct approach first proposed in
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[HO6] and then extended in a series of papers [DMS15, BDM*20, CDH*] and references
therein. This approach is based on the introduction of a modified L?-scalar product
via a well-chosen regularization operator. Then the idea is to see hypocoercivity as a
combination of two effects: the microscopic coercivity and the macroscopic coercivity.

Alongside with the H'-hypocoercivity in Villani’s monograph, hypocoercivity in relative
entropy was also developed, where instead of the H'-norm, we have a combination of two
functionals: the relative entropy and the relative Fisher information. In order to have
entropic hypocoercivity we assume that the reference measure p satisfies the stronger
Log-Sobolev Inequality instead of Poincaré Inequality.

Other ways to show hypocoercivity include Lyapunov techniques, probabilistic tech-
niques based on coupling methods or on Harris’ theorem or on Malliavin calculus. See
for instance the recent PhD thesis [Eval9], for more explanations and for an interesting
implementation of hypocoercivity through Malliavin calculus. Techniques from I' calculus
can also be used to get quantitative rates of convergence [Baul7, Mon19]. In the following
we explain a bit more the hypocoercivity through I' calculus, as this is applied in the
Chapter 2 to study the evolution of the microscopic system, the chain of oscillators, which

is a specific case of the Example (ii) in subsection 1.1.3.

Hypocoercivity through generalized Bakry-Emery criteria. Even though the
Bakry-Emery theory [BGL14] through I'-calculus works very well in the elliptic setting,
since one can easily confirm that we have a curvature-dimension inequality CD(p, co) and
then immediately get a SGI(p) and a LSI(p).

However in the hypoelliptic case the I' and I's bilinear forms, we see that it seems
impossible to bound from below I'y; by I', and to get the desired inequality of the form
(2.31). For example, in the Langevin case (normalizing to 1 for now the constants: mass,

friction temperature), we get that

L(f. /) =IVofl*  and

(2.37)
Dol f, f) =T(f, F) + IV I+ Vof - Vi f.

It is clear then that we can not bound the term V,f - V,, from below, and thus in this
case we don’t have immediately the curvature-dimension inequality.

Nevertheless, this method has been extended to hypoelliptic cases in a number of works
recently [Baul7, BG17, BB12, Mon19]. Instead of modifying the norm, we modify the
I'-functional. We introduce a new bilinear form 7 that is different but equivalent to the
original gradient, so that the twisted form does not depend directly anymore on £. In

general it takes the form

B P
T(f.9) = 223 75(%) 5 B, (2:38)
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where 0;; : R — R are smooth functions so that for every x € R”, (0;;(x))1<ij<n 18

symmetric positive definite matrix. Then we analogously define

To(f. 1) o= S (LTS, )~ 2T (LS. ). (2.39)

Now once we have a ‘twisted’ curvature dimension inequality of the form T5(f, f) >
AT (f, f), for A > 0, we can prove an exponential convergence in Wasserstein distances.
Mimicking also the basic ideas of Bakry-Emery, we can prove a Poincaré, SGI(\) and
a Log-Sobolev Inequality, LSI(A), which allows us to conclude convergence in relative

entropy as well.

1.3 Hydrodynamical behaviour for stochastic inter-

acting particle systems

Apart from looking at the long-time behavior of microscopic interacting particle systems,
a part of this thesis concerns the ‘hydrodynamic limit’ from stochastic interacting particle
systems to macroscopic PDEs, i.e. looking at the limit as the number of the particles N
goes to infinity.

The derivation of limit PDE from interacting particle systems has a long history
that can be traced back to the founders of the kinetic theory, J. C. Maxwell and L.
Boltzmann. We recall here that a rigorous derivation of the Boltzmann equation from
molecular dynamics on short time intervals was obtained by O.E. Lanford in [Lan75]. Also
‘formal’ derivations of the Euler system for compressible fluids from molecular dynamics
were discussed by C.B. Morrey in [Morb5] and later on, J. Fritz, S.R.S. Varadhan and
their collaborators considered stochastic variants of molecular gas dynamics and obtained
rigorous derivations of macroscopic PDE models from these variants: see for instance
[Var95] and the references therein.

In this thesis we present a quantitative version of such limits for the following stochas-
tic processes: the (jump) processes zero-range and simple exclusion processes and the
(diffusion) Ginzburg-Landau process.

We consider these processes on the discrete torus T4 = {1,..., N}¢ with state space
Xy which will be either NTv for jump processes and R™~ for diffusion processes. Let
n € Xy be a particle configuration with n(x) denoting the number of particles at each
site z € T4, (or the value of the charge). Regarding the zero-range and simple exclusion
processes, the particles randomly jump to neighboring sites, with the restriction in the

simple-exclusion process that at most one particle per site is allowed.

The distribution of particle configurations for time ¢t > 0 is a probability measure on
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Xn, ¥ € P(Xy). The evolution of the state Y € P(Xy) solves

%(Mgﬁ )= (u¥, Ly) forall f € Cy(Xy) (3.40)

where the generator Ly : Cy(Xy) — Cp(Xy) is given by

Lyfm) = > cla,y,n) (f(™) = f(n), forall feCy(Xy) (3.41)

:vaE']I“IiV

for jump processes, while for the Ginzburg-Landau process the operator is

frim ZN ((9778(1‘) - 3n(?y)>2 - IN;TN (357)2;) - 322)) (377(?90) - C‘Ma(y)) |
(3.42)

Here ZxNyeTN denotes the sum over all the neighboring sites to z, i.e. y € T4 so that
|z —y| = 1 and ¢(z,y, ) is the jump rate, and n™¥ is the configuration of the particle

system after one jump from z to y:

n(x)—1 if z =z,
() = qnly) +1 if 2=y,

n(z) otherwise.

In the diffusion case, V : R — R is a C*(R) potential.

We assume that the jump rate is not degenerate: g(n + 1) > g(n) for n > 0. This
monotonicity condition implies in the limit the ellipticity of the diffusion equation, in
the diffusive scaling. That means that the limit equation in the diffusive rescaling, has
regularizing properties.

We call a measure v € P(Xy) invariant under the evolution of the process if
(WN Lnf) =0 forall f e Cy(Xn).

For the three processes above, which we will present in more detail below, there exists
a family of invariant measures vY indexed by some positive constant o > 0 (« € [0, 1] for

the simple-exclusion process) that satisfy

/cNfdu;V =0, /n(O)dujj = q, /Txf /f (3.43)

where 7, is the translation operator defined by 7, f(n) = f(7.n) and 7,m(y) = n(z + y).
Note that under the law v/Y the n(z)’s are independent.
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Here we also introduce an example of a local equilibrium, we define a measure with a

slowly varying parameter instead of a constant parameter just as above.

Definition 3.1 (measure with slowly varying parameter). For every fy smooth function,

we consider V%(A) to be the product measure on Xy so that

vy ({n s n(@) = k}) = viyn ({0 n(0) = k}) (3.44)
and under 1/%(.) the variables {n(z) : © € T4} are independent.

A specific formula for this measure in each process will be given in Chapter 5.

In order to get a continuum description via a PDE, we also need to embed the discrete
torus T% into the continuous (macroscopic) torus T¢ = R¢/Z< by mapping x — z/N € T¢
assuming the microscopic scale to be of order O(N™1).

We assume that the total number of particles N4 erﬂr?v n(x) is conserved and this
is our only conserved quantity, so the only information we expect to get in the limit as
N — o0 is the macroscopic particle density. The quantity we use in order to measure the

particle density is the empirical measure (associated with a configuration 7)

o) (du) = N~ Y~ n(x)dz (du). (3.45)

d
z€Ty

With the empirical measure at hand we can mathematically formulate the convergence of

the microscopic particle densities as follows. Let ¢ € C(T%) be a test function, then we

say that the empirical measure af?V converge in probability to a deterministic object f; if
for all 6 > 0
lim P~ ([(a)),¢) = (fi,0)| >0) =0 (3.46)

N—o0

where P~ (A) is the probability that the event A will occur under the law p¥ and where f;
solves a PDE of the form 0, f; = Lf; for some differential operator L which is determined
from the scaling we do in time (it is either hyperbolic or parabolic/diffusive).

In particular, when our stochastic process is asymmetric, i.e. if p(-) are the transition
probabilities and we have that ) _zp(z) # 0, then we rescale time by N (the same as the
scaling we do in x, so we apply the hyperbolic scaling) and in the limit we get the solution

of the following conservation law
Oufe =7-Vo(f), wherey=> zp(z).
When the stochastic process has mean zero, i.e. v = 0, in order to see a limit we need to

rescale the time by N? (and so we shall apply the diffusive scaling). In this case we have
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that the particle densities converge to the solution of

6%j;:::Zxco(j%)

where A, is the weighted Laplacian A, = ), <ij<d Cij0u; 0y, and c;; are the covariances

cij = Z” p(x)z;z;.
The nonlinearity o appearing in both cases, will be determined from the jump rates of

the stochastic processes.

1.3.1 Introduction of our basic examples

e Simple-Fxclusion Process.
The simple exclusion process allows at most one particle per site. The jump is therefore
supressed if it leads to an already occupied site. The state space therefore in this case is

Xn = {0,1}"% and the generator of the process is given by

Lafm) =Y ply —x)(n(@)(L =n(y) [F0™) = f(n)] (3.47)

Z,y~x

for each f¥ € Cy(Xy), where n™¥ is the configuration of the particle system after one

particle has jumped from site x to a neighboring site y:

n(y) if z =z,
N (z) = qn(x) ifz=y,

n(z) otherwise.

Given a density a € (0,1), the invariant measure is the Bernoulli product measures

with parameter a:
) = ] @ - ),

d
zeTy,

Diffusive scaling. We assume that the mean v =) _2zp(z) = 0 and we accelerate the
process (1;); by a factor N2, i.e. the microscopic z-variable scales with N, while the time
scales with N2. The generator then is for all f € Cy(Xy),

Lyf(n) =N ply — 2 (1 =n@) [f (™) — f()].

Ty~

Under diffusive scaling and with initial decorrelation, the empirical measure of the simple

exclusion process converges to the solution f; to the diffusion equation

atft = Acfta where Ac = Z Ci,jauiauj (348)

1<i,j<d

38



and the diffusion matrix is given by

Cij = Z p(x)zz;.

x€Z4

Hydrodynamic limit under hyperbolic scaling. We accelerate the process (1;); by a factor
N, i.e. both the microscopic spatial variables and the time scale with N, and we assume
that the mean v =) _zp(2) # 0. The generator in this case is for all f € Cy(Xy),

Laf(n) =N Y ply— =) (1 =n@) [f (") = fn)].

x,y~x

Under the hyperbolic scaling, the empirical measure of the process converges to the solution

fi to the conservation law

Oify =~ -Vol(fy) (3.49)

where o(f;) = fi(1 — f;). Due to the nonlinearity, the solution of (3.49) may develop
shocks and it is thus understood in the sense of distributions, after a finite time 7', even
for smooth data [Dafl16, Chapter 4]. Up to the time T" of the appearance of the first shock,
the solution is smooth. Therefore, most techniques for the hydrodynamic limit under
Euler scaling, hold up to this time 7" since usually some regularity of the limit PDE is
required. The only proof of such limit for all times, by exploiting the notion of entropy

and measure-valued entropy solutions, was done by Rezakhanlou in [Rez91].

e Zero-Range process. Here there is no restriction on the number of the particles per site,
so that Xy = NTV. The generator is given by.for all f € Cy(Xy),

Lyfm) = > ply—=2)gn(@) [f(n™) = F()] (3.50)

T, y~x

where ¢ is the jump rate and n™¥ is the configuration of the particle system after one

particle has jumped from site x to a neighboring site y:

n(x)—1 if z ==z,
() = qnly) +1 it 2=y,

n(z) otherwise.

We assume that g(k) = 0 if and only if £ = 0, meaning that the rate at which particles
leave a site is zero if and only if the site is empty. The process is called zero-range as the
hopping rate only depends on the particles at the same site. The jump rate g : N — [0, 00)

can be thought of as describing the interactions of particles occupying the same site. In
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order for our process to be well-defined we also assume that ¢ satisfies for some ¢g* > 0:
foralln >0, 0<|g(n+1)—g(n)| <g" < +o0.

A special case is the case of linear g, g(n) = n, where the particles perform independent
random walks on the lattice.
An important family of invariant measures is given by the grand-canonical or Gibbs

measures, given p > 0:

o(p)1®)
ANOESI| @ (3.51)

26) =3 5 (3.52)

with g(n)!:=g(1) - g(2)---g(n) and g(0)! := 1. The function o(p) is then chosen uniquely
such that

We shall elaborate on the construction of ¢ in Chapter 5. Since the number of particles
is conserved and the process has no other conserved quantities, another important set of

invariant measure is given by the canonical measures: given K € N,

vOE ) =v) (n | Y, n(x) = K), (3.53)

which are the grand-canonical measures conditioned on hyperplanes of constant number of
particles.
In order to get a hydrodynamic limit we add two more assumptions on g: attractivity

and spectral gap. We assume that g is monotoneously increasing,
forallmne N g(n+1) > g(n)
and that there exists ng > 0 and d > 0 such that
forallj e N, n>j+mng g(n)—g(y) >4

The fact that g(-) is increasing is a sufficient and necessary condition for zero-range
processes to be attractive?, [KL99, Theorem 5.2]. The attractivity assumption helps in

defining a coupling between two copies of this process: this is a property used in the

4An interacting particle system is said to be attractive if its semigroup preserves the partial order, i.e.
if i)y < gy then 1y < .

40



proof in subsection 5.4.2 of Chapter 5. The spectral gap condition ensures that the limit
equation is elliptic.

Diffusive scaling. We accelerate the zero-range process (1;); by a factor N2 i.e. the
microscopic spatial variables scale with N and time with N?, and we assume that the

mean v = 0. The generator in this case is

Lyfn) =N ply —2)g(n)) [F ™) — F()].

T, Yy~x

Under diffusive scaling, the empirical measure of the zero range process converges to the

solution f; to the nonlinear diffusion equation

atft: Z Ci,janaujg(ft) (354)

1<i,j<d

where the diffusion matrix is given by

Cij = Z p(x)z;x;

zeZ4

and the nonlinearity o : [0,00) — [0, 00) appears in (3.51) and more specifically it satisfies
(), g(n(x))) = o(p) (see details in the Chapter 5).

Hydrodynamic limit under hyperbolic scaling. We accelerate the zero-range process (1;); by
a factor N, i.e. both the microscopic spatial variables and the time scale like N, and we

assume that the mean v =) 2p(z) # 0. The generator in this case is, for all f € Cy(Xy),

Lyfn) =N ply—x)gn@)[f(n™) = f(n)].

x,y~x

Under the hyperbolic scaling, the empirical measure of the zero-range process converges

to the solution f; to the conservation law

Ouft =~-Vol(f) (3.55)

where ¢ is given by (v, g(n(x))) = o(p).

e Process of Ginzburg-Landau type. Let T = Z/(NZ) the one-dimensional periodic integer
lattice. To each lattice site z € Ty we associate the continuous variable n(z) € R which
represents a charge at this site and 7 = (7(2))zer, € R™ is then a field configuration.
After time ¢ > 0 the configuration is 7; = (7:(z))zery- The charges are relocated among
adjacent sites randomly according to a diffusion law. In this model we apply only the
diffusive scaling, i.e. speed up the time by N? and shrink the space between charges by N

so that we obtain a system of spins (charges) located at points /N with z =1,..., N of
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the circle S = R/Z.
The Ginzburg-Landau dynamics for 7 is described by the set of stochastic differential
equations, for all x € Ty,
N2
dn(x) = == |V'(nx + 1)) = 2V (n(w)) + V' (n(z — 1))] dt + N [dW,(z)—dW,(z + 1)],

x € TN
(3.56)

where W,(i), i =1,..., N are independent Brownian motions and V : R — R is a C?*(R)

function for which we assume the following.

Assumption 1. (A1) [, eV ™Wdu =1,

(A2) There is C1,Co, R >0 so thatV u € R, |u| > R, V"(u) > Cy and V"(u) < Cy,
(A3) for all X € R, M(N) := [, M V" du < oo.

The attractivity here corresponds to V' being a convex potential, at least away from

the origin. The infinitesimal generator of the diffusion process n(z) is

Ly 3:]\; > (@na(x) - ani,))Q - N; 2 (322/3;) - 3?72/)) ( on(x) 5’77(?9 )

z~yeT N z~y€eT N
(3.57)

The generator Ly is symmetric with respect to the invariant (Gibbs) product measure

He @)dn(z;) on RY.

i€Tn

Consider a function f¥ and a law ¥ (n) := f¥dv™(n). At later time ¢ > 0, the law

¥ system will have a density f relative to dv” satisfying the equation
8tftN = ﬁ*thN~

Associated with the charge configuration n we define as before the empirical measure

1
aflv = NZn(m)CS% on S

In order to describe the hydrodynamical equation in this case, let us introduce some

notation. Let M (A) the function defined in assumption (A3) above and consider

p(A) =log M(X), h(y) = sup (Ay —p(N)).
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Then h and p are a pair of conjugate convex functions and
Ry) =X it y=p(\)

where
M) Jpuer Wy

PN =50 T

i.,e. h' and p’ are inverse of each other. Moreover A’ and p’ are smooth and strictly
increasing functions. The empirical density of the Ginzburg-Landau dynamics has a

macroscopic profile f; that solves the diffusion equation

Oufi(u) = 0wl (fi(u)),  (t,u) € (0,00) X S (3.58)

1.3.2 In the literature

Regarding the state of the art of this problem, the qualitative behavior of these hydro-
dynamic limits is well-known and was first proven by by Fritz in [Fri89]. This was done
for the Ginzburg-Landau model for which another method was invented later by Guo-
Papanicolaou-Varadhan in [GPV88], called the entropy method, as it involved estimates
on the entropy and Fischer information. The entropy method has been generalized to
prove the hydrodynamic limit for several other models, including jump processes such as
zero-range and exclusion processes, in [KL99]. Apart from this method, further results
include the relative entropy method due to H.-T. Yau [Yau91] which shows convergence of
the relative entropy with respect to local equilibrium states. Both of these methods are not
quantitative, so there is no explicit rate of the convergence to the limit PDE and from their
techniques there is no reason to expect the convergence in N to be uniform in time. The
method in [GPV8S] is based on compactness while the method in [Yau91] is closer to being
quantitative, apart from one step. Also, as the key estimate in relative entropy method
is a Gronwall estimate, the error in terms of the time is growing exponentially in time.
However both the many-particle systems and the limit systems are dissipative, therefore
ergodicity and relaxation should win over stochastic fluctuations at the level of the laws:
As t — oo, the system relaxes to an invariant measure, for which the hydrodynamic limit
holds, as shown in the figure below, so that we expect the limit in N to be uniform in

time t.

N e P(Xy) Moo fi € L=(T%)
t—>ool t—o0
Vﬁp) € p(XN) N=eo foo
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In terms of quantitative results, the first result was obtained for the Ginzburg-Landau
model by Grunewald, Otto, Villani, and Westdickenberg, in [GOVWO09]. The method is
based on a coarse-graining of the state-space. The results there however are not fully
quantitative. For this specific model, recently a fully quantitative result was obtain in
[DMOWa/, by a modification of the method that was applied in [GOVWO09]. This result
holds for Ginzburg Landau models with Kawasaki dynamics, including potentials that are
non-convex, like the double well potential. On the negative side, their result does not hold
uniform in time and it is not clear how to extend the method to get the result for jump
processes as well.

Our contribution to the theory is a new approach to quantify the rate of convergence
for several processes, both jump and diffusion, and make it uniform in time, in the diffusive

case where it is expected to be.

1.4 List of the works and perspectives

In this section I am presenting the main results of each chapter while explaining the main

tools and ideas.

e Quantitative Rates of Convergence to Non-Equilibrium Steady State for a

Weakly Anharmonic Chain of Oscillators.

This work is the article [Men20] and has been published in Journal of Statistical Physics.
It is presented in Chapter 2.

The main objective is to find estimates on the speed of the convergence to a stationary
state for a heat conducting system. The model consists of a one-dimensional chain
of N interacting oscillators on the phase space R?", where the variables are ¢;,p; for
i =1,...,N: the displacements of the particles from their equilibrium positions and their
momenta, respectively. Each particle has its own pinning potential and it interacts with
its nearest neighbors through an interaction potential. We call H the Hamiltonian energy.
The two ends of the chain {1, N}, are in contact with heat baths, modeled by Langevin
(Ornstein—Uhlenbeck) processes at two (possibly) different inverse temperatures 3", 85"
The dynamics therefore is described by a coupled system of SDEs (1.17): for i € {1,.., N},

dq;(t) = (V,, H)dt and

o (4.59)

Bi

dp;(t) = (= Vo H — vipidicqiny) dt + Giepiny dW;

where ~;,7 € {1, N} are the friction coefficients.

The non-equilibrium steady state for the purely harmonic chain, i.e. when both

potentials are quadratic (harmonic), was made precise in [RLL67]. Anharmonic chains
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were studied in various works [JP98, EPRB99a, EPRB99b, Car07, RBT02, CEHRB1S],
where existence, uniqueness of a non-equilibrium steady state and exponential convergence
towards it were proven in certain cases. More specifically the existence, uniqueness
of a steady state and exponential convergence, hold under the assumptions that both
the interaction and pinning potentials behave as polynomials near infinity and that the
interaction is stronger than the pinning potential. The last assumption is important as
there are some works which exhibit cases where the relaxation rate is not exponential,
i.e. where there is lack of spectral gap [Hai09, HMO09]. The existing results are however
not quantitative, i.e. they do not give information on the scaling of these rates in terms
of N, since compactness arguments are employed. Quantitative results for the spectral
gap are therefore missing and even in the simplest case of the linear (harmonic) chain,
the dependence on the dimension of the spectral gap was not known. Attempts have
been made through hypocoercive techniques to get N-dependent estimates under certain
conditions on the potentials: see the discussion in [Vil09a, Section 9.2] where this question
was first raised. The techniques discussed in Villani’s monograph however only yield
non-optimal estimates.

The Chapter 2 gives a partial answer to this question by Villani: we prove explicit
rates of convergence to the non-equilibrium steady state (with optimal lower bound) in a
weakly anharmonic scenario, i.e. when both potentials are N-dependent perturbations of
the harmonic ones. The proof relies on (i) an application of a generalized version of the
['y-calculus of Bakry-Emery [BES85] for elliptic operators recently generalized by Baudoin
for hypoelliptic operators [Baul7], as explained in the Section 1.2.2.2, and (2) a careful
analysis of a high-dimensional matrix equation.

We first prove the following contraction property in Wasserstein-2 distance. First
we recall the definition of the Kantorovich-Rubinstein-Wasserstein L-distance Wa(u, v)

between two probability measures pu, v:

Waeof =int [ o= ydr(oy)
RN xRN
where the infimum is taken over the set of all the couplings, i.e. the joint measures 7 on

RY x RY with left and right marginals ;1 and v respectively.

Theorem 4.1 (Theorem 1.4 in Chapter 2). We consider a 1-dimensional chain of coupled
oscillators with rigidly fized edges so that the dynamics are described by the system (4.59)
with

P 4 — (Gi+1 — q¢)2
) =Y (% 4l uk@) + 3 (B U - w0) +

=1 =1

(4.60)
2 2
qi dn
+c 5 +c 5

45



fora>0,c> 0 and under the assumption that

sup || VAU (ai)l2,  sup [ VAU (i)l < CV (4.61)
qi T

where 1; = ¢ — q; and CN < N7%2.5 For a fized number of particles N, there is a

unique stationary state, in particular, for initial data f3, f& we have:
A
WalP; /3, P f3) < CoeN2e ¥ Walfi, f7) (4.62)

for Cy ., Ao dimensionless constants.

After having proved a Log-Sobolev inequality for the invariant measure, we also give a
convergence to the stationary measure in relative entropy as in [Vil09a, Section 6]. We
first recall the definitions of the following functionals:

For two probability measures 1 and v on R?Y with v < u, we define the Boltzmann

H functional
H,(v)= / hlogh du, v = hpu (4.63)
R2N

and the relative Fisher information

2
I,(v)= / |V:| du, v = hpu. (4.64)
R2N

Theorem 4.2 (Theorem 1.6 in Chapter 2). We consider a weakly anharmonic 1-dimensional
chain of coupled oscillators with rigidly fized edges whose dynamics are described by the
system (4.59) under the same assumptions as in the Theorem 4.1 above. For a fized
number of particles N, assuming that (i) u is the invariant measure for P, and (i) that it
satisfies a Log-Sobolev inequality with constant Cy > 0, for all 0 < f € L'(u) with

E(f) < oo, and /fd,u =1,
we have a convergence to the non-equilibrium steady state in the following sense:

Hu(Pf i)+ L(Pf ) < Mo N3N (Hy (F) + L(f10)) (4.65)

for dimensionless constants Ag c, Ao-

Theorem 4.1 implies exponential relaxation with rate bigger than N3 for the weakly
anharmonic chain (4.59) with energy (4.60) and (4.61). In the purely harmonic case, we
have that the convergence rate is between C; N2 and Co N~ for some constants C;, Cs

that are independent of N.

5This is what we call a weakly anharmonic chain of oscillators.
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e The optimal spectral gap for regular and disordered harmonic networks of

oscillators.

This work has been done in collaboration with Simon Becker and it is submitted
for publication, see [BM22] in the bibliography. It is presented in Chapter 3 and it is a
continuation of the work in Chapter 2. We explore the behavior of the spectral gap for
purely harmonic chains in higher dimensions and different settings.

We study the spectral gap for purely harmonic chains and d-dimensional grids of oscil-
lators, and proved the optimal lower and upper bounds. We also treat non-homogeneous
scenarios where the coefficients of the pinning potentials are not identical. In particular
we look at chains of oscillators with an impurity (so that the particle in the middle of the
chain has pinning potential significantly weaker than the pinning potential of all the other
particles) as well as at disordered chains of oscillators. As regards the d-dimensional grids,
the spectral gap depends on which particles are exposed to friction. These are explained
in the statement below. Our setting is the following, we look at the system (1.17) with
Fc{l,...,N}¥and

<p> m[_]\}]dp>

H(q,p) = )

+ Vae(q) where V,.(q) = Z ailg;l” + Zcij’% — gl (4.66)

i€[Nd i~

Our method of proof relies on a new approach for studying non-symmetric spectral
problems that reduces the problem to spectral analysis of discrete Schrodinger operators.
Using a Wigner matrixz representation we reduce the study of this high dimensional spectral
analysis to the study of resolvents involving only the heat bath sites.

In general, if the friction parameters do not grow faster than the number of boundary
particles, i.e. sup;crconge i < O(N1), where 9[N]* denoted the boundary of the grid,
the spectral gap of the chain of oscillators always decays as a function of N and the rate
is at least of order O(1/N).

Our main results give sharper and usually optimal bounds in each specific case. They

are summarized in the following statement:

Theorem 4.3 (Theorem 1.1 in Chapter 3). Let the positive masses m; and interaction
strengths c; of all oscillators coincide, N¢ be the number of oscillators, placed in a square

grid with N oscillators on each side, and d the dimension of the network.

e (Homogeneous chain): Let the pinning strength a; be the same for all oscillators,
then

1. if two particles located at the corners (1,...,1),(N,...,N), see Fig. 3.6, are

exposed to the same non-zero friction and non-zero diffusion, the spectral gap
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of the generator decays at the optimal rate N—3¢:
Ag = O(N73%).

In particular for the one-dimensional chain of oscillators Ag = O(N3).

2. if the same non-zero friction and non-zero diffusion for particles located at the

center of two opposite edges of the network

(L, [N/2],... INJ2]), (N, [N/2], .. [N/2]),

see Fig. 3.7, the spectral gap of the generator decays at the optimal rate
N—S—(d—l)_. )\S — @(N—?,—(d—l))_

3. if d =2 and the particles exposed to the same non-zero friction are located at

opposite edges of the network, the spectral gap satisfies Ag < O(N—°/?).

e (Chain with impurity): Let N be even. We assume that all masses and interaction
parameters are positive and coincide and the friction parameters ; of the boundary

particles
I[N*:= {i € [N]% T, : i, € {1, N}} of [N]*:={1,..,N}?

satisfy sup;ecopnia Vi € (0, c)where c is independent of N and the friction is non-zero
on at least one boundary edge. Then, if the pinning strength ac,y at the center point
ca(N) = (N/2,..,N/2) of the network is sufficiently small compared to the pinning
strength of all other oscillators, the spectral gap \s of the generator decays at least
exponentially fast in N, for all d > 1.

In dimension 1 this rate is the optimal one.

e (Disordered chain): We assume that all masses and interaction parameters are

positive and coincide and the friction parameters v; of the particles at the boundary
O[£N]* = {i € [£N]% ||illc = N} of the network [£N]* := {—N, ..., N}*

$atisfy sup;eapeny Vi € (0, ¢) where c is independent of N and the friction is non-zero
on at least one boundary edge. Then, if the pinning strengths are iid random variables
distributed according to some compactly supported density p € C.(0,00), the spectral
gap As of the generator decays exponentially fast in N, for all d > 1 for all but
finitely many N.

Existence of a Non-Equilibrium Steady State for the non-linear BGK equation
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on an interval.

This work has been done in collaboration with Josephine Evans and it is published in
Pure and Applied Analysis, see [EM21] in the bibliography. It is exposed in Chapter 4.

In this article we study a non-equilibrium system that describes heat conduction in
gases, through the so-called BGK equation. Historically the first examples of microscopic
description of heat conduction goes back to Clausius, Maxwell and Boltzmann [Max67,
Bol03] who obtained formally (0.1), through a ‘kinetic theory’ analysis, see [BLRB0O0,
Section 2| for more details.

For the stationary Boltzmann equation, the rigorous proof of (0.1), was given in
[ELM94, ELM95] in the slab geometry, and when the temperature difference of the two
reservoirs is small. In [EGKM13], solutions to the 3-dim steady problem were constructed,
with sufficiently small difference of the temperatures as well (in the kinetic regime). In these
works, the coupling with the reservoirs is ensured by the “diffusive boundary conditions”,
i.e. when a particle hits one of the boundary walls it gets reflected with a new velocity

drawn from the Maxwellian

, 1 oy
./\/ll(v) = Wexp _2E , 1= 1,2,

where d is the dimension.

Motivated by the series of papers [CLM15, CEL"18, CEL"19] as well as [EGKM13],
we study the non-linear BGK equation on an interval with diffusive boundary conditions.
The BGK model was introduced by Bhatnagar, Gross and Krook in [BGK54] as a toy

model for Boltzmann flows (as a simplified Boltzmann equation). In particular we consider

a gas of particles in (0,1) with the distribution function f(z,v) in position = and velocity
v € R. The Knudsen number Kn > 0 is defined as the ratio between the mean free path
(this is the average distance a particle travels between collisions in a gas) and the typical
observation length.

The collisions then are described by the right-hand side of the following equation

Ouf +v0uf = o= (psMa, — f) (4.67)

We are interested in the stationary boundary value problem:

v0ef = 7 (oM, — f) (4.68)

£(0,0) = My (v) / WIF0, ), v >0, (4.69)
v'<0

f(1,v) = ./\/lg(v)/ || f(1,0")dv', v <0, (4.70)
v’ >0
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where p(x),Tf(z) are the spatial density and the local temperature corresponding to f:

o0

pe) = [ oo, g1 = [ P fmod (4.71)

—0o0

We denote by My, (v) the Maxwellian with temperature 7Y,

1 1
M) = e (57,

which is the non-linear term of the system, and by M;, M5 the Maxwellians at the
boundary temperatures 717, T respectively. We show existence of a non-equilibrium steady
state when the boundary temperatures are large and their difference is not small, in the
kinetic regime, when the Knudsen number is kept fixed.

Our proof differs from the previous perturbative techniques as we do not assume the
temperature difference to be small. It relies on a fixed point argument that relates the
non-linear BGK model to the linear BGK model, which is

1

00, f = E(ﬂ(ﬂﬂ)Mm) = f) (4.72)

with the same boundary conditions (4.69)-(4.70) and for temperature profile T'(z) € [T}, T5].
In particular, (i) we show existence and uniqueness of a solution f to (4.72)-(4.69)-(4.70)
by purely probabilistic techniques. Then the existence of a solution to (4.68)-(4.69)-(4.70)
is implied by a fixed point of the mapping F(7') = 7, where 7(z) is the temperature profile
of the non-equilibrium steady state of (4.72).

The main result with all the details is:

Theorem 4.4 (Theorem 3.1 in Chapter 4). For every two fixed temperatures Ty, Ty
satisfying

(C1) (Kn)?Ty > v and
(C2) Tz — /T; > 7 (Kn)/21/*

for y1, 72 positive constants, there exists a steady state which satisfies equation (4.68) with
boundary conditions (1.2) and (1.3). Furthermore, this steady state has the following

properties:
e [t has zero momentum uniformly in x € (0,1).

e [t has constant density ps(x) and the pressure P¢(x) is equal to /T1T> asymptotically
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with Ty. More specifically, for all x € (0, 1),

1 1 < <1 1 1
”YOWF <p(z) < +’Ylmm

AV TlTQ SPf(Z') 5 V TlTQ.

1—

e [ts temperature profile is 1/2-Hélder continuous and also it is asymptotically equal to

VT Ty with the deviation from /T\T5 decreasing as Ty increases: for all x € (0, 1),

1 1 1 1
VI, (1 - 71@@) STy(z) S VLT (1 + 0 1 (Kn)1/? T1/4) 7
1 1

for some constants o, v1 and (Kn) the constant in front of the collisional operator
n (4.68).

Quantitative Scaling limits for interacting particle systems.

This work in progress is a joint work with Daniel Marahrens and Clément Mouhot.
We intend to submit it for publication in the near future with additional results. The
exposition of the results we have so far is in Chapter 5.

The objective of this work is the rigorous derivation of macroscopic PDEs when one
starts from microscopic interacting particle systems and we present an abstract quantitative
method to prove the hydrodynamic limit, with a rate uniform in time (in the diffusive
scaling) and unified in the sense that it can be applied to several models, introduced in
Section 1.3. The method is also simpler compared with the existing literature.

It is inspired by the approach of F. Rezakhanlou in [Rez91] who proved the hydrody-
namic limit under hyperbolic scaling for the simple exclusion/zero-range process, and by
the approach of H.-T. Yau in [Yau91], who proved convergence in relative entropy with
respect to the local Gibbs measure for the Ginzburg-Landau process.

In particular, instead of working with the relative entropy as Yau did, we work with the
Wasserstein-1 distance with cost being the microscopic ¢! distance among two processes:
Let ,ui\fl, ui\é be two measures describing the state of the particle process at time t, we

define
Wy (Mtlaﬂm =N Z 1nf//X2 (@)|dp (n, ) (4.73)

:EE'JTd

where the infimum is taken over all the set of coupling measures on X%.
Due to the attractivity assumption we can properly define a coupling between two
copies of the same process, let us say with generator L. To fix ideas on the coupling, let

us consider just the zero-range process. For two copies of a zero-range process then, we
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define [Lig85], see also [Rez91, KL99], a coupling with generator L: Cy(X%) — Cp(X%)
given by

Lnf(n,¢): N?Zp —z)g(n(x)) A g(C(@)(f(n"™, ¢™) = f(n,0))
+ N2 Zp y—u (g n(@)) = g1(@) A g(C@)) (FOr,) = F,0) (472
+ N2 ply — @) (9(¢)) = g(n(@) A g(Clw)) ) (F(,C*) = (0, ).

The intuition behind this coupling is that the n-particles and the (-particles try to jump
together as much as possible (this is called the basic coupling or Wasserstein coupling).
The idea is to compare the law of our original process (simple-exclusion, zero-range or
Ginzburg-Landau process) with an ‘artefact’, which is chosen to be the local Gibbs state.
This comparison will take place through an appropriate coupling that will allows us to
employ the Wi- distance as defined in (4.73). Let f; be a solution to our limit PDE:

8tft = Lft (4'75)
for a differential operator L.
We call

N _ dl/ft(

LAy

the density of the local Gibbs measure as was defined in Definition 3.1 (i.e. the Gibbs
measure with slowly varying parameter associated to f;) relative to a reference measure
with parameter o > 0.

The density ¥ can be shown to satisfy 9,0 (¢) — LyvY (¢) = EN(t,{) — 0 as N diverges.
In other words, the local Gibbs state does not satisfy of course the Kolmogorov equation,
but it is a good approximation of the solution.

Then we consider the coupled density G (5, () on X% between the law of the stochastic

process [ := dul¥ /dvY and the artificial process. This solves the equation
_ N
G (0, Q) = L3 G (0, Q) = S™ (8, Q) i= 5 (n) @ BV (1) (4.76)

07

with initial data GJ'(n, () to be the optimal coupling between f¥ := dul /dvY and the
local Gibbs density ¢ .

Having this set up, here are the key steps:
First step: Consistency Estimate. First we prove an estimate of the following form,

which we call a consistency estimate and it should be satisfied by the ‘artificial’ density

52



YN There exists a rate EY — 0 as N goes to infinity so that for all a > 0,

[, xa Xt - LW QA () S € mmax, 105~ f)ln

ke{l,... A}

(4.77)
where (H, || - ||x) is the space of our solutions to the limit PDE, like H = L>(T¢) and
foo = limy_, o fi.

Second step: Microscopic Stability Estimate. We adapt parts of the proof of [Rez91,

Theorem 3.1] to prove the pointwise estimate

£ (Ndz n(z) - C(ﬂf)!) <0 (4.78)

where £ is the generator of the coupled process. We call the density of our coupled process
G" acting on X%.

Third step: Macroscopic Stability Estimate. In the last step we prove stability
estimates on the limit PDE, which we call macroscopic stability. This concerns estimates
on the derivatives in an appropriate space of solutions for the limit PDE. More specifically
we would like to have that there exists K > 0, T' € (0, 0], so that

| D*fillr < K, for all t € [0, 7] (4.79)

and multi-indices k so that |k| < 4. When T = oo, there is R(t) == 0 so that

HDk(ft — foo)llu SHfO”H R(t)> and R(t) € Ll((0,00))

for f.o € H.

The abstract theorem reads:

Theorem 4.5 (Theorem 1.1 in Chapter 5). Let d = 1, F € Lip(R) and ¢ € C=(T).
Let fo be the initial data to the hydrodynamical equation (4.75) and ul be the initial
distribution of the stochastic process. We also consider the density of the local Gibbs
measure that we call ¥ = dvyl /dvy) for some X > 0 and then the coupling G{' between
VN and [ = dul /dvy. We assume that for Cy < oo independent of N there exists a
rate RN — 0 as N — oo so that

/ ‘N‘d Zn(x) / fo(w)p(u)du

/ S Infe) — €I an ) < R

dUO ( ) < CORN?

(4.80)

Then, assuming (4.77)-(4.78)-(4.79), for t > 0, there exists constant 0 < Cy,Cy < 00
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independent of N,t and r(t) which is in L*((0,00)) if T = oo and r(t) = tK if T < oo,
such that

/X FANT D o (%) - ( T ft<u)¢(u>dU) dp ()| < Crr(EN + RN + Cy N~/

d
zeTy,

where fi(+) solves the hydrodynamical equation

atf(ta u) = Lf(t7u)7 f(07 ) = fO(u) (481)

We then prove (4.77)-(4.78)-(4.79) for the zero-range, simple exclusion and Ginzburg-

Landau type processes, so that we can apply the abstract Theorem to obtain a rate.

Spectral gap for the mean field O(n) models.

This paper is a joint work with Simon Becker and it has been published in Communica-
tions in Mathematical Physics, see [BM20] in the bibliography. It is presented in Chapter
6.

We study the spectral gap for the overdamped Langevin operator on a sphere or the
Ginzburg-Landau model. Here we write n for the spatial dimension and N for the number
of spins. We consider N spins interacting with each other on an n-dimensional sphere
S"=1, through the mean-field Laplacian

(Buro)e) = v 3 [ol) —o(a)] (4.82)

where o : {1,..., N} — S"! is the spin configurations. The energy function is given by

the Curie-Weiss Hamiltonian®

Ho)=5 Y  ol@)(-Auro)(@) =6 Y (ho(x) (4.83)

where the constant vector h € R” represents an external magnetic field, while § is the
inverse temperature. The O(n) model is the Ising model when n = 1, and it is also called
the rotator model when n = 2 and the classical Heisenberg model for n = 3, [BBS19]. The
critical temperature for the O(n)-models is when § = n.

We estimate the dependence in N of the spectral gap of the Langevin dynamics, i.e.

0f = 30 (V&L VG f 4 L H) (4.8)

ZTE[N]

6We refer to the book [BBS19, Section 1.4] and the references therein.

o4



for all the mean-field O(n) models with n > 1 and 8 > n, i.e. both in the critical and
in the supercritical regimes (i.e. low temperature regime) and we include the case of
an external magnetic field h. We extend the results in [BB19] where Bauerschmidt and
Bodineau prove uniform in /N spectral gap for sufficiently high temperatures.

The invariant distribution is the Gibbs measure

dp(o) = Z e PR 4SEN ()

with Z the normalizing constant and dSs.-1 is the normalized surface measure on the
n-sphere.

Note that the operators (f, —Agi)_l f) = <V§fl)_1 f, Vgi)_l f) and Vé‘?_l are the standard
Laplace-Beltrami and gradient operator on S"~! acting on spin z, while for a function

F :S° = R the gradient is given by
(Vo F)(0) = F(o) — F(—0).

For the proof, we apply one step of renormalization [BBS19, Section 1.4] decomposing
the stationary measure dp on (S"7!)" into two measures, which we call the renormalized
measure and the fluctuation measure. The fluctuation measure dpu, (o) is a measure on
(S*1)¥ but on simpler form than the original O(n) measure and the renormalized measure

dvy(p) is a measure on R™ such that
Ey(F) = Epy (B, (F)).

We skip in this part their specific form and we refer either to Chapter 6 or to [BBS19,
Lemma 1.4.3]. The fluctuation measure satisfies a Log-Sobolev inequality with a uniform in
N constant, [ABC100, Led01, SC97, ZQM11], it suffices therefore to study the renormalized
measure.

Before I present the exact Theorems, let me explain with words our findings. Our
results for 5 > n can be summarized as follows. For n = 1 (Ising model), for a weak
magnetic field: a direct analysis shows an exponentially fast decaying of the spectral gap
in N, which is the optimal order. In contrast to that, for a magnetic field with strength
over its critical value, an asymptotic analysis of the eigenvalues of a Schrodinger operator
[Sim83] associated to the renormalized measure, yields uniformly bounded spectral gap in
N whereas for a magnetic field with strength exactly at its critical value the decay of the
spectral gap is no faster than a polynomially in N.

For n > 2, similar analysis as in [Sim83] shows that: when h = 0 the gap decays as N~!
which is the optimal rate, while when h # 0 it is bounded uniformly in N.

Finally for the critical case § = n, we see a different behavior of the spectral gap:

95



~1/2_which is optimal, while

namely zero magnetic fields it decays at a polynomial rate N
for all h # 0 it remains uniformly bounded.
The specific statements with all the details and the exact parameters are as follows:

The first statement is about the Ising model case (n = 1).

Theorem 4.6 (Theorem 1.1 in Chapter 6, Supercritical Mean-field Ising models, 5 > 1).
Let N be the number of spins and n the number of components.
For the supercritical mean-field Ising model (n = 1,8 > 1), the spectral gap \n of the

generator

e for the case of small magnetic fields |h| < h., decays as N — 0o exponentially fast,
Ay = e NAsmanV)(A+0M) “yphich is the optimal rate. In particular, for magnetic fields

h € [0,h.) "
Y2

Amant(V) = / B (3o ) d
Y1

where y1(B) < 12(B8) € R are the two smallest numbers satisfying the condition
7(B) = tanh(v(5) B + h).
e For critical magnetic fields |h| = he, the spectral gap does not decay faster than
O(N-1/3): Ay > N-1/3.

e Finally, for strong magnetic fields |h| > h., it is bounded away from zero uniformly
m N.

Where h, is defined as h. = \/B(8 — 1) — arccosh(y/B).”

Theorem 4.7 (Theorem 1.2 in Chapter 6, Supercritical Mean-field O(n)-models, 5§ > n > 2).
Let N be the number of spins and n the number of components.
For the supercritical mean-field O(n)-models(n > 2,8 > n), the spectral gap A\n of the

generator

e decays at the optimal rate N™1: Ay = O(N 1), if there is no external magnetic field
h = 0.

e is bounded away from zero uniformly in N for all h € R™\{0}.

Theorem 4.8 (Theorem 1.3 in Chapter 6, Critical Mean-field O(n) models, 8 = n). For
all critical, = n, h = 0 mean-field O(n)-models the spectral gap decays at the optimal rate

"We define the critical magnetic field strength h.. in the Ising model h.(3) := \/B(8 — 1) — arccosh(/)
for temperatures 5 > 1 as the supremum of all A > 0 such that = tanh(Bz + h) has three distinct
solutions for = € [—1,1].
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N=2: Ay = O(N~Y2). In particular, the rate N~'/? is attained for the magnetization

M(o)=N""23" o(x).

ZE€[N]

We emphasize that at the critical points (5 = n, h = 0), the gap does no longer decay
once a non-zero magnetic field is present and in this case it stays uniformly bounded from

below:

Theorem 4.9 (Theorem 1.4 in Chapter 6, Mean-field O(n) models, 5 =n, h #0 ). For
all, B =n and h # 0, the spectral gap of all mean-field O(n)-models uniformly bounded.
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Chapter 2

Quantitative Rates of Convergence to
Non-Equilibrium Steady State for a
Weakly Anharmonic Chain of

Oscillators

This chapter is published in the Journal of Statistical Physics [Men20).

We study a 1-dimensional chain of N weakly anharmonic classical oscillators coupled
at its ends to heat baths at different temperatures. Each oscillator is subject to pinning
potential and it also interacts with its nearest neighbors. In our set up both potentials are
homogeneous and bounded (with N dependent bounds) perturbations of the harmonic
ones. We show how a generalised version of Bakry-Emery theory can be adapted to this
case of a hypoelliptic generator which is inspired by F. Baudoin (2017). By that we
prove exponential convergence to non-equilibrium steady state in Wasserstein-Kantorovich
distance and in relative entropy with quantitative rates. We estimate the constants in the
rate by solving a Lyapunov-type matrix equation and we obtain that the exponential rate,
for the homogeneous chain, has order bigger than N 2. For the purely harmonic chain the
order of the rate is in [N~3, N~1]. This shows that, in this set up, the spectral gap decays
at most polynomially with V.

2.1 Introduction
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2.1.1 Description of the model

We consider a model for heat conduction consisting of a one-dimensional chain of N

coupled oscillators. The evolution is a Hamiltonian dynamics with Hamiltonian

9 N
b;
H(p,q) = Z (5 + Upin(Qi)) + Z Uint (¢i41 — @),
i=0

1<i<N

where (p, ¢) belong in the phase space R*¥ and qq, gy41 describe the boundaries which
here are considered to be fixed: gy = qy41 = 0. We denote by ¢ = (q1,...,qn) € RY the
displacements of the atoms from their equilibrium positions and by p = (py,...,py) € RY
the momenta. Each particle has its own pinning potential Uy, and it also interacts with
its nearest neighbors through an interaction potential U;,;. Notice that here all the masses
are equal and we take them m; = 1. So we consider a homogeneous chain, where both
the masses and the potentials that act on each oscillator, are the same. The classical
Hamiltonian dynamics is perturbed by noise and friction in the following way: the two
ends of the chain are in contact with heat Langevin baths at two different temperatures

T, Tr > 0. So our dynamics is described by the following system of SDEs:

dg;(t) = pi(t)dt for i=1,... N,

dp;(t) = (-0, H)dt for i=2,....N—1, )
dpy(t) = (=0 H — yip1)dt + /27 T dWi (),
dpn(t) = (=0, H — yvpn)dt 4+ /298 Trd Wi (t)

where ~; are the friction constants, T; are the two temperatures and Wi, Wy are two

independent normalised Wiener processes.

The dynamics (1.1) is equivalently described by the following Liouville equation on the

law of the process

Of =Lrf with  f(0,p,q) = fo(p,q) (1.2)
where L is the second order differential operator

N
L= Z(Pz‘aqi — 0y, H0,,) — 11p10p, — YNDPNOpy + NTLO% + INTROL (1.3)

=1

which is the generator of the semigroup P; acting on the space CZ(R?Y) of bounded
real-valued, C? functions on the phase space. We denote by £* the generator of the dual

semigroup that acts on probability measures.
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2.1.1.1 State of the art

The model described by the SDEs (1.1), was first used to describe heat diffusion and
derive rigorously Fourier’s law (for an overview see [BLRBO00], [Lep16, Dha08] and [FB19]).
Since then, it has been the subject of many studies, both from a numerical and from a
theoretical perspective. First, the purely harmonic case with several idealised reservoirs at
different temperatures has been solved explicitly in [RLL67]. In this paper the authors
found exactly how the non-equilibrium stationary state looks like: it is Gaussian in the
positions and momenta of the system. For the anharmonic chain there are no explicit
results in general. However it has been studied numerically for many different potentials

and many kinds of heat baths, including the Langevin heat baths that we consider here.
See for instance [ALS06] [GLPV00, LLP03] and references therein.

There are two facts in this model that make its rigorous study very challenging: first
of all, we do not know explicitly the form of the invariant measure of (1.1) and also
our generator is highly degenerate, having the dissipation and noise acting only on two
variables of momenta at the end of the chain. It is not difficult to see, though, that in
the equilibrium case, i.e. when the two temperatures are equal 1), = T = T = 57!,
the stationary measure is the Gibbs-Boltzmann measure du(p, q) = exp(—FH (p, q))dpdg:

after explicit calculations we have L*e AP =

Since we are interested in the theoretical aspects of the model, we refer to [EPRB99a,
EPRB99b], which is the first rigorous study of the anharmonic case. The existence of a
steady state has only been obtained in some cases where the potentials act like polynomials
near infinity. In particular under the following assumptions on the potentials:

/\ll_g)lo A *U(Nq) = aglq|* and )\11_{{.10 MU (ANg) = kaylq|*'sign(q)
for constants a; > 0, where for the interaction: k£ > 2 and for the pinning & > 1 (the
exponent k for the pinning was improved in [Car07]) and assuming that the interaction
potential is at least as strong as the pinning, the existence and uniqueness of an invariant
measure was first proved in [EPRB99a| using functional analytic methods. In particular it
was proved that the resolvent of the generator of (1.1) is compact in a suitable weighted
L? space. Later it was proved in [RBT02] that the rate of convergence to the steady state
is exponential using probabilistic tools. Note that in the above-mentioned papers, the
coupling of the chain with the heat baths is slightly different and a bit more complicated
than considering Langevin thermostats, with physical interpretation: the model of the
reservoirs is the classical field theory given by linear wave equations with initial conditions

distributed with respect to appropriate Gibbs measures at different temperatures, see also
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[RBO6b, Section 2|. Later, an adaptation of a very similar probabilistic proof was provided
in [Car07] for the Langevin thermostats. The difference with the Langevin heat baths
is that the dissipation and the noise act on the momenta only indirectly through some
auxiliary variables. Finally let us mention that the relaxation rates have been studied for
short chains of rotors with Langevin thermostats in [CP17, CEP15].

Regarding the existence, uniqueness of a non-equilibrium stationary state and exponen-
tial convergence towards it in more complicated networks of oscillators (multi-dimensional
cases) see [CEHRB18]. The proofs there are inspired by the above-mentioned works in

the 1-dimensional chains.

There are also cases where there is no convergence to equilibrium, when for instance
Il > k, i.e. when the pinning is stronger than the coupling potential, see for example
[Hai09, HMO09]. In [HMO09] the resolvent of the generator fails to be compact or/and there
is lack of spectral gap, under some scenarios included in [ > k. In particular, when the
interaction is harmonic, 0 belongs in the essential spectrum of the generator as soon as

the pinning potential is of the form |q|* for k > 3. The conjecture is that this is true as

2n
2n—1

soon as k > if n is the center of the chain.

2.1.2 Notation

{e;}"_, denote the elements of the canonical basis in R™ and |-| to denote the Euclidean norm
on R”, from the usual inner product (-, -). For a square matrix A = (a;;)1<ij<n € R™",
we write || A|| for the operator (spectral) norm, induced by the Euclidean norm for vectors

A
|All2 = max [ Azl 12,

= (maximum eigenvalue of A7 A)
zeR™ ‘33|2

We also write A'/2 for the square root of a (positive definite) matrix A, i.e. the matrix
such that AY/2AY2 = A for AY/? a positive definite matrix as well. Moreover, by Cg°(R")
we denote the space of the smooth and bounded functions, by V, we denote the gradient
on z-variables in a metric space X with respect to the Euclidean metric. We write Py(R™)

for the space of the probability measures on R™ that have second moment finite, i.e.

PR = {pe PR /R ePdp(x) < oo}.

[N] denotes the set {1,2,..., N} and we use the notation g(z) < O(f(z)) to indicate that
there is a dimensionless constant C' > 0 so that |g(z)| < C|f(z)].
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2.1.3 Set up and main results

Let us state two assumptions: one on the boundary conditions of the chain and one on

the potentials.

e (H1) Regarding the boundary conditions, we consider the oscillators chain with

rigidly fized edges: the left boundary of the chain is an oscillator labelled 0 and the
right is an oscillator labelled N + 1 under the hypothesis that ¢y = gy+1 = 0. The
first and the last particle are pinned with additional harmonic forces, corresponding
to their attachment to a wall.
Note that these boundary conditions and heat baths modelled by two Ornstein-
Uhlenbeck processes at both ends as explained above, is the same model as in
[RLL67] and is known as the Casher-Lebowitz model, since it is also one of the models
considered in [CL71] !

e (H2) The chain is weakly anharmonic: both pinning and interaction potentials differ

from the quadratic ones by perturbing potentials UY UM € C?(R) with bounded

pin’ Yint

Hessians in the following sense:

Sup HHGSS pln(ql)”Z C]ﬁ\zfn and sup HHGSS 1nt<7ﬂi)H2 < Cz]Xt (14)
q;i€R, r;€R,
i=1,..,N i=1,..,N
where r; := ¢;11 — q;, 1 =1,..., N. The positive constants Cé\{n, CY, scale with the

dimension like

CN 4+ ON < CyN? (1.5)

pin int

and () is a dimensionless constant.

Under Assumptions (H1) and (H2) for a > 0,c¢ > 0, the Hamiltonian takes the form

Z (pz + a_2 + UL (q )) +Nzl (CM + UN (qig1 — qi)> +  (1.6)

= i=1
2
CQ1 CAdn
+ —=4+ —
2 2

and denoting by £ the infinitesimal generator, we look at the Liouville equation

!The other one considered for studying the N-dependence of the energy flux was first introduced
by Rubin-Greer, [RG71], where the heat baths are semi-infinite chains distributed according to Gibbs
equilibrium measures of temperatures Ty, T (free boundaries). In both [CL71] and [RG71] the purpose
was to study the heat flux behaviour in disordered harmonic chains

63



O;f = L*f, where the generator of the dynamics now is

N
L=p-V,—q BV, — Z(Ugn)’(qi)(‘?pi — P18y, — VONOpy + V102 + TR, —
i=1
N

=3 (N (s = 0, = U (4 = 4619,

where we take all the friction constants equal v, = vy = 7, for the two temperatures
T, Tr we assume that they satisfy T, =T + AT, Tr = T — AT, for some temperature
difference AT > 0. Also, B is the symmetric tridiagonal (Jacobi) matrix

(a+ 2¢) —c 0
—c (a + 2c) —c
0 —c (a+2c) —c
B — (1.7)
—c (a+2c) —c
0 —c (a + 2c)

It is convenient to see the above form of the generator in the following block-matrix

form:
L=-2"MV,-V,®(q) V,+V, FOV, (1.8)
where z = (p, q)T € R*, &(q) corresponds to the perturbing potentials so that
N N
B(g) = Up(@) + Y Ui (a1 — a:) + Uini(ar) + Ui (—aw),
i=1 i=1
the matrix § is the friction matrix
§ = diag(v,0,...,0,7)
the matrix © is the temperature matrix
e = diag(TL, O, . ,0, TR)
and M in blocks is the following
—1I
M = § (1.9)
B 0
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where [ is the identity matrix, so that it corresponds to the transport part of the operator,
while B and § correspond to the harmonic part of the potentials and the drift from both

ends, respectively.

Motivation. This study is motivated by a discussion opened in C. Villani’s memoir on
hypocoercivity, see Section 9.2 in [Vil09a], concerning open questions on the heat con-
duction model as defined above, and how to approach them by hypocoercive techniques.
This chain of coupled oscillators corresponds to a hypocoercive situation, where the diffu-
sion only at the ends of the chain leads to a convergence to the stationary distribution
exponentially fast, under the following assumptions on the potentials: strict convexity
on the interaction potential (being stronger than the pinning one) and bounded Hessians
for both potentials. In particular, he points out that it might be possible to recover the
previous results of exponential convergence in the weighted H'(u)-norm for this different
class of potentials (than the potentials assumed in [EPRB99b] for instance) by applying a
generalised version of Theorem 24 in [Vil09a]. For that, one needs to know some properties
of the, non-explicit, non-equilibrium steady state u: for instance, if it satisfies a Poincaré
inequality or if the Hessian of the logarithm of its density is bounded.

Finally we note that entropic hypocoercivity has been applied in [LO17] in order to develop
estimates and to get quantitative convergence results to the limit equation, for anharmonic

chains but with thermostats in contact with all the particles along the chain.

Main results. Here, considering a perturbation of the harmonic chain (homogeneous case),
instead we follow an approach that combines hypocoercivity techniques and the Bakry-
Emery theory of I’ calculus and curvature conditions as in [BE85]. We prove the validity
of the Bakry—Emery criterion in a modified setting. This is explained in more details and
is implemented in Section 3. The whole idea was inspired by F. Baudoin in [Baul7]: using
this combination, Baudoin proved exponential convergence to equilibrium for the Kinetic
Fokker-Planck equation in H'-norm and in Kantorovich-Wasserstein distance.

Thus we show, for the dynamics (1.1) as well, exponential convergence to the stationary
state in Kantorovich-Wasserstein distance and in relative entropy and we get quantitative
rates of convergence in these distances, i.e. we obtain information on the N-dependence of
the rate. In particular our estimates show that the convergence rate in the harmonic chain
approach 0 as N tends to infinity at a polynomial rate with order between C;/N?3 and
C5/N and that the scaling of the rate is bigger than C3 N2 in the weakly anharmonic chain.

In order to quantify the above rates, we estimate ||by/||2, where by is a block matrix

defined in Section 3 as a solution of a matrix equation, (1.10). Since ||by||2 appears in the

rates in the Theorems 1.4, 1.6 and the Proposition 1.2, we start by stating this result:
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Proposition 1.1. Let Iy = diag(27%,1,...,1,2T,1,1,...,1,1) € R*2N gnd M €

R2V2N given by (1.9), with pinning and interaction coefficients a > 0,¢ > 0. For all
N € N, there exists a unique symmetric positive definite block matriz by € R?VN>*2N such
that

byM + MTby =Tly. (1.10)

Moreover there exists Co . > 0, that depends only on the coefficients a,c, such that for all
N €N, |lbxlla < CoeN? and ||by']| < Co.

Second, we state the following Proposition, that is restricted to the harmonic chain,
and provides us with a lower bound on the spectral gap (given the estimates on ||by||2 by

Proposition 1.1):

Proposition 1.2 (Lower bound on the spectral gap of the harmonic chain). For the
spectral gap p of the chain described by the generator (1.8) without the perturbing potentials

(the harmonic chain), which is given by the relation
min{p > 0: (z — £)~* is invertible with bounded inverse, for — p < Re(z) < 0},
we have the following property: there exists k > 0 such that for all N € N,

p > kN -3,
This lower bound is in fact the optimal rate in the case of the harmonic homogeneous
chain. In the work [BM22, Proposition 9.1] an upper bound is provided as well and thus
the scaling of p is exactly N=3. This is done by exploiting the form of the matrix M,
(1.9), and more specifically using information on the spectrum of the discrete Laplacian.
In [BM22] we study also the case of disordered chains by considering different pinning
coefficients for each oscillator. Compared to the homogeneous case, as in this paper, where
the decay is polynomial, in a disordered chain the spectral gap decays at an exponential
rate in terms of N. Regarding the adaptation of the generalised Bakry-Emery theory
presented in this paper to a non-homogeneous scenario, we can prove existence of a
spectral gap for the weakly anharmonic chain as soon as the matrix M has a spectral
gap (and this is the case as soon as all the interaction coefficients ¢; # 0). The difficulty
in a non-homogeneous scenario will be the second part (as described in the Section 2):

to solve the high-dimensional matrix equation (1.10) in order to estimate the spectral norm.

Remark 1.3. We expect the bound on the ||bx||2, from Proposition 1.1, to be optimal,
since from the proof of Proposition 1.2 combined with [BM22, Proposition 9.1]: there exist

66



c1 > 0, such that
aN3>p>

1onll2
In the following, we consider by as given by Proposition 1.1. Before we state the
first main Theorem, we recall the definition of the Kantorovich-Rubinstein-Wasserstein

L2-distance Wy(ju, ) between two probability measures y, v:
Wa(p, v)? = inf |z — y|*dn(z,y)
RN xRN

where the infimum is taken over the set of all the couplings, i.e. the joint measures 7 on
RY x R¥ with left and right marginals 1 and v respectively.

It is easy to see that W5 is indeed a metric. We restrict ourselves on the subspace
Py(R*Y), where 1 and v have second moments finite, so that their distance Wo(u, v) will
be finite. For more information on this distance we refer the reader for instance to [Vil09b)]

and references therein.

Theorem 1.4. We consider a chain of coupled oscillators whose dynamics are described by
the system (1.1) under Assumptions (H1) and (H2). For a fized number of particles N,
there is a unique stationary state fo, in particular, for initial data f3, f& of the evolution

equation, we have the following contraction property:
* * 3 _ g
Wa(Pr fo, B f5) < CacNZe 5 WSy, £3) (1.11)

for Cyc, Ao dimensionless constants.

Moreover, in the set up of Theorem 1.4, we get some qualitative information about the
non-equilibrium steady distribution, like the validity of a Poincaré inequality and even

better, a Log-Sobolev inequality:

Proposition 1.5 (Log-Sobolev inequality). Let T be the quadratic form
T(f, g) - vszvazg + vngvazf‘

Under Assumption (H2), the unique invariant measure i = fo from the Theorem 1.4
satisfies a Log-Sobolev inequality (LSI(Cy)) :

RQNflogf dp — /sz f du log (/wa du) <Cy - #du. (1.12)

where

ON =

Tr|by
— 2P Ty < TGk N
2 (min(1, 275) bz = (O3, + O lew 1510515
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where v, T, Cy e, Ao := Ao(Co) are all dimensionless constants with the prefactor in (1.5),
Co, to satisfy Cy < min(1,2Tx)C, 2.

Consequently we have convergence to the non-equilibrium steady state in Entropy.
Let us first define the following information-theoretical functionals. For two probability

measures p and v on R?Y with v < i, we define the Boltzmann H functional

H,(v) = /RQN hlogh du, v = hu (1.13)

and the relative Fisher information

Vh|?
IL(v)= /]R?N |T|du, v = hpu. (1.14)

We have entropic convergence in the following sense, as in [Vil09a, Section 6]:

Theorem 1.6. We consider a chain of coupled oscillators whose dynamics are described by
the system (1.1) under Assumptions (H1) and (H2). For a fized number of particles N,
assuming that (i) p is the invariant measure for P, and (ii) that it satisfies a Log-Sobolev

inequality with constant Cy > 0, for all f > 0 with

E(f) < oo, and /fd,u =1,
we have a convergence to the non-equilibrium steady state in the following sense:

Ho(Pf i)+ L(Pf ) < Ao N3N (Hy (f) + 1(f10)) (1.15)

for dimensionless constants Ag c, Ao-

From Theorem 1.4 we get an exponential rate of order bigger than N3 for the weakly
anharmonic chain. In the purely harmonic case, we have that the convergence rate is
between C; N3 and CoN~! for some constants Cy, C, that are independent of N.

Remark 1.7. Note that a generalised version of I' calculus has been applied for a toy model
of the dynamics (1.1) by P. Monmarché, [Mon19]: working with the unpinned, non-kinetic
version, with convex interaction and given that the center of the mass is fized, he proves
the same kind of convergences and ends up with explicit and optimal N-dependent rates,

of order O(N~2), for the overdamped dynamics.

2.1.4 Plan of the Chapter

Sections 2 to 5 concern the proofs of the convergence to the steady state by hypocoercive

arguments (applying the generalized Bakry-Emery criterion) while Section 6 is devoted to
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estimating the spectral norm of by, which is crucial in the final estimate for the scaling of
the spectral gap. In particular, Section 2 contains an introduction to Bakry-Emery theory
and an explanation of the method that is used. In Section 3 we obtain the estimates
that lead to the proof of Proposition 1.5. In Section 5 and Section 4 we give the proof of
Theorem 1.6 and Theorem 1.4 respectively. Finally in Section 6 we prove Propositions 1.1
and 1.2.

2.2 Carré du Champ operators and curvature condi-
tion
2.2.1 Introduction to Carré du Champ operators

Consider a Markov semigroup P, with at least one invariant measure p and infinitesimal
generator L : D(L) C L?(u) — L*(n). Here we restrict ourselves to the case of the
diffusion operators and we associate with the operator L, a bilinear quadratic differential
form I', the so-called Carré du Champ operator, which is defined as follows: for every pair
of functions (f, g) in C* x C*

I'(f,g):= %(L(fg) — fLg — gLf)- (2.16)

In other words I measures the default of the distributivity of L. Then we define its iteration

I'5, where instead of the multiplication we use the action of I':

Ta(f.0) = 5 (L(T(f.9)) ~ T(f. Lg) ~ (g, L) ). (217)

From the theory of I'-calculus we have that a curvature condition of the form

Uo(f, f) = AU(f, f) (2.18)

for all f in a suitable algebra A dense in the L?(y)-domain of L and A > 0 is equivalent

to the following gradient estimate
D(Pof, Pof) < eMP(D(, f), t>0

where P, is the semigroup generated by L. The uniqueness of the invariant measure then
follows from the contraction property in Wy distance (which is equivalent to the gradient
estimate above thanks to Kuwada’s duality, see [Kuw10] or Theorem 4.1 later on). This
also implies a Log-Sobolev inequality (and thus a Poincaré inequality), see [BE85] or
[Bak06, Section 3].
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Attempt to apply the classical I" theory to the generator £ given by (1.8): For
the generator of the dynamics (1.1), given by (1.8), we can not bound I'; by I' from below.

Explicit calculations give

F(f7 f) = 271TL(8P1f)2 + Q’YNTR(apr)2

while

Do(f, f) = 2(nTL)* (02, )2 + 2(ywTr)* (02, )7 + 21177 (8, £) (0, f)+
2T (Op [)(Oan ) + T (S, f).-

Since we can not control the terms d,, f0,, f, we can not bound I'y from below by I'. In

cases like this, we say that the particle system has —oo Bakry-Emery curvature.

2.2.2 Description of the method

In order to overcome this problem, we are doing the following;:

(1) First we modify the classical I' theory: we define a new quadratic form, different,
but equivalent, to the |V, f|?* that will play the role of the T' functional. This will spread
the noise from p; and py to all the other degrees of freedom as well. The general idea
comes from Baudoin [Baul7]. We make a suitable choice of a positive definite matrix,
by € R2V*2N to define a new quadratic form that will replace the I' functional, so that we
obtain a ’twisted’ curvature condition: an estimate of the form (2.18). This implies also a
modified gradient estimate, and thus a Poincaré and Log-Sobolev inequality. We choose

this matrix to be the unique solution of a Lyapunov equation with positive definite r.h.s.:
by M + M by =TIy > 0.

In general in order to deal with a hypocoercive situation in H!- setting, one can
perturb the norm to an equivalent norm, so that exponential convergence results can be
deduced with this new norm. The idea is originally due to Talay in [Tal02] and it was
later generalised by Villani in [Vil09a]. Then one can have convergence in the usual norm
thanks to their equivalence. Here, instead of the norm, we modify the gradient and thus
the I' Carré du Champ, and work with a generalised I'- theory.

The idea of working with the matrix that solves the above-mentioned Lyapunov equation

came from the fact that (i) we need to control from below the quantity by M + MTby and
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(ii) in the linear chain, the covariance matrix by € R2¥*2V solves
boM + MTby = diag (27%,0,...,2T5,0,...,0) (2.19)

and determines the stationary solution of the corresponding Liouville equation. Therefore,
tackling the hypoellipticity problem, i.e. spreading the dissipation to all the degrees of
freedom, corresponds to working with a Lyapunov equation with positive definite r.h.s. A

way to think of it is as a sequence of Lyapunov equations:

boM + M by = diag (21%,,0, . ..,2Tk,0,...,0)
biM + MTb, = diag (27%,0,...,0,27,1,0,...,0,1) :=II;
by M + MTby = diag (277, 1,0,...,0,1,2T5,1,1,0,...,0,1,1) := II,

by M + MTby = diag(2Ty,1,...,1,2T, 1,1,...,1,1) := Ty

so that in each step we add a positive entry in the diagonal of the r.h.s. from both sides.
This corresponds to spreading the noise and dissipation to the next oscillator from both
ends until the center of the chain, like the commutators would do in a classical hypoelliptic
setting, see also Figure 2.1. So in the last step we have Il > 0 which corresponds to
having spread the noise everywhere in the space. This allows us to prove the validity of
the generalised Bakry-Emery criterion (3.23), which is the key estimate in order to have

exponential convergence to the non-equilibrium steady state.

(2) In order to make our estimates quantitative, we estimate the spectral norm of
the matrix by and its inverse. Regarding the bound on the norm of by, we estimate its
entries using that it solves the Lyapunov equation, while for the norm of b;,l, we compare
it to the norm of by ' which is uniformly bounded in N. This corresponds to the proof of

Proposition 1.1 which is the subject of Section 6.

For those familiar with Hérmander’s method we describe briefly here the similarity with
the spreading of dissipation-mechanism: in Hérmander’s theory the smoothing mechanism is
the one transferred through the interacting particles inductively by the use of commutators:
the generator has the form

L=Xo+X;+ X%

where

Xo=p-Vy—VH -V, —p18, —ypn0,, and X; = \/T;d,,.
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Figure 2.1: Spreading of dissipation by commutators as in Hérmander’s hypoellipticity
theory.

Then [0,,, Xo] = —0,, +0,,- Now commuting 0,, with the first order terms of the generator:
(041, Xo] = Opyn HOpy — Ogy gy H Oy, Given that 0,4, H is non-vanishing we have ’spread the
smoothing mechanism’ to p,. Continuing like that, commuting the 'new’ variable with the

first order terms of £, inductively we cover all the particles of the chain.

2.3 Functional inequalities in the modified setting

In order to apply a twisted’ Bakry-Emery machinery, introduced by Baudoin in Section
2.6 of [Baul7], we work with the positive definite matrix by chosen to be the solution
of the Lyapunov equation (1.10). The following Proposition gives us existence of such a

solution.

Proposition 3.1. There exists a positive solution to (1.10) if and only if the r.h.s. of it,

1s positive definite and all the eigenvalues of M have positive real parts.

Proof. 1t is a matrix reformulation of a well known and classical result of Lyapunov that

can be found for instance in [Ganb9, page 224] or [Liad7, Section 20]. O

The eigenvalues of M have strictly positive real part ([JPS17, Lemma 5.1]) and the
right hand side of (1.10) is positive definite. Therefore there exists a positive solution of

(1.10). Also, we can easily see that the solution is given by the formula
by = / e M e ™Mt
0
We define the following quadratic quantity for f, g € C*°(R?Y),

T(f.g9) == V.f"onyV.g+ V.g"bnV.f (3.20)

so that
T(fa f) = 2vszvazf
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Then we consider the functional

T 1) = 5 (LT 1) 2T (L),

Here T(f, f) is always positive since by > 0 (and in fact positive definite since by > 0:
this is proven in the last part of the proof of Proposition 1.1). In contrast with the original
operator I'; our modified quadratic form 7T is related to £ only indirectly through the

different steps of commutators.

We have an equivalence of the following form between 7 and |V.|?:

1

mwzﬂ2 < T, f) < llowll2I Vo fP. (3.21)
N

Combining this with the conclusion of Proposition 1.1, we write
Cocl VP ST, f) < Cae NIV [,

Proposition 3.2. With the above notation, under Assumption (H2), for all N € N there

exists constant

Ay = min(1, 27%) by |3 — (CN, + CN)[lbw |15/ 1035 (3.22)

pin
such that for f € C®(R*Y),
To(f f) = ANT (S, f)- (3.23)
Proof. We use the form of the generator £ as in (1.8):
L=-2"MV,—V,®(q) V,+~TL02 +Tr02,

where @ is the function that corresponds to the perturbing potentials. We write

2To(f. ) = LT(f. ) = 2T (f,.Lf) = LT(f, f) = 2V fTonV.Lf = 2V.L'bN V. f.

About the (—2TMV,) -part of L, the last equation of the above formula gives

OV fToNM V. f +2V. T M by V. f.

Similarly, concerning the (—=V,®(q) - V,,) -part of £ we get

V.fToyHess(®)" V. f + V. f Hess(®)by V. f
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and finally regarding the second order terms of the generator we end up with

ATy, V.0p, [T VO, f + 29T V.02 fTon Vo f + 29T V. fTby V.02 f
— TNV oy VO f = 29T N85 [Ton Vo f
+ 49 Tr V.0 [Ty V.Op f + 20TrV. 2 fTby Vof + 29TRV. [Ty 82 V. f
— 29TRV. fTby Vzasz - 27TRV28§NfTbN V.f.

We eventually write

T(f, [) =V fTonM V. f + V. f"M by V.f + V. [ byHess(®)" V. f
+ V. fTHess(®)by Ve f + 29YTLT (Opy [, 900 ) + 29TRT Oy £+ O f)
> V. fT(byM + M"by)V. f + V. fTby (Hess(UL,) + Hess(UY,)) V.. f
+ V. f" (Hess(UY,) + Hess(UZ]xt))TbNV f
=V.f (bNM+MTbN)V [+ V.f(byHess(UY,) + Hess(UY ) Tbn) V. f
+ V. f" (bnHess(U,Y,) + Hess(Up ) "bn) V. f

where for the second inequality we used that the terms 7 (0,, f, 0, f) for i = 1, N, are

positive. We write the second and third term of the last equation as

V.f (bNHess(Ué\[n))VZf = szTb]l\;zblmHess(UN )b_1/2 1/2V N

pin

= (by*V. )T (by Hess (U )br' 2 (b3 V . f)

pin

and then from the boundedness assumption on the operator norms of the Hessians for

both perturbing potentials and the Lyapunov equation (1.10), we get the following
Ta(f, £) = Vo frn Vo fT = b Hess(UN by 22T (f, £) = b Hess(UN )by [T (£, f)

> min(1, 277, 2Tx)|V. flz—SupHHeSS( UN D))l lloa s 1031 > T (f, £)—

— sup |Hess(Uz) ()]l ||bN||”2||le||§/2 T(f.f)

> min(1, 27%) [bw |3 T(f, £) = (Cov + C 0w 15 16312 T (£, £)-
We conclude by gathering the terms. O

The assumption (H2) combined with the conclusion of the Proposition 1.1 ensures us
that Ay is positive, by choosing suitable pre-factors, as we do in the proofs of the main

Theorems 1.4 and 1.6. We state now the following lemma that gives the "twisted’ gradient
bound.

Lemma 3.3 (Gradient bound). Under Assumption (H2), for all N € N, t >0, (p,q) €
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RN and f € C®(R?N), we have the following twisted gradient estimate

T(Pf, Pf)(p.q) < e ' P(T(f, ) (p,q) (3.24)

for Ay given by Proposition 3.2.

Proof. We shall first present a formal derivation of the estimate (3.24). If T(P.f, P.f) is
compactly supported we consider the functional, for fixed t > 0, (p, q) € R?,

U(s) = P(T(Pi—sf, P—s f)) 0, @), s € [0,1]

for f € C2(R*Y). Since from the semigroup property we have

iPs =LP,=P,L,
ds

by differentiating and using the above inequality we get

d%‘I’(S) = 2P, (To(Pi—sf, Piesf)) 2 2ANPo(T(Pi—sf, Pi—sf)) = 2AnT(s)

and since V(0) = T (P.f, B.f), ¥(t) = P(T(f, f)), by Gronwall’s lemma we get the desired

inequality for every smooth and bounded function f.

In general we need T(P,f, P.f) to belong in L>®(R?*") because then we know that
Py(T(P—sf, Pi—sf)) is well defined. So we do the following:

First we take W(p,q) = 1+ |p|* + |q|* as a Lyapunov structure that satisfies the
following conditions: W > 1, LW < CW, the sets {W < m} are compact for each m, and
T (W) < CW?. This W satisfy the conditions thanks to the bounded-Hessians assumption,
i.e. |V(UN, +UN

pin

)| will be Lipschitz. In particular, for the inequality LW < CW using

Cauchy-Schwarz and Young’s inequalities, we write

LW =2p-q—2q-Bp—2p-V®—2yp] — 2ywpi + 21071 + 2TrYN
< 2[pllg| + 2|Bql|p| + 2[V®||p| + 2T + 2TryN
< Ipl* + 19> + Cey, 181 (PP + 141*) + 2071 + 2TryN
< max { max(1, Cc,, 5,), 2T + 2Tryn } (1 + |p|* + |q?) = C1W

while the inequality 7(W) < CyW? obviously holds. So we end up with the same constant
by choosing C' := max{C}, Cs}.

Now using the function W combined with a localization argument as in the work
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by F.Y. Wang [Wan, Lemma 2.1] or [Bau, Theorem 2.2] we prove the boundedness of
(P.f, P,f). For this we approximate the generator £, with truncated operators so that

the approximating diffusion processes remain in compact sets. Consider h € C'°(]0, 00))
decreasing such that hljg1) = 1 and h|;p,.) = 0 and define

h, = h(W/n) and L, = h2L.
Then £, has compact support in K,, :=

:= {W < 2n}, in the sense that it is 0 outside of it

due to the definition of h,,. Let P be the semigroup generated by L,,, which is given as
the unique bounded solution of

LoP'f = 8,P'f for f e L®(R™M),
Then we also have that for every bounded f € L>°(R?*"), pointwise
Prf =T B

We do the ’interpolation semigroup argument’ as before for £, and for f € C°(R?Y)
supported in {W < n}. Define

Un(s) = PO(T (R S P ), a), s €10,1]

for fixed t > 0, n > 1 applied to a fixed point (p, q) in the support inside the set {W < n}.
It is true, due to the properties of W, that 7 (P f, P/ f) < Cy, with Cf, independent of
n and so we have a bound on T (P} f, P f) uniformly on the set {W < n}. Indeed

U (s) = PHLLT (P f, PG f) = 2T (Lo P f PR S))

= PP 2hy Tao(P o f P of) = 4ha LB fT (ha, PP f))

> P2l ANT (P f, P f) — Aha L fT (ha, P )
> PP ANT(PLf, P f) — AP Lo fT (log h, P f))
> P

(E2ANT (B f. Pl o) = AL |0/ T (0 Fro Jog )y /T (P . P )

Young’s ineq.

with C constant independent of n. About the last term:

T (10g o, log ) = —
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with C independent of n. Now calculate

r 1N 2(W/n)Lw 20" (W/n)D (W) N 6h'(W/n)*T(W) < Cy
"\nz) nhy, n2h, n2h2 ~ hZ

with Cy > 0 some constant again independent of n (from the assumptions on the Lyapunov

functional W). Therefore
N
() <

Combining this last estimate with the above bounds we end up with the differential

inequality
U (s) 2 —(2An] +2)Wn(s) — Cs

and C3 = Cs(f,t) is again independent of n. We multiply both sides with e(A~1+2)s 5o
that the above inequality implies

<€(2|/\N|+2)Sq;n(5))/ Z _C3€(Q|/\N|+2)S
or equivalently, after integrating both sides in time from 0 to ¢, that
U, (0) < PR, (1) - Cy(f, 1) < eBWHDYT(S, f)lloo + Ca(f. 1)

which gives the boundedness of T (P f, P f) = ¥,,(0) uniformly in n, on the set {W < n}.
Now if d’ is the intrinsic distance induced by 7

d(z,y) = sup |[f(z)— f(y)l,
T(fH)<1

from the above bound we have that

[P f(z) = B f(y)l < Cd'(z,y)

for n large enough with z,y € {W < n} and f € C®(R*) with support in {W < n}.

This comes from the formula
1
PISW) = P fG@) = [ VBt tly =) (v - 2)dr
0
Now C does not depend on n (from before), so passing to the limit we have

|Pof(x) = Pof(y)] < Cd'(,y)

and so T (P.f, P.f) is also bounded. Now we can repeat the standard Bakry-Emery

calculations as in the beginning of the proof. O]
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Remark 3.4. Note that using the equivalence of T and |V .|?:

1

165" 12

’vzf‘2 < T(fa f) < HbNHQ‘szP’
we get the following L*- gradient estimate
VP f? < (b [2l|by' 2 e P (I V. fI) (3.25)

Once we have a curvature condition of the form (3.23) we are also able to show that

the stationary measure satisfies a Poincaré inequality.

Proposition 3.5. Let L be the generator of the dynamics described by the SDEs (1.1)
and T the perturbed quadratic form defined in (3.20). Under Assumption (H2), for all

N €N, if f € C®(R?N), invariant measure j satisfies a Poincaré inequality

Var,(f) < Cn | T(f, f)dp.

R2N
where Cy = %ﬁ’f”z, with Ay defined in Proposition 3.2.
Proof. For f € C*(R*"), we consider the functional

U(s) = P((Pi=sf)?), s € [0,1].

We denote by I" the Carré du Champ operator defined in (2.16). By differentiating we

have
V() = LP((Prosf)?) = 2PAProsf Lo f) = 2Pu(T(Presf. Pioo ).

Now by integrating from 0 to ¢

t

t
B~ (Pf) =2 / PAT(Prsf, Prsf))ds < 29T} /O PV P f?)ds

0
t
< 2T b3 / PoT(Prsf, P f))ds
0
t
< 29T [yt l2 / Py(e”?U=I P T (f, f))ds
0
t
= 2VTL||bnt |2 e NPT (f, f) / 23 (s
0

62)\Nt -1
= 29TL||by |2 e Y P T(f, f) (W)
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where in the first inequality we used that

L(f, f) = VTL(0p, f)? + 1 Tr(Opy f)? < ATLIV P,
for the second we used the gradient bound from Lemma 3.3 and just right after that, the
semigroup property. The last line can be rewritten like

1 o e—Q}th

BT

Pi(f*) = (Pf)? = A TLlby' Iz
Now letting ¢ to go to oo, thanks to the ergodicity, we have the desired inequality. O]

In fact it is possible to show a stronger pointwise gradient bound, that we exploit for

the proof of a Log-Sobolev inequality for the invariant measure of the dynamics.

Proposition 3.6 (Strong gradient bound). For f € C®(R*N), V¢t > 0 and (p,q) € R*N

T(Rf P)w.0) < (RO/TTED)) (.0)e ™ (3.26)

Remark 3.7. This is a better estimate than (3.24) in Lemma 3.3 because of Cauchy-

Schwarz inequality.

Proof. The rigorous justification, i.e. boundedness of /T (P,—sf, P,—s[)), of the following
formal calculations is exactly like in the proof of Lemma 3.3.
Here for f € C®(R?Y), and for fixed t > 0, (p, q) € R*, instead we define

0(s) = P,(VT(Pof, P (9,0), 5 € [0,1]
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We denote by g = P,_f, we differentiate and perform the standard calculations we have

p VLy byVg+ VgronVL
@@zp@Jﬁﬁb T o

2\/T(9:9)
_p (E L 2T2(9,9) — £T19, g))
2\/T(9:9)

I
.U

\/TE? I'(VT(g,9), \/ng)+7'2(9,9)>>

)%ﬂﬁ@@%muhﬂﬁ@m%mm>

1
Ps<\/7'(g,g 4T (9, 9)

1 ) )
(W (4)\N(T( 9))* + 49T (T (8,,9))

+ 4y TR(T (9 9))” = 29T2 (9, T (9,9))° — 29Tr (9, T (9, g))2>>

Mn(T(9,9)\ _
> Py (W) = Anv®(s)

where in the first equality we used that

In the first inequality we used the formula

To(f, £) 2 AT ) +ATLT Op f, 0p, f) + ATRT (Opy [ O f)

from the proof of Proposition 3.2, that

L(f,9) = A0, 1) (9p9) + 7 TGy ) (Opr 9)

where I' is the Carré du Champ operator defined in (2.16), and that 7 and 0,, obviously

commute. Now from Gronwall’s lemma we get

B(1) > M(0) = T(PLPS) < e (BG/TUT))

This pointwise, strong gradient bound implies a Log-Sobolev inequality.

Proof of Proposition 1.5. For f € C°(R?"), we introduce the functional

H(s) = P (Pt—sflog Pt—sf)
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for fixed s € [0, ¢] evaluated at a fixed point in the phase space. We denote by I' the Carré
du Champ operator defined in (2.16) and following again Bakry’s recipes, we get

H'(s) = P(£(Pi-of log Prof) = LPof og Pi_of = L(Pr-))

=P, (F(Pt_sf, log Pt—sf))
— p, (Tt Y | TGP

P sf P_.f
- p, (F(Pt}i{,j_sf))
< AT by |2 P (T(Hpstfjtsf)>
< ATLlby [P <e—m<t—s> <Pts<Pt7; (J{ f)))2>
A

where for the second inequality we used the bound from Proposition 3.6, while for the
last inequality we applied Jensen’s and the fact that the function y*/x is convex for z,y

positive. Now integrating from 0 to ¢, we get

H(t) — H(0) < %(1 _ e?whp, (T(f, f))

2)\]\] f
71L||bz_v1||2||bzv||2 —2Ant IV.fI?
< _ N LA I
- 2)\]\[ (1 ¢ )Pt f

Letting ¢ — oo and thanks to the ergodicity of the semigroup, we get the LSI with constant

ATLlby 2w 2
22N

Therefore, applying the estimates from Proposition 1.1 we have

corresponding to the constant with the non-perturbed Fischer information.

LR _ o v
. — 1/2.—111/2
P2 (min(127R) w5 = (G + O3 w1y 557

’}/TLCa,c

< = A\ AT O, N3
- N3 (mln(l, 2TR)Ca_,cl - COCa,c) 0 e

where Cj is the constant in (1.5) which we choose small enough, i.e. to satisfy
Co < min(1,2T%)C; 2

a,c)

so that A\g > 0. ]
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2.4 Convergence to equilibrium in Kantorovich-Wasserstein

distance

We use that the gradient estimate (3.25) is equivalent to an estimate in Wasserstein
distance (Kuwada’s duality, [Kuw10]). More specifically, we have the following Theorem,
here stated only in the Euclidean space with the Lebesgue measure (R?V |- |, \) and only

for the Wasserstein-2 distance:

Theorem 4.1 (Theorem 2.2 of [Kuw10]). Let a Markov semigroup P on R?*M that has
a continuous density with respect to the Lebesgue measure. For ¢ > 0, the following are

equivalent:

(i) For all probability measures u,v we have,

Wa (P p, Piv) < cWa(p, v).

(ii) For all bounded and Lipschitz functions f and z € R?,
IVPfI() < eP (V) ()2

where this estimate is associated with the Lipschitz norm defined just above.
Now we are ready to prove Theorem 1.4.

Proof of Theorem 1.4. The convergence follows if we apply Kuwada’s duality from The-
orem 4.1 since we have the estimate (3.25) with ¢ = ||b1_vl\|§/2||bN||§/2. Therefore the

contraction reads
WalP; fo, B £2) < [lbwlls 03115 2 Wl £, £2) (4.27)
2\ Jor £ Jo) = 1ION]2 N ll2 € 2\JosJo ) .
Since Ay, as defined in (3.22), is:

Ay = min(1, 27%) by |3 — (CN, + CX)[bw |15 16315,

pin

by exploiting the estimates on ||bx |2 and ||by'||2 from the Proposition 1.1 we quantify the

rate:
An > min(1,2TR)C, AN~ — CoN~2C, .N*? = (min(1,2TR)C, ; — CoCac) N~ := AgN?

Choosing Cy < min(1,2Tx)C, 2 gives us Ay > 0 for all N. This gives us the statement of

,C

82



the Theorem:
WaPy fL, Py f2) < CuoN3e ¥ Wi(f1, £2). (4.28)

Finally, for the uniqueness of the stationary solution f.,, we see that all the solutions f;

will converge towards it if we make the choice f¢ = fu. O]

2.5 Entropic Convergence to equilibrium

If p is the invariant measure of the system, we prove here convergence to the stationary

state in Entropy as stated in Theorem 1.6: first with respect to the functional

E(f) = flog f+ fT(log f,log f)du

R2N

and then using the equivalence of T(f, f) with |V f]2.

Proof of Theorem 1.6. We consider the functional

A(s) = P, (PH flog P, f) + P, (Ptfsz (log P f,log P f ))

and by differentiating and repeating similarly the steps from the Propositions 3.6 and 1.5

we end up with

N(s) = P(D(Pioflog Piof)) + PoL(Prof Tllog P f o P f)

~ 2P (Pt T (1o ot L)) = P(EPfTC08 P o P )

> P,(Pof£T(10g Py ) + 2P, (TP of T(log P of log Pro.f)) )
—9p, <Pt_s ST (log P f, T(log Pr_ f. 1og Pr_, f) + L(log P, f)))
= 2Ps (Pt—sz(log Pt—sfa log Pt—sf))

> 2P, (Pof T(log Pi_of. 108 Prosf))

where we have used that for the second inequality

LP,_ f
P_sf
T (log Py f,T(log Py f,log Py f)) = T'(log Pi— f, T (log Pr—s f,l0g P f))

(P f log P_sf) = 0, L(log P—sf) =

—I'(log P,—sf,log P,_s f) and

and in the last inequality we used the bound (3.23). We introduce a constant 7 on which

we will optimize later, we integrate against the invariant measure g and we apply the
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Log-Sobolev inequality from Proposition 1.5:

, A
/ N(s)dp > 2z | P, (PHf log Pt—s.f) dy
R2N N JR2N

#2 =y [ P(TogPesfdog Puf) Pt )du

R2

> 2\ ymin (i, 1-— 77) / A(s)dp
Cy R2N

since [y P, (Pt_s flog Py f) djt = [o Py (Pt_s Flog P of — Prof + 1)@ which is non-
Cn

Trow we have

negative. For n :=

Cn
A(s)dp > 2
R2N (s)p = N1 + Cn Jpen

A(s)dp.
Finally, from Gronwall’s inequality we have

CN
/ A0)dp < e Pt / Ay

or equivalently the desired convergence, thanks to the invariance of the measure. Since
limy oo )\le—gN = limy_,o An, We have that the exponential rate is indeed of order Ay

(as in the convergence in Theorem 1.4):
E(P.f) < e™E(S) (5.29)

Since T and |V.|? are equivalent, see (3.21), we get the above convergence in the non-
perturbed setting with equivalence-constant max (1, [|by'[|2) [|ba]l2-

In particular, both the Boltzmann entropy H,(P;fu), given by (1.13), and the Fisher
information I, (P, fp), given by (1.14), decay:

max (1, [|by]|2)
min (1, [[by' 15"

Hu(Pif ) + L) < e (Hulfh) + () (5.30)
Thus, combining with the conclusion of Proposition 1.1, the denominator is of order 1 with

the dimension, and, as in the proof of Theorem 1.4, Ay > A\oN 2 and we conclude. O

Remark 5.1. (i) The rate of the convergence to the stationary state, Ay, does not
depend on the difference of the temperatures AT : under the assumption (H2) we
get existence of spectral gap for all AT, since the twisted curvature condition from
Proposition 3.2 sees only the first order terms of the generator. The scaling of Ay
relies on the result of the Proposition 1.1 and we can see through its proof that it is
not affected by AT. Therefore, the same scaling holds in the equilibrium case AT = 0

as well.
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(i) Regarding the boundary conditions: Assumption (H1) is not necessary in order to
obtain existence of a spectral gap with a lower bound N3 when the chain is pinned.
In fact, we have spectral gap as soon as there is a solution to the matrix equation
(1.10). This requires (see Proposition 3.1) M to be positively stable. Therefore, the
proof of Proposition 1.1 still holds, with minor differences, when we consider the
following b.c. as well (free in a sense): qo = q1, gy = qn+1 with a > 0. See also in
the next chapter the first item of Prop. 2.2.

(111) A comment on the choice of Ily: We have the curvature condition from Proposition
3.2 by considering any positive definite r.h.s. of (1.10). We choose specifically Ty,
since then we can compare by to by that solves (2.19) (by is the covariance matrix
for the harmonic chain) and then we bound ||by'||l2. See the end of proof of the
Proposition 1.1.

(iv) A convergence to equilibrium in total variation norm for a similar small perturbation
of the harmonic oscillator chain, has been shown recently in [Raql9]. There, a
version of Harris” ergodic Theorem was applied making it possible to treat more
general cases of the oscillator chain with different kind of noises, as well. However,
this is a non-quantitative version of Harris’ Theorem, which provides no information

on the dependency of the convergence rate in N.

2.6 Estimates on the spectral norm of by

First, let us state the following Proposition on the optimal exponential rate of convergence

for the purely harmonic chain.

Proposition 6.1 (Proposition 7.1 and 7.2 (3) in [BM22]). We write N for the spectral gap
of the dynamics which evolution is described by the generator (1.8), without the perturbing
potentials, i.e. dynamics of the linear chain, and p := inf{Re(u) : p € o(M)}. We have

)\H
lim “~ e R.
N—o0 p

Moreover the spectral gap approaches 0 as N goes to infinity as follows:

C
< = 31
P on (6.31)

for some constant C independent of N.

Proof. We exploit the results by Arnold and Erb in [AE| or by Monmarché in [Mon19,
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Proposition 13]: working with an operator of the form
Lf(z)=—(M"z)-V,f(x) + div(FOV.f)(x)

under the conditions that (i) no non-trivial subspace of Ker(§0) is invariant under M and
(i) the matrix M is positively stable, i.e. all the eigenvalues have real part greater than 0,
then the associated semigroup has a unique invariant measure and if p > 0, then for the

exponential rate A\i of the above Ornstein-Uhlenbeck process we have
p—e<Ay<p

for every € € (0, p). Fix such an € > 0 and conclude the first statement of the Proposition.
In particular, when m is the maximal dimension of the Jordan block of M corresponding
to the eigenvalue ) such that Re()\) = p, the quantity (14 t2™~1)e=2¢* is the optimal one
regarding the long time behaviour, [Mon19]. This implies that the spectral gap of the

generator is p — €, whereas the constant in front of the exponential is

cle,m) = 81t1p(1 + 2m=1)) =2t
The harmonic chain satisfies the conditions (i) and (ii): the first condition is equivalent
to the hypoellipticity of the operator L, [H67, Section 1], and our generator (1.8) is indeed
hypoelliptic: it is proven, [EPRB99b, Section 3, page 667] and [Car07, Section 3], for more
general classes of potentials than the quadratic ones, that the generator satisfies the rank
condition of Hérmander’s hypoellipticity Theorem, [H07b, Theorem 22.2.1]. Also the ma-
trix M is stable for every N, i.e. Re(A) > 0 for all the eigenvalues A, see [JPS17, Lemma 5.1].

For the second conclusion of the Proposition, we recall that the matrix M is given by

(1.9) and we write,

2y = Tr(F) = Re(Tr(F)) = Re(Tr(M Z Re(A

A€o (M)

In the r.h.s. we have a sum of 2N (counting multiplicity) positive terms, since inf{Re(\)}
is strictly positive, [JPS17, Lemma 5.1(2)]. Now note that the Tr(F) does not depend on
the number of oscillators, so the r.h.s. of the above displayed equation should be uniformly
bounded in N. Since

> Re(\) > 2N inf{Re(\) : A € o(M)}

A€o (M)

we have that 2N inf{Re()\) : A € o(M)} is bounded asymptotically with N, which implies
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the second part of the statement. O

Remark 6.2. B can be seen as the Schridinger operator : B = —c AN + Zfil ad; where
¢ >0, AN is the Dirichlet Laplacian on I>({1,...,N}) and §; the projection on the i-th
coordinate. We give the following definition for the (discrete) Laplacian on I*({1,...,N})

with Dirichlet boundary conditions:

N-1

AN — Z it

=1

where LT are uniquely determined by the quadratic form

(u, L") = (u(i) —u(i +1))*  with
uw(0) =u(N+1)=0 Dirichlet b.c.

We will use this information in the last part of the proof of Proposition 1.1, to bound the

spectral norm of the inverse, ||by'|2-

The rest of this section is devoted to the study of the solution of the matrix equation
(1.10). Note that [RLL67, RS19] are two other cases where a Lyapunov equation is
explicitly solved in order to study the thermal transport in atom harmonic chains. The
right hand side of the equation in the two above-mentioned cases is much simpler though,
therefore it is easier to provide an analytical formula which represents the unique solution
as in [RS19].

Here we split the 2N x 2N dimensional problem into 4 equal-sized blocks of dimension
N x N. Then we exploit all the information we get about each block from the following
Lemma (6.3). In order to ease the readability of the proof we split it into several lemmas

until the end of the section.

2.6.1 Matrix equations on Lyapunov equation

Lemma 6.3. For 0 < m < N, we have the following equations for the blocks x,,, Y., and

Zm of the matrix b, :

—2 = 25 + T (6.32)

Ty = BYm + F2m (6.33)

— Bz + 2mB—BJy, = JAT) — 1.5 — Fx,, (6.34)
YmB — Bym = § + 28 + Fzm for m > 1 (6.35)
YmB — BYm = 2mS +S2m  form =0 (6.36)
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Here J,, = diag(1,1,...,1,0,...,0,1,1,...,1) where the 0’s start at (m + 1, m + 1)-entry
and stop at (N — (m+ 1), N — (m + 1))-entry, and

JAT) = diag(27y,1,...,1,0,...,0,1,...,1,2TRg) where the 0’s start at (m~+2, m+2)-entry
and stop at (N — (m+ 2), N — (m + 2))-entry.

Proof. We consider m s.t. 0 < m < N, where b,, solves

bpM + MTb,, =11, (6.37)
and where
(AT)
I, =" 2.
0 Jn

From (6.37) and considering that z,, and y,, are symmetric matrices, we get
(A1) )
I U

Bzl 4 2, B = JAD) — 2.5 — S (6.38)

$m§+ Sl’m + ZmB + Bszn —Tm + gzm + Bym

— Ty + 22 F + Yy B -2 — 2,

From that we get (6.32) and (6.33) directly, and also that:

and by applying (6.32) to (6.38) we get (6.34).
Also, using that z,,, and y,, are required to be symmetric matrices, from the transposed

version of (6.33), we get the equation

which, combined with (6.33), gives (6.35) for m > 1 and (6.36) for m = 0. O

From now on, we perform all the calculations when the dimension of the block ma-

trices, NV, is odd. The same calculations with minor differences hold when N is even as well.

2.6.2 Calculations for m =0,1,2

Before we start analyzing the form of the block 2y, we first present in this subsection how
each unit in the right hand side of the Lyapunov equation (6.37) for 0 < m < N (that
corresponds to the spread of noise on the system), affects the z,, block of the solution b,.
This subsection is only to make it easier for the reader to follow on how perturbing the
r.h.s. of the Lyapunov equation affects the solution in each sequential step. Then in the

next subsection we analyse the zy block (m = N) which is what we are interested in.
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Thus, the reader who is interested only in the proofs, and not in the motivation behind

them, might skip this subsection.

For m = 0: The unique solution by of
boM + MTby = diag(277,0,...,2Tx,0,...,0)
has been computed in [RLL67], where they found exactly the elements of zg := (zl-(;)))lgmg N
when a =0,c =1, to be

© _ sinh((N —j)a)

g = sinh(Na) (6:39)

for a constant such that cosh(a) =1+ % (It was done in the same manner with [Wan45,
Section 11] but there the case was AT = 0). Here we describe briefly the steps: first we
notice that zy is antisymmetric since in (6.32) Jéo) = 0, and second, by (6.34) we get that

it has a Toeplitz-form

r 0 0 0 0 0 T
0 Ay 29 2 Ay A%
0 0 0 0 0
AN O ISR A
0) (0) (0)
A\ —z 0 =z
20 = 3 R b2 : (6.40)
0 0 0
_Z(,I)\/q _Z§,J)\/72 0 2';2)
0 0 0
| 2% =20 % 0|

Indeed note that the r.h.s of (6.34) forms a bordered matrix

-* * >x<-
x| 0 0 | =
x| 0 0 | =
x| % * | %

i.e. only the bordered elements are non zero and so the Lh.s of (6.34) should also have this

bordered form. Due to the tridiagonal form of B we get a Toeplitz matrix: in particular
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using that B = —cAN + al, the Lh.s of (6.34) is

[« | ]
x| 0 0 |*
20(—cAN +al) — (—cAN +al)zg = (AN 2y — 20AN) = | - : (6.41)
x| 0 0 | x

and equating the non-boundary entries, due to the symmetry of A" and the antisymmetry
of zp, we have that the elements of 2z, will be constant along the diagonals: indeed, for
1 <i < N, for the diagonal’s entries of the equation (6.41) we have

—e2 9 -9+ 202(2) —2c219 4+ 29 | 4 20 0

i—1,2 i+1,3 i, 0,0 B,0—1 2,0+1 -

or 2050 ©) © _ 0

iiv1 — 22,21, =0 and so Rii+l = Ri—14"

For the superdiagonal’s entries of the equation (6.41)

(0) (0) (0) (0) (0) 0 _
—CZ 1y T 20200 — Co i F ey — 2020 T el =
(0) 0) _ (0) _ (0
Or =z i1+ 2 =0 andso 27 ;1) = 250,

We repeat these calculations through all the non-boundary entries of the matrix, and using
the information we get from each one calculation, we end up with the Toeplitz form of z
in (6.40).

We can now see that a solution to (6.36) is a symmetric Hankel matrix which is antisym-
metric about the cross diagonal and such that (yg) );V:’ll = 28 +1- Then we apply (6.33) to
get a formula for the entries of xg and from the bordered entries of xy from (6.34), we end
up with the linear equation

Ko'Z():el.

Here zp, e; € CN! are the vectors zg = (zﬁ)l), - zﬂ)\,_l)T, e = (1,0,...,0)T and Kj is a
(N —1) x (N — 1) symmetric Jacobi matrix whose entries depend on the (dimensionless)

friction constant v and interaction constant c:
Ko=cB+~'1.

We solve the above equation using for example Cramer’s rule and we find an explicit

formula for the z§0])

of the Chebyshev polynomials of the second kind, so using properties of these polynomials

’s: the recurrence formula of the determinant of K is the same formula

and imposing appropriate initial conditions we end up with the form (6.39).
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For m > 1 we use again the equation (6.34). In the first step we get that:
For m = 1, 7.e. for the form of the z;-block in b;, the elements zﬂ), z](\}’)N in the main
diagonal are —1/2. The difference with the m = 0 step is that z; is not antisymmetric
anymore, since 1/2 is added in the first entry of the diagonal (due to the form of jl) So
from (6.32) we write
g C - zi(’li) +1 or 2 = —1/2 fori=1,N.

i1 1

But we still have the bordered form in the r.h.s. of (6.34), so we still have a Toeplitz-form

for 2.

In the next Lemma we give the form of the z5 block of bs.

Lemma 6.4 (For m = 2, form of z5). For the zo-block of by : There exists an antisymmetric

matriz Z8M: 2y = 28" — J, and
zﬁ) = z§22) = z](\?’)N = 25\?)71,N71 =—1/2 and zi(i-) =0 otherwise
2 2 a+2c 2 2
ZiQ) + Z](V,)N—l = 2%7 Zz(v,)N—Q + Z§§ =1
Zﬁ)ka = Zf;iﬂ Jor3<k<N-3.

The last property is that the Toeplitz form is not perturbed in more than 2 diagonals away

from the centre.

So we denote by fiqc = HZ—:;QC and we write:
B 2 2 2 2 2 T
-1 4 S % AN 2%
2 2 2 2 2
—43 =% A —pae AR+E Y 22 s A%
2 2 2 2
_Zg,S) _25,2) + Ha,c 0 Z;,Q) Ha,c Zg,J)Vf?
Z9 =
2 2
: 0 _ZJ(V,)Nfl + Hae _Z](V,)N72
2 2 2 2
Z](v,)z ZJ(V,)S e z](V,)N—l — Ha,c _% _Z](V,)N—l
) ) 2) )
| N1 ZN2 e ZN.N—2 ZN,N—1 _% ]

Proof of Lemma 6.4. z is not antisymmetric but from (6.32) we immediately have that
2 = 22" — J, where 28" is antisymmetric. So we work with 28" and due to the

antisymmetry we look only at the upper diagonal part of the matrix.
Here, besides that z is not antisymmetric, the r.h.s of (6.34) is not a bordered matrix

anymore and also the matrix B, affects non boundary entries as well, in particular it
adds the (3 x 2) top-left and bottom-right submatrices of B to the (3 x 2) respective
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submatrices of zy:

x| 1/2] 0 0] 0 |=
x| 0 *
N N N (11 11
c(AV zg — 2 AY) + (cA”Y — al)diag (2,270,...,0,2,2> =
x| 0 |0 0] 0 |=x*
x| 0|0 0 [1/2] =«
(6.42)

Equating the entries that correspond to the zero-submatrix as drawn above we will have
the same calculations as in the step m = 0.
From (6.32) we have zﬁ) = 2522) = z](V)N 25\?)71,1\771 = —1/2 and zi(i-) =0for N—1>1i>2.

Looking at the (2,2)-entry and the (2, 3)-entry of the equation (6.42) we have respectively

2 1
—czgzl) + 2625?2) — czg?g + cz§2) 2cz§2) + cz:(f) (a+—2c) =3
—02522) + 26z§ ) — czgi%—czfg - 26257:% + czég =0
and since 21(2]) = —zj(i) for j # ¢ from (6.32), and also z —1/2, 233 =0, we get
Zé? = Z%?Q) — Ha,c and Zéi 1/2

Now looking at the entries (i,4) for 3 <i < N — 2 of equation (6.42), we write (as in the
O-step):
— Z(Z) 1+ 202( ) — CZji41 T+ Czi(i)l,i — 2021-(? + czi(i)l’i =0
which gives
22(3)1, = ZZ(ZZ)H, 3<i <N -2

In particular

Zz'(,?Jrl = Z§22) — Ma,e = _Z](\?,)N_l + Ha,c and
2 2 1 2 1
Zz(z)+2 = 28 + b _ZJ(V,)N—Q ~ 9

where the second equations in both lines are proved by looking at the reversed direction
(bottom-right to top-left side of the matrix). Also for £ > 2 and 1 <i¢ < N — k, look at
(,7+ k) entry of the equation (6.42) and get

() ()

Ziitk4l — Ptk
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This corresponds to the Toeplitz property that holds for all the diagonals apart from the 5

central ones. Remember that for m = 0 we end up with a Toeplitz matrix. O

In the m-th step of the sequence of these matriz equations, for the z,,- block of b,,,
the central (4m — 3) diagonals have a perturbed Toeplitz form: the elements across these

diagonals on each line are changed by constants that depend on the coefficients a, c. The

resulting matrix z,, is described in the following way, where p, . 1= HZ—jZC:
( zinf) + ZJ(VWTJ)V—(J‘—l) = Mflg,c, for j even, j < m
ZY?) + z](\,rz)vf(jfl) = —m, for jodd, 7 <m
Z](\?L—)j,N = zﬁ?}rl, form<j< N -2, (Toeplitz form)
252"):—1/2, for1<mandi>N—m
L zl-(;-”):O, form<i< N —m.

The explanation is the same as in the step m = 2 but this holds for an arbitrary m < N.

2.6.3 Preliminaries: compute the blocks zy, yy,zy of by

Lemma 6.5 (Form of zy block). The matriz zy := (Zi(,]]\'[))ISMSN is a real N X N matrix
of the form
|
an =29 — 5[
where 24 = [z§7§y)’anti] is an antisymmetric matriz. We denote by fiq. == 22 2y has

the following perturbed Toeplitz form: for 2 <i< N —k and 1 <k < N — 2,

Zz(]zVJz;sanm - zz(ivl)ffliz—l = ~Ha,e for k odd
7 (N),anti (N),anti o (643)
itk Ziclivk-1 = L Jor k even
and for the second and second-to-last line respectively:
N),anti N),anti N),anti N),anti
Zé,k:) - Z§k)_1 = —Ha,e; Z](V_)lk - Z§V,12+1 = —llge, fork odd (6.44)
N),anti N),anti N),anti N),anti :
Zé,k) o Z§,k)—1 = 17 J(V—)l,k - ](V,13+1 =1 fO?” k even
Regarding the ‘cross-diagonal’ we have, for 1 <k < N — 2,
ZZ-(,]Z-VJZ}CW“ — ZJ(VN_);f_ng_l) N_(ii1) = (N —k—20+1D)pge, forkodd 1<i< %
zfﬁz}fnti — ZJ(V_);;aj:_l)vN_(i_l) =k—N+2i—1, for k even, 1 <i < N7(§+1).
(6.45)

93



In particular,

(6.46)

T
(N),anti (N),an

e+ Zon L= (N = (b + o, for I odd
20%% FanNeg =k—=N+1, for k even.

This corresponds to the relation of the first row with the last row of the matriz.

From the above Lemma we conclude that zy can be written in the general form

=2l Z ( T D O = el + A_») (6.47)

s (z% ST - Z(N—szm_j))

j=k+1

where we write J for the square matrix with 1’s in the superdiagonal and J for the matrix
with 1’s in the subdiagonal.

Also 7, for the matrix with 1 in the (k,k + 1)- entry and ¢_,, for the matrix with —1 in
the (k + 1, k)-entry. So for example

0
1
. 0 -1 0 0
g+ L o=
- 0 O—
For a visualisation:
N) N N) N
_l ‘“;VN 1 + (N - 2)/"’11,6 _Zg\’,l)\l—Z - (N - 3) e _Z(\’Z + Ha,c _Z§V,1)
21 S 2)ftac ! —2Zona (N = 3)ptge - —z50 — 1 ANt~ Hae
N) N N N)
Z§VN o+ (N 3) Zj\"“z/—l - (N - S)Ha,c _% _Z(\4) + Hae Z§ N-2 +2
ZN =
N N) N) N)
( ) ~ Hae _7§‘\72 1 _Z{N 3+ 2flac -3 7§2 = (N = 2)ptae
N) N) (N N
5 N 7Zl(,N—1 + Haye —Z 1\) 92— 2 *Zg,z) + (N = 2)pta,e 7%
Proof of Lemma 6.5. From (6.32) we have
1
anti
N =2y — =1,

where 2§ is antisymmetric matrix. So in order to find the form of zy we only need to

anti

study 23" and due to its antisymmetry, we only need to study its upper triagonal part.
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We look at the non-bordered entries of the upper triagonal part of (6.34). That is the

equation
[ % | * | % |
* 0 *
x| 0|1 0| =
c(—Asz‘{,"” + za”“AN) B=1 . ) . (6.48)
x| 0] 0 1] *
AN * | k|

Looking at the diagonal’s entries (¢,) for 1 < i < N of the above equation (6.48), we write

_CZZ(Z )lantz + 2c2 ( ).anti ngi'\:z’lanti 4 CZZ(NI)::mtz _ 9¢x ( ),anti + CZZ‘(le):;mti . (26 + CL) -1
and using the antisymmetry of the elements of 2§ it gives
b = 200 — oo = 200 — 2tac
== 2 (= Do
Therefore, inductively we get
zgivl’lanti = zg)’anti — (1 — 1) ptac. (6.49)

At the same time, looking from bottom-right to top-left, we can write

(N),anti __ _(N),anti _ _(N),anti
i—1i =%t tHae = 212 T 2Hae

N),anti
== ZJ(V,])V—lt + (Z - 1):ua,c-

Then, looking at the super-diagonal’s entries, i.e. the (4,7 + 1)-entry, for 1 <i < N —1,

of equation (6.48), we write

—ezy "M 20z = e2lT M 4 e = 20 4 el + e =0
and that gives
N),anti N),anti N),anti .
21(1422 = Zi(—l),i—',-l +l=--= 25,3) +(i—1)

and at the same time (reversed direction, i.e. from bottom right to top left)

N),anti N),anti N),anti .
DN = M = L= = I (N = (i 4 1)),
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Similarly, looking at the entries (7,7 4 2) for 1 <i < N — 2:

(N),anti (N),anti (N),anti (N),anti

N),anti N),anti
CZZ( 1)z+2 —2 1(1422 T CZi1 v — €20 T 2cz Ziiv2  — CRii43 = 0.
Apply (6.49) twice: zl(ivl)fgl = zg)"m“ — iftq and —zz(ﬁ)lam = —zg)’am + (¢ — 1)t and
get
N),anti N),anti
Zi(—l),i-I—Q — Hae = Zz(wzzz
So inductively,
N),anti N),anti .
Zfzﬁg = 254) — (i = 1) g, (6.50)

Also, from the reversed direction we get inductively

(N),anti ___(N),anti .
Zii+3 T AN,N-3 (N —3—1).

For the general case, as stated in the Lemma, we prove it by induction in k. For k =1,2,3

is true from the above calculations. We do it for k£ odd. Let it hold for £ — 2, we look at
the (i,7 + k — 1)-entry of equation (6.48) : for 1 <i < N — (k — 1),

N),anti 9z (N),anti (N),anti (N),anti (N),anti  _(N),anti __

(

iLith—1 — 2CZiith1 T 2kt — i (k—2) T 2CZiith1 itk =0 or
(N),anti (N),anti (N),anti (N),anti \

Ziditk—1 " Riitk T (Zi+1,i+1+(lc—2) - Zi,i—i—(k:—Q)) =0

CZ:

Then from the induction hypothesis we end up with the (6.43). The case k even follows

similarly.

Now generalise the previous induction formulas for £ odd for example and write:

(N),anti __ _(N),ants .
vick =2 — (0= Diae

and from the reversed direction
N),anti anti
Zz(,z+)k § = (N - k_l):uac'f'zj(v )k]\;'

From these two equations we have the specific case (6.46). k even is proven similarly. For
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(6.45) we write for k£ odd:

(N),anti (N),anti _ _(N),anti (N),anti
itk T AN—k—(i—1),N—(i—1) — “i—li+k—1 — Hac — (2N iN—i T Ha, c)
(N),anti (N),anti

= % 1itk-1 " AN—k—i,N—i — 20,
(N),antt (N),anti 9

=T Akt ZN-k,N (1 = Dtta,e
= (N =k — 2i + Dpta..

where in the last line we applied (6.46). The case k even is proven in the same way. [

The above discussion shows that in order to understand the entries of 2y, we need only

to understand the vector zy = (zg), z§ 3), . zﬁ]\;)

We state now a Lemma that shows the relation between the elements of zy and the

entries of the first row and the last column of zy = [ajg)]

xgj) and mijp about the 'cross diagonal’.

, concluding a relation between

Lemma 6.6. For 3 <k < N,

N),anti N N
zik) =1+ %zgk)—l = _%mgv,z)vfmz — (N -k +1), for k odd (6.51)
N),anti N N .
Zi,k)’ = “Hae T %xgk)—l = _%xg\f,])\f—k+2 + (N =k + Vg, fork even
and z(N) antt _ %xﬂ) — W and so for 3<k <N
N N .
:cgk)lz_x( ) k+2——(N—k;—|—2), for k odd (6.52)
3791? 1= x%vj)v kio T 5 (N — k4 2)ptae, for k even.

(N) _ ¢ . 14at2c
Also 1} N = 5 Ha,e, Where fiqc = =57

Proof. We look at the bordered entries of equation (6.34). Let us first look at (NN, j)-entry

for j even:

e J) i gy (N) anti CZ](V]tf]‘)f{zti JrCZ%V) anti _ o (N) anti __ 755%\[])
Using Lemma 6.5 we write
czﬁi,) a;lf_g +(j—2)c+ czfﬁf}m + jc— czf}f\;’af” —(j—1Dec= —WUE\J/\;)
and after the obvious cancellations we have for j even
Q) = ngpfjjg — (- 1)%. (6.53)
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Similarly for j odd we have

N C (N),anti . Cc
‘TS\/'J) - _;Z§,]\;—j+2 + (] - 1);/%@0‘ (654)

Moreover, with exactly the same calculations, but looking at the (1, j)-entry of equation
(6.34) we get, for 2 < j < N —1,

x%j\;) = gzglimm - % for j even and x&j\;) = gzg)ﬁ"“ + %,uw for j odd.  (6.55)

Now for k:= N — j 4+ 2 then 3 < k < N. Since N is odd, whenever j is odd, k is even

,antt

and the opposite. Solving the equations (6.54) and (6.53) for zg) , we get the second

),anti

equations in (6.51), whereas solving (6.55) for A := j + 1, for zg , we get the first
equations in (6.51) as well. We conclude with (6.52) just by combining the above relations
in both cases.

Finally to get this specific value for :EEAJI\; we look at the (1, N)-entry of equation (6.34)

and perform the same calculations as above. O

Considering the above Lemma we can write the matrix zy also as follows:

(N) (N)

N N '
-3 1Y — kg 14 2a) e —Hae+ LTI N L+ 2N
N N ' B
_%$$7]) + KL _% %$§71) — Rp — Ha,e e %I§1]373 +2 %Ig’]\;72 n 2#{%6
ZN =
N N
LaN = FR = Hae -3 Loy = k= (N = Dpa
v, (N) _1
TN,N KR 2
where K, = TLJ;—C:FQC and Kp 1= TRE?QC'

In the following we state a Lemma about the symmetries that hold in yy-block
of by, concluding that all the entries of yy can be written in terms of the vectors

N) (N N
yn = (N Yiw- - i) and 2y

Lemma 6.7. For2<i< N —(k+1) and1 <k <N -3,

N N N N
3/5—1),i+k - yz'(,i—zk—l + <y§+1),z+k - yi(,i—'zk-&-l) =0 (6.56)
N N N Y (N
Yok = Uik T Uik toay s for 2<k <N -1, (6.57)

2
N N Y (N
ond N =y, + 2L

N Y, (N N N
yl(c]\; = E(Zl(cfiN + Zi,]\;f(k—m) + yi,]\gf(qu for 2< k<N (6.58)
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Proof. Due to symmetry of yy is enough to look at the upper-triagonal part. We look at
the entries (i,7 + k) of equation (6.35). For k = 1 we have
N N N N
yz(z) yz(z—22 + y§_1),2‘+1 + yz‘(+1),i+1 =0
which is the equation (6.56). For 1 < k < N — 1 we prove it by induction in k, like in the
proof of Lemma (6.5). Let us now look at the (1, N)- entry of (6.35):

(N) _

N N N N),anti
—C?Jg,J\;_l + QCyi]\; — QCyiJ\; +eyy v = Q'yz( ).anti

which gives yél\; yg\; + & z§ - For (6.57) we look at (1, k)- entry:

(N) (N) (N),anti

N N N
_Cyik)q + QC?A,;@) - cyi,k)ﬂ 20y +CYs . = V2

which 1is

(N) (N) + y(N) 7 _(N),anti

“Y1ik-1 — Y1k 2k T Lk

and this is the desired equation. For (6.58), we look at (k — 1, N)- entry of (6.35) for

k > 3. Performing the same calculations as above we get

(N) ’72(N),(mti (N) (N)

BN T 28N T Ykean t Yp_1N—1-

Then using the relations (6.56) and (6.57) for each of the terms above, we get the stated

relation. O

With the result of the following Lemma we relate the entries of yx with the entries of
ZN -

Lemma 6.8. Let B be the matriz (1.7). We have
yv = B 'Zy (6.59)

where Zn s the vector
r (N c
1, + E’Ll/aﬂc
N c
N T

c ( C
SAN-1 T FHac

£
I




where g . := 22 In particular:
) 2c

lynllz < llznllz + N2,

(6.60)

Proof. We combine the information for x1;’s we get from two equations: first from (6.33),

we remind that equation (6.33) is
TN = Byn + §2n
and second from the bordered entries of (6.34), which is
—Bzy +2yB—B=J0" — 2y - S

We look at the element mgj\]f\; and we write:

(N) (N) (N),anti

(N) (N) (N),anti

2N = (a+ 200yt — eysy + 720 = (a+ 200N — eyt — 292
N N N),anti
= (a+20)yy — ey, ’V%N)
and
N iu
1,N % a,c
which give
N N N),anti c
(a+ 200y — e’y = 72 0™ + oy Hae
Moreover
N N),anti
xg]\;1 (CH‘ZC)(J\; Cyél\;l—i_’%z%]\;l
N N N),anti N),anti
= (a+20)yN_, — vy — eyt — v 4+
= (a+20)yi’y_, ) —eyi'N s — eyt

and from the proof of Lemma (6.6), see relation (6.55), we have

N C (N),anti c
‘Tg,]\;—l = ?ng - ;
Both of them give
N N C (N ,anti
(a+20)y'N_; — ey, — i’y = e 2 - >
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In general using again Lemma 6.7 and relation (6.55), we have

c (N),anti c if
N N £z i-1) — 5, if i odd
(a + Qc)ygj\; - Cyij\; (i+1) Cyi]\;f(ifl) = { ’Y %]{f\g agltzl) if
SALN = (i— )—I— “lac, 1 1 even.
For xﬂ) we use that
anti T 2
2 = S Mhanti 4 o(Tp +a+ 2c)
v 2vc

from Lemma 6.6, and from (6.33),

N N Y
xil) = (a+ 20)9%,1) - C?JE 2) Ty

Putting the above relations in a more compact form we have

Byn = 2.

We end up with (6.60) considering that ||B™!||5 is uniformly (in N) bounded, since B has
bounded spectral gap. O

The following Lemma shows, through its proof, that there is one unique solution to the
Lyapunov matrix equation (since one can explicitly find the entries of zy, that determine
all the rest) and eventually gives the scaling in N of the entries of zy. For 1 <k < N —2,
using all the information we have from the block equations in Lemma 6.3, we write all the
zg\]@fgm in terms of ziN) “which we then calculate explicitly. This is presented in the

following Lemma.

Lemma 6.9. For 1 <k < N — 2, the order of the entries of zy 1is given by

AN = O (RPN + Spia) , for k odd

- - (6.61)
%ﬁvv)f;?“ =0 szl,N’(th - %) , for k even

2c

and zg\j\,)’anti =0 (Rl N (”Rh“)), where R := -5 + 2 and pug,. = L2 Therefore
A SO (AT)R™ + (N —4)), for 2<i<N

where AT is the temperature difference at the ends of the chain.

Proof. We look at the equations around ZB;N]\)/ for 2 < k < N. First we look at :vg\]]\; and

from (6.53) we have
Z(N),anti E

1,N -
7

Ty ==
gl
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while from the (2, N)-entry of (6.33) we have

N N N
xé,N) = —0y§N) + (a + 20)y§,N) - CyéN)

N N 29(a+2¢) (n).anti N),anti
st r 2l T2 oo

Lanti N
2v(a + 2¢
(N) Y( )

—CY1 N_2

. (N),anti (N),anti
VN T T AN — 292\ N+ VHae
C (N ,anti c 27(@ + 20) N),anti ,anti
- Safym £ DU oy

Combine them and get

N),anti N),anti Ha,c
257]\271 = RZ&A; —+ T (662)

Then we look at xg\]f\; from (6.54) we have

c antt a,c
— =y g e

v v

while from the (3, N)-entry of (6.33) we have similarly

N
TN = =y + (a + 2008 — eyi'V
N ,anti 2’7(6L+20) N),anti N),anti /y(a_’_QC),ua,c
-2y DO e 0 ey,

Combine them and get

RZS\J/\;fILtz _ Z%f\]f\;,antz + §N ;ztz + Rﬂ'ac
Then considering (6.62) as well, we have
AN = (R - 1)) 1. (6.63)

In the same manner, but looking around xij\]f\; and xé]]\\],), we get

anti anti 3 a,c ,anti anti
AN = (RP — 2R)2 ™ + MT AN = (R = 3R? 4+ 1)20"" — 2. (6.64)

respectively. Inductively, we have a way to write all the elements of zy in terms of zf\]f\;’ami

Y

and looking at the leading order in terms of N we have the general formula (6.61) for
1 <k < N —2. In particular, for kK = N — 3 (is even by assumption on N) and k = N — 2

102



(odd) :

(N _ Q)Na,c

(N),anti -~ RNfgzgv),zmn‘ . N -3 Z(N),a,nti -~ RNfzzgv),anti 5

21,3 N 5 1,2 N +

(6.65)

respectively. Moreover, by looking at x%vj)v combining (6.33) and (6.34) we have

antt N —2 a,c 3_N KRR — K anti
Re(ant _ gl Q)M, _ ' ), | 327 L)+z§f§)’ ti

Plugging in the above equation the relations from (6.65), we write

R(N - 2),ua,c R(N - 2);“(1,0 (3 - N) ("{R - '%L) (N - 3)

N—-1 N-3y,(N),anti ~ _ _
(RTT+ R ) 8" + 5 5 5 + o 5

which is zf\j\?’“"“ ~ RN (—KRZ_ RL) )
’ Y

We conclude the last statement by combining the above estimate on z]g\][\;’anti with (6.61). O

Now we estimate the entries yy: from (6.60) and Lemma 6.9,

N 1/2
||Z/_NH2 S (Z |z17i|2> + N1/2 < N3/2 4 N1/2 < N3/2.
=1

This gives that

N
| S ON) (6.66)
and then also, since y,g]\]g = %(Z,E,]X%N + Zg\;—(k—m) + yg\;_(k_l),

[N S ON). (6.67)

Lemma 6.10 (Estimate on the spectral norm of yy). For the spectral norm of yn we
have that

lynll2 < O(N?).

Proof. Let v = (v1,vy,...,vy) € CN. We write L; for the i-th row of the matrix yy and
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then calculate
lynvls = |Ly-v* + -+ |Ly - o
SN(wﬁY’mF + [y vl 4+ [y Vo[ + (from Ly - v)

+ |y§{\27)1}2|2 + |yéf\27)v2|2 4+t |yg\jf\;UN|2 + (from Loy - U)

N N N
+|y§,L)%J+1U1|2 Tt |yf%)J+1,L%J+1UL%J+1|2 +-t |y§v7BgJ+1UN|2 +  (from Ly v)

+ !ygv)vﬂQ + \ygv)vz\Q + -+ ]yJ(VN])VvN]Q) (from Ly - v)

We estimate the terms due to the first half of the matrix, 7.e. the terms until Ly

from Lemma 6.7 we write all the yl(fj)’s in terms of the entries of yy and zy that, due to

the observations above, scale at most like N. In particular for the second line

(N) _ (N) (N) Y _(N),anti
Yo' = Yip—1 T Yrpa t PRy

and more generally

(N) __ (N) (N) (N) Y [ _(N)anti (N),anti
Yiivk = Yiade T Y35 T T Y oipp T - (21,2+k +oot Zl,2i+k—2) .

Then, from (6.66):

2
Lo 4+ ’LL%JH : v’ < N<N2]vl|2 b N2oy P (6.68)
+ NQ‘U1|2 + 32N2|U2‘2 + -+ 32N2|UN_1‘2 + N2|’UN|2+

+N2|U1|2 + 32N2|U2|2 + 52N2|U3|2 + 52N2|U4|2 + -+ 52N2|UN_2|2 + 32|UN_1|2 + N2|UN|2

2

N 2 2 N
Nt N e (23] 1) 0 gl (2] 1) e

2
"+

---+N2ywv’2>'
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So the highest order is due to for which we estimate

Lyypav

) L3+
‘LL%JH vl < (2N2 > (2i- 1)2> |v|2.

=1

The terms (2i — 1) in the sum above, denote the number of the entries of yy, zy that each
yi(g) is given by.

Regarding the terms due to the second half of the matrix, we use again Lemma 6.7,
(N) N)

;s in terms of yg\,j ’s and then from

s in terms of the entries of yy and zy, that scale at

equations (6.56). This way we write the elements y
relation (6.58), we have all the yg’]j)’

most like N. So in the end we have
ol S N (W) ol = N

Then
|yNU |2

] SOW?)  andso  |lyn]2 S O(N?).
2

Before we finish the proof, we give more details on the estimates (6.68) above:

For the first inequality we apply iteratively Lemma 6.7. Regarding the row Lj:

N N N Y (N),anti
yé,Q) = y§,3) + y§,1) + E'Ziz) .

)

So yg is given by the sum of 3 terms whose absolute value is of order not more than

O(N). The same holds (from Lemma 6.7) for each yg) for j < N — 2, i.e. until we reach

the ’cross-diagonal’. After the ’cross-diagonal’: yg\]/\; = 3/55271 + %zg\;, and |y§f\]/\;71], \zg\”

have order less than .
Regarding the row Ls:

Y _(N)anti

N N N
Z/:g,z) = 95,2) + y§74) + 221,3

is given by the sum of 3 terms whose absolute value has order less than N, while for yg),

by applying Lemma 6.7 twice, i.e. until we end up only with elements of yy and zy, we

get
N N N N 7 N),anti N),anti
yég) = ?J%,s) + y§,1) + y§,5) + - <Z§,2) + Z§,4) ) .
So yéjg) is given by the sum of 5 terms whose absolute value has order less than N. For

yé{}r), j < N — 2 (until the 'cross-diagonal’), apply Lemma 6.7 twice: the value of yg) is

105



given by the sum of 5 such terms, while for N —1 < j < N,
Y _(N),anti
yé) 7y§]\;3+y§]\;1+ gz\;2
N T[N N N 27 (N THa,c N
0= (0 0] = 2o -
and so they are given by 3 terms with absolute value of order at most V.
In general, the same holds for the row L;, i < [§] + 1 from applications of Lemma

(N)

6.7 inductively. For all y;;* we apply Lemma 6.7 until we have written each yl.(g) only in

terms of entries of YN and ZN.

For j < i, i.e. until the main diagonal, y "’

i 18 given by the sum of v terms, whose order is
less than N, and

v=135---,(2i—1) for yfl)wfz)a--- ,ygiv), respectively.

For that we apply Lemma 6.7 and write

N N N N 7 N),anti N),anti
yz(,j) y](z) yg 7,)]+1 + ?JE z)j+3 oot yg,j—)i-i—l + - (Zi,ilj-ﬂ oot Z%,i—?—j—z) :

This formula gives that y( ) is the sum of (2j — 1) terms whose absolute value has order
less than O(N).

The same holds for j > N — (i — 1), i.e. after the ’cross-diagonal’, considering also
(6.67). As for the rest terms in L;, fori < j < N — (1 — 1): yfj) is given by the sum of
(2¢ — 1) terms whose order is less than O(N). O

Now, from (6.33) we can see that the entries of zy can be written in terms of entries of

zn as well:
N
N N N
x@(,j) = Z 5i,kylg;7j) + Z((s(izl,kzl) + 5(i=N,k=N))Z;g,j)
= k

N N
N N N
= > By + > 5i,kzz(v,j)+k_zv_1+7§ (Bi=1k=1) + OimNh=t)) 21y
k

k+i<N k+i>N

where ;; are the elements of the matrix B, (1.7), and the entries of yy are split into two
sums regarding their position about the cross diagonal.

We write
lznlla < I Bllallynllz + Saznlla S lunlle + N < N2,

Proof of Proposition 1.1. We are ready now to bound from above ||by|l2. We write for
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some positive constant C’;,c
Ioxllz < llzwllz + lyxllz < Cq N

where for the first inequality: since by is positive definite, decomposing by in its square
root matrices:

o — | X S| Cp X O fx ¢p {0 ¢pp00
Yl wl [ owl ¢ ool o of o vl ¢ ow

= X' X+Y"Y.

And since X*X and X X* are unitarily congruent and the same holds for Y*Y and YY*

from polar decomposition for example), there are unitary matrices U, V € CN*N g0 that:
p p ple), Yy )

zn O 0 0

YN

by = XX +YY =UXX'U " +VYY'V*=U U +Vv V.

Then it is clear that for the spectral norm (which is unitarily invariant):

IN ZN
N YN

Regarding the last part of the statement that ||by'[|2 is bounded from above: Let us

< onll2 + [y~
2

first state some facts about the spectrum of the matrix by that solves
boM + MTby = diag (217,,0,...,2T5,0,...,0) := O.

It is known that by is the covariance matrix that determines the stationary solution of the
Liouville equation in the harmonic chain (and it has been found explicitly in [RLL67], see
a description of their approach in the beginning of the proof of Lemma 6.5). From [JPS17,

Lemma 5.1], we know that by is bounded below and above:

I 0
0 B!

0

T oo

<by <71

Thus ||bo||2 and ||by||2 are uniformly bounded in terms of N: from Remark 6.2 we
write B = —c¢ AN + "% a4;. Even though here we will only use that ||by!||2 is finite, in
fact when a > 0, B possesses a spectral gap uniformly in N. Moreover, by > by: since
Iy > O, for every ¢ > 0,

—tMT I —tM

MT A
N € > e tMT Q@ emtM

e
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and since —M is stable (all the characteristic roots have negative real part) we have
by = / e M Tye ™Mt > / e M Qe M gt = by,
0 0

So byt < by and so |[by'[l2 < ||bg ||z which is less than a finite constant (because of the
spectrum of the discrete Laplacian). Therefore there exists positive and finite constant
CZ so that [[by']]2 < C2,. Conclude the Proposition by taking C, . := min(C} , C2,). O

a,c)

To sum up: for the homogeneous weakly anharmonic chain, the method described in
Section 3 with the modified Bakry-Emery criterion, gives a lower bound on the spectral
gap that is of order N=3 (see the exponential rate in the main Theorems). For the purely
harmonic chain, since we know that it always decays with N from Proposition 6.1, this
lower bound shows that the spectral gap in this case can not decay at an exponential rate

i N, it s at most polynomial.

In the next Proposition, exploiting the estimates on ||by||2 from the above matrix

analysis, we get alternatively the lower bound on the spectral gap of the harmonic chain.

Proof of Proposition 1.2. We remind that ||byl|l2 < C,.N? by Proposition 1.1 and that
the spectral gap divided by inf{Re(u) : u € o(M)} is bounded below and above in terms
of N, by Proposition 6.1. From [Ves03, Inequality (13)], [GKK], we have an estimate for
the decay of e~ Mt

le™ 112 < flow [ l1bx" e=*/1o~

So, for u be the (normalised) eigenvector corresponding to an eigenvalue of M, p > 0, we

write
2R [l 2 = [l Meu? < |55 e /1!
and therefore we write —2Re(pu) < —m which means
Re(p) > L
e :
"= 2]

Taking the infimum over the real parts of the eigenvalues of M, we conclude that
inf{Re(p) : p € o(M)} > C, N>

]

Eventually, from the whole procedure in this note we have that the scaling of the spectral
gap of the homogeneous harmonic chain is in between N=3 and N~!. In [BM22, Proposi-

tion 9.1] it is proven that this lower bound is the sharp one, i.e. an upper bound of order
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N3 is provided.

From a simple numerical simulation in Matlab on the spectral gap of the matrix M, the
true value is indeed N—3. In particular calculating the real part of the smallest eigenvalue
of the matrix M and multiplying the result by N? we get the following behaviour in Figure

2.2, which shows that then the spectral gap converges for large N:
7 T T T

N3p

0 Il Il 1 I ]
0 50 100 150 200 250 300

chain length N

Figure 2.2: Scaled spectral gap as a function of the chain size for pinning coefficient a = 0,
interaction coefficient ¢ = 1 and friction constant v = 1. We denote by p the spectral gap
of the harmonic chain.
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Chapter 3

The optimal spectral gap for regular
and disordered harmonic networks of

oscillators

This chapter is the article published in [BM22] and it is a joint work with Simon Becker.

We consider one-dimensional chains and multi-dimensional networks of harmonic
oscillators coupled to two Langevin heat reservoirs at different temperatures. Each particle
interacts with its nearest neighbors by harmonic potentials and all individual particles
are confined by harmonic potentials, too. In this article, we provide, for the first time,
the sharp N dependence of the spectral gap of the associated generator under various
physical assumptions and for different spatial dimensions. Our method of proof relies
on a new approach to analyze a non self-adjoint eigenvalue problem involving low-rank

non-hermitian perturbations of auxiliary discrete Schrodinger operators.
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3.1 Introduction

We analyze the dependence of the L?-spectral gap of the full Fokker-Planck operator for a
classical heat conduction model from non-equilibrium statistical mechanics by using novel
ideas from scattering [SZ89] and random matrix theory [FKS97] to reduce it to a non
self-adjoint eigenvalue problem involving discrete Schrodinger operators. Even though non
self-adjoint eigenvalue problems are often subtle to analyze using perturbative methods,
we show that the low-rank nature of the non self-adjoint perturbation allows us to exhibit

precise estimates on the behaviour of the spectral gap.

3.1.1 Description of the model

In this article we study the so-called chain of oscillators, which is a multi-dimensional
model! describing heat transport through a configuration of N¢ interacting particles, where

d is the spatial dimension.

We consider particles labelled according to the sites of a d-dimensional square lattice
[N]¢, where [N] := {1,.., N}, with quadratic nearest neighbour interaction and pin-
ning potentials confining the particles of mass m; to a lattice structure. Let myyj :=
diag(my, ...,myq) be the mass matrix, containing the masses m; of particles i € [N]¢
on the diagonal, and let ¢; be the displacement of each particle with respect to their
equilibrium position and p; its momentum. The energy of the oscillator chain is described
by a Hamilton function H : T*R™" — R, where T*R" is the cotangent bundle denoting

physical phase space and can, of course, be identified with RV d,

<p7m_]\}dp>
H(q,p) = % + V,,¢(q) where
(1.1)
Viela) = Y milal + D &l — a5l
i€[N]4 i~

By the symbol ~, we indicate nearest neighbors on the [N]? C Z9 lattice and n;, &;; >
0. The above form of the potential describes particles that are fixed by a quadratic
pinning potential Upiyi(q) = m:|¢:|* and interact through a quadratic interaction potential
Uit,i~j(q) = &ijl@ — q;]* for i, j such that || — j|joo = 1. The quadratic potential models
the leading order interaction that pushes the particle back to its equilibrium position.
Constants 7; and &;; then correspond to twice the spring constant in our normalization.

The dynamics of this model is such that (some) particles at the boundary on [N]¢ are

coupled to heat baths at (possibly) different temperatures 37!. Moreover, some particles

Lalthough in higher dimensions the model is no longer a chain of oscillators, but rather a network, we
shall still use the expression chain of oscillators to refer to the model as it was first considered in one
dimension and the name chain of oscillators has been used pars pro toto.
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i€ F CO{l,.., N} are subject to friction and we denote by ~; > 0, the friction strength
at the i-th particle. However, at least for the mathematical analysis of this model, these

particles do not have to coincide with the particles that are in contact with the heat bath.

The time evolution is then for particles i € {1,.., N}¢ described by a coupled system
of SDEs:

dq;(t) = V,,H dt and

(1.2)
dpi(t) = (=VH — vipidicr) dt + dicry/ 2myy; 3, dW;

where [3; is the inverse temperature at the boundary of the network of oscillators, W; with
i € F are iid Wiener processes, 7; > 0 a friction parameter, and F C {1,.., N}9 the set of
the particles subject to friction.

For the analysis of one-dimensional chains, we mainly consider friction at both terminal
ends, i.e. F = {1, N}, in which case ; and Sy correspond to actual physical inverse
temperatures. Our analysis also allows us to study a chain with zero friction at a single
end of the chain, this is a scenario that has been considered by Hairer in [Hai09]. In this
case, the frictionless end is interpreted to be in contact with an environment at infinite
temperature. Thus, the inverse temperature at the frictionless end no longer corresponds
to a physical temperature.

The solution to the above system of SDEs (1.2) forms a Markov process, and can
thus be equivalently described by a strongly continuous semigroup P, f(z) := E. (f(ps, ¢:))
where (p;, ;) € R2¥" solve the system of SDEs (1.2). Its generator is given by

Lf(z) = = (2, MaV.f(2)) + (Vp, TmypyjadV, f(2)) (1.3)

where Mya € CN “x2N* " the matrix in the drift part of the above generator, and I' €

d d . .. . . .
RN**N? the matrix containing the friction parameters, are matrices of the form

I —-m;!
M[N]d = [N]¢ and
B[N]d 0

I' = diag(va,.1)0a,..1er: Y21, 10021, 1)F > - - - » V(N,..N)O(N,..N)EF)-

The matrix ¢ containing the temperatures is of the form

0 = diag(B;" )00, 0eFs - B, 0N, N)eF)-

Defining for ¢,j € [N]? self-adjoint operators (u, L; ju)pe(njacy == |u(i) — u(j)[* that
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decompose the negative weighted Neumann Laplacian on ¢*([N]?; C) as

A Z &jiLij,

i~j

RNd x N4

we can identify the matrix By € appearing in My}« with a Schrodinger operator

i€[N]4
where (0;(u))(j) = u(i)ds;. The operator By« reduces in one dimension, i.e. d =1, to the

Jacobi (tridiagonal) matrix

(B[N]f)n = _Smn—i—lfn—&—l - Sn—l,nfn—l + (nn + gn,n—i-l + fn—l,n)fn-

with the convention that §; = {n v+ = 0.

3.1.2 State of the art and motivation

The (multi-dimensional) chain of oscillators is a non-equilibrium statistical mechanics
model initially introduced to study heat transport in media. It was first introduced
for the rigorous derivation of Fourier’s law, or a rigorous proof of its breakdown: this
is well described in several overview articles on the subject: [BLRB00], [Lep16, Dha08]
and [FB19]. The linear (harmonic) case was the first to be studied in [RLL67], where
the non equilibrium steady state (NESS) was explicitly constructed and the behavior
of the heat flux analyzed as well, leading (as expected) to the breakdown of Fourier’s
law. For results regarding on chains with anharmonic potentials, we refer the reader to
[EPRB99a, EPRB99b, EH00] where existence and uniqueness of stationary states was
studied and to [RBT02, Car07] where exponential convergence towards the NESS has
been proved. Regarding the existence, uniqueness of a NESS and exponential convergence
towards it in more complicated anharmonic d-dimensional networks of oscillators (not
only for square lattices) see [CEHRB18]. In [Raql9, Men20] bounded perturbations of
the harmonic chain are discussed. Note also that short chains of rotors with Langevin
thermostats have been studied in [CP17, CEP15]. In the articles [HM09, Hai09] some
negative results are presented, i.e. lack of spectral gap, in cases where the pinning potential
is stronger than the coupling one.

The main motivation of this article is to find the exact scaling of the spectral gap of
the associated generator of the dynamics as defined above, in terms of the number of
the particles. Quantitative results in this sense are missing from the literature and even
in the simplest cases for the chain of oscillators, i.e. the linear (harmonic) chains, the

dependence on the dimension of the spectral gap has been open. Attempts have been made
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through hypocoercive techniques to get N-dependent estimates under certain assumptions
on the potentials: see the discussion in [Vil09a, Section 9.2] where this question was first
raised. The techniques discussed in Villani’s monograph however only yield rather far
from optimal estimates on the spectral gap in terms of the system size. To the authors’
knowledge, the only relevant result so far that gives a polynomial lower bound on the
spectral gap for the same model (homogeneous with a weak N-dependent anharmonicity)
is [Men20]. Hypocoercive techniques used in that article provide a polynomial lower bound
on the spectral gap and upper bounds on the prefactors in front of the exponential that
determine the exponential rate of the convergence.

Here we give the sharp upper and lower bounds on the scaling of the spectral gap. In this
article we not only cover homogeneous networks of oscillators, but also randomly perturbed
pinning potentials or pinning potentials perturbed by single impurities. In addition, our
techniques also apply to other scenarios apart from the classical one-dimensional model,
in particular it gives scalings for d-dimensional square network cases. These results seem
to be the first of their kind.

Microscopic properties and heat transport. Before stating our main results, we want
to mention results on the macroscopic heat transport of the chain of oscillators, e.g. heat
conductivity, and how such properties are determined from microscopic properties of the
system. In particular, we would like to highlight which microscopic properties affect the

heat transport and which determine the asymptotic behaviour of the spectral gap.

It has been suggested by [CL71] that, for an infinite one-dimensional chain the absolutely
continuous part of the spectrum of the Schrodinger operator (1.4), i.e. the metallic part of
the spectrum, leads to infinite conductivity. In the specific example of the homogeneous
chain, where there is only absolutely continuous spectrum in the limit, it is well-known
that the conductivity is infinite (Fourier’s law doesn’t hold) [RLL67]. Note also that the
behavior of the flux does not depend on the dimensionality of the system, see [R.H71] for
2 dimensions. However, in disordered harmonic chains (DHC) with random masses, where
all eigenstates of the discrete Schrodinger operator are localized, the heat flux vanishes as
N — oo almost surely, see [CL71, RG71, OL74].

First studies of the behaviour of the heat currents in a one-dimensional DHC were done
in [CL71, RG71]. In particular, in [RG71] the heat baths are semi infinite harmonic chains
distributed according to their equilibrium Gibbs measures at temperatures 77, Tr (free
boundaries). In this case, E(Jy) 2 N~'/2 where E(-) denotes the expectation over the
masses. That E(Jy) ~ N~2 was proved a bit later in [Ver79], showing that Fourier’s law
does not hold in this model of DHC. Results regarding heat baths coupled at both ends
with Ornstein-Uhlenbeck terms with fixed boundaries, i.e. go = qy+1 = 0, was first done
in [CL71]. A rigorous proof of E(Jy) ~ (AT)N~%?2 was given in [AH11]. The limiting
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behaviour of the heat flux in both of these models is also discussed in [DhaO1]. Localization
effects of the discrete Schrodinger operator enter also in the study of mean-field limits for
the harmonic chain [BHO19].

Our new approach shows that the spectral gap of the generator to (1.2) is determined by
the decay rate of eigenstates of the discrete Schrodinger operator (1.4), under a constraint

on the level-spacing between its eigenvalues. The Schrodinger operator is given as

(B[N]df)i = (_A[N]df)i +n;fi, where f = (fi)ie[N}da

and fully defined in terms of masses and the potential strengths. In particular, our results
indicate that the presence of exponentially localized eigenstates in the discrete Schrodiger
operator, i.e. the insulating part of the spectrum, causes an exponentially fast closing
of the spectral gap. In contrast to this, if the discrete Schrodinger operator possesses
only extended states, the spectral gap again decays to 0 as N tends to infinity but this
time only at a polynomial rate. Both results only hold under a pressure condition on the
eigenvalues.

The above results show that single impurities which correspond to rank one perturba-
tions in the discrete Schrodinger operator should not affect the heat conductivity but do
affect the spectral gap. Put differently, heat transport is an effect that is governed by all
the modes of the system whereas the spectral gap is -in general- only determined by a

single extremizing mode of the Schrédinger operator.

3.1.3 Main results

We study the spectral gap for three scenarios describing fundamentally different physical

settings:

e For a homogeneous model with the same physical parameters for every particle (the
associated Schrodinger operator possesses only extended states in the limit N — 00),
Fig. 3.1,

e for a model with a sufficiently strong impurity in the pinning potential of a sin-
gle particle (the Schrodinger operator possesses both extended and exponentially

localized states in the limit N — oo), Fig. 3.2, and

e for a model with disordered pinning potential (the Schrodinger operator has only
exponentially localized eigenstates in the limit N — oo for d = 1, this is also
conjectured to be true for d = 2, and is conjectured to have both exponentially
localized and extended states in dimensions d > 3), Fig. 3.3. In this article, however,

we only use the existence of some localized states.
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Figure 3.1: Homogeneous chain: Spectral gap O(N~3).

Figure 3.2: Chain with impurity: Spectral gap O(e

O-e-0-0-0-0-0-00-0-0-0O

Figure 3.3: Disordered chain: Spectral gap O(e=<V).

ch>‘

Figure 3.4: The one-dimensional chain of oscillators connected to heat baths (big discs)
and with various pinning potentials (differently coloured discs indicate different pinning
strengths).

Our main results on the N-dependence of the spectral gap of the d-dimensional

harmonic chain are summarized in the following theorem:

Theorem 1.1. Let the positive masses and interaction strengths of all oscillators coincide,
N9 be the number of oscillators, placed in a square grid with N oscillations on each side,
and d the dimension of the network. If all the friction parameters for all oscillators does
not grow faster than the number of boundary particles, i.e. SUp;ercaonye Vi < O(N4Y), the

spectral gap of the chain of oscillators decays always as a function of N. In particular,

e (Homogeneous chain): Let the pinning strength be the same for all oscillators, then
1. if two particles located at the corners (1,...,1),(N,...,N), see Fig. 3.6, are
exposed to the same non-zero friction and non-zero diffusion, the spectral gap
of the generator satisfies
Ag = O(Nfgd).
In particular for the one-dimensional chain of oscillators Ag = O(N~3).

2. if the same non-zero friction and non-zero diffusion for particles located at the

center of two opposite edges of the network

(L, [N/2],... INJ2]), (N, [N/2], ... [N/2]),

see Fig. 3.7, the spectral gap of the generator satisfies \g = O(N3~(@=1)),

3. if d = 2 and the particles exposed to the same non-zero friction are located at

opposite edges of the network, the spectral gap satisfies \g = O(N~°/2).

e (Chain with impurity): Let N be even. We assume that all masses and interaction

parameters are positive and coincide and the friction parameters y; of the boundary
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articles
O[N* = {i € [N]*;Fi, : i, € {1, N}} of [N]* :={1,..,N}?

satisfy sup;eapnia Vi € (0, c)where ¢ is independent of N and the friction is non-zero
on at least one boundary edge. Then, if the pinning strength n.,n) at the center
point cq(N) = (N/2,..,N/2) of the network is sufficiently small compared to the
pinning strength of all other oscillators, then the spectral gap As of the generator

closes exponentially fast in the number of oscillators, for all d > 1.

e (Disordered chain): We assume that all masses and interaction parameters are

positive and coincide and the friction parameters ~; of the particles at the boundary
O[£N]* := {i € [£N]% ||i]loe = N} of the network [£N]* := {-N, .., N}*

satisfy sup;epanye Vi € (0, ¢) where c is independent of N and the friction is non-zero
on at least one boundary edge. Then, if the pinning strengths are iid random variables
according to some compactly supported density p € C.(0,00), the spectral gap As of
the generator decays exponentially fast in the number of oscillators, for all d > 1 for

all but finitely many N.

Our findings in Theorem 1.1 are illustrated in one spatial dimension in Figure 3.5.

Open questions.

e While we fully settle the scaling of the spectral gap for one-dimensional oscillator
chains, and for many grid-type configurations in higher dimensions, the scaling of
the spectral gap for many physically relevant configurations in higher dimensions
remains open. Although our method of proof still applies to such configurations
as well, the necessary estimates seem to become rather intricate, cf. the discussion

below Proposition 3.6.

e [t would be interesting to study the behavior of the spectral gap in terms of the
dimension of the system in the oscillator chains for more general classes of pinning
and interaction potentials, i.e. for example for potentials, as studied in [EH00, Ass.
1 and 2]. As a first step, one might consider quartic corrections to the potential in
(1.1). While this analysis cannot be reduced to a Schrodinger operator in that case,
we still believe the connection between decay properties of (generalized) eigenstates

of the symmetric part of the operator and the scaling of the spectral gap to persist.

e Moreover, apart from considering different kinds of potentials, one can study different
kind of noises as well, [Raq19, NR|, where quantitative rates of convergence are not

available, so far.
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Spectral gap of one-dimensional chain of oscillators
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Figure 3.5: Log-log plot of the spectral gap for the one-dimensional chain of oscillators for
all three cases considered in Theorem 1.1. The impurity is modeled by choosing a pinning
strength n; = 10 for all oscillators ¢ apart from the one in the center for which we choose
nns2 = 5. The disorder potential is of the form V,,(n) = 1 + X,, where X,, ~ U(0, 1) are
i.i.d. uniformly distributed.

e It would also be interesting to extend our analysis to more complicated geometries
such as different lattice structures. We expect comparable bounds to the integer
lattice, but due to the non-explicit structure of the spectral decomposition of the

Laplacian, the analysis of such geometries is presumably more intricate.

Notation. We write f(z) < O(g(z)) to indicate that there is C' > 0 such that |f(2)| <
C'lg(z)] and f(z) = 0(g(2)) for z — 2 if there is for any € > 0 a neighbourhood U of z,
such that |f(z)] < elg(z)|. Instead of writing f(z) < O(g(z)), we sometimes also write
f(2) < g(2). Finally, we introduce the notation [N] := {1,..., N} and

OIN]" = { = (i1, ia) € [N)' il = N or minin = 1} .
ne
The eigenvalues of a self-adjoint matrix A shall be denoted by A;(A) < ... < Ay(A). We

also employ the Kronecker delta where d,c; = 1 if n € I and zero otherwise. The inner

product of two vectors z,y € R™ is denoted by (z,y).
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3.2 Mathematical preliminaries

For our purposes, it is sometimes favorable to consider also another form, which we obtain

upon performing the following change of variables

p= m[;\}}/fp, q := \/ Bnjaq.

This is an isomorphic change of variables if and only if all masses and interaction strength

are strictly positive. In the new coordinates, the generator becomes

~ —1/2 1/2 ~ 1/2 —1/2 ~
£ = (p.my [P BT V3) — (@, BYim[iV5) — (5.TV;) + (V;, TOV;)

(2.5)
= —(Z, Qe Vsz) + (V5, TOV)
where 212
N I —m 0 By 2.6
V= g2 -2 0 : (2.6)
(N v

The following Proposition identifies the optimal exponential rate of convergence, and
thus the spectral gap, to the NESS for Ornstein—Uhlenbeck operators. This result was
first proved, to our knowledge by [MPP02]. Here we state a version given in [AE, Mon19]:

Proposition 2.1 (Proposition 13 in [Mon19], Theorems 4.6 and 6.1 in [AE], Theorem
2.16 in [AAS15]). Let the generator of an Ornstein-Uhlenbeck process given by

Lf(z) = —{(Bz2),V.f(2)) + div(DV.f)(z), z¢€ R (2.7)
under the assumptions that
1. There is no non-trivial subspace of ker D that is invariant under BT

2. All eigenvalues of the matriz B have positive real part (B is positively stable).

Let p := inf{Re(A\) : A € Spec(B)} > 0 and let m, that possibly depends on N, be the
mazximal dimension of the Jordan block of B that corresponds to an eigenvalue \ of B such
that Re(\) = p.

Then there is a unique invariant measure i and constant ¢ > 0 so that, regarding the long

time behaviour of the process with generator (2.7),
c M1+ t2(m’1))e’2pt <P, — pl)* < ce”(1 + tQ(m’l))e’Q’)t, t>1
where || Py — pl| := SUD| £],2 s (P = o) fll 2 -

Therefore, both the exponential rate given by p is and the power (1 4 2"~V are
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optimal. Now if we define for every e € (0, p),

C.n = sup e 2(1 + ¢2m=b)
>0

we have
(1 + t2(m71))672pt < Ce,N€72(p76)t~

Note that since m can depend on N, C, y depends on NN, too. The exponential rate
and more generally the estimates of the relaxation time, is due to the drift part of the
operator, whereas the hypoellipticity condition is used to ensure us for the existence of
a unique invariant measure p (in [AE, Lemma 3.2] it is established that the invariant
measure is in general a non-isotropic Gaussian measure. See also [RLL67] where they find
an explicit form of this stationary measure having as motivation to study properties of the
NESS of the harmonic oscillators chains.)

We finally would like to mention that such a result holds in relative entropy as well
[Mon19].

The above Proposition 2.1 applies to the chain of oscillators as well, where B is just
Q%;V]d in (2.5). Conditions (1) and (2) are satisfied, once we assume there is diffusion
and friction, i.e. F # (), since this condition is equivalent to the hypoellipticity of 9; — L
[H67, §1]. Also Qj« satisfies condition (ii), see [JPS17, Lemma 5.1], for more details see
the Appendix 3.A. Since we don’t know if our matrix {2y is diagonalizable, C; v here
depends possibly on N and when considering the worst case we have a dependence of

order *™=1 on the right hand side. Then applying Proposition 2.1 in our case we get
90— le—20t < HPt _NH2 < cep(l _'_tZ(Ndfl))eprt.

To summarize the discussion of this Section: The spectral gap Ag of the generator of

the N-particle dynamics (2.5) is precisely given by
As := inf{Re(\) : A € Spec(Qyja)} = inf{Re(A) : A € Spec(Mya)}.

We record some simple observations about the behaviour of the spectral gap in the

following Proposition:
Proposition 2.2. For the harmonic network of oscillators the following properties hold:

1. The characteristic polynomial of Miyja satisfies det(Myje — Aid) = det(A* — A" +

m[’]\}]dB[N]d) = 0. In particular, the matriz Miya is invertible if and only if By is

nvertible.
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2. If there is the same non-zero friction at every oscillator, i.e. I' = yidjyje, F = [N9],
and inf yen inf/\espec(m[’]\,ldB[N]d) A > 0 then the chain of oscillators has a spectral gap
that is uniform in the number of oscillators. In particular, if all masses and coupling

strength 1, § coincide and are non-zero, then we have inf yey mf,\espec(m—ldB yA > 0.
[N)

(V4

3. The spectral gap of the generator (1.3) decays at least with rate O(N~Y) if the
friction parameters at particles on the boundary [N]¢ of the particle configuration

[N]? does not grow faster than the number of boundary particles, i.e. SUP;ercange Vi <
O(N41).

4. Let 1 € F C {1,N} be the left terminal end of a one-dimensional chain, i.e.
d = 1, with universal (independent of the size of the chain) friction parameters
v1 > 0,vv > 0. If all oscillators have the same mass and there are constants
c1,¢o > 0 such that ¢y < & j,m; < co for all N, then the spectral gap of (1.3) does

not decay faster than e=N for some ¢ > 0.

Proof. (1): The determinant formula follows from general properties of block matrices.

By setting A = 0 it follows that My« is invertible if and only if m[’]\}}dB[N]d is invertible.

2): If F = [N% and I = I then det(\? — YA + m -, Biyie) = 0 is equivalent to solving
[N]d2[N]

A2 — Y\ + =0 where u € Spec(m[’]\}]dB[N]d). Now as the product of two positive definite

matrices, m[;\}]dB[N]d has again positive eigenvalues. Thus, all solution to this equation

have their real part bounded away from zero.

(3): is a consequence of the identity

> Re()) = tr(Mya) = tr(I).

)\GSpec(M[N]d)

Since we have 2N¢ (counting multiplicity) positive terms that all satisfy Re(\) > 0 where
A € Spec(Mya), and by assumption tr(T') < O(N'), we conclude that Ag < O(N1):

Indeed we write

> Re()) > (2N")inf{Re()) : A € Spec(Myp)} = O(N*)

)\ESpec(M[N]d)

and thus
As = inf{Re(\) : A € Spec(Myja)} < O(N).

(4): We introduce the transfer matrix [Tes00, (1.29)]

M—(Gimit&iriretmiry)  &in
Aj()\>: 52‘4—12‘4—2 &61,1‘4—2 ) (2.8)
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Thanks to the tridiagonal and symmetric form of By, the transfer matrix (2.8) allows us

to write the solution to (By + A?)u = 0 inductively as

(") = o)

This way, H(UH_L UZ)TH S Ci_l

(usg, ul)TH with boundary conditions

m+&a— A2 NN +Enin — A2
Ug = ———q; and uny_1 = UN.
€12 EN-1,N
and where C' = sup; [[A;]| . The boundary conditions can be obtained from solving

(Byu)(1) + Mu(1) = 0 and (Byu)(N) + ANu(N) = 0.
Let X € Spec(M[y)) with Re(A\) = Ag, then there is u normalized such that

(my' By + A)u = Al'u.
Then, by taking the inner-product with u again:
(my'By + A)u, u) = \MTu, u). (2.9)
We can assume without loss of generality that () # 0, as
<m;,1BNu,u> >mte; >0,

where m is the mass of the particles. Thus, there can be no real solution A = O(e~") for
N sufficiently large to (2.9). Now, since the real and the imaginary parts on both sides
should be the same, we write for the imaginary part S(A\*) = S(A) 3,c 7 7ilus|*. Writing
then A = A\g +i(A) yields

|Uz'|2 71|U1|2
As =) % B (2.10)
ieF

Since wu is normalized this implies, using also (2.10), that
N CQN
1= Z |’UHL’2 < C%N"U,l’z < QLAS
i=1 n
which implies the claim as we assumed that there is friction at the first particle. O

Remark 2.3. The artificial case (2), in which we assume friction at every particle, and

the result in (3) show that it is the sub-dimensionality of the particles experiencing friction
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that causes the spectral gap to close for almost all configurations of the chain of oscillators.

3.3 Proofs of the main results

3.3.1 Reduction method from scattering theory

In a preliminary step, we harness the low-rank character of the perturbation and reduce
the study of the spectral gap to an auxiliary problem.

The following Lemma reduces the dimension of the spectral analysis of Quye €
C2N2N - which determines the spectral gap of the generator (2.5), to an equivalent
problem for a low-dimensional Wigner matric W € CV1¥¥1 and connects the low-
dimensional Wigner matrix to the eigenvectors of the off-diagonal blocks of 2. For more
background on this method, that originates from scattering theory, we refer to [SZ89].
We apply it here to study the spectra of low-rank perturbations, due to friction at the

boundary oscillators, of the Hamiltonian system.

Lemma 3.1 (Low-rank perturbations). Let B be a self-adjoint matriz on CN* with

eigenvalues \; and eigenvectors v; and consider the matric A = 12 = Ay + il with

. 0 —iB
' := diag(I", Opnayna) where Ag = ('B (Z) ) . We then have that for A € R\ Spec(B)U
i

Spec(—B),

A € Spec(A) if and only if —i € Spec(Wx(X))
with

- F
W)= >0 (-m YD ans(wml, (3.11)
nEL Spec(B) 11,02€F
Il Pl g -

for rank one operators m; ;. = e ' ®e;, ' and matriz-elements

d d
ai1,i2(u - j:)‘j) = Vi1 Vio <V;‘:t7 ez21N ><6122N "/j:t>’

with V= = \%(vj, +iv;)T.
Proof. We introduce matrices Ar = { Fae2N (z)} o e C2V**I71 and then have
i€[2N?),aeF

that the friction matrix is given by I’ = ArAx.
The Wigner Wx-matrix is defined, for A\ ¢ £ Spec(B), as

Wr(A) = A\ — Ag) L Ar € CFIIFL

We then obtain from properties of the determinant, and Sylvester’s determinant identity,
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applied in the second line, that

det (idj 7 —iWz(N)) = det (idj7 —i A% (A — Ag) "' AF)

ot (idwd - AO)—1f>
(A=A (1 = Ay —iD))

(A= Ap) ") det (A — A).

€]
-+
~

Rearranging this identity shows that
0 = det(A — A) = det(X — Ag) det (idr —iWx(N)) . (3.12)

Thus, all eigenvalues A of the high-dimensional matrix A coincide with values A for which

—i € Spec(Wx(A)). The eigenvectors of Ay are given by VjjE = \/Li(vj, +iv;)T where v; are

eigenvectors of B to eigenvalues A;. From spectral decomposition then we write

Nd
We) =3 0 F )T D el e Hel v o

+ =1 i1,i2€F
This expression coincides with the one given in the statement of the Lemma for Wx. [

Remark 3.2 (Normalization of masses). In the sequel we assume in our statements that
the masses do all coincide and to simplify the notation, we just take them to be equal to

one.

3.3.2 One-dimensional homogeneous chain

We first study the behaviour of a one-dimensional chain of oscillators that consists of
particles with the same physical properties. The limiting discrete Schrodinger operator
B, possesses only absolutely continuous spectrum, by standard properties of the discrete

Laplacian, and we find a polynomially fast rate for the closing of the spectral gap:

Proposition 3.3 (One-dimensional Homogeneous chain). Let all pinning and interaction
parameters n; > 0, &; > 0 of the potentials, and masses m; coincide, respectively and
assume that there is at least one particle with non-zero friction v > 0 and diffusion at at
least one of the terminal ends of the chain. The spectral gap of the harmonic chain of
oscillators satisfies \g = O(N73).

Proof. The eigenvectors to the root of the discrete Schrodinger operator v/ By, defined in
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(1.4), coincide with the eigenvectors to the discrete Laplacian and are just given by

N3 i=1

Y

vi(j) = r(i-1)(i-% (3.13)
\/% cos (*(32)) , otherwise

with eigenvalues

2N

Ai(v/By) = \/4§sin2 (M) +n, for j € [N]

of /Bn. We also define the quantities A\_;(v/By) := —\;(v/By) and vectors v_; := v; for
j € [N].

Step 1-Eigenvalue estimates. To start with, we define the differences of all the
eigenvalues \;(v/By) from the largest N-th eigenvalue Ay (v/By):

Hj = Aj(\/B_N) —Av(V/By), j€=£[N]

and we show that the differences p; are lower bounded. Indeed we observe that by Taylor

expansion we have

VA€ 1= X(VBN)| S A (VBy) = 4(VBy)) (3.14)

for j < N — 1, such that by using this estimate in the second line:

o % (VBy) + An(VBY)| 4 2 21-1
Hy = |)\j(\/B_N)2_>\N(\/B_N)2| 5 ‘)‘J(\/B_N) AN(\/B_N) | <3‘15)

S (VBN = @+ )l

This yields by combining (3.15) with the explicit expression of the eigenvalues (3.13)

sgn(j A€ sin’ (%) mH| R feos <%>

—1 —2

< O(N?) (3.16)

~Y

—1
22 N

where the last equality comes from the leading order in Taylor expansion.
Step 2-Wigner matrix. Next, we consider the translated Wigner matrix R that we
centre at Ay = Ay (v/By), defined in terms of Wz as in (3.11):

R]:()\) = W]:()\ + )\N)
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Since cos(mk — x) = (—1)* cos(z), we observe that also v;(1) = (=1)7"1v;(N) as

. L , L
cos <—’T(g];1)> = cos <7T(j -1)— TG DINT) %N 2)) = (—=1)"*cos <—(J %N 2)> )

To make the sums on the right of (3.11) more transparent, we define matrices

Ly (4) =1 and 'y (4) =7 ( L , (—1)Jl> ' (3.17)
| )
These matrices allow us to rewrite the translated Wigner R-matrix in the more concise
form
RrN) = 3 (A= m) lo(DPTF(). (3.18)
JE£[N]

Let us now restrict to the case F = {1, N}, so that we have friction imposed only on
the first and the last particle.
Our aim is to reduce Rr € C?*2 to a scalar equation®. In order to do so, we find that the

vectors u, = %, Ue = % are eigenvectors to the matrices I'z satisfying

L1y (7) (Ojeaza1to + Gjeaztie) = 27(8je0z41to + jeaztte).

In particular, u, € ker(I'yy y1(j)) for j € 2Z and w, € ker(I';1 ny(j)) for j € 2Z + 1. Step
3-Scalar reduction. Without loss of generality, let N be odd, in which case, we choose
u = u,. It follows from the explicit form of the eigenvectors (3.13) and Taylor expansion
that 2|uy(1)]* = O(N~3). We now use the expansion

o0

A=) == () = A= N (= ) (3.19)
n=0
to rewrite the equation (Rx(A) + i)u = 0 in terms of the following scalar functions

_ Ly i [ (WP
fOA) =vA with v:i=1i—-2y Z and
jerNraznny

o =2 (wp- Y O e luE A

2 L
jexNr2z+n Ny M jexNrzzenny  Hio M A
(3.20)

2if there is friction at one end only, the Wigner R-matrix R is already scalar which is why we consider
the case of friction at two ends
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Indeed, since

(Rr(\) +i)u = [ 2v > A=) Ho; (P +i | (3.21)

JEL[N]N2Z+1\{N}

it follows by expanding (A — p;)~!, as in (3.19), and multiplying by A that
ABF(A) +i)u = (f(X) +g(A)u

and thus we reduce our problem to a scalar one, since

Rr(Mu = —iu if and only if f(\) + g(A) =0. (3.22)
Step 4-Estimation of f,g. Let us now fix a ball

K := B(0,ry) for some ry to be determined. (3.23)

We then find that for A € 9K we have for f
ry = [iAl < [f(A)] = O(ry). (3.24)

Using (3.16) for y;* and also the explicit form of the eigenvectors (3.13), yields that

Z |U]/S)| < i Z cos <7T(‘72N )) ’ ‘cos (W(‘;N )> =0O(1). (3.25)
jeEINNNY T JEEINI\{N}
We also record that again by (3.16) and (3.13)
3 (M 1 S feos (i — D\ |* cos [FU 1) B
2 ~N ON ON
ety H JELINN{N} (3.26)

-2

— O(N?)

N

o (5~ %)
cos = — —
~ 2 N
where the last estimate follows by Taylor expanding around 7 /2.

Equation (3.26) implies that for A € K we have for the second term in g()\), as in
(3.20), that

=

-1

Vs 2

j=1

Moreover, if we choose ry = O(N73), the the third term of g()), as in (3.20), can also
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be estimated, using (3.26), by

(D)2 A3 (D 1
Z |U](2)| — _ |)\|2 Z |UJ( )| - SJT?\]N2N_1:O<N_5)'
jernvny Ko M JELINI\(N)

piooF -1
(3.27)

since %4 > N2 — O(N) and so —2 ONT).

N~ N-3 e

Combining (3.25),(3.26), and (3.27), this implies that for A € 0K we have

2y [un (1) — O(N1%) — O(N%2) < :g(A)! and (3.28)

27 o (1)]” + O(NTX) + O(N*r}) =

Step 5-Upper bound. Thus, we choose in (3.23) ry = %|UN(1)\2 with o large
enough, (but independent of N) such that together with (3.24) and the upper bound in
(3.28), they imply that on 0K

2N—5 2N—4
90| S 29N~ 4 = 4+ S = O(r) = O(F())

which is the case if

a?N—=° o?N—*
4 * 4

2
2yN=3 4 < %N—?’ or 2+ %(N‘Q LN < %
where for large enough «, the last inequality holds true.

Therefore asymptotically with NV,
[F(N)] > [g(N)] on OK.

By Rouché’s Theorem, f and f 4 g have the same amount of zeros inside K. Since f has
precisely one root in K at A =0 so does f + g.

This implies by the equivalence (3.22) that R(A\)u = —iu has one solution A\ with
A< O(N73) and so A\g < O(N~3) which yields the upper bound on the spectral gap.

Step 6-Lower bound. The lower bound follows analogously. Assuming the modulus
of A would decay faster than O(N73), i.e. |A|/Jun(1)]*> = o(1) then we can select ry =
lox(1)]20(1) in (3.23). This way, g(A) does not have a root in K := B(0,ry) by the lower
bound in (3.28), as |g()\)]| is lower-bounded by a leading-order term 2 |uy(1)]*. Moreover,
by the same lower bound in (3.28) and upper bound in (3.24) we find that on 0K we have
for this choice of ry

lg(A)] > [f(A)] on OK.
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Thus, since g does not have a root inside K, there is also no root to f 4 ¢ inside K and
thus by (3.22) we necessarily have that N=3 < Ag. Now, it could hypothetically happen
that it is just the real part of A, where ) is the solution O(N~?) that causes A\ ¢ K, but
we argue that the imaginary part in fact decays much faster. In other words, we want to
exclude J(A\) = Re(N)o(1).

In order to exclude this scenario, we analyze the imaginary part of f(\) 4+ g(\) = 0.

This equation reads

JEL[N]N2Z+1\{N}

Since by (3.26) and (3.27), we have J(g(\)) = O(N™") and 2v 3 vz 1\ (a1 % =
O(1), we have by the standing assumption $(A) = Re(A)o(1), a contradiction since the
left hand side is smaller than the right hand side in absolute value.

]

Remark 3.4 (Dependence of Ag on the friction). We stress that our proof shows that the
spectral gap depends on the friction constant v, of the two terminal particles. In particular,
by carefully analyzing this dependence in the proof, we see that there are constants ci,co > 0
so that
gl -3 -3
—— | N2 < Ag < N7,
01<1+7> S AS S GY

3.3.3 Higher-dimensional homogeneous networks

We now turn to the d-dimensional homogeneous network of oscillators, on a square network
for d > 1. We will show how we can extend ideas from the one-dimensional setting to the
multi-dimensional case, in order to compute the spectral gap, by exploiting the separability
of the Neumann Laplacian.

Assuming n and £ to be constants allows us to perform an analogous reduction of the
high-dimensional spectral problem to a scalar problem, as in the one-dimensional case.
We have a Schrodinger operator on CV * associated to the dynamics, as the first order
part of the generator is expressed through the 2N? x 2N -dimensional matrix Qpyja. The

multi-dimensional Schrodinger operator has then the following spectral decomposition

N N
V B[N]d - Z T Z Ajl"'jd( \/ B[N]d)v;‘gfl..jd (329)

J1=1 Ja=1

1/2 .
where \;j,..j,(y/Biwje) = (T] +3 )\jk> with \; = 4¢ sin® (”(g;[l)> . The eigenvectors
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Figure 3.6: Spectral gap O(N%). Figure 3.7: Spectral gap O(N ).

Figure 3.8: The Z2-subnetwork with friction at the blue particles

vj,...j, are the product states

Vji--jq (’il, ig, C ,id> = Uy (Zl) cet Ujd(id) (330)
such that
N2 Lj=1
v; (i) = w(G-1)(i—2 (3.31)
’ \/% coS (W) , otherwise.

Two-particle friction on the d-dimensional network. As a first step we consider
friction at two distinguished boundary particles out of the N¢. We now show how the
method presented above applies if we consider friction at the two corners of the network,
Fig. 3.6, or at the centres of two opposite edges above and below, Fig. 3.7.

We remind the high dimensional version of Lemma 3.1. We consider the matrix

0 —iB
Qe = (iB d { O[N]d> + i diag(I, Opyaxa) (3.32)
(V]

and reduce the high dimensional spectral problem for €y« to a lower dimensional spectral
problem for the Wigner Wx-matrix in C?>*2. From this lemma we get the following

representation of the Wr-matrix:
d d F F
ZZ AFA)T D VAan(VE NN Ve v el (3.33)
+ j=1 i1,02€F

where VjjE = %(vj, +iv;)T are of the product form (3.30) with v; being the eigenvectors
of B[N]d.

Proposition 3.5 (Two-particle friction in homogeneous networks). Let the dimension of

the network be d > 1 and all n; > 0, &; > 0, and masses m; coincide, respectively. We
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consider two different scenarios:

e First, we assume that the two particles located at (1,...,1),(N,...,N) are subject
to non-zero friction v > 0 and diffusion. The spectral gap of the harmonic network

of oscillators satisfies

e Second, we assume the friction with constant v > 0 and diffusion acts on the particles

located in the centre of two opposite edges of the network at
(L, IN/2],. ., IN/2), (N, TN/21, . N/2]).
Then the spectral gap of the network of oscillators satisfies

Ag = O(N—37d=1),

Proof. To keep the notation simple, we restrict us to stating the proof for d = 2. We write
that the eigenvalues \; j(v/Byz) = (A + )\j)l/2 for 4,5 € [N] and that the eigenvectors v; ;
are the product states v; j(k,1) = v;(k)v;(l). Here again regarding the couple (i,7) € [N]?,
we define A\_; _;(v/Bpyz2) == — (N + )\j)l/2 and v_; _;(k,l) := v; ;(k,l) = v;(k)v;(l) when
i,j € [N].

As in the one-dimensional case, we compute first the differences of all the eigenvalues
Ai;(v/Byz) from the largest eigenvalue Ay n(v/Bye2):

IAn,n (v Byz) = Aij(v/Byz2)| 2 (86 +20)'? = Ay j(v/Bye)|, (3.34)

we define p;; := N\ ;(v/Bn2) — An.v(vV/Byz) for (i,5) € £[N]? so that explicit calculations

give

Hi S W — sen(DAT; 1 S (86 +20) = AF [

< [se—4¢ (sin2 (%) 4 sin? (”@'2 ]:[U))

cos? (ﬂé_];”> 4 co? <7T(i2;[ 1)> - (3.35)

-1

< O(N?)

-1

N

A
Q
o
»n
[\o}
PR
A
=
|
>
~

where in the last line we Taylor expanded around /2.
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Next, we translate the Wigner matrix Rr(\) = Wx(A 4+ Ay ) and write

Rr(\) == Y (A= piy) Mo (L )PTF € C2 (3.36)

(i,4)€£[N]?

Ff::( v <—1>@'+ﬂ‘—27>
(=1)"772y v

since v; ;(1,1) = (—=1)™72y; ;(N, N). Note that for i+j = even, the vector u = 271/2(1, 1)

is an eigenvector to 'z in the following sense:

where

Lru = 2701 jeazu,

where we use the same notation as in the proof for the one dimension. With the above
formula and by expanding the term (A — u;;)~" we are able to rewrite the equation
(Rz(A\) +4)u = 0 in terms of two scalar functions f, g. In particular denoting by A the set
of indices A := {(4,7) € £[N]*\ (N, N)|i +j € 2Z}, we have A(Rz(\) +i)u = f(\) + g(\)
with

F)=id—2y > )\M and

(i-j)eA Hij
o, (1, 1) P2 LD (3.37)
'Ui- 171 A Ui' 1’1 )\
PRV (FRRERTIEN o LI U
E iea Mo M= A

We fix a ball K := B(0,ry) and we estimate the following terms on the boundary 0K:

> /\|vi,j('1',1)|2 Y oi(D)?|v; (1) (3.38)

(ipea i Hig
w(j—1)
cos (242

TN ‘cos (%)
< N2 . =0(ry)  (3.39)

(i4) €A ‘COS <W)

2 2

after Taylor expansions to estimate the norm of the eigenvectors. Also

m(j—=1)
2 |vig (1, 1) < |\[2 -2 COS( N >’ < 22
AP D = SIAP YN — g SOWTry) (3.40)
(i,j)€A i (i,)€A ‘cos <%>
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and

(LD A2 (LD 1
> Bl e 3 AR sow) e

2 y 2 By _q
(pea i Hij (i.5)€A K A

Hij

since 5t 2 N ~2r3!. Therefore we collect the following bounds for f, g:

FVISO0rn), 19N 2 (mr + ) fown v (1L, D = O(N*13) = O(Nry) - (3.42)
9N S (1 + ) o (1L D + O(N?ry) + O(N*ry) (3.43)

Choosing ry = $|onn(1,1)]* S O(N~°) gives the upper bound for the spectral gap, as at
the end of the proof of Proposition 3.3.

The lower bound follows then from choosing ry = o(1) in which case

lgI > [LF ()] on B(0, 7).

Then, we study the anti-symmetric part of T(X) := f(A) + g(\) , i.e. (5w, u) =0,

where u € ker(T'(\)) normalized. Writing this out we see that as in the one-dimensional
case that () = Re(A)o(1) cannot hold. This implies the bound on the spectral gap.

As regards the second part of the statement, i.e. when the particles subject to friction
are located in the centre of the bordered edges, i.e. F = {(1,[N/2]), (N, [N/2])}, of the
network rather than at the corners. The proof follows exactly in the same way as in the
first scenario, apart from the last part of it when we fix the radius ry of the ball K in

order to apply Rouché’s Theorem. In this case, taking
«
rv = g lown (L [N/2])]F S O(NTINT)
immediately implies the result. O]

2N-particles exposed to friction on two opposite edges. We consider now a scenario
that is perhaps more realistic for two-dimensional systems: We assume the friction to be
imposed to all the particles located on the top edge of the network and on the bottom
edge as well, cf. Fig. 3.9. We use the same techniques and notation as above and we will

show how the same method applies to give an upper bound on the spectral gap. Thus here
F=A{(1,1),...,(1,N),(N,1),...,(N,N)} and |F| = 2N

and the translated (centred at Aya = Aya(y/Bpna)) Wigner Rp-matrix in C*V>*2V will be
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Figure 3.9: The Z2-subnetwork with friction at the blue particles on opposite edges.

R]:()‘) = Z ()\ - Iu)_l Z iy g (:u)ﬂ—zzlj,\;ga (344)
JIISEN /Spec(B[N]d)+)\Nd i1,i2€F

where

Oéilﬂé(/’L e :i:)\j + )\Nd) — /fyilp)/i2<‘/ji,62]\[d><e?2j\7d, V7i>, a.nd 7T2N — eZN ® 62N

i1 11,12 i1 12

with VjjE = 27Y2(v;, +iv;)T and v; are the eigenvectors of v/Bya.
Note that since in this case the Wigner matrix is still high-dimensional 2N x 2N we
shall support our analytical findings by some numerics too. In particular we have the

following analytical result:

Proposition 3.6 (2N-particle friction in homogeneous networks). Let the two-dimensional
square network graph with particles on the N* vertices, and all n; > 0, &; > 0, and masses

m; coincide, respectively. We assume that the 2N particles located at
{(1,1),..., (1, N),(N,1),...,(N,N)}

are subject to non-zero friction and diffusion. The spectral gap of the harmonic network of
oscillators then satisfies
As S N—5/2,

Proof. We introduce \; = \j, ;,(vV/Bnz2) = (A\j, + )\j2)1/2 for j € [N]? and we define \_; :=
—\;. The eigenvectors v; are the product states such that v_;(k, 1) := v;(k, 1) := vj, (k)v,,()
when j € [N]?.

Using the equivalence of Lemma 3.1, we shall study solutions to the equation

det(F(\) + G(\) =0 (3.45)
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where F' and G are defined below in terms of the vectors Vf; = \/Lé(vi,j,:lzivi7j)T and
p; = Aj — Any for j € £[N]?, where p; ' = O(N?) as before in the estimates (3.35). Note
that we do not reduce our problem to a scalar one as in the two-particle friction cases
above and thus we work with the matrix valued version of Rouché’s Theorem stated in
Lemma 2.1. The matrices F'(A), G(\) are defined, using the notation of Lemma 3.1, as

follows:
FO) =ix—x Y Y O‘“ i 2N (3.46)

JEX[N]2\(N,N) i1,i2€F

and

(07
A 2N 2 1,2\ ) 12 2N
G()‘) = E , O‘ilyiz()‘N,N)ﬂ-ihig —A E : E : i1 o
i1,i2€F JEE[N]2\(N,N) i1,i2€F
. o\

' -~

=:(I) =:(1I)

(67
3 21 22 J 2N
SIS T

JEE[N]A\(NV,N) i1,i2€F 'uj M]

(3.47)

s

—.(111)

so that a solution to (3.45) corresponds to the desired eigenvalue. Before we fix a ball

K = B(0,7ry), we want to find an upper bound for the norm ||py||, where

PN = Z 04,-1,1-2()\]\;,]\;)7rz<21]7\§2 (3.48)

i1,i0E€F

i.e. is the first term, (I), of G. We will define then, this bound to be the radius ry of the
ball K and we will proceed as in the previous proofs. To understand the dependence of
lpn|| on N we make the following observation:

Due to the symmetries of the eigenvectors, e.g. that v; ;(1,1) = (=1)"* 2, ;(N, N), it
suffices to check the scaling of the entries at the columns 1,...,[N/2] and only above the
main diagonal of the matrix. We estimate them by Taylor expanding, in a similar manner
as in the previous proofs. For example for the 3 entries in the corners of the territory that

we examine we have

lov (LD SN Joww (1 [N/2])P S N7
UN,N(L IVN/Q—‘ )UN,N(L 1) g Niﬁ + N74 = O(Niél)

by Young’s inequality. So all the entries scale at least like N~* which implies that
lonll < NV pxlloc S NYENNTH = O(N72).

We now fix a ball K = B(0,7ry) and choose the radius ry := %N*5/2. Therefore
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it suffices to find a root of (3.45) inside the ball K and conclude the existence of an
eigenvalue by Rouché’s theorem. We easily see that for all v # 0, on 0K, ||F(\)v|| >
IAlllv]] = rallv]] = $N752||v|| since the second term of the right hand side of (3.46) is

symmetric. We also collect the estimates for (II)

|/\|2 Z |UZ] 1 1 <T’]2VZO(N_5, |>\| Z |Ulj (N/2—|)|

(4,7)eB M” (i,j)€B /‘Lz]

N

|/\|2 Z Ui7j(171)vi,j(17 |—N/2-|) :O(N_5>.

2
i

(i,7)eB

Moreover, since —~ = O(N 1), for (I1I):

Hij—A
s PuUF ¥ | |y b INRDE X |
(i.j)eB :uzj Hij — A (i,j)eB /”1’1] Hij — A
Z Uw‘(l, 1)Ui7jé(1’ I—N/Z-I) A° _ O(N_5_1).
(i0)eB Hij Hij — A

So we can see that all the entries in (II) and (IIT) of G are bounded by O(N~°) and
O(N~°) respectively. Thus, we find the following estimate on the operator norm of terms

(I1) and (II1)
IAD[F < N2l S NY2NN2 = NV2N~* = O(N~7/?) (3.49)
and
|| < NI e S NV2NNC = O(N-972). (3.50)
We conclude that
|G| S N2 4 N2 4 N~92 = O(N—/%). (3.51)

We choose « large enough so that we have || F(A)v|| > ||G(A)v]| on 0K, for all v # 0. Since
F()) is not invertible exactly at 0 inside K, we have that there is one point inside K so
that F(\) + G(X) is not invertible or in other words there is one root of (Rz(\) +i)u =0
with A < N—5/2, O

Proposition 3.6 provides only an upper bound on the spectral gap. In order to obtain
sharp estimates on the spectral gap, one should identify first more precise asymptotics on

the scaling of the operator norm, ||px||, in (3.48). By numerically calculating the operator
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Figure 3.10: Log-log plot of operator norm ||px|| and reference curve N3,

norm of ||px||, we see that the true scaling is O(N~3) instead of O(N~5/2) as provided in
the proof of Proposition 3.6.

3.3.4 Single impurities in the chain

An impurity in the chain of oscillators refers to a particle with different physical properties
from all the remaining particles. Since certain local impurities such as perturbations of
the potential strength for a single particle, are finite-rank perturbations of the discrete
Schrodinger operator, they do not effect the essential spectrum, but can lead to additional

discrete spectrum in the limiting operator Bja.

To understand the eigenstates associated to certain points in the discrete spectrum

better, we recall a classical result due to Combes and Thomas:

Theorem 3.7. Let V € (*(Z%). Assume there is u € (*(Z?) such that
(—A[Oo]d + V)U = A\u

with A ¢ [0,4d] =: Spec(—Appa). If imsupy, o [V(n)| < infcspec(-a
there is v > 0 such that

)l — Al then

[co]d

u € {cp VSR Z exp (2v(1 + [n]*)'?) |o(n)* < oo} :

nezd

The above theorem implies that these eigenstates are exponentially localized in space

and -as we show- will cause an exponentially fast closing of the spectral gap. This is in
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particular what happens if the pinning strength 7 of a single particle is significantly weaker
than the pinning strength of all the other particles (the "flying away” particle). Note that
in contrast to a weak pinning potential, a locally vanishing interaction potential would
just decouple the chain into two independent pieces.

Let I, = x&, {mg — [X2]e;,...,mo + [251]€;} be a set of size N¢ centred at my.
To identify sequences in RIM? with sequences in (2(Z%), we define the inclusion map
v RN — 2(74) by

(vx) (i) == { z(i), fori€ Iy,

0, otherwise

and define the restriction of the Schrodinger operator by
B[mol' = B[Oo]d(LIL').

Lemma 3.8. For some mg € 72, let By, be a finite [N]?-size truncation of a bounded
discrete Schrodinger operator Biya on 2(Z%). Let ¢ be an eigenfunction to Bioja with

eigenvalue \oo and assume that ¢ is exponentially localized to a point mg € Z¢ such that
lp(n)| < O(e"Pn=maly for all n € Z°. (3.52)
We then define the finite [N]%-size restriction

P 1mg
16211, I

Pl =

Furthermore, assume that the operator Byyja has a unique eigenvalue Ay, with associated
eigenvector Yy, such that ianeSpeC(B[N]d) Ao — Al = d(Aoo, AN) and a spectral gap of size
ay > 0 such that

Spec(Biyje) N (Ax — an, Ax + an) = {An},

then
[Un — @, I < O(e"Nayh).

Proof. We first record that (3.52) implies the following exponential tail bound

> lem)P <o (enPY). (3.53)

|m—mgo|>N/2
We also define the infinite matrix B I., glven as the direct sum of operators

§Im0 = Bi,,, ®0
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with respect to the decomposition ¢2(Z%) ~ (*(I,,,) ® (*(Z\1I,,,). Thus, we have

(B, = Ao)t(#l1) < 1(Bry = Bioo)(#l1,)| o NBieegt = A il )|

[6( 1)l - (1)l e( 1,00l
|(Bpocjt = Ao D(t(Pltmg) = P [(Biocjs = AT
N €10l [Tl
< O(e=PM)

where the first term on the right-hand side of the first line vanishes, up to exponentially
small boundary terms, and in the last line we used the estimate (3.53) that holds for the

eigenfunctions of B,,. Thus, the above bounds show that

(B, = Aso) @l
1] g I

< O(e™PM) (3.54)

and this implies by self-adjointness that also

inf A= Ao| = Oe™PM). (3.55)

)\ESpeC(B[mO )
|1
That r,,, =
A of By, follows then by the spectral decomposition of By, : In particular, let (¢;) be

an ONB of By, with eigenvalues \; then we find by (3.54) that

e RV is exponentially close to an eigenvector v with eigenvalue

Nd
1By = Ao0)#rg | = A| D i, 01, ) PINi = A |> < O(e7PN) =t .
i=1
This implies that for any v > 0
> (i, P12 < 71 (3.56)

IE[NA:| A —Aoo |>ve

Now, using that \y is a distance ay apart from the rest of the spectrum of B Img and A
is exponentially close to Ay by (3.55) with some eigenvector ¢x of By, , we have from
(3.56) by setting v := e~ 'cay that the coefficients of ¢y, in the ONB with respect to all

other eigenvectors of By, —are exponentially small. Thus, we find that
[on = @1l = O@™) < O(e™PNay!)

such that the two vectors are exponentially close to each other. O
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Proposition 3.9 (Impurity). Without loss of generality, let N be an even number and
consider a chain of oscillators with equal masses and unit coupling strength &; = 1. In
addition, we assume that there is always at least one edge of the grid experiencing friction
at the boundary and that the friction of particles is uniformly bounded in N. We define
the centre point cq(N) = (N/2,..,N/2) and assume that

Nea(Ny +2d + e < m;  uniformly in [N]?

for some ¢ > 0 and all i # cq(N). Then, the spectral gap of the harmonic chain of
oscillators described by the operator (2.5) with an impurity as above, decays exponentially
fast.

Proof. First we show that the above assumptions imply the existence of an exponentially

localized groundstate of Bjyja:

Let Ve := (T]i)ie[N]d7 the min-max principle implies for the discrete Schrodinger
operator (1.4) that

A (Bina) < A(Viwga) + (ecuvy, (mAwga)ecyvy) = A (Vivga) + 2d

where e.,(v) is the unit vector that vanishes at every point different from c4(N). On the
other hand, Weyl’s inequalities and the assumptions on the coefficients of the pinning

potential, imply that

M(Bivya) < [Apgall + Ar(Vinge) < Migegvy — € = Aa(Vinga) — € < Ao(Binga) — €

where ||Apyje|| < 2d is the operator norm of the discrete Laplacian. Hence, By, and thus
/By« has a spectral gap uniformly in NV since

AL (Biyja) +€ < Xa(Bpyje)  uniformly in N,

Now this implies that for some universal ¢ > 0 we have |v1(1)[%, [vi(N)]* < e V: from
Theorem 3.7, cf. also [Tes00, Lemma 2.5, we have that the ground state eigenfunction u
of the limiting operator By,a is exponentially localized since the operators Bjyja possess a
Bioja).

[o0]

The previous Lemma 3.8 then implies with my = c¢4(V) that there is an eigenstate v,

uniform spectral gap of size at least ay := e and A\ (Byja) & Spec(

to B[N]d

or =l ol < OV,

To conclude the existence of an eigenvalue converging exponentially fast to zero, we

shall restrict us again to the case d = 2 to keep the notation simple while at the same time
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dealing with all technicalities of the multi-dimensional setting.

Using the equivalence of Lemma 3.1, we study the equation
det(F(A) +G(N) =0 (3.57)

in terms of the vectors Vji = %(vj, +iv;)T and p; = A\j — A1, where v; are the eigenvectors
of the Schrodinger operator —Apyja + Vinje with eigenvalue A; and Ay := A (y/Bnja).
Setting v_; := v; and A_; := —)\;, the matrices F'(\), G(\) are then defined as follows,

using the notation of Lemma 3.1,

FO):=iA—A Y }:(%” i (3.58)

JEL[N\{1} irsi2€F

and
F s )
GO i= Y anaOmrl, -3 Y0 T e
i1,02€F B JG:I:[Nd]\{l} 11,0061
=\:(r1) ::(II)
. (3.59)

_)\3 2 : } : alllz 1112

JEX[NIN\{1} i1,i2EF /“LJ i

(1)

so that a solution to (3.57) corresponds to the desired eigenvalue. Before we fix a ball

K = B(0,ry), we want to find an upper bound on ||py/||, where

pvi= > (), (3.60)

+ 41,i2€F

is the first term, (I), of G. From the exponential decay of the eigenstate V= it follows that

for some ¢ > 0 we have
lpn|l = O(Ne™ ™).

We now fix a ball K = B(0,ry) and choose the radius 7y := O(Ne V). Therefore
it suffices to find a root of (3.45) inside the ball K and conclude the existence of an
eigenvalue by Rouché’s theorem. We easily see that for all v # 0, and A € 0K, ||F'(\)v]|| >
IA|||v]| = rn|v|| since the second term of the right hand side of (3.63) is symmetric. On
the other hand,

IID] < O(N?e™*) and [|II)]| < O(N?e™*™).

Thus, we have |[F(A\)v|| > [|G(AN)v|| on 0K, for all v # 0. Since F'()) is not invertible
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exactly at 0 inside K, we have from Lemma 2.1 that there is one point inside K so that
F(X) + G()) is not invertible or in other words there is one root of (Rz(\) 4 i)u = 0 with
A< Ne eV, O

3.3.5 Disordered chains

We now study the case of a disordered pinning potential, i.e. we assume that n; > 0 are
independent identically distributed (i.i.d.) random variables drawn from some bounded
density distribution

ni ~ p € C(0, 00).

Note that additional disorder in the interaction strengths leads to the-somewhat analogous
study of random Jacobi operators which is for example discussed in [Tes00, Ch. 5].
In particular, localization for off-diagonal disorder in discrete Schrodinger operators,
corresponding to random interactions in the chain of oscillators, is studied in [DKSS83,
DSS87].
Note that disordered harmonic chains have been studied before [OL74, CL71], even though
in these works the randomness is posed in the masses of the particles, rather than the
coefficients of the pinning potentials. However, the effect of localization does extend to that
setting as well and can be studied- up to some technicalities- along the lines of the proof
presented here. We illustrate in Fig. 3.11 that all types of disorder yield an exponentially
fast closing of the spectral gap.

The generator of the dynamics is the operator £ given by (2.5). Considering friction
and diffusion at at least one end of the chain, cf. Proposition 2.1, the spectral gap is still

given as

As := inf{Re(A) : A € Spec(Qn)a)}-

For more details we refer to the Appendix 3.A. From general results stated in Lemma 3.1,
studying the spectrum of the matrix {2yja is equivalent to studying the points at which
the lower dimensional Wigner Wz-matrix is not invertible. The matrix Bjyje, appearing
in the matrix entries of Qya (2.5), is the restriction to a finite domain of size N of the

one-dimensional discrete Anderson model. This is explained below.

In the analysis of the disordered case it makes the analysis slightly simpler by labelling
particles instead of [N]¢ rather by a set

[+N]4:={-N,-N+1,...N —1,N}*,
i.e. we study the scaling of the spectral gap for (2N + 1)¢ particles as a function of N

where we assume the chain to grow in all directions.
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Figure 3.11: Log-log plot of the spectral gap for the one-dimensional chain of oscillators
and different types of disorder: Random masses m; = in, random interaction &;; = 1+ X;
and random pinning potential 7; = 1 4+ X; where X; ~ U[0, 1] are uniform iid.

For disorder in the pinning potential, the limiting discrete Schrodinger operator Bj,a is
the multi-dimensional discrete Anderson model: the discrete Anderson model is a discrete
Schrodinger operator with random single-site potential introduced by Anderson [And58] to
describe the absence of diffusion in disordered quantum systems. It is the random discrete
Schrodinger operator on ¢2(Z%)

}d

H>

w

= —A[oo}d + AV,

acting on (2(Z%) where A[oge is the discrete Laplacian on Z4, \ > 0 the coupling constant,
and V,, a random potential V,, = {V,,(n) : n € Z%} consisting of i.i.d. variables with
common probability distribution with, for our purposes, bounded density p on (0, c0).
Here, w is an element of the product probability space 2 = (supp(u))zd endowed with
the o- algebra generated by the cylinder sets and the product measure /ﬂd consisting
of the common probability distribution with compact support. The random potential
V., : Z¢ — R is defined as projections Q > w — V,,(n) = w, for n € Z<.

We also consider HLiN]d the restriction to finite domains of size (2N + 1)%, of the operator

H(Loo}d, with Neumann boundary conditions.

So the spectral gap of the d-dimensional disordered network of N oscillators coupled

at two heat baths at different temperatures, as described above, is given by one of the
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points where the Wigner Wr-matrix is not invertible. Since this lower-dimensional matrix
is defined in terms of the eigenvalues and eigenvectors of the matrix By, see Lemma
3.1, we are interested in the spectrum of By yj« which can be identified with HLiN]d.

In one dimension, the Anderson model has a.s dense pure point spectrum with expo-
nentially localized eigenstates [FS83, vDK89]. In higher dimensions, d > 2 this is only
known to be true for sufficiently large disorder or low energies and was already shown in
[F'S83]. From the case of a single impurity we know already that exponentially localized
eigenstates should lead to an exponentially fast closing of the spectral gap. However, we

have to deal with three additional obstructions in the disordered case:

e The eigenvalues of the Anderson model are not uniformly (in N) bounded away from

each other.

e The eigenfunctions of the Anderson model do not obey a rich symmetry as before

and can (in general) not be chosen to be even or odd.

e We are studying finite approximations By yje rather than the Anderson model
Bl = HEY itself.

The next Lemma shows that in general eigenvalues will not get any closer than a

distance N—24-2,

Lemma 3.10. Let Ay(s([N]%)) be the event that for the (2N + 1)4-size Anderson model

By, there exists an interval of size s([£N]%) that contains (at least) two eigenvalues.
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For the choice s([£N]?) = N=2472 we have P(An(s([£=N]%))) = 0 for all but finitely many
N.

Proof. The spectrum of By yja is contained in an interval of order one. Thus, we can cover
d

Spec(Bnya) by O(1/s([£N]%)) many intervals (],[LiN] Inejo(1/s(xnyay of size 2s([£N]?)

]

d
such that the overlap of each interval 1EN with its nearest neighbors is another interval

of size s([N]?). This construction implies that if there exists an interval of size s([4=N]%)
that contains two eigenvalues, these two eigenvalues are also contained in one of the IEEN}d.
We will now use Minami’s estimate which bounds from above the probability of two
eigenvalues of the finite volume operator being close, see [KMO06, (7), App. 2]. More

specifically that is
P(|Spec(Biewja) 0 J] 2 2) < 2ol N¥| %

we write

P(AvG(END) < > P (I N Spec(Bw)| = 2)
n€lO(1/s([£N])]
< Y PUplANMas(EN) (3.61)
nelO(1/s([£N]))]

= O(N*5([£N]%)) < 0.

We now choose s([+=N]?) = N~24=2 such that by the Borel-Cantelli lemma Ay (s([2=N]%))
happens at most finitely many times a.s. and otherwise eigenvalues of B4y« are a.s. at
least N 2972 apart. O

With this Lemma at hand, we can now give the proof of the exponential decay of the

spectral gap.

Proposition 3.11. Consider the network of oscillators with equal masses, unit interaction
strength. In addition, we assume that there is always at least one edge subject to friction at
the boundary and that the friction of particles is uniformly bounded in N. Let the pinning
constants be 1id n ~ p € C.(0,00). Then the spectral gap of the chain of oscillators decays,

for almost every realization of the disorder in the pinning potential, exponentially fast>.

Proof. For almost every realization of disorder we can find by general results on the
Anderson model [FS83, vDK89] an eigenfunction ¢ of the operator Bjy,a, corresponding

to an eigenvalue \,, such that

sup  [p(i)] < O(e™PM)and Y [p(m)* < O(ePN).

;€illcc=N mé[£N]4

3The decay of the spectral gap will in general depend on the disorder but is a.s. exponentially fast.
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By using Lemma 3.8 with my = 0 and Lemma 3.10 it follows that for all but finitely
many N the distance between any two eigenvalues is at least ay := N 241 and we find
an eigenvector Y nje to Bpyyje with eigenvalue A; that approximates ¢ with eigenvalue
Aoo- Thus, for all but finitely many N

Ve — @lianall < O(e~ PN N2+,

As before, we shall restrict us again to the case d = 2 for simplicity and study solutions

of the equivalent problem equation
det(F(A\) +G(N) =0 (3.62)

that will be defined in terms of the eigenvectors v; and eigenvalues \; for j € [(2N + 1)?]
of Biinpz with A; as above. Then, we define p; = A\; — A; and setting v_; := v; and
A_j := —);, the matrices F'(\), G(\) are then defined as follows

FO)=id—A Y 3 O‘“ il Qf 3 (3.63)

JEX[(2N+1)2]\{1} i1,i2€F

and

77

G(A) = Z (a7 12<)\1)}— lf:lz _>\2 Z Z Yy, 12 11 io

i1,i2€F JEX[(2N+1)2]\{1} 1,52€]

=:(I) ::(II)
e

_/\3 Z Z Qi Z2/JJJ - ;\1 112

JEEX[(2N+1)2]\{1} i1,i2€F

(3.64)

—.(111)

so that a solution to (3.62) corresponds to the desired eigenvalue. Before we fix a ball

K = B(0,ry), we again want to find an upper bound for the ||py||, where

PN = Z ai17i2(/\1)]:7rlﬂ2 (3.65)

i1,i2E€F

i.e. is the first term, (I), of G. Using exponential decay of the eigenstate v; it follows that

for ¢ > 0 we have
lon]l < O(Ne~M).

We now fix a ball K = B(0,ry) and choose the radius ry := O(Ne V). Therefore
it suffices to find a root of (3.45) inside the ball K and conclude the existence of an
eigenvalue by Rouché’s theorem. We easily see that for all v # 0, and A € 0K, ||F(\)v| >
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IA|||v]| = rn|v|| since the second term of the right hand side of (3.63) is symmetric. On
the other hand, by Lemma 3.10 we can estimate p; > ¢N~22*D for all but finitely many
N and some ¢ > 0. Using this lower bound, we have for A € 0K

I(ID]| < O(N*E2e72N) and [|(II)]] < O(N*EF2 e,

Thus, we have |F'(A)v|| > ||G(A)v|| on 0K, for all v # 0 for almost all sufficiently large
N. Since F(A) is not invertible exactly at 0 inside K, we have from Lemma 2.1 that there
is one point inside K so that F'(A) + G(A) is not invertible or in other words there is one
root of (Rz(\) +i)u =0 with A < Ne . O

Remark 3.12 (Sharpness of the estimate in d = 1). Note that when d = 1 and the friction-
sites are F C {1, N}, with v1, vy bounded uniformly in N, then we can conclude from item
(4) in Proposition 2.2 a lower bounded on the spectral gap (both in the impurity and the

disorder case) that is exponentially small in N. In these cases then indeed Ag = O(e™V).
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Appendix

3.A Proposition 2.1 on the chain of oscillators (2.5)

First we show that (yj« given in (2.6) is positively stable. Indeed, as was done in [JPS17],

we write

~1/2 H1/2 /2 —1/2
0 —(myia Biyja + Bpamyyja )>

Qi — Qg =
(N [N]4 ( —1/2 1/2 /2 —1/2
vjd Binga + Bipamyya 0

!
2
We denote by I' = diag(T',0) and 9 = diag(",0). Let \ € Spec(Qnje) and u be a

non-zero corresponding eigenvector. Hence,

(Q[N}d + QFNF) = dlag(F, O)

1 . -
(Ot + ) = Relul? = 2 (1.66)
which implies that Re(\) > 0. If Re(\) = 0 then this implies that « must vanish where I
is supported. In other words, if u is an eigenvector to )y« with eigenvalue A € iR, then

it is also, by squaring {2y« without the r term, an eigenfunction to

-1
. (—m[N}dB[N]d 0 ) |
0 —m[;\}]dB[N]d

with eigenvalues —\? € R and vanishes in addition at the support of I. Thus, writing

u = (uq,uz), both uy,us have to be eigenfunctions of the Schrodinger operator m[N}dB[N]d
with eigenvalue \? vanishing where [ is supported.

In the homogeneous case, the eigenfunctions are explicit (3.30) and one can verify
directly that they do not vanish anywhere on the boundary. Therefore, as long as there
is a particle experiencing friction somewhere on the boundary, there does not exist an
eigenfunction to the Schrodinger operator that vanishes there.

In the case of the disordered network or the network with an impurity, it suffices to

apply a simple unique continuation argument. First observe that the vanishing of an
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eigenfunction on an edge implies by directly analyzing (Bjyj« + A*)u = 0 (as in the proof
of the item (4) of Prop. 2.2), at the oscillators of the edge, that the eigenfunction also has
to vanish on the nearest edge to the boundary edge of oscillators that exhibits friction.
Iterating this argument shows that such an eigenfunction has to vanish everywhere.

We also have shown in the last parts of the proofs of the Propositions (3.3), (3.5),
by proving an explicit lower bound, that the spectral gap cannot be 0, i.e. Re(A) > 0.
Note that another argument that shows that Re(A) # 0 can be done by contradiction as

then /2y = 0 and so QFN]du = —Qyjau = —Au. Inductively we would have f’l/QQFN’fdu =

(=A)""T'"/2u = 0 for all n > 0. As soon as the interaction coefficient ¢ > 0, we have that

ﬂ Ker (f‘l/QQFN’]Ld> = {0}.

n>0

This is for example a consequence of the fact that the pair (Qy4, Iy %) satisfies the Kalman
condition when ¢ > 0 [Raql9, Lemma 3.2], see also [JPS17, Lemma 5.1 (2)].

Secondly, regarding the condition (1) of Proposition (2.1), the fact that there is no
non-trivial subspace of Ker(I'J) that is jyj«-invariant is equivalent to the hypoellipticity
of the operator £ (this is discussed in the first section in [H67]).

For the hypoellipticity, it is sufficient to show that the generator can be written as
L= Xo+ > ,crX}? and that the Lie algebra A generated by the vector fields

{X0}7 {[X’H Xj]}OSi,jSQde7 {[X'm [Xj7 Xk“}i,j,kZ(]; <o

satisfies Hormander’s hypoellipticity condition, i.e. A has full rank. This is true as long as
¢ >0, since for j =1,...,d: [8p§j),X0] = —%8})(13-) + 8q§j) ie. 8(15]-) € A. Then calculating
[8{19) , Xo| we get 8p<2]~) € A when the interaction potential is strictly convex. By the use of
successive commutators it is clear that we recover Hormander’s hypoellipticity condition

indeed.

3.B Matrix-valued Rouché’s theorem

Lemma 2.1 (Matrix-valued Rouché’s theorem). Let A, B : K — C"*™ be two holomorphic
functions inside some region K with ||B(z)v|| < [[A(2)v]| for allv # 0 and z € OK. Then,
both A and A+ B are invertible at an equal number of points inside K.

Proof. By the argument principle the number of singular points of A(z) 4+ ¢tB(z) in K
with ¢ € [0, 1] is given by

N(t) = % [ o.tog(aet(A) + 1B() d=
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and independent of ¢ by continuity of ¢ — N(t).

151



152



Chapter 4

Existence of a Non-Equilibrium
Steady State for the non-linear BGK

equation on an interval

This chapter is a joint work with Josephine Evans and it is published in [EM21].

We show existence of a non-equilibrium steady state for the one-dimensional, non-linear
BGK model on an interval with diffusive boundary conditions. These boundary conditions
represent the coupling of the system with two heat reservoirs at different temperatures.
The result holds when the boundary temperatures at the two ends are away from the
equilibrium case, as our analysis is not perturbative around the equilibrium. We employ
a fixed point argument to reduce the study of the model with non-linear collisional

interactions to the linear BGK.

153



4.1 Introduction

This work is a contribution to the study of non-equilibrium steady states for non-linear
kinetic equations. We study the existence of non-equilibrium steady states for the non-
linear BGK equation on bounded domains with diffusive boundary conditions. In this
paper we look at the 1d case where the velocity variable is in R and the x variable is in an
interval with boundary conditions at different temperatures at each side. We show the
existence of a non-equilibrium steady state and explore its properties.

The BGK model of the Boltzmann’s equation is a simple kinetic relaxation model
introduced by Bhatnagar, Gross and Krook in [BGK54] as a toy model for Boltzmann
flows. The evolution problem for the BGK model was first studied in [Per89] and later in
[GP89] where global existence was proved and in [PP93] where existence and uniqueness
was proved for the initial-value problem in bounded domains.

Here we are interested in non-equilibrium phenomena, that is to say equations with
steady states which are not Gibb’s states and are induced by effects external to the system
of study. In our case these external effects are present as diffusive boundary conditions.
We show results which are not derived by perturbations models which have equilibrium
states or by models which are close to the hydrodynamic regime. That is to say we work
in the regime where the Knudsen number is not considered to be small.

We describe our model in the following subsection.

4.1.1 Description of the model

We consider a gas of particles in the domain (0, 1) where the collisions among the particles
are described by the nonlinear BGK operator. The distribution function f(¢,z,v) of the
gas is the density of the particles at the position x € (0, 1) with velocity v € R at time
t > 0. We denote by x the Knudsen number' and we study the existence of stationary

solutions f(x,v) to the following equation

O +00.f = (prMa, — f) (1.1

£(0,0) = /T/z“l(v)/ WIFO, ), >0, (1.2)
v'<0

f(1,v) = /\A/l/g('u)/ || f(1,0")do, v < 0. (1.3)
v'>0

!The Knudsen number « is defined as the ratio between the mean free path and the typical observation
length.
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Here the spatial density pg(x) and the pressure Pp(x) := ps(x)Ts(z) are given respectively
by
pr(x) :/ f(z,v)do, pr(x)Ts(z) :/ v f(z,v)dv (1.4)

— 00

and then the local temperature corresponding to f is Ty. We denote by Mr, (v) the

Maxwellian with temperature 7% i.e.

1
Mo, (v) = (27T5) "2 exp (——UQ) :
g d 2T

Furthermore, Ml, Mg are Maxwellians at the boundary temperatures 77, T5 respectively

and they are considered to be renormalised so that, for i = 1,2,

/OO v//\/lvi(v)dv =1 (1.5)

This means that

—~ 1 1
M;(v) = 7 eXP (— 2T~U2> .

In other words we study the steady states of a gas which is coupled to two temperature
reservoirs at the two boundaries of the domain (0, 1) and this coupling is implemented
through the so-called diffusive boundary conditions or Mazwell boundary conditions. So
that when particles hit one of the boundaries {0,1}, they get reflected and re-enter
the domain with new velocities drawn from the Maxwelians Jf\;l/l(v) corresponding to

temperatures 17, T at the two ends.

4.1.2 State of the Art

This paper is motivated by [CELT18, CEL"19], where they study the non-linear BGK
equation on the periodic torus in the presence of scatterers at two different temperatures.
There it is straightforward to find one steady state and these papers show that this state is
unique under certain conditions. There the non-equilibrium forcing is the same throughout
the space. Also for the non-linear BGK equation there is a paper of Ukai [Uka92], about
the existence of steady states with prescribed boundary conditions which is a situation
similar to that studied here. The boundary conditions we consider here are different, since
the paper of Ukai prescribes the density at either side of the interval, whereas in our paper
we prescribe diffusive boundary conditions. The techniques are also different.

The majority of the papers investigating non-equilibrium steady states of kinetic
equations are in the setting of the Boltzmann equation. We mention first the paper [AN0O)]

which also deals with a non-perturbative setting to show the existence of non-equilibrium
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steady states to the Boltzmann equation in the slab. This paper crucially uses the entropy
distribution of the equation. There are also a number of papers about similar problems in
a perturbative setting either when the difference of the temperatures is small [EGKM13],
or when the Knudsen number is small and a hydrodynamic approximation can be used
[Ark00, AEMN10, AEMN12]. There have also been works in a spatially homogeneous
setting in the presence of scatterers [CLM15] for the Boltzmann equation and [Eval6]
for Kac’s toy model for the Boltzmann equation. We also mention the preprint [Ber19)
which shows exponential convergence towards non-equilibrium steady states for the free
transport equation in a domain with Maxwell boundary conditions.

One of the main motivations to study non-equilibrium phenomena, like the one appear-
ing in the model of this note due to non-isothermal boundaries, is the better understanding
of the Fourier’s law, which from a mathematical point of view is a very challenging problem.
The Fourier’s law, which is well tested for several materials, relates the macroscopic thermal

flux J(t, z) to the small variations of the gradient of the temperature VT'(t, z):
J(t,x) = —K(T)VT(t,x) (1.6)

where 0 < K(T') < oo is the thermal conductivity of the material. It is not diffucult to see

that (1.6) implies the following diffusion equation for the temperature:
co(T)o,T =V(K(T)VT)

where ¢(T) is the specific heat of the system per unit volume.

Concerning heat conduction in gases: (1.6) was rigorously proven in [ELM94, ELM95]
for the stationary Boltzmann equation in a slab for small Knudsen numbers and when the
temperature difference is small. We also refer here again to [EGKM13| where the authors
construct solutions to the 3d steady problem with the Boltzmann hard spheres collision
operator and diffusive boundaries with different temperatures at the two walls that do not
oscillate too much. There the authors work with small temperature difference and they
can see mathematically that the Fourier’s law does not hold, since they are in the kinetic
regime, by combining their result with pre-existing numerical simulations in [OAY89].

The abovementioned works are specific answers to the more general question in
Statistical Physics: the mathematically rigorous derivation of Fourier’s law or a proof of
its breakdown, from microscopic, purely deterministic or stochastic, models. For several
overviews on this topic we refer the reader to [BLRBO00, Lep16, Dha08, FB19].

An example of such a microscopic heat conduction model, a model of heat reservoirs is
the so-called chain of oscillators. For more information on this model we refer to [RLL67,
EPRB99b, RBT02, Car07, CEHRB18| where questions of existence and uniqueness of a
NESS and exponential approach towards it are addressed, as well as to [Hai09, HMO09]
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for interesting features of the model: for example cases where there is no spectral gap of
the generator of the associated process. Quantitative results concerning the scaling of the
spectral gap in terms of the number of the particles, for special cases of the chain, can be
found in [Men20, BM22].

4.2 Mathematical Preliminaries

First note that the normalisation (1.5) is chosen so that the equation conserves mass,

indeed we record this observation in the following Lemma:
Lemma 2.1. The equation (1.1) at least formally conserves mass.

Proof. We write

%/f(a:,v)dxdv =— /U&L«fdxdv‘i‘% </ p(z) Mr(v)dvde — /f>

:_/varf:/vf(l,v)dfu—/vf((),v)dv.

Then we show that each of the boundary terms is zero:

/vf(l,v)dvz/o Uf(l,v)dv—i-/ooovf(l,v)dv

—00

:/OOO |v’|f(1,v/)dvl/_(; MZ(v)udw/Ooovf(l,v)dv

=0.

Similarly we show that the other boundary term is 0 as well, which concludes the proof. [

4.2.1 Notation

We write f(z) < O(g(z)) to denote that there is a constant C' > 0 such that |f(x)| <
C'|g(x)|. We occasionally write A < B in order to say that A < C'B for some constant C'
that only depends on the two temperatures 77, T5. We denote by B(A) the Borel o-algebra
on A and by n, the outward unit vector at = € {0,1}. We also write C°(X) for the space

of the compactly supported smooth functions on X.

4.2.2 Plan of the paper

We introduce the main results in the next Section. In Section 4 we present the proofs of
the main results. This is split into subsections showing the different criteria needed to be

fulfilled in order to apply the Schauder fixed point Theorem. In particular in subsection
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4.3 we present the asymptotic behaviour of the moments in order to get an L* bound on
the temperature profile, and then to prove Holder continuity of it in 4.4. In 4.5 we prove
the continuity of the mapping to which we apply Schauder’s Theorem in 4.6. Finally, we
conclude with Section 5 with a discussion of the results and possible avenues for future

research.

4.3 Main Results

We introduce the following condition, under which our main Theorem holds.
Condition 1. We say that the pair of temperatures Ty, Ty satisfy this condition when
(C1) k2T > 75 and

(C2) NT; = VTi > s Ty

where 1,9 are positive constants and k > 0 is the time renormalizing constant in front

of the collision operator in equation (1.1), i.e. the Knudsen number.

Our main results on the steady state of the nonlinear BGK operator with diffusive

boundary conditions are summarized in the following Theorem.

Theorem 3.1. For every two fized temperatures 11, Ty satisfying Condition 1, there exists
a steady state which satisfies equation (1.1) with boundary conditions (1.2) and (1.3).

Furthermore, this steady state has the following properties:
e It has zero momentum uniformly in x € (0,1).

e [t has constant density and pressure equal to \/11T,, asymptotically with T\. In
particular, for all z € (0,1),

1= 70/‘@_1/2T1_1/4 <ps(z) <1+ 71’f_1/2T1_1/4

\/ T1T2 SPf([E) S \ TlTQ.

e [ts temperature profile is 1/2-Hélder continuous and also it is asymptotically equal to
VTV Ty with the deviation from \/I1Ty decreasing as Ty increases: for all x € (0,1),

VI = 2T S Ty(a) S VITa(1 4 yon 2T,

for some constants 9,71 and k the constant in front of the collisional operator in
(1.1).
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Remark 3.2. The fact that the steady state of this equation has zero momentum uniformly

m x, implies it is also a solution to the similar time independent equation,
00, f = py(2) My, 7, (0) — |,
with the boundary conditions (1.2) and (1.3). Here,
Mo, 1, (v) = (20 Ty) Ve 0mun)/ 15,

and

Py ::/Rf(:c,v)vdv.

4.4 Proofs

4.4.1 Strategy of Proof

In order to prove the existence of a steady state when 77, T, satisfy condition 1, we perform
a fixed point argument. We look at the following linear equation with the same spatially

variable diffusive boundary conditions for given temperature profile T'(x):

hf +v0.f = p(x) Mre) — f, (4.7)

£(0,v) = 1\71(@)/ W[ f(0,0")dv', v >0, (4.8)
v’ <0

F(1,v) = M;(v)/ WIF1L V), v <O, (4.9)
v'>0

where My, is the Maxwelian with temperature 7'(x).

Remark 4.1. This differs from equation (1.1) since we use a fized temperature profile in

the Mazwellian on the right hand side rather than the temperature profile coming from f.
We prove the two following facts:

e The PDE (4.7)-(4.8)-(4.9) is the equation on the law of a stochastic process and this
stochastic process has a unique equilibrium state. This equilibrium steady state has

a temperature profile which we call 7(z).

o If Ty <T(x) <T,and Ty, T; satisfy condition 1 then we have that Ty < 7(z) < Tp

and 7(x) is 1/2-Holder continuous with modulus of continuity depending on T}, T5.

We define the map F(7') = 7 which is a map between continuous functions on (0, 1)
and thanks to the first fact above, it is well-defined. Then we apply the Schauder fixed

point theorem using the second fact above to show that F has a fixed point. From the
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definition of the mapping F we get that a fixed point implies that the temperature profiles
of the nonlinear and the linear model will coincide. Therefore, for T" being this fixed
point, corresponding to the two temperature profiles, a steady state of the linear model
(4.7)-(4.8)-(4.9), will also be a steady state of the nonlinear model (1.1)-(1.2)-(1.3). In the
following sections we make it precise how to define the map F(7'), then give bounds on
F(T') which allow us to prove point 2. Finally, we use these to apply the Schauder fixed
point theorem.

Note that a similar idea to apply Brouwer fixed point theorem for a finite system of
anharmonic crystals coupled to external and self-consistent internal Langevin heat baths
can be found in [BLLOO09] in order to prove the existence of a stationary self-consistent

temperature profile.

4.4.2 Definition of the map F(7).

In this section we work in the case k = 1 in order not to track too many constants and to
simplify the presentation, since quantitative bounds in this section do not have impact
on our final result. In order to properly define the map F(7') we need a well defined way
of selecting a steady state of the PDE (4.7)-(4.8)-(4.9). In order to do this we define a
stochastic process and show that this stochastic process has a unique steady state the law
of which is a weak solution to the steady state version of (4.7)-(4.8)-(4.9). First we define

what we mean for a weak measure valued solution of (4.7)-(4.8)-(4.9).

Definition 4.2. A weak solution in the sense of measures to the PDE (4.7)-(4.8)-(4.9) is
a triple piy ¢, poy, e with p; satisfying that for every test function supported on R; = Ry
fori=1o0rR;,=R_ fori=2

/Ri P (v)p(dv) = /RRi |v/| i (') /Ri Uﬂi(v)q)(f,v)dv

where £ = 0,1, the left boundary for i = 1 and the right boundary for i = 2. Furthermore
/ // (815 (t,z,v) + 00, P(t, x,v) + /fl)(t 2, V" ) Moy (v)dv" — (¢, x v)) i (da, dv)de
0,1)xR

// O(0, z,v)po(dzdo) / / (t,1,0)ps dvdt—/ / (t,0,v)p1(dv)dt.
(0,1)xR

Existence and uniqueness for the linear BGK equation with diffusive boundary
conditions. For our purposes we give a probabilistic interpretation of the evolution of
the process for the linear BGK. Note also that similar techniques for the free transport
equation with diffusive and specular reflective boundary conditions for higher dimensions

have been applied in [BF19]. We work on the level of stochastic processes because there
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is the possibility of some non-uniqueness occuring at what is known as the ‘grazing set’
which in our case is the two points (0,0), (1,0). Defining a stochastic process allows us to

set values at these points.

Proposition 4.3. For every given continuous function T'(x) there ezists a well defined
way in which we can select a triple of measures piy, pa, o which is a stationary solution in

a weak sense to the linear PDE (4.7)-(4.8)-(4.9).

We split the proof into two lemmas. We first construct a stochastic process and show

that it is well defined and then show that the law of this is a desired weak solution.

Definition 4.4 (Construction of the stochastic process). Let (R})i>1, (R?)i>1, be two
sequences of random variables with R} having law oM, and R? having law |v|./\72. Fur-
thermore let N; be a set of N(0,1) random variables and S; be a sequence of exponential

random variables with rate 1. Now we define the deterministic map
((z,v) =inf{s >0, x +vs € {0,1}}
which 1s our first collision with one of the boundaries. Then we define recursively
Tyv1 = Ty + min{Sk41, (X7, V1) }-
Then fort € [Ty, Tx+1) we have
Xe=Xp, + (t—Tp)Vp,, Vi = V.
We jump at the times T}, so that

VTk+1 = 1Tk+1*Tk=Sk+1 \/ T(XTk>Nk+1 + ]lXTk+1:0R]1€+1 + ILXTk+1:1RI%+1

where here T'(Xr,) is the temperature at the position Xr, .

Lemma 4.5 (Non-explosion of the process). This stochastic process defined in /4.4 is well
defined and exists for all t > 0.

Proof. We would like to show that this process is non-explosive i.e. T; — oo almost surely.
Lets look at the event

Ap = { Ry < L Rypn < LR3 .y < 1, R3ppp, Sokn > 1, Sopgn > 11

The Ay’s are independent events and P(Ag) = P(A;) = p > 0. Therefore by Borel-Cantelli
Ay, happens infinitely often almost surely. On A, we can see that To, o — Tor > 1. This

is because Ay ensures that Thyy1 — Tor, > 1 or ((Xqp,,, Vi, ) < 1, and in the second case
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we know that Xr,,,, € {0,1} so the next jump time is defined by R}, ., R3;,, and Sayio
which are all chosen so that Thyio — Top1 > 1if X1, ,, € {0,1}. O

Lemma 4.6. The law of this stochastic process is a weak solution to the SDE.

Proof. Here we follow [BF19]. We begin by showing how we can represent the boundary
measures: for a set A € B((0,00) x{0,1} x ¥1) with ¥4 := {(z,v) € {0,1} xR : £v-n, <

0}, we introduce the measures

/‘I”L— (A) = ]E (ﬂ(TivxTi:VTi)EAﬂTiZC(XTi_l7VTi_1)> )
/LZ(A) =K (H(Ti,XTi7VTi—)€A1Ti=C(XTi,17VTZ-,1)>

i.e. u' is the law of the triple (T}, Xr,, Vr,), i.e. after the collision with a boundary, and
p. is the law of the triple (T}, X7, V,_), i.e. exactly before the collision with a boundary.

Then we have
e (A) =S4l (A) for A€ B((0,00) x X_),

f_(A) = ZM_(A) for A € B((0,00) x ¥).

These boundary measures satisfy the desired boundary condition. Indeed, we investigate

the relationship between these two measures:

:ui— (A) =E (Il‘(TivXTi7VTZ')EA]]'T'L':C(XTZ',17VT2',1))
=E (ILXTl.:O]l(Ti,XTi,R})eA + lXTizlﬂ(Ti,XTi,Rf)eA)

:/E <1XTi:01(Ti7XTi,U)€A> vﬂl(v)dv + /]E (ﬂXTiilﬂ(Ti,XTi,U)EA) UMVQ(U)dU.

Therefore,

—0o0

// / (Lt,1,w)e4) wﬂg(w)dwui(dt,dv).
(0,7)x(0,50) J0

Testing against a test function ® € C2°(R.) we recover the boundary conditions as in the

0 — .
p' (A) :// / (ﬂ(t,o,w)eA) wM; (w)dwp!, (dt, dv)
(0,7)%(0,00)
+

Definition 4.2. Now we would like to show that the tripple will be a weak solution to the
PDE. For

pr = Dgamoy (g + ), p2 = oy (i + o),
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and @ € C°((0,00) x (0,1) x R), we Taylor expand around (¢, Xy, V;) and we write

E ((I)(t + S, Xt+s, Vzé+s) - CI)(t, Xt7 ‘/t)) =
E ((®(t + 5, Xpgs, Virs) — O(t, Xe, Vi) Lixitsvieo1)y) +
+E ((P(t + 5, Xers, Vies) — D(E, Xi, Vi) Lix,4svig0)}) =

E | (s0:®(t, Xi, Vi) + sV;0,D(t, X, Vi) 1{0 jumps in}

(t,t+s)

2

+ E /OO (D(t, Xy, w) — O(t, Xy, V) (271‘T(Xt))—1/2 exp (_QTngt)> dw]l{l jump in + O(s)
(t,t+s)}

+E (/0 <I>(t,Xt,w)w/\/ll(w)dwﬂ{xt+s‘/t<o}]l{0 jumps in (t, t+ S)}

0 —_
+E (/ (I)(t,Xt, w)w/\/lg(w)dwll{xt+s‘/t>1}ﬂ{0 jumps in (t,t—l— S)}) .

—00

Letting s to go to 0, this gives us that

/(8@(1&,3:, v) + 00, P(t, x,v)) py(dx, dv) + /(@(t,a:, w) — O(t, x,v)) M) (w)dwp, (dz, dv)
+//(<I>(t,0,w) — @(t,O,v))wﬂl(w)ul(dv)

+//(<I>(t,1,w) — ®(t,1,0))wMs(w)ps(dv) = 0.

Therefore, y; is a weak solution to the PDE according to the Definition 4.2. O]

In order to prove the existence and uniqueness of a steady state for this stochastic
process we use Doeblin’s Theorem (we can find this in [Hail6] for example). Which is as

follows

Condition 2 (Doeblin’s condition). If P is a stochastic semigroup acting on probability
measures over a set §) then P satisfies Doeblin’s condition if there exists o € (0,1) and

v € P(Q), a probability measure on S such that for every z € Q we have
Pé., > av.

Theorem 4.7 (Doeblin’s Theorem). If P satisfies Doeblin’s condition then it has a unique
steady state.

Lemma 4.8. Let P; be the stochastic semigroup corresponding to the evolution of the
stochastic process defined in 4.4, then there exist a time t, such that P;, satisfies Doeblin’s

condition 2. In particular, the stochastic process has a unique steady state.
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Proof. We wish to find a lower bound for Doeblin’s condition. We apply Duhamel’s
formula to find that

z—ot €(0,1), f(t,r,v)=e"f(0,2—vt,v)+ /t e p(x — v(t — 8)) Mrg_o(i—s) (v)ds.
0
(4.10)

Similarly,

/v
x—vt <0, f(t,x,v)=e2f <t — E, 0,v> +/ e~ @) p(vs) Mp(ue (v)ds,  and
v 0

(4.11)
(1-2) (1—2x) S0
r—vt>1, f(t,x,v)=eTT f (t — o ,1,1}) +/ e (T 78);)(1 — v8) Mop_vs) (v)ds.
0
(4.12)
In light of this, we define
(2 /v, for z/v <t
t, for x/v > t,v >0
R(t,x,v) =< t, forv=0
t, for (1 —xz)/jv| >t,v <0
( 1 —2)/]v|, for —(1—2z)/v<t
and
mf(z,v) = pp(r) Mr (v)-
Then we have the following lower bound
R
f(t,z,v) 2/ e H(rf)(s,x —v(R—s),v)ds. (4.13)
0

Regarding the boundary conditions, we substitute in the first term from (4.10):

0 0

| £(£,0, u)du > /\71(1))/ e |ul £(0, —ut, w)du

—1/t

F(£,0,0) = /\71(@)/

— 00

and

. 00 N 1/t
f(t, 1,v) = My(v) /0 lul f(t, 1, u)du > My (v) /o e "|ul f(0,1 — ut, u)du.
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Now if we consider the initial condition f(0,z,v) = d,,(x)dy, (v), we have
F(£,0,0) > e My ()] o]0 (—v0t) Lijugj<1 and

F(t,1,0) > e Mo (0)]0] 0 (1 — vot) Lyjuo<1-

Then we have
r—vt < Oa f(t,[L’,U) > e_t//{/lvl(vﬂv()wxo <_UO (t - E) < 1) .
v

We need to know the local density and integrate in v. This gives us when vy < 0,

of(t-1lol)y .
> — - _Z
plt,x) > /x/t e M (@) ol (oo (1= 7)) o

min(|vg|t,1) 1 T 2 v
[ el () A () s
0 ZL’|’U0| y+U0t y—|—U0t

2
_ ) —~ TV

>1 et 0 _M .

Z Lrxg+vot<0 )2 1 330—'—’0015

Also when vg > 0, we have

a-o)/wl 12
otz [ (1 o (t _ )) dv

o |v]
1—x —~ 1-—

( )vo 2/\/12( ( )vg

(o — 1+ wvot) 1 — vt — xp

Zeit‘v(ﬂ > 1x0+v0t21'

Now in the simplest case where z + vt € (0,1) we have

p(t, x) = :EoJrvot(x)’

Now we are going to focus on the case where x — vt € (0, 1) in which case

t
flto) = [ e p(s,m = ot = 5) Maraaie-ap(e)ds,
0

We have
1

V 27TT2

2 T
My (v) > e~V /2 > %MT1<U) = aG(v).
2

Using this we can write

ft,z,v) > aG(v) / e p(s,x —v(t —s))ds.

0

For a fixed € > 0, we consider the following three cases
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1. U0<0,ZL‘0/|’U()| <€,
2. U0>0,(1—$0)/U0§€,
3. Neither of these holds.

We observe that in case (1) we know that ¢ > € implies that z¢ + vyt < 0 and in case (2):
if t > e then xg + vot > 1.

For the case (1), we have

2
_ T, — TV _ xr _ 2
t,x) > e s LM > e s ge /A,
p( 717) =¢ t2 (93() ‘|‘U0t)2 ! (150 —i—’U()t) =¢ t2 T1t26

Now we can substitute this into (4.13) again to get that

1 2 [
flt,x,v) > cw_tG(v)T—tQ6_1/2TlE / (xr —v(t —s))ds
1 €
_ae™ —1/2Te? _Y
= Tl (t—e) (x (¢ e)> L.

If we set t, = 2¢ then we have

—2¢ L €
f(t*,l’, U) > ae ? G(U)ﬁe 12T 26213}—’!}66(6,1—5)'

For the case (2), we work essentially the same as in case (1) to get that

F(t,z,0) > O}‘:;G(v)e—lm’x? (t—e) (1 . g(t - e)) .

Setting t, = 2¢ we have
—2¢ 1 —1/2Te? 2
f(t*) z, U) > ae G(U)_e € ]l:(:—vee(e,l—e)'

T262

Finally for the third case, we will need further iterations. Initially, we get that
p(t,:r:) > eit(swothﬂo <x>]ltS6'
We substitute this once into (4.13) to get
t
flt.z,0) > e'a / 5o voun (& — 0(t — 5))G(0) Lecds.
0

Integrating in v this, gives

t o)
p(t,x) > e_tﬂtgeoz/ / Oaotsvo (T — v(t — 5))G(v)dvds.
0

—00
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After a change of variables, this is bounded below by

t _ _ t 1
p(t,z) > e_t]lt<€g/ G T 0~ s ds > e_t]lt<€g/ G ds.
- t 0 t - S - t 0 t - S

We subsititute this back into (4.13) to get

) 2t C60) [ 6 (L) aras
>e_t—G 2/6//drds
(2/e).

_ale(t —e)
2t G)G

>e

Setting t, = 2¢ we have,

OZE

f(t*,:v,v) >e
2€

G( ) (2/6)]]‘33*21)6€(0,1)'

Now let us set

2 1 1
b= ae” % min {%G (E) ’ 7718—1/2T1e27 Ee—l/ZTzeQ} ‘

Then in every case we have that

f(t*a xz, ’U) > ﬁ]lx—%ve(e,l—e)-

4.4.3 L™ Bounds on F(7T).

As we have uniqueness of a steady state for (4.7)-(4.8)-(4.9), thanks to Lemma 4.8, for f

being this solution with temperature profile 7', we define the mapping

ff(x,v)|v|2dv.

FO01) = COL), T — == d

In this subsection we first represent the solution to (4.7)- (4.8)- (4.9) in terms of the
moments appearing in the boundary conditions. Then we check their asymptotic behaviour
concerning the boundary temperatures 77,7, so that we establish the conditions required
on these temperatures in order to bound the F(7')(z) uniformly in 2. The goal is to prove

the proposition,
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Proposition 4.9. If T, T satisfy condition 1, then we have that
T <7p(x) < Ty

uniformly in x.
We begin with the following Lemma.

Lemma 4.10. For f a solution to (4.7)-(4.8)-(4.9) we have the following representation

—z/klv ‘ —(z—y)/klv 1
F(@,v) ==/ (0 ) +/ J—_— \mp(y)MT(y)dy v>0, (4.14)
0
1
— —X)/ K|V — —X)/ K|V 1
f(z,v) =e~ U2/~ |f(1,v)+/ e~ W=o)/xl |Mp(y)/\/lT(y)dy v < 0. (4.15)

Proof. We will use Duhamel’s formula to get an exponential formulation for the equation:

let v >0

0 (¢! (0t,0)) = ~ /" p(0t) My (v).

Integrating this gives that

) = 10,0+ [ P pfos) Maen (e,

K Jo

Now we write x = vt and in the integral we make the change of variables y = vs, dy = vds.

This gives
N 1
e f(w,v) = £(0,v) +/ " — p(y) Moy (v)dy.
0

RV

Similarly, if v < 0 we can write
1
O (e f(1+vt,0)) = Eet/"p(l + vt) Moo (V),

again integrating this yields,

1 t
et/"‘f(l +vt,v) = f(1,v) + E/ es/“p(l + v8) Mp(14vs) (v)ds.
0

Now we make the change of variables x = 1 + vt,y = 1 + vs this gives

1
1
e(l—x)/n|v|f(x’,u) — f<]-77)> +/ e(l—y)/ldv\_p(y)MT(y)(U)dy.

. Klv]
[l

The above lemma will give us a close form for the moments appearing in the boundary
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conditions. We start with the following definitions.

Definition 4.11. We define the following moments

1
- / / e/ () Mg (v)dudy, (4.16)
/ / ~=0/m1 o () Moy (v) dudy, (4.17)
C’lz/ |v|e_1/"‘|”‘/\/l1(v)dv<1, (4.18)
v>0

Cy :/ |v]e*1/”|”‘/r/l/2(v)dv < 1. (4.19)
v<0
Lemma 4.12. The moments appearing in the boundary conditions can be written as

1

0,v)dv = ——— (C_ + C,C4),

| w00t = g (€ Cu)
1

lv)dv = ——— (CL + C1C),

| W0 = g (€ + i)

where the quantities C,Cy, C_,Cy are as in the definition 4.11.

Proof. We use the previous lemma iteratively to get

/U _ JolF O, v)dv = / o (e”“'”f(l,v) / | ,f|1u|e v <y>MT<y><v>dy) dv (4.20)
:/ lw|e VR F(1, v)do + C
v<0

_/ yv|e—1/“|v/\72(u)dv/ W (1,0 + C-
v<0 v’'>0
:CQ/ lv|f(1,v)dv + C_.

v>0

Similarly

1 1
[ttt = [ (1ol #1700+ % [ Ma )y ) o
v>0 v>0 k- Jo

(4.21)
:/ lule=V/RIL£(0, v)dv + C
v>0
:/ \v|el/”|”|./\71(v)dv/ W £(0,v/)d’ + .,
v>0 v'<0
:C’1/ lv|f(0,v)dv + C.
v<0
Substituting (4.21) into (4.20) gives the result. O
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Combining the previous two Lemmas we get easily the following representation of the

solution as stated in the following Lemma.

Lemma 4.13.
71[{’0/\/ C_+OC ¢ 1 —(Tr— K|V
f(SL’,U) =e /4] |M1(U)TI2C(2++/O me (@=y)/xl |,0(y)MT(y)(U)dy v > 0,
(4.22)
—(1l—Z)/KR|V A A C —I— C C_ ! 1 —\Yy—x)/R|V
flx,v) =e~1-2)/xl M2<U)1+——C'11C'2+/ me W=/5l () Moy (v)dy v < 0.
(4.23)

We remind here that we are aiming for estimates on F(7") which is defined as following:
if f is a solution to (4.7)-(4.8)-(4.9) with profile T" then

In particular, using the following definitions for the hydrodynamic moments

pr() = / f(a, v)dv,
pr(z)ur(x) :/f(x,v)vdv
pr()(7r(2) + ur (2)?) =Pr(x) = / £ (@, v)?dv,

we would like to show that if T'(z) € [T}, T3] then 7p(x) € [T1, T5).

Therefore we are interested in the scalings of the different quantities py, Pr, 7r in terms
of the temperatures T, T, T(y) — oo. These asymptotic behaviours are presented in the

following series of Lemmas.

Lemma 4.14. As 11,17y — oo we have

1 2 /ﬁ}\/TlTQ
1-CC T+ Ty

Proof. Let us write D; =1 — ('} and compute that

Gy = \/ ?_W/OO ve /m(2rTy) T e M gy = /°° ue VT =2y,
1.Jo 0

Therefore,
D, = / U <1 — e Vix Tl“)) e 2y,
0
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We can straightforwardly bound this above to get

Dy < / L gy L [T
0 K T1 K 2T1

In order to bound D; below, first Taylor expanding gives us:

1 1
—1/(sWTiu) < 1.1— )
‘ = max{ T T 2T

Therefore,

u (1 — 6_1/(”m“)> > L max 4 0,1 — 1 )
kT 26/ 11U

So that for any « € (0, 1)

1 o 1 2 1 o0 1 2
/ max {0, 1— }6_” P2qu = / (1 — —) e 2du
kv Th1 Jo 21T vkt %h 26T
S
k1 1/(2kvT1cx) 2k Thu

zﬁjﬁ(l —a) (2\/%— m)

D, >

21 T 1 5 1 /x n 1
=2—4 /= — — 20— | — .
k\ T, 2ak%T) k\V Ty 2Kk%2TY
Optimising over «, for k*T} > 1/27, gives

1 /7 1 r \*
Dy >2—,/— -2 .
VT T 2r2T) (K6T13>

Symmetrically we find that for Ty > 1/2m,
1 /m 1 s L/4 T
2— /= -2 —= <Dy < | =——.
K\ Th + 26275 (KGTS) =72 = 26275

]_ - 0102 - D1 + D2 - DlDQ.

We can rewrite

Lets write

E 1 1 i 8 1/4 A _1/2T—1/4
Kk 27T; k2T, !

Therefore our upper and lower bounds give

T 1 1 T
1—CCy < o/ = + | ———(1-E)(1-E) ).
! 2_\/g(/< T, ' kT 2/<;4T1T2( ) 2))
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and

T 1 1 Fs
1—CCy > )= 1—B) 4+ ——(1—E) — | —— | .
! 2_\/;(/<\/T1( 1)JFM/TQ( 2) 2/€4T1T2)

Therefore we have

K< 0%
T~ (_1 4 1
2 </§ Ty + n\/ﬁ)
where
kVIZEy + kT Ey 41 1
K, — 2l 182 < B+ By + ‘
R/ T1 + K/ T2 K,(\/ T1 —|— AV TQ)

So we end up with

2 K/\/TlTQ < 1 < 2 KJ\/TlTQ 1
TV +VT, — 1=CCy = Vo yTi + VT 1 — By — By — 1/(6(VTL + VT3))

We can also straightforwardly check that if xK?T} > 7,, for some constant v, > 0, then we
can use the approximation 1/(1 — z) <1+ z to get that

1 8 1/4 ] 1/4
<142 —=+ +2 .
1— E1 — E2 — 1/'%(\/1_1 + \/Tg) 7Tli2T1 ’7TI€2T2

Lemma 4.15. If Ty < T(y) then we have that

1 2 \"* 1
—|(1-2| —= <20_,204 < —.
K ( (7m2T1> ) S 20,20, < K

Proof. We just show this for C'_, the proof for C is almost identical.

1
KC:/ p(y)/ e Y/ Mo,y (v)dody.
0 v<0

The bound e ¥/#I*l <1 gives us the upper bound immediately.
For the lower bound we look at D(y) =1 — C_, and wish to bound this above.

1
D= / p(y)/ (1 = e ¥ Y My (v)dody.
0 v<0
We look at the integral first in v and change variables

/ (1 — e ¥ Y Moy, (v)do = / <1 — e v/ny T(y)”)> M (v)dw.
v<0 0

172



For any « € (0,1) we use the bounds

1 — e W/ VT <1 |y < Y

ary/T(y)

and
1 — e WVTOD < o o] > Y

any/T(y)

This gives us

a
/ 0(1 — e ¥R Moy (v)do < S -
v<

ay/2rkT(y) 2

We optimise over a to get

1/4 1/4
/ (1= e My ydv <2 (—2% ) <o (2 )
v<0 Y - 2T (y) - K21y

We then use the fact that p integrates to one to conclude. O]

Combining the above two lemmas gives us the scaling of the quantity appearing in
the first term of the representation (4.22). Note that similar calculations will give same

scaling regarding (4.23).
Lemma 4.16. We have

2 VI,  _ C_+GCy 2 VTiT;

Fi (T, Ty)\ ] — < KT, T\ ———————=
B Y R P e TRl (P v
where
1/4 1/4
s 2 1 T
(T, T,) =1 — -2 — = 4.24
(7, T) =14 <2/€6T13> <m2T1> 2\ 2x2T} (424)
and
1 T s 1/4
(T, T) =1 — — . 4.25
(1, T2) YT, N\ 2 (F;GT;) (425)
Proof. We just put together the previous two Lemmas. O

We would now like to get a sense of the different quantities using these results. Let us

start with the pressure Pr.

Lemma 4.17. We have for all z € (0,1),

G1(Th, To)/ T Ty < Pr(z) < Go(Th, To)\/Th T, (4.26)
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where

Gi(T1, Ty) = Fy(Ty, Ty) (1— \/gm(mi m>>’

1
Go(Th,Ts) = F»(Th, T —_—
2(Th, Tz) = Fo (T, 2)+V27TI{2T1

and Iy, Fy are functions of the temperatures T, Ty and they are defined in Lemma 4.16.

\V T1T2 5 PT(.’L‘) 5 \V TlTQ.

Proof. Let us first note that the pressure is constant in x. Indeed, from the equation we

In particular,

can easilty see that

Ou(p(z)ur(z)) =0
and from the boundary conditions we have
p(0)ur(0) = p(1)ur(1l) =0,

hence ur(x) = 0. Since we have that 9, Pr(z) = —Lp(z)u(z) = 0, we know that Pr(x) is

constant.

Now in order to quantify it in terms of the temperatures, we need two further quantities:

~ T;
/ [P M (v)dv = T ,
v>0 2

which is straightforward to compute. We also show that

7, 1 1 < T,
VA < u/Alol dvdy < /=2
5 " 5 _/0 p(y)/o lvle M) (v)dvdy < 5

The upper bound comes from bounding e %*I*l by one, the lower bound comes from
bounding it below by 1 — y/k|v|.
More precisely, for v positive, using the representation of the solution in (4.22) for the

upper bound we write

o > —~ C_+ CyC
/0 ]v|2f(x,v)dv:/0 U2€_x/m}./\/l1(1))dv< 1_+01202+) / / y)|v|e” I Mo (v)dydv

and since the pressure is constant, for x = 1, the above quantity is bounded above by

e T, T
B < VR pn )
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while the lower bound similarly is found to be

T 2 Ty T:
(D_1> VI g (T, T)

2 VT +VT

For v negative, using the representation (4.23), we have

0 0 ~ i+ CC-
2 _ 2 + 1
/_OO 0] f(1,v)dv = /_Oo [v|*Ma(v) =G dw.

Therefore we can bound it above by,

\/TQ \/TlTQ

\/— \/— (T17 T2)
and below by,
NAE
VT2 _F (T}, T3).

VO +VT;

Summing over positive and negative velocities gives us that

PT(ZL‘) = PT(]_) S \/TlTQ (FQ(Tl,TQ) + Wzﬂ) .

Similarly, we get the lower bound,

Pr(z) = Pr(1) > VTV T2 FA(Th, Ty) (1 B \/gli(\/Tll‘F \/T2)>

The following Lemma concerns the asymptotics of the density p.

Lemma 4.18. We have, uniformly in x,
1 — 5ok 2T < pp(e) < 1w V2T

for some constants vy, 1.

Proof. Looking at the formulae (4.22) and (4.23), we have

o —~  C_+0,C ”” o0 1
/ f(x,v)dv—/ e_’”/””./\/ll(v)ﬁ—i-/ p(y)/ G y/m’./\/lT y(v)dvdy
0 v>0 1 —C1Cy 0 0

IQ’U

VT Ty <1
< FQ(Tl,TQ l\jT/ M d'U"—/ ( )/ Ee (- y/HvM ( )d'Udy
2 0

= [1 +IQ
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where we remind that F} is given by (4.25). For I; applying the above estimates we get

™ T
s B

For the second term Is: first we notice that

1 -1
2 r—y z

Therefore

< ] ©
/0 Lo wleo gy (o)do = /0 H_ef(a:fw/n W A, () do

KU T(y)v
S/o ‘ x—yMl(U)dH/a o)

a 1

@ 2ar\/T(y)

Optimising over a gives that

/OO ief(xfy)/ﬁvMT( )('U)dv < 6*1/2 L 1/4 1 .
o KU Y - k2T (y) r—y

Therefore,

x 00 9 1/4
I, = Ze—(z=y)/v dody < 2 —-1/2 -
9 /O p(y)/o e Moy (v)dvdy < 2e p— ol

We can do the same thing for negative v and put it together to get that

) 9 1/4
ol <26 (2) e+

Rearranging gives
Plloo 1— 1%71/2T71/4 < Fs.
Y 1

Hence,
_ —1/4\ —
Iplloo < Fo(l —mr= V217471,

For a lower bound on p we can completely ignore the term where we integrate in y in

the formula (4.22). So we just need to bound below terms like

/ e /% M (v)do.
0
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We have already treated terms of this type we bound the integrand below by 1 — « for
v > 1/a+/T; and optimise over a to get

& 1/ - T 2 1/4
TR dv> === 12— .
/0 ‘ Mufv)dv 2 \ 2K2T (7m2T1)

Therefore, we write

[7_ 2 \""\ _VIiT
/ flz,v)d oIT, (1 2(7r/<52T1) >\/Tl+\/T2 (T, T3)

Summing over positive and negative v gives

plx) > 1 —yor 2TV

O

Now given the scalings in terms of the temperatures for Pr(z) and pr(z) and the fact
that Pr(x) = pr(x)rr(z) for every x we have that

Lemma 4.19. We have that for all x € (0,1), asymptotically with T},

\/ T1T2(1 — 71571/2T171/4) S TT(QZ’) S /T1T2(1 + 70/?71/27—1171/4),

Proof. This is simply a matter of piecing together the previous lemmas. O

Proof of Proposition 4.9. This follows immediately from the previous lemma, since from
the the second item of condition 1, (C2), we indeed have that

VI (1 + ok 2T < Ty

and

VTIT(1 =y 2T > 1

4.4.4 Holder continuity of F(T')(z).

In this Section we show Hélder continuity of order 1/2 for the map F(7') = 7. This will
allow us to use Schauder fixed point theorem, see Theorem 4.22, to get the desired fixed
point for F. Again in this section the precise constants do not matter for the final result

so we work with k = 1.
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Proposition 4.20. If T'(z) € [T\, T3] then there exists a constant C(T1,T3) such that

’T(Il) — T(Ig)l S C(Tl,Tg)\/ |£L’1 — $2|.

Proof. For x1 < x5 in (0,1) we write

P P
pr(zi)  pr(za)
< O(Ty, Tv)|pr(zs) — pr(z1)|

pr(r2) — pr(z:)
pr(z1)pr(T2)

(4.27)

[T (1) — T (22)| =

where P = Pr(z) is the constant pressure we got from Lemma 4.17 and C(7},T) a
constant that depends only on the two temperatures and comes from the upper bound on

P, Lemma 4.17, and the, uniform in x, lower bound on the density as well, see Lemma
4.18.

Thus, in order to conlude we need to prove Holder continuity for p(z). We need to estimate:

/O T (f ez 0)) — fler,v))dv.

We can split this into two terms

C_+ CQCJr 27(/ —xz/v —(z1—z2) /v
L =——— —C.G, 1/T1 —e ) M, (v)dv

and
R Iy UL @/l
L= | e @y Mgy (v)dy = | e p(y) Mg (v)dy.
0 ]v[ o [v]

In order to bound I; from above, we use Lemma 4.16 to write
11 S Q(Tl, Tg) / (1 — 6—(m2—x1)/v> MT1 (U)dl)
0

for some constant 6(77,75). Now proceding as in the proofs of the Lemmas in the previous
subsection, we split into v < (x9 — x1)/a and bound the integrand by 1 for small v and by

« for large v:

- (z2—z1)/ax (v) 0 (w)dv < T — X1 Q
IIN/ M vdv—i—oz/ Mpw)dv § ——+ —.
0 ' (1‘2*331)/04 ! a\/ 27TT1 2

Optimising over « gives
Il S 9'(T1,T2) (CL’Q — l‘l).

Here the constant ¢'(T},T3) depends only on T}, T,. Now we turn to Io. We can rewrite it
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as

with

I3 = / / y) Moy (V) ( —(z2—y)/v _ e—(m—y)/v) dudy,

and

I, = / / Y) Mg (v)e” #2790 dudy.
v>0 U

Looking first at I, we show that

T
I < o)l 2/ ~@2=0)/0 M, () dudy.

Integrating in y gives

I, < C’onst./ (1- e_(m_ml)/”) Mo, (v)dv < Const.\/zo — x1.

v>0

T o 1 —(x1—y)/v —(za—x1) /v
I3 < |[pllooy/ _Tj/ / ;MTQ(v)e (@=v)/v (1 — em@mm)/v) qudy.
0 v>0

Integrating this in y gives

Now,

I; < HpHOO\/?j M, (v) (1 —e™/7) (1 — e~ (2mm0/v) qu,
We can bound this by
I3 < C’onst./ Mo, (v) (1 - e*(‘”r‘“)/”) dv < Const.\/ry — 7.
v>0
So we can repeat this for v < 0 to get

lp(x2) — pla1)| < C(Th, To)V e — 1.

This gives uniform Holder continuity for p. Now we get Hélder continuity for the 7(x) by
combining this with (4.27):

|70 (1) — Tr(22)| < C(Th, To) Ve — 1.
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4.4.5 Continuity of the map F

In this subsection we are going to prove the continuity of the map F which is the second
main ingredient in order to apply Schauder’s fixed point Theorem. Here we continue to

work with k = 1.

Proposition 4.21. The map F is continuous from C((0,1)) to C((0,1)) with the L>

norm.

Proof. Let T(z), T(z) be two different continuous functions satisfying the bounds, i.e. are
bounded below and above by T3, T respectively where 77, T satisfy condition (1). In order
to conclude the continuity of F, we want to estimate the quantity |F(T)(z) — F(T)(z)]
and bound it in terms of the difference of the two temperatures |T'(z) — T(z)] for all

z € (0,1). In what follows we write P := Pz, p := pz and we have

|ﬂﬂm—f@mn—§m—§w
PP . PPlo—l
s—p ()+—pﬁ (z).

Therefore we need to estimate the differences between the two densities and the two
pressures that correspond to the two different temperatures. We proceed as in the proofs

of the Lemmas in subsection 4.4.3, using Lemma 4.13. We recall the result of Lemma 4.13

—z/|lv| A4 C* + C. C 1 —(z— v
fla,v) =e=/! |M1(U)#+/ —e I p(y) My (v)dy v >0,
1-— 0102 0 ’U’

~ O, +CC- 1
f(z,v) :e*(lfx)/\leZ@)ﬁ—l + _ef(yfrr)/lvlp(y)MT(y)(U)dy v < 0.
1-— 0102 z |U|
First note that the constants C7, C5 do not depend on whether we use T" or T. However
C_,Cy depend on this. In this case we would like to look at the differences between two

different realisations. We recall

1 0
C-= [ o) [ e My (w)dudy
0

—0o0

Here we first look at the integral in v,

/0 e Y1 Moy (v)do = /OO e_y/\/m”./\/ll(v)dv =F (y, T(y)) :

—00 0
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We calculate
d * v
—F(y.t) = e~ Y/tv
GF@0 = [ e Moy
*1d ,
= [ e et
1 —y/tv/, 2 2
= 7€ Y (v* = 1) My (v)dv < T
Therefore,

’F (y T(y)> - F (y \/@)‘ < \/LTT

This means that

€= = Cl < VT =Vt [ o) =] [ (1= eVTO) My (o)dudy

Then we can use our bounds from earlier to get that
~ 2 ~ m
C_—C| < —|VT-VT||_+/=Illp— 5
Exactly the same result is true for C..

Now in order to bound the difference of the densities, we write

By(r) = /OOO —a:/UM \/7
Bs(x) :/; e 7, () \/»

These quantities don’t depend on T, T. Let us also write

0= [ 5 T ) Mag ()

and As(x) defined symmetrically. Then we have that

and

_ Bi(2)(C_+ CyCy)  By(x)(Cy + C1C)
) =—"—ca vt 1-ac

181

+ Ay + As.

(4.28)



Therefore,

5 2(Bi(z) + By(zx - -
ole) — pta)| < AL (10— G0, = Cl) o+ Jar = Al + 14s -
(4.29)
We know from Lemma 4.14 that
2 VI,

1—-010y) ey S
S v e

Therefore,
2(By(x) + Ba(x)) <9
1—-CCy -

Therefore we can bound the first term in the rhs of (4.29) by

12+ V72— QN‘ V| +llo = Allsc) -

Regarding the differences between the A;’s, we look only at A;, since the other case is the

same. Let us write

G<y,t>=/0°°ie 0/, (o) do

vt

By our earlier calculations, for example in the proof of the Lemma 4.18, we know that

1/4
G(y, t)<e_1/2(2) .

t?

Then we can differentiate to see

—-G __1 LY\ ~@—y)/ot 2 —3/2
T (y,t) = /0 ( o2 + 2 )e M, (v)dv tG(y,t) Ct

This last inequality only holds for ¢ > 1. Now we have,
~ 1 ~
M@)-Auta) < [ (o) |6 (5 VW) = 6 (/7)) + (00 - 300G (/T
0
Therefore,
[Ai(@) — A(@)] < CTT VT = VT + 77 o —
Therefore overall,

lp =il < CT o =l + CTT P IVT = VT
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Hence,
lo = flloe < CTTIVT = VT . (4.30)

Regarding the estimation of the difference of the pressures we define the following.

mmzlﬂwfmﬂmmw@m:/|w (/0 W, (v)do

— 00

These quantites do not depend on 1" or T and we have that

%\/E,Dgz\/i.

Furthermore, we have

= [ [ ol ) M (o),
0 0

and "
=[] e M) My (v

Then the formula for the pressure can be rewritten as follows

D(C_ + CyCL) + Dy(Cy + C1C2)

P = Ei + Es.
G0, R
Therefore,
~  2(Di+ D ~ ~ . -
[P —P|< 2D, + Do) <|C’, —C |+ ‘C+—C+|> + By — Er| + |E2 — Bl

1—CCy
So we can bound,

2(Dy + Ds) VI T:

2Dy + D) <2(v/Th + 12 _ o /T Ty

1— 0,0, Ll e

Then we want to bound the first term by
CVLIVT - VT,
In general we can see that,
P - Pl <CVB|IVT - VT|_. (4.31)

Finally about the difference in temperatures, we use the results from Lemmas 4.18 and
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4.17: that p, p ~ 1, and P ~ /11 T5. Combining (4.30) and (4.31) with the calculations in
the beginning of this proof, we have for all x

P - PO £ SRR VT - V| T VT,

I1+k

< A( Tl,Tz VT = V|

1/4‘

for a constant A(77,7T») that depends only on the temperatures 77, 75. Since T,T are
bounded below by T} this gives the required continuity.
m

4.4.6 Fixed Point Argument

In this subsection we show how an application of Schauder’s fixed point theorem yields
the main result. First, for completeness we remind here the Schauder’s Theorem, which

can be found for example in [Sma74, Theorem 2.3.7].

Theorem 4.22 (Schauder Fixed Point Theorem). Let S be a non-empty, convexr closed
subsect of a Hausdorff topological vector space and F a mapping of S into itself so that
F(S) is compact then F has a fized point.

Proof of Theorem 3.1. We apply Schauder’s Theorem to get a fixed point for F:
Firstly by Proposition 4.21 we know that the map F : C'(0,1) — C(0,1) is a continuous
map. For 77, T, fixed temperatures satisfying condition 1, we have that T'(z) € [T}, T3]

implies 7 € [T1, Ts], in other words if we define the set
St ={T € C([0,1]) : Ty < T(z) < Ts},

then
‘F(STLTQ) - STl,TT

Also, from Proposition 4.20, we have that F (S, 1,) satisfies a Hélder condition of order 1/2
with a constant depending only on the two fixed temperatures. Since moreover F (S, 1)
is uniformly bounded, we conclude by Arzela-Ascoli, the compactness of the set.

The existence of a fixed point for this mapping ensures us that the steady state for the
linear BGK model with temperature profile 7'(z) is a steady state for the original non-linear
model (1.1)-(1.2)-(1.3) as well since T'(z) = T¢(z). The properties of this non-equilibrium
steady state listed in the statement are proved in Lemmas 4.18, 4.19 and Proposition 4.21
respectively. O]
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4.5 Discussion of the results and future work

First we look at how Fourier’s law applies in this specific context. The heat flux associated
to the NESS is constant along the interval: Recall that the temperature that corresponds

to the stationary solution f is given by

and the heat flux is the vector field
Iw)i= [ = u@)lo - u@)fz,0)de

Here we have u(z) = 0 everywhere (see beginning of proof of Lemma 4.17). We easily get
that
0. J(x) =0 forz e (0,1),

i.e. the heat flux is constant. This means that if Fourier’s law (1.6) holds, then x(7)0,T(x)
is constant. Note that this conclusion can be also found in [EGKM13, proof of Theorem
1.5] for the full Boltzmann operator and for temperatures close to equilibrium. There,
through comparison with numerical simulations indicating that the temperature is a
nonlinear function, one can see that indeed Fourier’s law is violated in the kinetic regime.

In our setting T’ (z) is close to the constant function /7175 as Ty — oo, as described
in the main Theorem 3.1. So for large boundary temperatures 77, the function Ty (z) is
constant in the bulk of the domain (0, 1) which is reminiscent to the behaviour of the heat

flux in the harmonic atom networks.

Comparison with the heat flux in the microscopic harmonic atom chains. In the
case of harmonic oscillator chains the temperature profile is close to being constant, and in
particular in the centre of the chain it is the linear average (77 +75)/2 as shown in [RLL67],
at least in the case of small temperature difference. The temperature is paradoxically
lower than the average very close to the hot reservoir. This purely harmonic system of
atoms is ballistic (Fourier’s law does not hold) and this is what causes the flat temperature
profile there.

In contrast to this, we expect the BGK model we consider here to be the kinetic
limit of the heat conduction microscopic model of harmonic atom chains perturbed by a
conservative stochastic dynamics as considered in [BO05] where Fourier’s law holds. We
prove for the BGK model that the temperature gets close to the constant /1775 for T}
large. This behaviour of the temperature profile however does not contradict the expected
diffusivity of our system, i.e. the fact that the conductivity in the hydrodynamic regime is

finite, since our result here does not hold on the hydrodynamic regime.
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As regards the connection of microscopic oscillator chains with the Boltzmann equation
for phonons, it has been shown that one can derive a phonon Boltzmann equation as a
kinetic limit (high frequency limit) starting from infinite chain of harmonic oscillators with
a small anhamonicity. We refer to [Spo06] for that and to [BOS10] for a stochastically
perturbed version of it. Another very interesting work analyzing the kinetic limit in the
case of an infinite linear chain of oscillators coupled to a single Langevin thermostat at
the boundary is [KORS20).

Possible directions. The most natural and important question arising from these results
is uniqueness of the steady state given here. A less ambitious question in the same direction
is whether the steady state found here is stable under small perturbations, this is done
in the Boltzmann equation setting in [AEMN10, AEMNI12| and in the BGK setting in
[CEL*18, CEL*19]. This would also be an interesting question in terms of the study
of hypocoercivity as there are only a small number of works showing hypocoercivity for
equations on bounded domains and these are generally in the context of the Boltzmann
equation initiated by [Guol0]. Showing hypocoercivity for equations with non-explicit
non-equilibrium states is also a significant challenge.

Another possible angle for future work is to investigate similar problems in higher
dimensions. This would involve looking at the non-linear BGK equation where z € Q C R¢
and () is a smooth bounded domain. In this case getting L*° estimates on the solution

from the Langrangian expansion of the steady state becomes much more challenging.
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Chapter 5

A quantitative perturbative approach

to hydrodynamic limits

This chapter is a joint work with Daniel Marahrens and Clément Mouhot and has not

been published yet.

We present a new unified method for proving the hydrodynamic limit of several
interacting particle systems on a lattice, and obtaining explicit bounds on the rate of
convergence to the hydrodynamic limit. In the case of the diffusive scaling, for the first
time in the literature, the convergence is proven to be uniform in time. We employ a
‘consistency-stability’ method with modulated Wasserstein-1 distance and a cost being
a microscopic ¢; distance. We compare the law of the stochastic process to the law of a
process built to have the desired hydrodynamic behavior, the local Gibbs measure. The
method is a simplification compared to existing unified methods as it avoids the use of the

One and Two Block Estimates.
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5.1 Introduction

We consider the hydrodynamic limits of interacting particle systems on a lattice. The
problem is to show that under an appropriate scaling of time and space, the local particle
densities of a stochastic lattice gas converge to the solution of a macroscopic partial
differential equation. The goal of this work is to provide a general framework for proving a
hydrodynamic limit with an explicit rate of convergence which is also uniform in time under
parabolic scaling. We will present our method in a general way first and then we will apply
our general framework to three processes: the zero-range process, simple-exclusion process
and Ginzburg Landau process with Kawasaki dynamics. Note that the hydrodynamic
limit for all these is well-known and the limit equation is given by a nonlinear diffusion
equation under parabolic scaling and by a nonlinear hyperbolic equation under hyperbolic
(Eulerian) scaling, see a review in [KL99, Rez91].

Let us introduce some notation. Denote the discrete torus T¢, = (Z/NZ)¢ =
{1,...,N}* and consider particle configurations in Xy := NT% or RT%, the state space
for the jump process and a diffusion process. The lattice T% can be thought of as a
discrete approximation of the d-dimensional Torus T¢ = R?/Z% with periodic boundary
conditions z + e = z for all z € T¢ and e € Z¢. Variables in the discrete torus T4 are
called microscopic and denoted by x,y, 2z, whereas variables in the continuous torus T¢
are called macroscopic and denoted by u. We embed T4, in T¢ via

T - T 2o %
This embeds the microscopic variables x € T4, into the macroscopic ones u € T¢. Hence
the macroscopic distance between sites of the lattice is N=!. In general, we will denote
particle configurations in Xy by the letter n. The interacting particle system evolves
through a stochastic process and is described by a time-dependent probability (Radon)
measure p € P(Xy).

Consider p : T4 x T% — Ry so that p(z,y) = p(0,y —z) :==ply — x), >, zap(z) =1
and its support {z € Z% : p(z) > 0} us finite, i.e. p(z) = 0 for |z| > A for some A € R.
These are the finite range, translation invariant, irreducible transition probabilities. We

also denote by v the mean transition rate:

v = (’yl, .. ,’}/d) = Z zp(Z)

2€74

For any initial measure p)Y € P(Xy) we obtain a unique measure pl¥ € P(Xy)
describing the state of the process at a later time ¢. This also yields a semigroup (S )¢>q
on P(Xy), which is given by u¥ = SNuly for all t > 0. The semigroup S{ is a Feller-

semigroup uniquely determined by its generator, see [Lig85, Chapter 1]. The generator is
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a linear operator Ly : Cp(Xy) — Cp(Xy) and satisfies

d

where we have denoted by (-, -) the integral of a continuous function with respect to a
measure. Equivalently, this is the duality pairing between (Radon) measures and bounded
continuous functions. Thus Ly can also be thought of as the generator of the dual
semigroup on Cy(Xy), which is the set of bounded continuous functions on Xy.

Let us make precise the notion of convergence of the particle process. Given a particle

configuration n € Xy, the particle densities are given by the empirical measure

o) = 17 3 ()i € My (T, (12)

d
z€Tg,

where M, (T?) is the space of positive Radon measures on the torus. Let f; € H be the
solution to the hydrodynamical equation given initial data fy. The goal is to show that
the empirical measure (1.2) possesses an asymptotic in N density profile f;(-): for any

smooth function ¢ : T¢ — R,
forall¢ >0, lim P~ (|(a7]7v, ey — (fr, o) >€) =0 (1.3)

N—o0

and to estimate the rate of convergence. Here P~ (A) denotes the probability corresponding

to the (measurable) event A under the probability measure v € P(Xy):

P, (4) = /X xaln) u(dn),

where x4 denotes the characteristic function of A. We denote the expectation of a

measurable function f with respect to a probability measure u» € P(Xy) by
En[f(m)] = (™ )= [ f)p"(dn).
XN
A measure Y is called invariant (or equilibrium) measure, if
(WM, Lyf)y=0  forall f e Cy(Xy),

cf. equation (1.1).
We shall show that as the number N of sites in the lattice T4 approaches infinity, the

empirical measure converges to the solution of the limit partial differential equation

Ouft = L fi (1.4)
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where L is a diffusion operator whose diffusion coefficient will be specified for each model
separately.
We consider the space of microscopic variables Xy equipped with a (Gibbs) probability

measure

Vﬁ\V(n) _ Z—lezzeﬂrzj\/ 77(93)>\z7 (1.5)

where Z is a normalizing constant to ensure v (Xy) = 1, the microscopic variables
n(x) € N or € R depending on the process, and \, are coefficients varying on the
macroscopic scale.
We assume the following Hypotheses:
(H1) Microscopic stability / Lyapunov condition. We assume that we can
define a coupling between two processes (1, (;) evolving according to the same law, with a
density denoted by G that satisfies

aGY (n,¢) = LyGN (0, ).

The coupling operator L w is such that each marginal of GY w.r.t. a reference measure dv.Y

with a > 0, i.e. fXN G (n,¢)dvY (n), is evolving according to the Kolmogorov equation

_
v

0 () = LN S (n),  where f;"(n) (1.6)

For every f, € H solution to the limit partial differential equation (1.4), we introduce

the local Gibbs measure Vﬁ(.), i.e. the Gibbs measure with slowly varying parameters

I/N
Ae = A(fi(x/N)) in (1.5), associated to f;. The density then ¥ = Y50 for o > 0, takes

N
dvy

the form

u(Q) = ek D), (17)

and satisfies for some rate function EV(¢,¢() — 0 as N — oo,
D (C) — L () = BN (1, ¢). (1.8)

Then the coupling density GV (n,¢) on X%, solves the equation

~ dv™N
AGY (0.0) = Ly G (1, Q) = SV(,m,0) = o (n) @ B (1,0) (19)

and we choose the initial data G{'(n, () to be the optimal coupling between the law of the
stochastic process, f{¥, and the local Gibbs density .
We say that our model satisfies Hypothesis (H1) if
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Cx (Niz In(z) - <<x>|) <0.

Note that the evolution equation (1.9) is introduced so that taking the first marginal in
the coupled Kolmogorov equation we recover the equation (1.6) and taking the second

marginal we recover (1.8). Indeed we write

GY Q) = [ BN O (O =0

CeEXnN

N N o
) /C G 0w Q) - L /C

eXnN

(1.10)

where the last equality is due to the conservation of mass: the fact that

Ly (v (€) = 0.

XN

This yields (1.6) on the first marginal, whereas we have

G (n, Q) () = BV (,¢) / avX(n) (L11)

neXn

N N . Sk
o / GO )~ B /

eXn

on the second marginal, which yields (1.8).

(H2) Macroscopic stability. Let (H,|| - | ) be the space of solutions to the limit
PDE. Typically H = L°°(T?) will do for our purposes. We assume that for every solution
ft € H, there is K > 0, T € (0, 00], so that

|D* fillg < K, for all t € [0,T]

and multi-indices k so that |k| < 4.
When T = oo, there is R(t) == 0 so that

ID*(fe — foo)llr Sigoll B(E), and R(t) € L'((0, 00))

for foo € H.
(H3) Consistency estimate. We assume that the local Gibbs measure has the

following property: There exists a rate function £V vanishing as N goes to infinity, so that

ke{l,...4

[ 5 S nte) = @@~ L0 Qv n)dn (©) S €Y max I1DH(i= £l

Our main general result on the hydrodynamic limit is stated in the following Theorem:

Theorem 1.1. Let F € Lip(R) and ¢ € C=(T?). Let fy be the initial data to the

hydrodynamical equation (1.4) and ul be the initial distribution of the stochastic process.
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We also consider the density of the local Gibbs measure 1 given in (1.7), and the coupling
GV between Y and [V = dul /dvY. We assume that for Cy < oo independent of N,
there exists R™Y — 0 as N — oo so that

[P (2) - f s

[;mewmmmeg@mn

dug’ (n) < CoRY,

(1.12)

Then, under the Assumptions (H1)-(H2)-(H3), there are constants 0 < C1,Cy < 00
independent of N,t and

Nw_{eﬂ«&w» #Tzw,
tK if T < oo.

such that for allt > 0

[ oF (8 e () | - F ([ ftoot) di o) < e + R+ con -

meT%
(1.13)

where EN is the rate function from (H8) and where f;(+) solves the hydrodynamical equation
(1.4).

Remark 1.2. If fy is continuous, one can construct an initial particle distribution pul for

which the initial assumptions hold:namely the local Gibbs measure plf = 1/%(_).

Remark 1.3. Note that this convergence in distribution of the random variable Jy :=

N
n

done by choosing the function F to be an approximation of an indicator function with
support on a translation of (—0,0) for § > 0. Indeed, let 6 > 0, and Fy, f(; to be smooth

(Y, @) to the deterministic object (f;, @) implies convergence in probability. This can be

approximations from above of the indicator functions on [z 49, 00), (—o0, x —§], respectively
and they are so that F5(J) = Fy(J) = 0. Then

P (|Jn = J| > 8) S Pon(Jy > J +68) + P (Jy < J —6)
< Eyy (Fy(Iw) + By (Fs(Jv)) =0

as N — 0.

Here we will apply our result to three prototypical models, the zero-range processes,

the simple exclusion processes and the Ginzburg-Landau model.
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5.1.1 Zero-Range process

Here the state space is given by Xy = NT# as there is no restriction on the number of the

particles per site z € T and the generator is given by

for all f € Cy(Xn), Lnfm) = ply—o)g(n(@))[f(n") = f(n)] (1.14)

T, Yy~x

where n*¥ is the configuration of the particle system after one particle has jumped from

site  to a neighboring site y € T%:

n(x)—1 if z ==z,
() = qnly) +1 itz =y, (1.15)

n(z) otherwise.

In order for the process to remain in the state space Xy, we always assume ¢(0) = 0.
Since the jump rate on a given site only depends on the number of particles at that partic-
ular site, this process is called zero range process. The jump rate g : N — [0, 00) can be
thought of as describing the interactions of particles occupying the same site. A special case

is the case of linear g, where the particles perform independent random walks on the lattice.

A convenient family of invariant measures is given by the grand-canonical or Gibbs

measures, given by
a(p)"®

w0 =11 Sy zoty

d
z€T%,

(1.16)

where Z is the partition function of the zero range process and p > 0. Furthermore we
used the notation g(n)! := g(1) - g(2)---g(n) and ¢g(0)! := 1. The partition function is
defined as

Z(¢) = Z% gzb:)!. (1.17)

The function o(p) is chosen such that

(v, n(0)) = p.

We shall elaborate on the construction of ¢ in a later Section. Since the number of particles
is conserved and the process has no other conserved quantities, another important set of

invariant measure is given by the canonical measures

vV ) =l (n ] X, n(z) = K), (1.18)
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which are the grand-canonical measures conditioned on hyperplanes of constant number of

particles. Note that this definition is independent of p. Since the equilibrium VIZJV is made

up of independent random variables, we expect the convergence (1.3) to hold if we can

show that the process is locally at u € T¢ in equilibrium VJJ)Z () with average density fi(u).

Diffusive scaling. We accelerate the zero-range process (1;); by a factor N2, i.e. the
microscopic spatial variables scale like N and time like N2, and we assume that the mean

~v = 0. The generator in this case is

for all f € Cy(Xn), Lnf(n)=N>>_ ply—z)gn(@)[fn"") — f(n)].

x,yn~x

Under diffusive scaling, the empirical measure of the zero range process converges to the

solution f; to the nonlinear diffusion equation

Ife = Dco(fi)- (1.19)

for the nonlinearity o : [0, 00) — [0, 00) appearing in (1.16). We denote by ¢ = (¢; ;)1<i j<d

the correlations matrix

i j = Z p(x)z;x;

reZd

and the diffusion operator is given by

AC: Z ci7j8ui8uj.

1<i,j<d

Hydrodynamic limit under hyperbolic scaling. We accelerate the zero-range process (1;);
by a factor N, i.e. both the microscopic spatial variables and the time scale with N, and

we assume that the mean v # 0. The generator in this case is

for all f € Cy(Xn), Lnfn)=N>_ ply—=z)g(n(x)) [f(n™") = f(n)].

T,y~x

Under the hyperbolic scaling, the empirical density of the zero-range process converges to

the solution f; to the conservation law

When o is not linear, the solution of (1.25) may develop discontinuities (shocks) in
which case is not differentiable and it is then understood in the sense of distributions.
Moreover, in the case of shocks, the solutions are not determined uniquely by their initial

data. We therefore seek for the relevant solutions under some criteria so that we have
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uniqueness, the so-called entropy solutions. Nevertheless, up to a finite time T of the
appearance of the first shock, there is a smooth solution to the equation.

Let us make the following assumptions on the rate function g : N — [0, 00).

Assumption 2 (Assumptions on the jump rate on the Zero-Range process). We assume

the following

(ZR1) Non-degeneracy: Assume that g satisfies g(0) =0 and g(n) > 0 for all n > 0.

(ZR2) Lipschitz-property: Furthermore we require that g is Lipschitz continuous with

0<|g(n+1)—g(n)| <g"<+o0

for alln € N,

(ZR3) Spectral gap: We also assume that there exists ng >0 and 6 > 0 such that

g(n) —g(j) =96
for any j € N andn > j + ng.

(ZR}) Attractivity: Let the jump rate g be monotoneously increasing, i.e.
g(n+1) > g(n)

for alln € N.

As before (1;); is the Markov process generated by Ly, with initial distribution u".

We assume uN < yév for some p > 0.

Corollary 1.4 (Hydrodynamic limit for the Zero-Range process under diffusive scaling).
Letd =1, F € Lip(R) and ¢ € C>=(T?). Let fy be the initial data to the diffusion equation
(1.19) and p be the initial distribution of the zero-range process. We assume that for

Cy < oo independent of N,

/s

Fort > 0, under Assumption 2, there exists constant 0 < C' < oo independent of N,t such
that

i () < CoN ™72, (1.21)

NS o () - / Folu)b(u)du

[ or (5 S wwe () ) - 7 ([ swetod) difn| < evi g

d
€T
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where fi(+) solves the equation

Ofi = Ac“(ft)

for the nonlinearity o : [0,00) — [0,00) appearing in (1.16).

Remark 1.5. Note that the restriction on the dimension d = 1 is here only because the
main Hypothesis (H2) is proved for the nonlinear diffusion equation only in the case d =1

in the Appendiz 6.6.2.

5.1.2 Simple Exclusion model

In contrast with the zero-range process, the simple exclusion process allows at most one
particle per site. The jump is supressed if it leads to an already occupied site. The state

space therefore is Xy = {0, I}T‘Jiv and the generator of the process is given by

for all f € Cy(Xn), Lnfm) =Y ply—2)n(x)(1—n)[f0r") — f(n)] (1.23)
T, Yy~T
where n*¥ is the configuration of the particle system after one particle has jumped from
site = to a neighboring site y, given by (1.15).
A family of invariant measures is given by, for 0 < a < 1 the Bernoulli product

measures with parameter «;, i.e.

v = T " - a) .

d
zeTy,

Diffusive scaling. We assume that the mean v = 0 and we accelerate the process (1;);
by a factor N2, i.e. the microscopic z-variables scale with N, while the time with N2.

The generator then is

for all f € Cy(Xn), Lnfn)=N>>_ ply—2)n@)(L—nm)[fHn"") — f(n)].

Ty~

Under diffusive scaling, the empirical densities of the simple exclusion process converges

to the solution f; to the diffusion equation

Oufe = Acfs, where Ag= Y ¢;0,,0,, (1.24)

1<i,j<d

and ¢ = (¢;;)1<ij<a 1S the correlations matrix

Cij = Z p(x)zx;.

x€Z4
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Hydrodynamic limit under hyperbolic scaling. We accelerate the process (1), by a
factor NV, 7.e. both the microscopic spatial variables and the time scale like NV, and we

assume that the mean v =) _p(z) # 0. The generator is

for all f € Cy(Xn), Lnf(n) =N D ply—o)n(x)(1—ny) [f0r") = f(n)].

T,Yy~T

Under the hyperbolic scaling, the empirical density of the zero-range process converges to

the solution f; to the conservation law

Ofe =~ Vo(fr) (1.25)

where o(f;) = fi(1 — f;). Due to the nonlinearity, the solution of (1.25) can develop
shocks (depending on the monotonicity of fj) even for smooth initial data [Dafl6, Chapter
4]. Therefore, up to the time 7" of the appearance of the first discontinuity, we have a

hydrodynamic limit, as there is a smooth solution to the equation.

Corollary 1.6 (Hydrodynamic limit for the Symmetric Simple Exclusion process under
diffusive scaling). Let d > 1, F € Lip(R) and ¢ € C=°(T?). Let fy be the initial data to the
diffusion equation (1.24) and pl) be the initial distribution of the simple exclusion process.

We assume that at t = 0 there exists Cy < oo independent of N,

/s

For t > 0 there exists constant 0 < C' < oo independent of N,t such that

dud () < CoN~2. (1.26)

N o () - [ hwetuds

[ or (v S awe(5) | - # ([ o) am)| < ox-em - am

d
z€Ty

where fi(+) solves the diffusion equation

atﬁ ::Z&aﬁ-

5.1.3 Ginzburg-Landau type models

Let Ty = Z/(NZ), N € N*. be the one-dimensional periodic integer lattice. To each
lattice site © € Ty we associate the continuous variable n(z) € R which represents a
charge at this site and 7 = (7(z))zer, € R™ is then a field configuration. At t > 0 the
configuration is 17, = (9:(x))zer,. The charges evolve randomly according to a diffusion

process to adjacent sites. We apply the diffusive scaling in space and time, i.e. speed up
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the time by N? and shrink the space between charges by N so that we obtain a system of
spins (charges) located at points /N with x = 1,..., N of the circle S = R/Z.
The Ginzburg-Landau dynamics for 7 is described by the set of stochastic differential

equations, for z € Ty,

() = 5 (Ve + 1)) =2/ (n(a)) + V(o — 1) )it + N(dIWy()—dWi(a + 1)),
(1.28)

where Wy(z), x = 1,..., N are independent Brownian motions and V : R — R, V € C*(R)

is the external single-site potential.

Assumption 3 (Assumptions on the single-site potential of the Ginzburg-Landau model).

We assume

(GL1) V(u) = Vo(u) + Vi(u) and there exist C, A > 0 so that

Vo' (u) = X and [[Vilpe(ry < C, [V || 1oe(ry < C.

This assumption can be directly compared with the one-body non-convex potentials
considered in [GOVW09, DMOWa, Fat13] as well. One can take for example the double-
well potential.

The infinitesimal generator of the diffusion process n(z) is the operator

b ::N; 2 <<977(?x) _f%?&(y))2

;[;yem . . ) ) (1.29)
) 72 <8n<m> B an(y)) (377(33) ) an(y)) |

The generator Ly is symmetric with respect to the invariant (Gibbs) product measure

dv™(n) = H e_v("(xi))dn(xi) on RT~.

1€Tn

Consider the Radon-Nikodym derivative fI¥ of the initial state of the process, u’, with

respect to the reference measure dv”¥. Then at time ¢t > 0, f := dul¥ /dv" and solves

(9tftN = ﬁthN~

Given a charge configuration 7, we define the empirical measure

1
ozf,V:NZn(x)éx/N on S.
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In order to describe the hydrodynamical equation in this case, let us introduce some

notation. Let M (A) the function defined in assumption (A3) above and consider

forall Ae R, p(\) =logM(N), h(y):=sup ()\y — p()\)).
AER

Then h(-) and p(-) are a pair of conjugate convex functions and
Wy)=x if y=p()

where

o M) [ue TV Wy
P =) T

i.e. b/ and p’ are the inverse of each other. Moreover h’' and p’ are smooth and strictly

increasing functions.
We prove in the next statement that the empirical measure of the Ginzburg-Landau

dynamics has a macroscopic profile f; that solves the diffusion equation

Ocfe(u) = Ouul/ (fi(w)),  (t,u) € (0,00) X S. (1.30)

Corollary 1.7 (Hydrodynamic limit for Ginzburg-Landau type models under diffusive
scaling). Let d =1, F € Lip(R) and ¢ € C(T). Let fy be the initial data to the diffusion
equation (1.30) and pl’ be the initial distribution of the Ginzburg-Landau process. We
assume that at t = 0 there exists Cy < oo independent of N,

/X s Z n(z)o / Folu)p(u)du

Fort > 0, under Assumption 3, there exists constant 0 < C' < oo independent of N,t such

/XN ( e ) (/ft du)dut()

z€T N

A (n) < CoN 3. (1.31)

<CN7:  (1.32)

where f; solves the nonlinear diffusion equation

8tft = auuhl(ft)

1/3

Remark 1.8. When the potential is convex, as we assume here, the rate N~"/° matches

the one in [DMOWa/, which is the only fully quantitative result in the literature so far.
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5.1.4 State of the art

The hydrodynamic limit under diffusive scaling for the Ginzburg-Landau process was
obtained first by Fritz in [Fri89]. Motivated by the work in [Fri89] then Guo, Papanicolaou
and Varadhan introduced in [GPV88] a more general method, applicable to several
reversible models under diffusive scaling, which is based on martingale convergence and
estimates of the entropy. Apart from the entropy method, [GPV88], see Theorem 1.9 below,
one can identify one more important method which is due to Yau [Yau91], the so-called
relative entropy method, see Theorem 1.10 below. This is based on a Gronwall-type estimate
for a relative entropy functional. Yau’s method, even though it needs stronger assumptions
on the initial data, i.e. closeness to hydrodynamic behavior in the sense of relative entropy
rather than in the sense of macroscopic observables, it is simpler and gives stronger results.
For an extensive account of these methods we refer to the book [KL99].

In order to state the following theorems, we need one more definition. Let u, v € P(Xy)

be two probability measures. Then the entropy of i relative to v is defined as
HY (plv) = / log (2)dp (1.33)
XN

whenever p is absolutely continuous with respect to v. The relative entropy is connected

to the Fisher information
Dy (plv) = / %EN %d“ (1.34)
XN

The entropy method for the zero-range process can be summarized in the following theorem,
[KLL99, Chapter 5, Theorem 1.1]. Note that in the following theorems, we have not tried
to optimize the assumptions. The proofs under the given assumptions can be found in
[KL99].

Theorem 1.9 (Guo-Papanicolaou-Varadhan for the Zero-Range Process). Assume (ZR1)
and (ZR2) of Assumption 2 as well as g(n) > gon for some go > 0 and let u) € P(Xy)
and fo € L>=(T?) such that

forall p € C(TY, 6§ >0, lim P N(|(af7v,go> — (g, fo)| > 0) =0.

N—oo Ho

Furthermore we assume that the initial data satisfy the bounds
LH( MMy < and NLZ ()?) < C
Nd :uO P —= MO ) Nd 77 =

d
zeTy,

for some p > 0 and a constant C' < +00.
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Then, fort > 0, it holds that

Jor all o€ C(TY, 5> 0, Tim B,y ({0 0) — (g, /i)l > 6) =0,

1
N—o00
where f; is the unique weak solution to (1.19) and u solves (1.1) with Cauchy datum ).

Thus the entropy method yields propagation in time of the hydrodynamic profile. The
relative entropy method by Yau, on the other hand, concerns the conservation of a stronger

notion. In analogy to (1.16), we define a local Gibbs measure with macroscopic profile

fe € L=(T?) by

o(f(£)))
v = 11 (JT(N)) (1.35)

N

where o(p) is chosen such that (v.',7(0)) = p as discussed in subsection 5.1.1.

p

This measure has the property that it is locally (in infinitesimal macroscopic neighbor-
hoods where f; is constant) in equilibrium with a non-equilibrium profile f; as N — oc.
The relative entropy method then yields for the zero-range process, [KL99, Chapter 6,

Theorem 1.1]:

Theorem 1.10 (Yau for the Zero-Range Process). Assume (i) and (ii) of Assumption 2
as well as that the partition function Z is finite on all [0,00), e.g. g(n) > gon for some
go > 0. Let u¥ € P(Xy) that solve (1.1) and f; € C*(T?) solve (1.19). Furthermore

assume that initially the rescaled relative entropy N~THN (ud IV}X (,)) vanishes in the limit,

1.€.
: 1 N( N, N
Aim Y (g V7)) = 0.
Then for allt > 0,
: 1 N(, N\, N
Aim = H (1 vfyy) = 0. (1.36)

Note that the convergence of the relative entropy (1.36) implies that ;Y has profile f;:

lim B,y (|0, ) — (. f)] > 3) = 0.

N—oo

Thus the convergence of the relative entropy is stronger notion of hydrodynamic limit.
Yau’s relative entropy method shows that this stronger notion is conserved by the evolution.

Regarding quantitative estimates of the convergence in the hydrodynamic limit, a
first step was achieved by the method introduced by N. Grunewald, F. Otto, C. Villani,
and M. Westdickenberg in [GOVWO09] for the Ginzburg-Landau model with Kawasaki
dynamics, when the potential is not necessarily convex. There, the authors prove a
logarithmic Sobolev inequality and the hydrodynamic limit based on a coarse-graining
of the state-space. In a more recent work [DMOWa, DMOWa| the quantitative theory is
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further developed for the Ginzburg-Landau model where the authors establish exact error
estimates to the limit.

Another question that can be asked in this setting is the convergence of the microscopic
entropy to the hydrodynamic entropy, which has been answered by [Kos01, Fat13] at a

qualitative level. We discuss about it in the work in progress-section 5.7.

5.2 Quantitative Local Law of Large Numbers

Let f; be a solution to the limit partial differential equation (1.4). We denote by 77(95)4 for
0 < ¢ < N, the l-averages given by

@) Zg—ld > )
* ly—z|<e

where ¢, = 20 4 1.

We give the proof of two lemmas concerning the exact rates of the law of large numbers
of the product Gibbs measure, for the sake of completeness. Lemma 2.2 is used to show
that choosing the initial data to be the product Gibbs measure with varying coefficient

fo(+), we recover indeed the desired hydrodynamical equation.

Lemma 2.1 (Quantitative Local Law of large numbers). Let f; be a solution to the limit
PDE (1.4) satisfying (H2). We consider 0 < { < N,a > 0,

W (¢) = d’/]]f\tf(.)(g)/d’/év(@-

Let 0 : X — [0,00), where X =R or N, so that its average with respect to the local Gibbs
measure ¥ : R — R,

O(fi(x/N)) 12/ 0(C(x)er (Q)dvg (¢) =By (0(¢(2)))

1%
Xn fe ()

is Lipschitz. Assume that there exists a weight function W : X% — R, so that for fived
r e T%,

()" (Q)dvy (¢) < 00 and /X2 W(n(x), ((x))*¥7" (¢)drg (C)dvy (n) < oo

XN
for |k| < 2. We then have

1 14
SOOI £ i +

(2.37)

VY] wit) e [ - o)

d
zeTy,
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Proof. The proof takes advantage of the independency of the variables under the law V}\t’ -
We first apply a Cauchy-Schwarz inequality and we use the hypothesis on the second

moment of the weight VW, so that we need to estimate

v s ([ - o)

z€TY,

) 1/2
oY ()Y <<>) .

We write for fixed z € T% and |y;| < ¢:

(/.
(/.

1
¢d

Z +y;) —9(Q(@))
B3 (eaen -0 (1(552))
e (oa (242) - o)

2 1/2
dZ( ot u)) = 9(C@))) dy;j(.)@)) = () + (IT) + (IT1).

(2.38)

+
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As for the first term

(2.39)

where we have used the form of the product measure V}\t’ 0 and in the last line the uniform

in N upper bounds of the moments (up to the second moment) since f; is bounded.
As for the second term

1 “ 1
< _ _
< /XN @z (gz

1
* Z
* i1

2

("’“" ‘ y@) T oo

ﬁ(ﬁi%i&) ﬁ($+%)’+ (2.40)

2 2
i 14 1
(m—l—y+y]>_<<x+yi+yj) >§<N) +€—d

due to the smoothness of f; and for the last estimate we just repeat the calculations as we

did for the first term. As for the third term, using that 1 is Lipschitz we need to estimate:
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X 5 ) ( ) — B (C(x i yiy) ‘2 dvg,,(C)
ﬁ%lﬁwwwwwmkﬁwf#%mﬁk%%
(2.41)

where the sums in the last line are neglected as they are normalized and thus they are of
order 1. Gathering therefore all our error estimates together and taking account of the

square root, we have a total error of order £=%2 4 ¢/N. n

Lemma 2.2 (Sampling rate). Let t > 0 and ¢ € C=°(T?) a test function. Under the law
Vi (s the term Jpa ) (w)p(u)du, where o (u) is the empirical measure N~ ()0, (u)

associated to a configuration n € Xx, converges in mean to [, fi(u)p(u)du and moreover

/.

Proof. Given 0 < ¢ < N, we first compare the expression in (2.42) to the same formula

__d_
vy y(n) < CN~az, (2.42)

+ > nla)o (§) — [, fiwotu)du

—t
where 7 is replaces by its local (-average n(z) and we write, with the same manipulations

as in the previous lemma:

IN

/XN Nd Z ( ) ft( Yo(u)du dl/]]cY(I)O’])

xer

i e (5) - / felw)o(u)dvpyy (n)du dvg, ) (n) + % .

T e (2.43)
i 77 ) 1) )

+ % Z 1, (%)qﬁ(%) ~ fe(u)o(u)du +£§ gdl/z ﬁ—i_%'
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Optimizing now over ¢ we find that for £ = ((N) ~ N7, we get the stated rate. O

5.3 Proof of the main abstract Theorem

Proof of the Theorem 1.1. For F € Lip(R) and ¢ € C=(T?), we write

F (ﬁznum (%)) — F ((fi8))| du (n)
v (3.44)
< 1P| | 2 o6 () o)~ [ ot
Then we bound the right-hand side as follows:
o (Ndzn o (%) = (ilw, ol >>Lz<w>>
< [ |5a a0 (5) = [, e 6Y o0 i ()
< [ |5 o = cne ()| 6 . an yany () (3.45)

%Zam () = [, ftwotuyaul a0

1
<o ff Z\n (DIG (1, ) () () + Coyrrres

where in the last line we applied Lemma 2.2 for the second term. Regarding the first term,

we calculate

i [ 3o )~ C@IG i 0a ('@
= [ 3 )~ B ) )+ D o)™

< max || D*(f; = foo) €™
(3.46)
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Integrating then in time we get

// Ndz‘” (@)|GY (n, Q)dvy (n)dvy (C)
//Xz NdZ\n (2)|GY (n, Q)dvy (n)dvy (€) +5N/ maXHDk( — fo) |l mds.

(3.47)

Finally, the assumptions on the initial coupling G imply that the first term of the
right-hand side vanishes as R and the second term, due to assumption (H2) equals to
ENKtif T < oo, while in the case of T' = oo, the second term equals £V fo s)ds which

is integrable in time. These conclude the statement of the main Theorem. O

5.4 Proof of (H1)-(H2)-(H3) for the Zero-Range Pro-

cess

We recall that the generator is, (1.23):

for all f € Cy(Xn), Lnf(n)= Y ply—x)gn(@)[f(n"*) = f(n)] (4.48)

Ty~

where the jump rate satisfies Assumption 2. We also recall that the function o(p), which
is the nonlinearity appearing in limit equation, is chosen so that (v, 7(0)) = p. We give
some details now on the construction of o.

Let Z : [0,¢*) — R be the partition function of the zero range process given by (1.17),
with ¢* denoting the radius of convergence of Z. An important consequence of Assumption
2, (iii) on the jump rate, is that ¢* = +o00, since the assumption implies g(n) > on for
some 0 < §/ng.

The density function as a function of the fugacity ¢ is given by

1 no"

R(¢) = ¢0,log(Z(9)) = : (4.49)
’ Z(9) Z g(n)!

This is a smooth function R : [0,00) — R and it holds that, [KL99], R is monotonously

increasing with limy_,o, R(¢) = co. Then o : [0,00) — [0, 00) is well-defined as its inverse

function, o = R~!. Thus z/é\é o) 88 defined in (1.16), is an invariant and translation-invariant

product measure with density
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Furthermore its average jump rate satisfies

The Lipschitz continuity of the rate function implies that p — o(p) is also Lipschitz
continuous with constant ¢g*, [KL99, Corollary 3.6]. The second assumption implies that
inf,o(p)/p > 0. Note, however, that g(n) > dn yields o’(0) > 0. Therefore it is impossible
to obtain a fast diffusion, e.g. o(p) = p™, m > 1, in this limit. Indeed Assumption 2 yields

Lemma 4.1.

0 < inf o’(p) < supo’'(p) < +o0. (4.50)
p=>0 >0

The upper bound extends to higher derivatives as well, i.e.

sup [0 (p)| < +o0 (4.51)
pER

for all integers k > 0.

Sketch of proof. The second order bound follows from

vy 1(a(p))d’(p)
7= Ry

since o and R are inverse to each other, i.e. R(c(p)) = p. Assumption 2 implies ¢/ <
Z9($)/Z(¢) < (g*)7 is bounded, and the explicit expressions for R” and R’ then yield a

bound on ¢”(p). Higher derivatives are treated analogously. O]

In what follows we discuss about consequences of the attractivity assumption.

Attractivity and moment bounds for Zero-range process.

We take advantage of attractivity, i.e. Assumption 2, (iv). Combined with a coupling
of two processes, it allows us to prove uniform estimates on the particle moments. This
discussion can be found as well in [Lig85, KL99], therefore we simply sketch the results
here.

Consider two copies of the zero range process with initial configurations 7, € Xy so
that

forall 7 € T4 n<¢, e n(x) <((2).

Assumption 2, (iv) simply states g(n + 1) > g(n) for all n € N and hence we can always
let particles of the process with more particles jump at a higher rate. Specifically at an
arbitrary site z € T%, at time ¢ = 0 where we have n(x) < ((z), we let one particle at
x € T4 of both processes  and ¢ jump at the same time with jump rate g(n(z)) and
additionally let just one particles of ¢ jump with jump rate g({(z)) — g(n(x)) > 0. This
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coupling almost surely preserves the property n(z) < ((x) for all z € T%. It constructs a
random particle process (1, (;) (which are random variables) with state space Xy x Xy

and whose marginals 7, and (; are both zero range processes with jump rate g, so that
forallt >0, z € T%, n(z) < ((x)

almost surely.

A consequence of this coupling is the preservation of stochastic ordering. Consider
Y e Cy(Xy) monotonous: fN(n) < fN(¢) for all n < (. Two probability measures
p, v € P(Xy) are said to be ordered, u < v, if

{, Y < (v, fN)  for all monotonous f € Cy(Xy).

Suppose now Y, il € P(Xy) are two initial measures of the zero range process such that

It can be shown [Lig85, Theorem I1.2.4] that this property is equivalent to the existence of
a coupling measure on X x Xy with marginals i)Y and pl’ that concentrates on {n < (}.
This coupling is precisely defined and used for hypothesis (H1) in Section 5.4.2. As shown
above, under the evolution of the coupled process, the support of the coupled probability
measure remains within {n < ¢} and it follows, again by [Lig85, Theorem II.2.4], that
iy <.

Let us now turn to the problem of bounding the moments of the particle system. We

define the k-th order moment as
1
M, ("] = <MN7W Z n(x)’“>
wGT%

Lemma 4.2. Assume that the initial measure is bounded from above by the invariant
measure with fugacity ¢ > 0, I/é)v for some ¢ > 0, i.e. u) < I/é)v. Then for any k > 0, it
holds that

M) < M) = G < 4o

for all N >0 andt > 0.

Proof. All moments of l/é)v are finite and translation-invariant yields

M, [Vév] = (Vév,n(o)k> = C},

209



independent of N. Attractivity yields

py < vy,
and hence
My [1'] < M [v]
since N—¢ erwv n(z)* > 0. O

In what follows we consider the diffusive/parabolic scaling in time. The framework
however holds also for the hyperbolic scaling but for finite time: for the time interval
where our solution to the limit equation is smooth. We discuss this in the Remark 4.6
after the proofs.

We consider f; to be the unique strong solution to the quasi-linear diffusion equation
(1.19). Let us stress here that f; satisfies Assumption (H3) with H = L* as proven in
the Appendix 6.6.2. Following the abstract method, we consider the local Gibbs measure
with slowly varying coefficient f;(+) as defined in (1.35) whose density ;" is

N xr o x
Ny RO S ol tos( P ) g (Zlzflitesson (4.52)
lpt (C) : dVN(C> e : '

The last equality is a reformulation based on the form of the product measure V}Y )" This
corresponds to the density of an artificial process that we consider here because it has the
right hydrodynamics. This is proved with an explicit rate for the sake of completeness in

the preliminaries-Section 5.2, Lemma 2.2.

5.4.1 Consistency estimate

The density ¢} satisfies

Proposition 4.3. Let d =1 and k,a > 0. There exists 0 < Cy < 0o and ¢ > 0 such that

NS Inta) = @@ © = £ O (e (€) < Coe™ N

(4.53)

Proof. We split the proof into several steps.
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Step 1: Explicit calculations on the local equilibrium measure. First we compute

* Y. CO¥(2) log( ZULELND _jog (Zlolf(z/N))
Ly () = N2zp(y—$)g(C(a7))<e erg (2G5 ) —os (#og iy ™) _

T~y

o(ft(z/N)) Z(o(ft(z/N)))
_ezzergl\,g(z)log< (@) )‘103( Z (@) ))

= VY ply — ag(Cla))eeert OB e ()

x ( () () )
: o(fiy/N)
= V2 ey = D)ol ©) (s 1)

Since 3, , o(fi(z/N))p(y — x) (% — 1) =0, we deduce

L () = N (Q) 3 ply = 2)(9(C(@)) = o (filw/N)) (U(ﬁ@/y(}z(;/igﬁ(m/]v)))'

T~y

This can be reformulated in terms of the weighted Discrete Laplacian

Ng AL ¢(x/N) = e16((x + 1) /N) + c_16((x = 1)/N) = (e1 + c-1)d(z/N)

where ¢;’s are related to the transition probabilities. Then we have

B Z In(x) = @)L () =
¥ 5 o) 5 (60 oA SGany e
=N""Y In(z) = ¢(@)* (9(¢(@) — o ful/N))) A;&E{;(Z\/[J)\;)) LR

where we split the sum in y into two sums: y = x and y # = and

Ry = N—dza; n(z) — C(z)[* ; —o(fi(y/N))) A;&i{;(/%])\;))

On the other hand, calculating 9,41 (¢), we write
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0 () = vi¥ () 30 24T o (/) ) = /)

so that

dzm | 8t1/)t ()=
(4.55)

i PRI s
Eﬂ}w Gy O /N D) = filw/N)) + R

where

_ e ey Ao /N .
= N7DD D) — )T T G N ) — S/ V)

T yFx

For the computation of 0;Z(co(f:(x/N))), we have used the relation

ko(fi(z/N))k N
; SNZ 0/ N~ it (O = fi <N> .

We therefore estimate

N—dz ‘n(x) _ €($)‘k:(at — ﬁ*)wi\f(C) <

NS () = (@) (9(¢ () = o (fulz/N))) A;&i{;%g))

= NS o) = o) ST 0 )) 0 (0) ~ /) + P+ B

(4.56)

Step 2: Replacement with the continuous Laplacian. As a second step, we may

replace the discrete Laplacian AY with the continuous Laplacian A, to get the error:

k(NZAN Ac)(o(fi(x/N)))

—d
This error vanishes as N goes to infinity since
go f o —C
Ry SN i) clay U0 I e ) et

Here we applied Cauchy-Schwarz, Young’s Inequality and the boundedness of the moments
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from Lemma 4.2. The exponentially fast decay in time of ||(o o f;)(¥||o is an application
of the results proved in the Appendix that hold for d = 1. The equation (4.56) is taking
then the form

1 (0= £3)0(Q)
e o) — Gl

% > In@) = @I (9¢@) o (£ (%)) =o' (£ (%)) (€@ -5 (5))) x

M = (1) +e N2+ R, + Ry.

(4.57)

Multiplying now both sides by ¥{¥(¢) and integrating with respect to dv’¥(n) and
dvy' (Q):
The first two errors Ry} (¢) and Rytp}Y (¢) when averaged they give 0 due to the conserva-

tion of mass, i.e. [ L*))NdvY =0, which means (since the local Gibbs measure is product)

that
ol (x Alo(fi(z/N)) Ny
T o 00D e N S ()
Then due to the definition of o
[, meQan @i =-n3 [ ] o) = Gl i)

e o(fu(z/N))
o(fi(x/N))

>< / <g<<<oc>>—o(ﬁ(az/N)))A vl (C(@) = 0.
¢(x)

For Ry, we have similarly as above:

o= [ awtQad© =3 [ ST e NN — e/ N )

so that

[, rei Q@i =-n3 [ ] o) = Gl o)
e e ARG
/«m)“” ) 2RI () = 0

Step 3: Replacement with the /-averages. This is split into the following steps:
Firstly, for £ € N, 0 < ¢ < N, we may replace ((z) and g(¢(x)) in the above formula
by their ¢-averages around z: ( (w)é and ¢(¢ (x))é Indeed, we present the proof here for
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¢(z) and we denote by ¢(z/N) =o' (f; (%)) AU‘(’JSZ(%))) which is continuous. We then

estimate the following difference for k& > 0:

& —t, T Ao (fi (% N N
[, 53 St~ ot T (7(5)) i @ -

9 1/2
< (//X?V (N‘d;\n(w)—C(z)k> dV}f(.)(C)dl/iv(n)) X

) 1/2
x ( I, (- ¢2<x/N>du;Y(.)<odu5<n)) .
) (4.58)

Due to the moment bounds, see Lemma 4.2, the first factor is bounded uniformly in N.

We estimate the other factor which equals to

¢ 1 o Y
Ce=¢ (//X?V (g_d Z (((x) = C(z —I—w))) vy, (Q)dv, (ﬂ))

* w|<e

1/2

This integral squared equals to:

e

(A5 (00 (10 (552 6 (52) )

=1
fd

i=1

B (Co-a () (0 () ~ctevm) + (5 (%) - a (25

(4.59)

where for y; we have |y;| < £ for all i = 1,...,¢2 The first five terms of the second

summand are zero due to orthogonality. Regarding the first integral, the first two terms
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give an error of order ¢~ since the moments are bounded and f, € L™, and the third
term gives an error of order £=¢(¢//N)? due to the smoothness of f;. Finally the term in
the last line leaves an error of order (¢/N)?. Thus overall of this replacement we get an
error of order Ce™(¢~%2 4 ¢/N). Optimizing now this w.r.t. £, for £ = N¥/0+4/2) we get
an error of order N—4/(4+2),

Then we apply the local law of large numbers, Lemma 2.1 with X =N § = ¢, =
and with the weight function for fixed x € T%, W(n(z),((x)) = |n(x) — {(x)|*. We write

therefore (I) up to an error of order Ce=/~%2 4 Ce=(/N as:

/1., NdZ'n D (o)~ (1 () ' (5 () (@ =4 (5)))

——t
Step 4: From (-averages to the macroscopic profile. For some p in between ((z)

and f; (%V), we bound the above formula from

yE L) 2860 (Je () 30y g ¥ (y N
// Nd Z| z)| 20 < H(z/N) = () > W@Dt (Q)dv,) (¢Q)dv, (n)
sce | /X v ) — <@ (V) ~ T Qv (v ()

(4.60)

due to our assumptions on ¢ and the regularity of the limit PDE. Then by Cauchy-Schwarz,
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1/2 A 1/2
sce [[ (N‘dZI(n—CN%(x)) (N‘dZ(ft(x/N)—@€)> A GIAGING

) 1/2
< ( I NS () =) (O (O <n>>

xT

1/2
- e ( Jo NS () = @) <<>>

yilz;igré% _— (/ Z ( dz (ft< ) 1))) dVﬁ(.)(C))

Ed

1/2

oo ([ (B ) 4 () £ (0.3 o))

=1

1/2
<Ce @ (/ N Z (AZ,N + B@,N(C)>4dV}Y(.)(O> =
XN -

1/2
Ce (/ N~ Z (A?,N + BZ{N(C) + 4AZNBZ,N(O + 4BZN(C)A£,N + 6A2NB?,N(C)> dVﬁ(.)(C)) :

(4.61)

Now |A} y| S (€/N)* due to the smoothness of f; and that |z — y;| < . Also,

/ BzN<<>du;¥<.)<<>' < co

since E ¥ (fi (%) = ¢(y:)) = 0. Indeed

where C' is the constant coming from the moment bounds up to the fourth moment and

the L*> bound of f;. Similarly for the other terms we compute

216

1/2



1/2 1/2
[ aawBi@ao©| 5 ( / Amduft<)<<>) ( / Bgdevft()(o) < (¢/N) e
XN
/X 4A7 N Ben (O dvl (O] S 0

AN

1/2 1/2
[ satamia©d©) 5 ([ataain©) ([ Biaoad©) s ampe

where the above estimates consisted of Cauchy-Schwarz and the moment bounds.

Step 5: Final rate. Gathering all the errors together, we have that
g 2
(I)+ Ry S Ce {(5/]\7)1/26‘36”2 + 4N + (N) + 07 4 (Y2 4 0/N) + N‘2} ,

which in terms of N, choosing ¢ = N'/(1*+4/2) ig of order

O(N—3d/2 + N—d/(1+d/2) + N—d/(2+d) + N—2) _ O(N_d/(2+d)).

5.4.2 Microscopic Stability estimate

We employ the basic coupling, or Wasserstein coupling, discussed in [Lig85], see also
[Rez91],which is a coupling of two zero-range processes with generator £ : Cy(X%) —

Cy(X%) given by

Lnf(n,¢): NQZP —2)g(n(x)) A g(¢(@))(f(n™, ¢™) = f(n,0))
N2 Zp y-u (g n(@)) = 91(@) A g(C@)) (FOr.0) = F1,O) (463
+ N3 ply = 2) (9(6@) = (@) A g(C@) ) (F1.6™) = F(1.0))-

Note that indeed when both 1 and ( are zero-range processes, their coupled law satisfies
exactly the forward Kolmogorov equation, i.e. each marginal corresponds to a zero-range
process at the respective rate of jump. The generator of this coupled process is defined
like above so that the particles in processes 1, ( are jumping simultaneously as much as
possible.

We are interested in the coupled process, since we want to estimate the discrete L!-
distance between two solutions in the microscopic level and in particular the distance

among the density of a ‘true’ zero-range process f{¥ and the density of the artificial process
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Y as given in (4.52). We have the following energy estimate on the law of the coupled

process.

Lemma 4.4. Let GY be the coupling density on X3, evolving according to (1.9). The first
marginal of it is the evolution of the density Y, relative to the reference measure dvY, of
an artificial process considered so that it has the desired hydrodynamical behavior, while
the second marginal gives us the density of a zero-range process f. For ¢ € C>°(T?) we
have that

//X N7 nfa) = C(@)l 6 () G O Qv (v (€)
<[] VS e~ @l (5) G . Q) (©) + ON“FHa(1 - e,
(4.64)

Proof. We calculate

% / /X N > Inf@) = @)l () G o Odv (mav (€) <

x

// N*d Z |77($) - C(x>|27\7G£V(77, C)dl/év(n)dyg(C) + Coefcthd/(2+d)
X%

x

where the last estimate is due to Proposition 4.3 for £ = 1. For the first term in the

right-hand side we compute

La(ln =) = N> ((9(¢(x) = gn(@)) = (9(C®)) = 9(®))) Ly a)

T~y n(y)=¢(y)
+ N2 ((9(¢W) — 9w))) — (9(¢(x)) — g(n(x)))) ]IEE“”E"E”?

=N " (lg(¢(x) = gn(@))] + 19C®)) = 9W))]) Ltne rest scenarios)

z~y
since the last term is non-negative we write
Ly (N‘dz In— g|(a;)) <N ((Q(C(x)) —9(n(x))) ]ln(x)>c(l‘))

Td n(y)=¢(y)
xxeNg]/V

_ Ny (<g<c<y>> ~ g(n(y))) ﬂn<x>><<x>) N (<9<< W) = 9(n))) ﬂ<<w>>n<x>)

ety )=o) reTd &)z n(y)
zwé\f ot
=8 Y (a6 — a0 T )
z€TY C(y)=n(y)
z~y
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We exchange x,y to see that the 2nd with the 3rd and the 4th with the 5th are canceled,
and thus

5 > Enlln— i) <o (4.65)

d
z€Tg

Therefore we have

//X N7 n(e) = (@)l ¢ () G n, Qv (v (€)

T

< [[[ NS ) - @l () Y (i (@) + N [ e

]

Remark 4.5 (contraction property for a copy of two zero-range processes). Note that when
both of our processes are zero-range processes, say the evolution of n, and (; is governed by
L with initial distributions p, pd, we consider the coupled process (n:,¢;) on the product

space Xy x Xy with generator ENN Then the Lemma 4.4 tells us that the quantity
NSt = ¢l .0
xT N

is mon-increasing in time, where i is the coupling measure. In other words, we have

a contraction property in Wasserstein-1 distance with the cost being the microscopic ¢4

distance N=4>" |n(z) — ((x)|: for all t > 0,

Wi (o1, o) < Wilpgh, 1) (4.66)

for the appropriate initial data so that we catch the infimum.

Proof of Corollary 1.4. We show that we can apply Theorem 1.1. Indeed the hypotheses
(H3),(H1) are implied by the Lemmas 4.3 and 4.4 above. The regularity properties for
the hydrodynamical equation (1.19) in the Appendix 5.A imply hypothesis (H2) with
H = L>®(T9) and T = oo as we are in the parabolic case (given of course the assumptions

on the jump rate (2)). O

Remark 4.6 (Explicit rate for T' < oo under Eulerian scaling). Note that when one is
interested in hyperbolic scaling (Eulerian scaling) to the N-particle system, where we expect
our limit PDE to be a conservation law Oy fy = v - Vo(fi), we can still apply our method to
get an explicit rate of convergence to the hydrodynamic limit with the disadvantage that
the result is valid only up to a finite time T of the appearance of the first discontinuity.

In particular for the consistency estimate (H3) same manipulations, as shown, can be
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performed with the difference that the bound on the derivatives depends on time. As for
the microscopic stability estimate (H1) nothing changes.

Similar calculations have been done in [GkS03, section 3] for a multispecies zero-range
process leading to a system of conservation laws. The relative entropy method of Yau was
applied there up to a finite time as well (up to the appearance of the first shock).

The only result proving the hydrodynamic limit so far under hyperbolic scaling for all times
is by Rezakhanlou in [Rez91].

5.5 Proof of (H1)-(H2)-(H3) for the Simple Exclusion

process

We consider H = L°°(T%) the space of solutions to the linear diffusion equation

atft = Acft-

Here we also have to impose a bound condition on the initial profile, in particular we

need a constant 6 > 0 to exist so that
0< fo<1-0.
We consider the local Gibbs measure, which here is characterized by the relation

x
v (n@) = 1H = £ () = 1= v} ({nfe) = 0}).
For a € (0,1), f; € (0,1), we consider the relative density

dvyy. op (L=ttl@/N)
YN (¢) = dL()(O oS C@nta/N) o los( ) (5.67)

Va

where

felx/N)(1 — a))
a(l = fi(z/N)) )

Inspired again by the relative entropy method of Yau [Yau91l], we aim at obtaining a

A(t,z/N) = log (

quantitative version of the hydrodynamic limit from the SSEP to the heat equation,

without invoking the so-called one-block estimate.
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5.5.1 Consistency estimate

Proposition 5.1. For all d > 1, for n,¢ € {0,1}™ and a € (0,1) we have that

//X 137 (@) — @)@ (€) — Ly (O)dv (n)dv (¢) < Coe™ N2,

z€T,

(5.68)

Proof. We compute

Ly () = N; 3 C) (1= ) (Q) (XENIAwa/N) )

xr~y

_ N(C)N?2 Z C(ZE)(l . C(x + 1)) (eA(t,(ac—l—l)/N)—)\(t,a:/N) _ 1) + (569)

FUNO 36+ D1 = () (A )

where for the second line we considered the process ((z) := ((z — 1) . We expand then

the exponential e* =, i—? to write

Ly (¢) = in(C)N;Z (C(x)u —((z+1)) ()\ (t, ;C;\; 1) L (t, %)) N

x

e+ 1)(1 = C(a) (A (t, %) ~A (t, ~ )) +

+ (¢ = ¢le+ 1) + e+ 1)1 - ((2))) (At 5) =2 (%),
Me ) A (0 5)"

>’ N

=Y (e -+ ) o (570

+ D (C )+ ¢z +1) —2((x )C(x+1)> C5) ~A (6 3) )

k>4
k:even

= W(C)N?Q Z (C(m)AN)\ <t, %) +0(¢(2)) ’VN/\ (t, %> ‘2 N A?VZS)

T

where 0(¢(2)) := (1/2)(¢(2) + ((z + 1) = 2¢(z)¢(z + 1)).
Thus,
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/ / dZ In(x) — (@)L (v (m)dv ()
_N* d// > In(@ ( AN)\< N>+9(C( ))‘VNA (t%)

NE'JT

2
+

+ AI;VZ?’ dVéV(n)dV}Y<.)(C)

- ]S =l (cwama (1. 2) +ocn [ (1. 2)[ 4 a2

NeT

N————

d’/iv(ﬁ)d’/jf\tf(-)(@)

N“// 3 n() ( JAMA(t, N)+9 ))‘vﬂ@%)Q

+
NeT

n AN) v (), (©)
(5.71)

where we split the sum in y into two sums: y = x and y # x. Conservation of mass, i.e.

[ Ly (Q)dv (¢) = 0, now yields that

Z / ( ANA t~ <x))\vNA (t, %)‘2+A§23) vt (C(x) = 0. (5.72)
We therefore write

/) v 1) =l e ) ) =

N d// Z In( ( JANA (1, 5) +0(¢() [V (t,%)(2+A';23)

N ET
dViV(n)dVﬁ(.)(C)

N2 d 1
// Z n(z x)|dvy (n(x z))dvy, ) (C(7)) %

x /< . (C(m)AN)\ (t, N> +0(C(x) ]vNA (t, %) ‘2 + A’j\,>3) dvl, 5 (C(x)).
(5.73)
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Now we calculate 9, (¢):

A (€) = ¥ ()0, log ¥ (¢) = Zat (t,z/N)(¢(z) — fu(z/N))

_ N Aft(x/N) .
—wt (C)z%‘;v 2ft(CL’/N)(1—ft($/N)) (C( ) ft( /N))

=0t 3 (A ()~ (5 () AP (<0 - 1 (5))

z€T%,

(5.74)

where
(1 (3) s pen=n(3) a5 m
The last line is implied by the relation
o (3) =3 (5) o (1(3))

We also have that

0=0 [ Xt Q= X [ oo () (€= £ (7)) o o)

Then
// dZ’" LAY (Q) = B () ()i (¢) =
SN Z'" ( A% (1 5) + 01 [92 (1.2 + 28°)

NeT

L 3 ko) =t b
. / x (<< A% (157 + 06D [T (1) [+ 4 ) v (<o)
—NT//XZ '77(96)—4’”(%( >— (5 (%)) WMk /0F)
N (e 5 (5)) w0

(5.76)

We replace the discrete Laplacian AV and the discrete derivative |V |? with the continuous
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versions up to two errors Ry x and Ro n:

//X dZm (LR (Q) = A ()Y () (¢) =
7 "// =i ( 133 5) #06 [92 (1) ) o 0
S /X Z [n(x) — C(2)ldvy (n)dvg, (C)x

y / (<< m( ) +ocn [0 (1 5)[1) oo
] o (3n (5) - (42 o)

N zeTé,
x

X (C(z) =t <N>> dV}Y(.)(C)
+ RN + Ron + R(AK?).
(5.77)

Gathering the same terms we write

/ /XQ Y Int@ WL (C) — 0N (O)dvY (n)dvY (¢) =

z€TY,

e {M (2) (@ -5(%) - (£ (%))

() ) (s s
//X2 D Inw) = ¢(@)ldvy (m)dvg(€)x

N zeTé,

x/ (g( )m( N)+ ]w <t N)‘ +A§V23) dv} 5 (C(@))

1, et (an (5) 2 () 19 ()0 (5 (7)) o

N zeT4,

+ )VA @ N)

+RiN +Ron + R(Af\f>3)
=FE+FE+E3+Rin+Ron + R(A?VZ?’).
(5.78)

The first line of E; vanishes. For the second line of Fy we apply the same steps as in the
consistency estimate of the zero-range process, namely first we replace ((z) with its local

(-averages, we then apply Lemma 2.1 in the discrete case, we Taylor expand and use that
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9" is bounded. Finally we estimate by hand. We end up therefore with an error of order
et N~ 7a.,

For E3, we first use that the quantity |n(z) — ((z)] is bounded in the SEP and then we
add and subtract the term

[ (B 0 £0) + [9A ) () = ) du

L5 is estimated then as follows

Vo (563G N (1) -1 ()

d
z€T

|Es| S

- /Td (ANt @) fulw) + [VA ()] (fulw) = fi(w)?)) du

+/Td (AA(t u) fr(u ‘VA( )‘ (fi(u) — ft<u>2)> du < e N1,
(5.79)

For the above: Explicit calculations give that the last integral is zero as the integrand
is given by 0, <%) and we are on the T?. The first term of the right-hand side is
the Riemann differences controlled by N~=' x [|Q||z2(ray where Q(u) := AN (u) fy(u) +
VA6 %)) (filw) = filw)?).

E, is of order N~! as well, since it consists of the same terms as Ej.

Regarding the error R(A%>?) we show that it is less than N~':

\(A’f>3|—'N”// 5 ) - <)l 3 (o) - o+ ) LEFLALED

X% z€TY, k>3
k:odd

+ 3 20y T A BRI o

k>4
k:even

L CF
<N- dZNZZHWNHooNkk. <Y N2 kﬁ
k>3 k>3 ’

(5.80)

The above series is the expansion of the exponential N2(e“/N —1 — (CN)~t — C?/(2N?)).

Now expanding around 0 the term in the parenthesis, we see that it is of lower order, i.e.
O(N-3). This yields that |R(A%Z%)] < N1, ‘

Remark 5.2. Note that similar calculations are implied by the result presented in the
proof of Theorem 8.1 in [GLT09]. The authors there employ Yau’s relative entropy method

for a class of kinetically constrained lattice gases to show that the macroscopic density is
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evolving according to the porous medium equation.

5.5.2 Microscopic stability estimate

We employ the basic coupling, or Wasserstein coupling, discussed in [Lig85], see also
[Rez91],which is a coupling of two copies of simple exclusion processes, We denote by
b: N? — {0,1} the function b(n,m) = 1 when n = 1,m = 0 and 0 otherwise. The
generator of the coupled process Ly : Cy(X%) — Cy(X%) is given by

Ly f(,0) == N> ply —x)b(n(x),n(y)) A b (), S (0™, ¢™) = f(,€))
+ N2 ply — @) (), nw)) = bln(), nw) A (), CW)) (F™, ) = F(n. )

+ N2 " ply - x) (b(C(fﬁ), C(y)) = b(n(x), n(y)) Ab(¢(z), C(y))> (f(n, ¢*) = f(n,€))-
| (5.81)

Note that indeed when both 7 and ( are simple exclusion processes, their coupled law
satisfies exactly the forward Kolmogorov equation, i.e. each marginal corresponds to a
simple exclusion process. The generator of this coupled process is defined like above so
that the particles in processes 7, ( ‘agree’ as much as possible.

We are interested in the coupled process, since we want to estimate the discrete L'-
distance between two solutions in the microscopic level and in particular the distance
among the density of a ‘true’ simple-exclusion process f{¥ and the density of the artificial
process ¥ as given in (5.67). We have the following energy estimate on the law of the

coupled process.

Lemma 5.3. Let GY be the coupling density on X% evolving according to (1.9). The first
marginal of it is the evolution of the density WY, relative to the reference measure dv’, of
an artificial process considered so that it has the desired hydrodynamical behavior, while
the second marginal gives us the density of a simple exclusion process fi¥. For ¢ € C>°(T?)

we have that
S 33 - <o () o Qan ona (0

<[] VS e —c@lo (5) G . Qan n)an (€ + ONFHa(1 - e,

(5.82)
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Proof. We calculate

i [ ¥t~ oo (%) G (0, Qv ()’ () <
//X D In) LGN (0, Odv (n)dvY (¢) + Coe N~ 74

xT

where the last estimate is from Proposition 5.1. For the first term in the right-hand side

we compute

Ly(ln =) = N> ((bn(x), ¢(x) = b(n(x), ¢(2))) = Bnw), <) = b(n(y), W) Tyw)>ca)

T~y n(y)=¢(y)
+ N2 ((b(n(y), <)) = bn(y), <)) — (b(n(x), {(x)) = b(n(x),{()))) ﬂﬁﬁxﬁi”ﬁ‘”ﬁ
— N2> ([b(n(@), ¢(2)) = bn(x), (@) + b(n(y), C©) = b0(y), C())]) Lishe rest scenarios}

Y
since the last term is non-negative we write

v (N-dz n— <\<x>> DY (<b<n<x>,<<x>> ~ b{g(a), ¢(

xET%
T~y

.
- Ny <(b(n(y),C(y)) = b(n(y), ¢( n(y )

+NY ((b(n(y), C(y)) — 9(n(y), ¢( i"E‘” )
_ N %;@ ((b(n(w)’ ¢(x)) = bln(@), iZE;S)

We exchange x,y to see that the 2nd with the 3rd and the 4th with the 5th are canceled,
and thus N9 ZxETﬁlv Ln(In = ¢)(z) < 0. Integrating in time implies the claim of the

Lemma. O

Proof of the Corollary 1.6. We show that we can apply Theorem 1.1: the hypotheses
(H3),(H1) are implied by the Lemmas 5.1 and 5.3 above. The hypothesis (H2) is well
known that it is satisfied with H = L*°(T4), as our limit equation is just the linear heat

equation in the symmetric simple exclusion process-case. O
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5.6 Proofof (H1)-(H2)-(H3) for the Ginzburg-Landau

process

First we provide a uniform in N bound on the particle moments with respect to the
measure Vév for p > 0. We shall take advantage of the attractivity of the process, which in

this case is provided by the convexity of the potential V.

Lemma 6.1. Assume that the one-body potential V : R — R satisfies the Assumption 3
and that there is a p > 0 such that py < v) where v (¢) = e~ 2o V@) +r 20 (=) - Then

for any k > 0 we have for the k-th moments:

/ —d Z kdu = () < .

acE’]I‘d

Proof. 1t is enough to show that fR y*erv=VWdy < C). For that we will use the convexity
of the potential away from the origin. Indeed take R > 0, say R > T, if T is the
point at the bottom of the right well if one thinks of the double-well potential. Then

00 R [e'¢) 00
/ ykepy—V(y)dy _ / yk’epy V(y dy +/ ykepy—V(y)dy < (Rep)k + / ykepy—V(y)dy

0 0 R R
For the second integral: w.l.o.g. we assume that M := sup,c (g ) € V@) = =V Due to
the convexity, we can find & > R+ 1 so that V'(a) > (o — R)(V(a) — V(R)) > a — R,
which implies that

Viz) > V(a)+V'(a)(z—a)>V(a)+ (a— R)(z — a).

Then

o0

/Oo ykepy—V(y)dy < e V(@) / ykepye—(a—R)(y—a)dy

«

e V(@ /°° y+a?— Ral

Q

ePlyte?—Ra)/(a=R) o=y gy,

P )
5 e )k+1 / |y + 052 . Ra|k€—yp(1—1/(a—R))dy

(a—R 0

er*

R
~ (a _ R)k+l

since 1 > 1/(av — R). A similar estimate on (—oo,0) follows by symmetry. O

We consider f; to be the unique strong solution of the quasilinear diffusion equation

(1.30).
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Lemma 6.2. There exists C > 0 so that

1

0<6§h//(U)§C<OO

for all u € R.

Proof. The proof follows from basic estimates and properties of the Legendre transform;
calculations were done in [GOVWO09, Lemma 41], see also [DMOWa, Lemma 5.1] ac-
companied by the paper [DMOWD]. The constant C' is then given by exp(oscgV)) :=
exp(supg Vi — infg V4) which is bounded by our Assumption 3. O

This solution satisfies Assumption (H2) of the abstract method with H = L* as
proven in the Appendix 6.6.2.

Following the abstract method, we consider the local Gibbs measure with slowly varying
coefficient A(t,z), as was done (among other works) in [Yau9l], where A : Ry x T — R,

is a smooth function. For every solution to (1.30), we take

At u) = B (f(t,u).
Then the density 1, relevant to the Gibbs measure, is given as follows:

oS @At/
[Lery M(A(t,z/N))

. M(\(t,z/N)) = /R MOMEe/N=V @) g (). (6.83)

Y (n) ==

The macroscopic density is given by the relation

dp dlog M () . () ey CWAE/N)=VCw) g

E(A(I/N)) - d\ ‘)\)\(t,x/N) B M(N)

= f(t,x/N).

Also when the average spin is f;(u) and the charges are organised according to the Gibbs
measure, the average of V'(z) is h'(fi(z/N)):

o V@O = sy L, 5 e e
—H(fla/N) [ 6 (O™ (Q) = H(sla/N)

after an integration by parts in the second equality.
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5.6.1 Consistency estimate

Proposition 6.3. Let d = 1, k > 0 and two configurations n,{ € R™ of the Ginzburg-

Landau process. We have

/X2 Z In(z 3#/1,: <€) — ﬁfvi/f,fv(f))duN(n)duN(C) < Che *N-/3

z€T N

(6.84)

for some Cy, ¢ positive constants.

Proof. When the generator is acting on the local Gibbs measure, explicit calculations give

. N NP 0 0 2 N
5= ¥ (50 - sna) WO

zeTn

(o~ m0rr) (at ~amem) O

+ (o~ o 1))21”5 O~ (o~ 5o =) (et~ aco =) O
= N S AW/ (W) - 525

z€T N 8C($)
(6.85)
We write A = h/(fi(z/N)) and calculate the time-derivative part:
575 ,x/N
IETN ’ (6.86)
=9 (0) D At z/N) (qx) - ft<x/N>).
z€T N
Gathering them together, we want then to estimate
N
fo Lo o — L) Qv (e )
[ Y e { I 2/ N)(C(@) ~ filx/N))
N N ze€Tn

— NEAYA 2/ N) (V' (@) = Mtsa/N) Ji Qv Qv ) (OF7)
NS [ e = C@l{an uN ) - flov)
z€TN y#x RN JREN

— N2ANA(t y/N)(V'(C(y) — ALt y/N))}wiv(C)dVN(C)dVN(n)

where we have split the first sum into two sums on z and y # x. Now using that
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Jarn (00 — L3N (Q)dv™ (¢) = 0, the right hand side equals to

Lo [N S Inta) = @l a/wc(o) - fta/v)
- N*AYA(t.2/N) (V'<<< ) = At /N) ) e (©av™ (v ()
VY L. ) =@ @ar@ar ) [ {oaa/mic - o)

= N2ANA( 2/ N)(V/(C(@)) = At /N)) Jo (™€),
(6.88)

The second term above is 0. For the first term of the right-hand side, we replace, up to an

error of order Ce~N~2, the discrete Laplacian with the continuous one:

/RTN /RTNN > In(@) (L — 8w ()™ (Q)dv™ ()

T

=[] v e - c<x>|{ — 0L 2/N)(C(x) — fula/N)
O, ;/m( V(C(@) = At 2/N) ) e (Qdv™ (™ (n) + Ce N2
= [ N ) = GO WU N il NG() = R N)
+ auuh%ft(x/zv))( () = Alts/N) ) Jo (Qdv™ ()™ () + Ce N
¥ St = (5 (7))

< (V) — 1 (ft (%)) =7 (5 (%)) (€@ =15 (5))) ¥ Q™ (v () + Ce N2,
(6.89)

Now we replace ((z) by its (-averages ¢ (a:)e. We denote by
¢(t,x/N) = 0wl (fo(x/N))R" (fi(z/N)).
In order to estimate the error from this replacement, i.e. from the term

// N= Z n(@) = ¢@)le (1) (@) <@ ),

we follow the lines of Step 3 in the proof of Prop. 4.3. Since the variables n,( are
independent under vV, we conclude a bound in ¢, N which is of order O(¢/N + (~1/2).

In the same manner we also replace V'({(x)) by V(¢ (ac))g, which leaves the same error
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as above. The right-hand side then takes the form

[ 5 e =ttt (1)
(G (5 (2)) -0 (1(2)) (011 () 0w

+ Ce~(N"20/N + (112,
(6.90)

An application now of Lemma 2.1, using then that A®) is bounded and that || f||zx <
e~ follgx, the right-hand side is bounded by above from

/RTN/RTNN > In(x)

LL’ETN

< (W) — 0 (1 (N)) — i (ft (%)) (€@ - £(5))) v Qv Qv )
+ Ce ™ (NT20/N 4 074/2).
(6.91)

We now find p in between ( (:U)Z and f; (%) so that the integrals are bounded by

/RTN /RTN N7 D Inta (h/);(p) (ft(l‘/N ) —@£)2dVN(C)dVN(n)- (6.92)

z€T N

Under the assumption of boundedness of h*) for all k’s, we follow now the step 3 of the

proof of Prop. 4.3. This will give in total an error of the form
CG_CtN_1/3,

after optimizing over /. m
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5.6.2 Microscopic stability estimate

We consider a coupling of two Ginzburg-Landau processes with generator Ly : Cy(X3) —

X%, given by

Lnfln ) = N; 2 < [(077(?1“) N 877(?@)* 5’776(11“) N an(?y)) ? 1} fm.¢)

(6.93)

where K is a constant to be chosen later and the adjoint is taken in L?(dv") and so we

recover our generator as we have

0

((9778(1‘) - 077(?3/))* (377(?1‘) - 577(??;)) - (977(?@ - 377@(11))2_(322;) - 3?722)) <(9na(l‘)

This should be the analogue of the basic coupling implemented for the jump processes
in the previous sections, where the last term would correspond to the simultaneous jumps

in a jump process.

Lemma 6.4. Let GY be the coupling density on X3 evolving according to (1.9). When V
satisfies the Assumption (GL1), cf. 3, for a test function ¢ € C(T) we have that

]S ) = c@to () 6 O @

z€T N
< [ NY o) - @6 () G 0 Odr ¥ (6) + ONH - )
XJ2V zeTn
(6.94)
Proof. We calculate first the time-derivative of the left-hand side:
d
il 3 nla) = s () G2 a0
" (6.95)

— o N [ 2 (N‘l > In) - c<x>|2) G (n, Qv ()™ ()

where the first term is the error from the consistency estimate. Now about the second
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term we have

/.= Z<8—2Vo ) = Vi) (nfa

r~y

+2(V5(¢(2)) = Vo (¢(w)) (n(z) — ¢(x) — (n(y) — ()
—2(V{(n(2)) = V{(n())) (n(z) — {(=) — (n(y) — ¢(¥)))

2(Vo(¢(@) = Vo (Cm)) (n(@) — ¢() — (n(y) — <(v))) —8 — 4K> Gy (n,C)dv™ (n)dv™ (C).

(6.96)

~—
|
A
—~
5]
~—
|
—~
3
—~~
<
~—
|
I
—~
<
~—
~—
N~—

Using now the strict convexity of the potential Vj, i.e. Vj'(x) > A > 0 and the boundedness
of V' ie. V/(z) < C, we bound it from above by

% Z( Mn(a <w>|2+0|n<x>—<<x>|—4K)GiV<n,<>duN<n>duN<o.

T~y

(6.97)

This is negative when C' < 4v/ K\ . which implies the Lemma. O

Proof of Corollary 1.7. We show that we can apply Theorem 1.1. Indeed the hypotheses
(H3),(H1) are implied by the Proposition 6.3 and Lemma 6.4, respectively. The regularity
properties for the hydrodynamical equation (1.19) in the Appendix 5.A imply hypothesis
(H2) with H = L*°(T¢) given Lemma 6.2. O

5.7 Perspectives-Work in progress

5.7.1 The case of d > 2 dimensions

So far in our proof of the hydrodynamic limit in the diffusive case, we have assumed d = 1.
This restriction is there only because of the stability results that we need for the limit
PDE, which is a quasi-linear diffusion equation. In particular, as shown in the Appendix
6.6.2 in order to get, by applying only basic estimates, uniform in time propagation of
higher regularity we need to restrict to d = 1. This implies a spectral gap in W**-norm
where & : k| < 4.

Regularity results for uniformly parabolic equations in higher dimensions usually
rely on the famous results of Nash, de Giorgi, and Moser. In order to remove this
assumption on the dimension in the diffusive case here an idea is to apply the well-known
De Giorgi—Nash—Moser iteration technique combined with Schauder estimates, as was

done for similar equations for example in [HNP15, Appendix A].
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5.7.2 Convergence of the microscopic entropy to the macroscopic

entropy

Another important question in the field of statistical mechanics is the convergence of the
microscopic entropy N~2HY (u¥|v™) towards the macroscopic entropy. The goal of this
subsection is to present our work in progress which is to investigate this problem and its
relation to entropic chaos. The problem can be thought of independently from the results
of the previous sections. We would like to recover the results as in [Kos01, Fat13].

Let us introduce first some notation. Let ( ft)tE[O,oo) C H be a solution to the limit

equation (1.19) and set
foo = ft(u) du,
Td

which is independent of ¢. The notation is furthermore justified on noting that we expect

fi = foo as t — oo in, cf. Lemma 1.3. Furthermore we denote the pressure by
p(A) = log Z(eY), (7.98)

where Z is the partition function given in equation (1.17). Then we let the macroscopic

entropy be given by
()= [ () du=h( ), (7.99)

where the function is given by

h(p) = ploga(p) — p(loga(p)).

Let us find the corresponding macroscopic Fisher information by differentiating in time.
It holds that

d

)= /w (@ft log o (f,) + i (/2 o'(f)

o(fi) o(fi)

Since o is the inverse function of ¢d4log Z(¢), we find that p'(\) = o~!(e*) and hence

ofi — p'(loga(fr)) atft) du.

d o' (fu(u))® 2
Ly =— | 2N g du=: —Do(f), 7.100
G = = [ TP du = =D () (7.100)
where D, (f;) is called the macroscopic Fisher information. Next we establish a microscopic
analogue of equation (7.100), relating the microscopic entropy H™ (u¥|v") and its Fisher
information Dy (Y |[vY), to be defined presently. Let fY € Cy(Xy) denote the density of
plY € P(Xy) with respect to the Gibbs measure v € P(Xy), i.e. set

duN
N N t
ft (n) T dVJ]t\io

(m)- (7.101)
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The microscopic Fisher information is then defined as

ui”uﬁo)::/x ftNN_QEN\/ﬁdV}L :< ftN,N_2£N\/§> . (7.102)

2(,,N
L (Vfoo)

Abusing notation, we shall sometimes refer to Dy (u;" v} ) by Dy (fN|vf.), where f¥
the density defined in (7.101). Also note that we have left out a factor of N? as opposed
to the natural (macroscopic) time-scaling, i.e. the time scale of the Fisher information is
the microscopic time scale.

Firstly we have indeed the equivalence of entropic chaos and convergence of the entropy.

For example for the zero-range process we have the following lemma.

Lemma 7.1. Under the conclusion of Corollary 1.4, i.e. the hydrodynamaic limit for the

zero-range process, it holds that
NN () = B2 + NN () + O35 + e N ).

In particular, the microscopic entropy N-¢HY (uN|vN) converges to the macroscopic
entropy H*>®(f;) if and only if there is entropic chaos, i.e. N*dHN(MﬂV}Y(_)) vanishes as
N — .

Proof. 1t holds that

L N, NN 1 dﬂiv N
N ) = 5 [ s (Gh) di

It holds that

dvfm Z(o(fx)  (olfile/N)\"
=1l 75 a:/N >>( () ) ’ (7.103)

xer

Consequently, the second term equals

Z(0(f))

(10 o fi(x/N))
Z(o(fi(x/N))

o (fo)

+ n(x) log

)t (m).

We know that the macroscopic solution f; is differentiable, and the hydrodynamic limit

yields that the right hand side converges to

/w fi(w)log o(fu(u)) du — /po(log o(fe(w))) du— foologo(fo) +p(logo(fx)),
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as N — oo. Thus, in view of (7.99), we have shown that

1 N/ N, N L N/ NN 00 1 —ct AT— 5
NN i) = S HY e ) + HY () + O (5 + N5,

which concludes the proof.

The main objective is then to show that under the initial assumption

Y ] — HE(fy)

Nd <rpo(N)

for some rate function rgo(N), there are rate function r1(N,t),r2(N,t) so that

HY vy, ) — H*(f:)

)Nd ST’H,O(N)—i‘Tl(N,t),

and similarly for the Fisher information at rate ro(V,t).
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Appendix

5.A Regularity properties of the quasilinear diffusion

equation

As we saw for our proof of the hydrodynamic limit relies on a stability result for the limit
PDE and in particular on estimates on the (uniform) propagation of higher regularity.

For the limit partial differential equation we consider solutions in
H := L>®(T%).
Note that in particular H C L?(T?). For each f € L*(T¢), define its H1(T?¢)-norm by
s = = [ £A7F du
Td
where A7l f = f denotes the solution to the Poisson equation with boundary condition

Af = f, such that f du=0.

Td

This norm can be extended to H~(T¢) by density and is equivalent to the usual H !~

operator norm. Furthermore it holds that

(foDee < VSl and [ flla- < £l (1.104)

for all f € H'(T%), f € H-'(T%). In the almost linear case, when (4.50) holds, the theory

of weak solutions to equation (1.19) is given by the following lemma.

Lemma 1.1 (Weak solutions to the quasi-linear diffusion equation). For every f, € H,
the diffusion equation (1.19) possesses a unique weak solution f, € H, t € [0,00), in the

sense that

/OOO /ﬂ‘d (ft(u)atw(t, w) + o(fi(u))Aw(t, u)) dudt + ” fo(w)w(0,u) du =0
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for allw € C([0, 00); C*(T)) with compact support in [0,00) x T¢. Uniqueness thus yields

a Semigroup
Sy fo = [
The solution also has the following reqularity properties. The semigroup S;° satisfies
157 foller < [lfoll
for all 1 < p < +oo. The solution f = (f)icpm also satisfies

f € L*(0,00; HY(T%) N H' (0, 00; H*(T%)) C C([0, 00); L*(T%)).

In particular

d
%) = (o(£). A2) (1109
for all t > 0 and all ¢ € C?*(T9).

Proof. Starting from smooth solutions in C*(T?), c.f. Ladyzhenskaya [LSUGS8], it classical
to construct a weak solution using the uniform Holder—continuity following from the
results of de Giorgi-Nash-Moser. For an account of this construction, see also [KL99]. The

maximum principle shows that the semigroup S{° conserves the L°°(T?)-norm, i.e.

157 foll oo < [l foll zos-

Therefore it holds that Sp°: H — H. Now, if we let f; and f; be two solutions, it holds
that

d ~ - -
Sl fe = fill g = =2 /Td(ft — f)(o(fr) —o(fr)) du <0.

Thus the solutions are unique. Furthermore it holds that

d
G =2 [ VAP du
Td

whence S is a contraction in L?*(T?) and

T T
/ IV fi|? dudt < C/ / o' (f)IVfi|* dudt < C||fol|3-.
0 Td 0 Td

is bounded. It follows that f € L?(0,T; H*(T%)). The diffusion equation 0;f; = A.o(f;)

consequently yields
f e L*0,T; H{(T%) n H*(0,T; H'(T%)).

Interpolation, see Theorem 3 in §5.9.2 in [Eva98], then yields f € C([0,T]; L?(T?)). Now
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the weak form of the diffusion equation yields equation (1.105) for all ¢ € C?(T4¢) and
almost all ¢ € [0,T]. Since f is continuous in time with values in L*(T¢), this equation
indeed extends to all ¢ € [0,T]. Furthermore it holds that

d
a/’ﬂ‘d |ft’p du < —p(p— 1) /Td ‘ft|p_20/(ft>yvft’2 du < 0,

if f; is bounded away from zero. The general case follows from approximation of the

modulus function | - | by smooth functions, c.f. the book of Vazquez [V07]. O

We will need an estimate on the conservation of regularity. For any integer £ > 0 and
f € H*(T?), let D*f denote the k-th derivative of f (a tensor). Given fy € H, consider
the solution f; to the diffusion equation (1.19) with initial datum f.

Lemma 1.2 (Improved Regularity). For d =1, we have for all k > 1 a uniform in time

upper bound on all the derivatives of order k
k k et
ID* fillr2 < Cmax {||D* follr2, |V foll ,# +1}. (1.106)

Proof. Let € € N be any multi-index such that €] = k. The filtration equation yields that

[ O
i [ 1P =2 [ VDD ()9 ) d

By the Leibniz rule, this is bounded by

—2/ o' (f1)|V D" fi]? du+C(k)Z/ o (f,) VD f, - VDR T D, (1.107)
T mij; T

J=1

where the sum is over all integers m > 0 and multi-indices (j;)/"; such that > " j; < ¢

and j; # 0 for all 7. Thanks to Lemma 4.1, each summand of this sum is bounded from

above by

| (1.108)

ClIvD il VD20 f [ [ D fi
j=1

First we choose any coefficients p, (p;)¥_; such that 1/2=1/p+ Y, 1/p; to obtain that
jvor S T D8l < IV i, T e (1109)
=1 =1

Note that every order n of the derivatives appearing in this product satisfies 1 < n < k.
We recall here the Gagliardo-Nirenberg-Sobolev inequality for a real valued function h

on R%: for fixed 1 < r,¢ < oo and m € N, we assume that there are 6, j € N to be such
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that

fl—j:(il—m>e+d(1—9) T <<,
p r q m

Then
DR < C||D™R||7 ||| 12" (1.110)

We apply the above inequality for » = ¢ = 2 and setting

d d : d d .
—dpd -3 —L 4 d i -1
=2 2 | 21 and 6, = 2 2 il )
k k
Note that ; ) ) .
f=2idil gy ana P21 op <
k k
and that
—d/2) 1 1
0—1—29—1— k gl—% and +Zl— </{;—|—§

since 1 <m < k and d = 1. Then the Gagliardo-Nirenberg-Sobolev inequality and the
fact that m < k yields

IVDE i, H 105 £l s < CADM Al 19 A

(1.111)

< DM AL IV AN +1).

By the previous lemma, it holds that ||fillze < || follze and ||V fillzz < C||V foll Lz

Therefore we conclude that for all k, there exist constants 0 < ¢ and C' < oo such that
d 9 1 241
SNDHfIZ: <~ DM f 4 C (1D AV Aol +1). (1.112)

Since the integral of the derivative D* f, over the torus T¢ vanishes, Poincaré’s inequality
yields
ID" fill7= < CID ! filZ.

We can choose therefore C” > large enough so that the right-hand side of (1.112) is negative
when || D f;|| > C’". We then deduce that

Dl < O Dk VilZ 41
ID* fill 2 < Cmax {||D* follz2, |V foll ,# +1},

which concludes the proof of the statement. O

Next provide some large—time decay estimates which will enable us to provide uniform

in time bounds in the hydrodynamic limit.
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Lemma 1.3 (Spectral gap). Let fo € L®(T?). Furthermore let foo = [ f(u)du denote

the spatial average of f . Then there exist finite, positive constants c¢,C' such that

||ft_foo”§,p Sce_CtHfO_foo”][),pa fOT all 2§p<+00,
1fe = focll-1 < Ce™ | fo = fosllu-1, (1.113)
1fe = foollee < Ce™|| fo = foollr—1-

Proof. Let f; be a solution to the diffusion equation. First of all, conservation of mass
yvields [ fi(u) du = fu. Let f; := fi — foo, which solves the equation

O0fr =V - (o' (fi + f=)V ). (1.114)

Note that in contrast to f;, the function f; is no longer non-negative everywhere. The

equation for f; yields

d ~ _ _ - _
%/ | fil? du =p/ P2 AV - (0 (i + o)V i) du. (1.115)
Td Td
Now integration by parts yields
d £ |p I FIp—21%7 F |2
= | P du=—pp=1) | o' (fo+ fo)l TV A" du. (1.116)
Td Td
Since
_ _ _ _ 4 _
FP2V AR = |12V A = S| VIR, (1.117)
P2

it holds that

i [ iy 1 ) 7 7
o =D [ 1 s e [ 91
(1.118)

Now Poincaré’s inequality in the L?-norm applied to | f;|?/? yields
d _ _
— | Nl du< —c | |fif” du, (1.119)

which yields the decay of the LP-norms of f, = f; — f-. Note that ¢, C' can be taken to be
independent of the choice of p > 2.

The decay of the H~'norm follows from

Tl Lol = =2 [ ) (hlw) = S < —clfy = Ll (1120)
']I‘d
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by uniform ellipticity and (1.104).
Next, in order to show the exponential convergence with respect to the L*° norm we
use that for k > (d + 2)/2, there exists a bounded embedding H*~1(T?) — L*°(T%) and

therefore

||ft - foo||L°° < CHft - foo“Hk*l‘

Moreover interpolation yields

_k_ 1
1fe = foollme=r < |fe = fooll g I1fe = ool 571

Since Lemma 1.2 yields uniform-in-time bounds on the higher order H*norms of f;, we
have uniform-in-time bounds on the H*norms of (f; — f.) as well. The existence of

spectral gap in H~'-norm then implies that

k

. wh B A
7o = fecllie S e fo = foell5 (mas {1D* foll 2, IV foll - + 1)
< Cefo— foolli.

This ensures us that the semigroup relaxes indeed exponentially fast in L°*°-norm as
well. O
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Chapter 6
Spectral gap in mean-field O(n)-model

This chapter is a joint work with Simon Becker and it is published in [BM20].

We study the dependence of the spectral gap for the generator of the Ginzburg-Landau
dynamics for all O(n)-models with mean-field interaction and magnetic field, below and
at the critical temperature on the number N of particles. For our analysis of the Gibbs
measure, we use a one-step renormalization approach and semiclassical methods to study

the eigenvalue-spacing of an auxiliary Schrodinger operator.
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6.1 Introduction and main results

6.1.1 O(n)-model

The model we are concerned with in this article is the generator of the Ginzburg-Landau
dynamics, or overdamped Langevin dynamics, of the mean-field O(n)-model in the critical
and supercritical regime § > n, as defined precisely in Section 6.2. Our objective is to
study the scaling of the spectral gap in terms of the system size N, for all the numbers of
components n > 1, and including the cases with or without external magnetic field, in the
low temperature and critical regime, extending the study of the subcritical regime § < n
in [BB19]. When § < n, the spectral gap of the generator remains open uniformly in N
and for any number of components n, in the full temperature range.

The mean-field O(n)-model is defined by the energy function

H@) = Y olo)(~Baro)(a) — 5 3 (hio(a) (L1)

z€[N] z€[N]

acting on spin configurations o : {1,.., N} — S"~! where Ay is the mean-field Laplacian
and h € R™ an external magnetic field. For our study of spectral gaps, we consider the
Ginzburg-Landau dynamics associated with the Gibbs measure dp o< e=##(?) with Hamilton
function (1.1). The inverse temperature parameter ( is such that lower temperatures
(higher ) favors alignment of spins. The study of mean-field O(n)-models is motivated by
the fact that their behavior approximates that of the full O(n)-model on high-dimensional
tori [ElI85, LLP].

6.1.2 State of the art and motivation

The study of spectral gaps in O(n) models is a popular problem that has received a lot of
attention over the last decades. The study of logarithmic Sobolev (and other functional)
inequalities is a classical and very effective tool to study concentration of measures and to
quantify the relaxation rates, 7.e. the mixing properties, of the dynamics. In particular,
the spectral gap (the speed of relaxation) is determined by the constant in the Log-Sobolev
inequalities. We define the spectral gap to be the size of the gap between 0 and the rest of
the spectrum of the associated generator L, defined in (2.5). The gap then can be also
characterized by

g = uf —(LJ, f)r2p) (1.2)

rer2(dp\foy  Var(f)

where Var), is the variance relative to the equilibrium measure p. All these quantities will

be specified for our setting in the following section. For further background on functional
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inequalities see [Gro93, BE85, Led99, Led01, GZ03, ABC*00] and references therein.

There are only few general approaches for the study of spectral gaps of spin systems,
using log-Sobolev inequalities, available and many of them rely on an asymptotic study of
log-Sobolev inequalities [LY93, SZ92a, SZ92b, SZ92c| or [MO13] for a more recent result
in that direction. In the article [BB19], a simpler proof for a log-Sobolev inequality was
provided for bounded and unbounded spin systems and sufficiently high temperatures.
The novelty of the approach in [BB19] is the combination of the study of log-Sobolev
inequalities with a simple renormalization group approach to decompose the stationary
measure in a way that makes it accessible to Bakry—Emery techniques.

Inspired by the method in [BB19], we invoke the same one-step renormalization group
procedure to reduce the high-dimensional problem to the study of a low-dimensional
renormalized measure and a fluctuation measure. In the subcritical regime 8 < n, which
is the regime analyzed in [BB19], the renormalization of the equilibrium measure is
particularly efficient, since the renormalized potential is strictly convex such that the
Bakry—Emery criterion can be directly applied to this measure and implies that the spectral
gap remains open. This renormalization group method has recently also been successfully
applied in the study of the spectral gap for hierarchical spin models [BBb] and for a lattice
discretization of a massive Sine-Gordon model [BBa).

The low temperature regime, which is the regime we are concerned about within
this article, has a non-convex renormalized potential. In this regime, after a single
renormalization step, the renormalized potential is not convex. This makes the asymptotic

analysis much more difficult and requires new methods:

While we analyze the Ising model, n = 1, without magnetic field, directly using explicit
criteria for spectral gap and log-Sobolev inequalities [BG99, BGL14], we heavily use the
equivalence between the generator of the Ginzburg-Landau dynamics and a Schrodinger
operator to analyze multi-component,n > 2, O(n)-models. This analysis builds heavily
upon ideas by Simon [Sim83, CFKS87] and Helffer—Sjostrand [HS85, HS87] who developed
effective semiclassical methods to study the low-lying spectrum of Schrodinger operators
in the semiclassical limit (which in our case corresponds to N — oc0). These results are
discussed thoroughly in the final chapters of [NHO05]. In this article however, we have to
study the spectrum of Schrodinger operators beyond the harmonic approximation. In
this case, the limiting operator is not explicitly diagonalizable anymore and the spacing
between eigenvalues is no longer linear in the semiclassical parameter N, the number of
spins.

The mixing time of the Glauber dynamics of the mean-field Ising model (O(1)) without
magnetic field has been carefully analyzed in [DLP09b, DLP09a]. There it is shown-among
others- that the mixing time in the subcritical regime § < 1 is N log(N), the scaling at

the critical point N%/2 for f = 1 and in the supercritical regime 3 > 1 it is exponential
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growing in N. This is to be compared to a spectral gap that remains open for § < 1,
closes like N=%/2 for 3 = 1 and closes exponentially fast also for 8 > 1. Thus, the mixing
time for the Glauber dynamics are -up to a factor 1/N- comparable to our findings on the

spectral gap, cf. Theorem 1.1.

Our main result on the mean-field Ising model in the supercritical regime g > n is

stated in the following Theorem:

Theorem 1.1 (Spectral gap—Supercritical Mean-field Ising models, 5 > 1). Let N be the
number of spins and n the number of components.
For the supercritical mean-field Ising model (n = 1,5 > 1), the spectral gap An of the

generator

e for the case of small magnetic fields |h| < h,, closes as N — oo exponentially fast,

Ay = e NAman(V)A+0W) [ particular, for magnetic fields h € [0, h,)

~v2(B)
A (V) = / B (i — tanh(Bp + h)) dp
~71(B)

where v1(B) < 72(B) € R are the two smallest numbers satisfying the condition
7(8) = tanh(y(8) B + h).

e For critical magnetic fields |h| = h., the spectral gap does not close faster than
O(N~Y3) anymore.

e [inally, for strong magnetic fields |h| > h., it is bounded away from zero uniformly
m N.

where h, = /(8 — 1) — arccosh(y/3).

In the case of supercritical multi-component systems (n > 2, 8 > n) without magnetic
fields, it is the rotational invariance of the model that leads to a decay of the spectral
gap as N tends to infinity. To capture this property, we call a function f : (S")¥ — R
radial, if it is only a function of the norm of the mean spin |g|. Our main results for
all multi-component systems in the supercritical regime [ > n are summarized in the

following Theorem:

Theorem 1.2 (Spectral gap—Supercritical Mean-field O(n)-models, 8 > n > 2). Let N be
the number of spins and n the number of components.
For the supercritical mean-field O(n)-models(n > 2,8 > n), the spectral gap An of the

generator
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o closes as \y = O(N™Y) if there is no external magnetic field h = 0, but remains

open Ay = O(1) for radial functions.
e is bounded away from zero uniformly in the number of spins for all h € R™\{0}.

We also analyze the behavior of the spectral gap at the critical point 5 =n and h = 0.
Using a discrete Fourier analysis approach implemented in Section 6.6 for the Ising case
n =1 and a direct asymptotic analysis for all higher component systems n > 2, we find a
different asymptotic of the spectral gap from both the supercritical 8 > n (exponentially

fast closing) and subcritical § < n (spectral gap remains open) regimes:

Theorem 1.3 (Spectral gap—Critical Mean-field O(n) models, 5 = n). For all critical,

B =mn, h = 0 mean-field O(n)-models the spectral gap closes as \y = O(N~Y2). In

1/2

particular, the rate N~/ is attained for the magnetization

M(o) =N3> " o(x).

Z€E[N]

We emphasize that at the critical points (8 = n, h = 0), the gap does no longer close

once a non-zero magnetic field is present:

Theorem 1.4 (Spectral gap-Mean-field O(n) models, § =n, h #0 ). For all, B =n and
h # 0, the spectral gap of all mean-field O(n)-models remains open.

The proof of Theorem 1.4 is along the lines of Theorem 1.1 in the regime h > h. and
follows from Proposition 4.2 in the Ising-case, n = 1, and in the multi-component case,

n > 2, from Proposition 5.4.

6.1.3 Organization of the chapter

The chapter is organized as follows:
e In Section 6.2 we introduce the mean-field O(n)-model.
e In Section 6.3 we introduce the renormalized methods.

e In Section 6.4 we analyze the mean-field Ising model in the supercritical regime

£ > 1 and prove Theorem 1.1.

e In Section 6.5 we analyze the higher-component mean-field O(n)-models in the

supercritical regime # > n and prove Theorem 1.2.

e In Section 6.6 we study the critical regime and prove both Theorems 1.3 and 1.4.
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e Our article contains an appendix that contains technical details and further details

on numerical methods.

Notation. We write f(z) < O(g(z)) to indicate that there is C' > 0 such that |f(2)| <
C'lg(z)] and f(z) = o(g(2)) for z — 2 if there is for any € > 0 a neighbourhood U. of 2,
such that |f(z)] < e]g(z)|. The expectation with respect to a measure p is denoted by
E,(X). The normalized surface measure on the n sphere is denoted as dSs». We write 1
to denote a vector or matrix whose entries are all equal to one and id for the identity map.

Finally, we introduce the notation [N] := {1,...,N}. The eigenvalues of a self-adjoint
matrix A shall be denoted by A;(A) < ... < Ay(A).

6.2 The mean-field O(n)-model

We study the mean-field O(n)-model with spin configuration o : [N] — S"~! and introduce
the mean-field Laplacian (Aypo)(z) == + > yev) (0(y) —o(z)).
The mean spin is defined as 7 := > zev) 0(2). The energy of a spin configuration o

is given by the Curie- Weiss Hamiltonian

H(o) =3 ) o(z)(~Ayro)(x Z (h,o(z

z€[N] :ceN]
—% X I 53 (hota 23
z,y€[N] WG[N]

=31~ [a") - & (n7).

where the constant vector h € R” represents an external magnetic field and /3 is the inverse
temperature of the system. The energy of the system can thus be written as a function of
the mean-spin . This is also why the model is called a mean-field model.

The critical temperature for the O(n)-models is § = n and we study both regimes: the
supercritical regime § > n and the critical regime g = n.

The dynamics we consider is the continuous-time Ginzburg-Landau dynamics

Wf=> <V§Q_1,/3 AV A >Rn (2.4)

Z€E[N]

to the invariant distribution of the mean-field O(n)-model which is the Gibbs measure
dp(c) := e PHO) /7 dSS;N (o) with normahzmg constant Z. The operators ASn , defined
by (f, —Agfl),l ) = (V Sn,lf, VSn,l f) and Vsn,l are the Laplace-Beltrami and gradient
operator on S"! acting on spin i, respectively. We recall that for the Ising model n = 0
and a function F : S — R, the gradient is given by (Vg F')(¢c) = F(o) — F(—0). The

L2 ((S™')N)-adjoint of the generator of the Kramers-Smoluchowski equation (2.4) is the
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generator

= > 47 AGL OO — (VELH) (). (VELO@)en (g5

z€[N]

Studying the operator L on the weighted space L? ((S”_I)N , dp) makes this generator

self-adjoint. The quadratic form of the generator (2.5) is just a rescaled Dirichlet form

(L Dean =67 V5L

z€[N]

L2(dp)

6.3 Renormalized measure and mathematical prelim-
inaries
We start with the definition of entropy with respect to probability measures:

Definition 3.1 (Entropy). For a probability measure p on some Borel set S the entropy
Ent,(F) of a positive measurable function F : Q — Rxq with [, F(z)log® (F(z)) du(z) <

oo is defined as
Ent, (F) = /Q log( / / u(y ) du(z). (3.6)

Instead of studying the generator of the dynamics directly, we apply a one step
renormalization first [BBS19, Sec. 1.4]:

Definition 3.2 (Renormalized quantities). The renormalized single spin potential V;,
associated with the mean-field O(n)-model for ¢ € R™ is defined as

L (3.7)
—gu+wm%—bg0%@(wﬁmf f%ﬂW@+WO

where I is the modified Bessel function of the first kind. The N-particle renormalized

measure s defined for a normalizing constant V](\?) by
dvn(p) = V](\?)e’NV”(“’) dyp on R". (3.8)

Definition 3.3 (Fluctuation measure). For any ¢ € R", there is a probability measure

Lo, the fluctuation measure, on (S" 1Y defined as

B 2
E, (F) = /(S " F(o)eMVeo) T e 2le-o@lia) g5 (o (z)). (3.9)

T€E[N]
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A straightforward calculation, [BBS19, Lemma 1.4.3] shows that the stationary measure

dp can be decomposed into the fluctuation and renormalized measure such that E,(F) =
Eyy (By, (£))-

Example 1. In the case of the Ising model (n = 1) the renormalized potential is
Vi(g) = 5(1+ ¢?) —log (cosh(By + h)). (3.10)

For the XY model (n = 2) the renormalized potential reads

Va(p) = 5(L+ llell*) = log (Io([|Be + ) (3.11)

where I is the modified Bessel function of the first kind. For the Heisenberg model (n = 3)

one finds

Val) = 4 (14 lolP) 1o (22

|6 + hll

We observe that the renormalized potential grows quadratically at infinity such that
AV, € L>*(R").

The Ginzburg-Landau dynamics for the renormalized measure is then given by the
self-adjoint operator Lie, : D(Lyen) C L*(R", dvy) — L*(R™, dvy), satisfying

(Lien€) () = (ArnC) () — N (Ve Vi(), Vra((0)) - (3.12)

The renormalized generator L., satisfies

- <Lrenfa f>L2(dz/N) = HVR”inZ(dyN) : (3~13)

The renormalized Schrodinger operator with null space spanned by e~V is the operator

defined by conjugation —A,e, = e NV/2 L, eNVe/2
Aren = —Apn + XV, (0)]2 — LAV, (p). (3.14)

Definition 3.4 (LSI and SGI). Let pu be a Borel probability measure on R™. We say that
p satisfies a logarithmic Sobolev inequality LSI(k) iff

Ent,, (%) < 2 IV FI172

for all smooth functions f. The LSI(k) implies [Led99, Prop. 2.1] that u satisfies a spectral
gap nequality SGI(k)
Var,(f) < £ IV F 72 -

Thus, in light of the characterisation (1.2), the spectral gap of Ly, is by (3.13) precisely
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the constant in the SGI of the renormalized measure.

Remark 3.5. If f vanishes outside a set Q) of measure u(Q2) < 1 and if p satisfies a
SGI(k) then

2 1 2
1 2 < wamey IV 2 - (3.15)

For Borel probability measures p on R there is an explicit characterization of the
measures satisfying a LSI [BG99, Theorem 5.3]:

Any such measure p satisfies a LSI(k) iff there exist absolute constants Ky = 1/150
and K = 468 such that the optimal value k in the LSI(k) satisfies

Ko(Do + D) < 1/k < Ki(Do + Dy)

for finite Dy and D;. Let m be the median of p and p(t) dt the absolutely continuous part

of p with respect to Lebesgue measure. The constants Dy and D, are given by

Dy = sup (o0, 2] log(ul(~o0.a)) [ 42 and

o p(s)
i (3.16)
D= s (—uqx,oo))log(u([x, ) [ ]%) .

For constants

B = sup (((-oc.a]) [7 25 ) and Bmsup ((lec0) [ 5] 3an)

one defines the Muckenhoupt number [Muc72] B := max(By, By). The measure p satisfies
then a SGI with optimal constant ¢ = 1/k if and only if B is finite in which case

B/2<c¢<A4B (3.18)

[BGL14, Theorem 4.5.1].

Remark 3.6. The proof given in [BG99, Theorem 5.3] shows that the characterization of
LSI constants holds true not only by splitting at the median: Instead, there is € > 0 such
that for any ¢ for which p((—oo, (]), u([¢,00)) € (1/2—¢,1/24¢) the above characterization
(3.16) holds true when the median m is replaced by . The same is, up to an unimportant
adaptation of the lower bound in (3.18), for the SGI as well, ¢f. [GRO1, Prop. 3.2 + 3.3].

We continue by observing that the fluctuation measures satisfy a LSI(%) independent
of h or . This follows for n = 1 with ~,, = 4 from a simple application of the tensorization
principle to the classical bound on the Bernoulli distribution [ABC*00, Led01, SC97]. For

number of components n > 2 one can use the results from [ZQM11].

253



Proposition 3.7. Let the renormalized measure vy satisfy a LSI(X), then the full equilib-

rium measure p satisfies a LSI

B )2 (14 5) 3 [0

z€[N]

2

L2(dp)

and if the renormalized measure vy satisfies a SGI(N), then the equilibrium measure p
satisfies a SGI

Var,(F) < (1+4Nﬁ > Z HVS” 1 ‘2

2e[N] L2(dp)

Proof. The proof of the SGI is as follows: For the SGI we obtain the decomposition

Var,(F) = B, (Var,,_(F)) + Var,, (E, (F))

<Ly ||veL (2 + 18, (|VE(F)).

L2(d4,
z€[N] (dp)

(3.19)

To bound the second term in the above estimate, we compute using the Cauchy-Schwarz
inequality and the spectral gap inequality for fluctuation measures p, on the sphere,
defined by (3.9) such that, see [BB19, Theorem 1, (11)-(15)],

VoE,. (F)=NVV(p) -p Z By, (F(p — 03)). (3.20)

Z€E[N]

We then use that by the explicit expression (3.7)

ﬁfgn,l e~ 2ol (o — 5,)dSgn 1 (o)

VV(SD) B fS 1 e QH@ O':c||2 dSSn 1(0m>

= B(p = B, (02)). (3.21)

Inserting this into (3.20) we find that

VB, (F) =8 Z B, (Foz) = By (F)Ey, (0:) = 8 Z covy, (F,0z).

z€[N] z€[N]

Thus, we have using Cauchy-Schwarz that

Vo, (F)]? < N2 Y~ Jcov,, (F, o). (3.22)

z€[N]
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We can then use that by Cauchy-Schwarz again

covy, (F,o,) = E,, ((F —E,, (F))(o— EW(U)))
VE (F —Ey (F)?E, (F—E, (F)*\/E, (0 —E, ()] (323)

24/ Var, (F).

IN

IN

Finally, inserting this into (3.22) and using the LSI for the fluctuation measure, we find
]EVN <|V¢EMW (F)|2> S 4‘ZVﬂQIE:VN Varlhp (F)

AN T
<5, 3 VGl
Tn z€[N]

(3.24)

which after inserting this bound into (3.19) implies the claim. To prove the LSI we follow
[BB19] and write

Ent,(F?) = E,, (Ent,, (F?)) +Ent,, (E,, (F?))

@ ?
N van,lF‘ pan 2E,, (‘VW/EW(FQ) ) :
z€[N]

For the second term we have from applying the Cauchy-Schwarz inequality:

’V@\/ E,, (F?)

By doubling the variables o,, 0., we write

IN

2
er[N] COV/W (F2> UI)

E,, (F?)

2 ZIE[N} | COVN«F (F27 090)|2

2
= ﬁ2 < ]EMP <F2>

5 B (P00~ o) (o — )]

< NVt (N S, ((Flo2) + Fla)(o. — 027)

< \/Var,, (F)y/SE,, (F?)

| Covuw(FQ(Ux% Ux)‘ =

where in the last two lines we applied CS inequality and used that |0, — 0| < 2. Then
’ COVMP(FQ’ U)|2 S 8varﬂw (F)Eﬂw (Fz)
This gives

2
< 8Nf* Var,, (F).

‘VM/ By, (F?)
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Overall we have

2 1682N
Ent,(F?) < 2 z\)vgm ]mp) z))vSn IF]

SEE o5,

z€[N]

L2

L2( dp

6.4 The mean-field Ising model

Without loss of generality, we assume h > 0 when studying the Ising model. We define

the critical magnetic field strength in the Ising model

he(B) :=+/B(B—1) — arccosh(\/g)

for temperatures § > 1 as the supremum of all A > 0 such that z = tanh(Sz + h) has
three distinct solutions for x € [—1, 1]. In particular h.(/) is monotone with respect to the

inverse temperature .

The critical magnetic field strength is chosen in such a way that for fields h < h.(5)
there are two potential wells in the renormalized potential landscape, see Figure 6.1,
whereas for h > h.(f) there is only one, see Figure 6.2 in subsection 6.4.3 where this case

is discussed.

6.4.1 Lower bound on spectral gap in weak field h < h.(5) regime

We start by showing that the inverse spectral gap in the Ising model in the case of
subcritical magnetic fields, i.e. h < h.(f3), converges at most exponentially fast to zero as

the number of spins, NV, increases.

We start by showing a LSI with exponential constant for the renormalized measure.
This implies by Prop. 3.7 that such an LSI must also hold for the full many-particle

measure dp.

Proposition 4.1 (LSI for vy). Let 5 > 1 and h < h.(B) such that V} is a double well
potential where the depth of the smaller well is denoted by Agman(V'), cf. Fig. 6.1. The
mean-field Ising model satisfies a LSI(e*NAS""*“(V)(Ho(l)))1

Ent,, (F?) < eNAman(V)(+o(1) / |F'|” duy.
R

'If the magnetic field is zero, i.e. h = 0, both wells are of equal size.
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Figure 6.1: Weak magnetic fields: Renormalized potentials for the Ising model with =3
and zero h = 0 or weak h = 0.5 magnetic fields form a double well.

Proof. The renormalized potential V7 has on [0,00) a global minimum with positive
second derivative at some @i, satisfying @uin = tanh(Somin + h). This follows since the

renormalized potential (3.7) reduces to

Vi(p) = ggpQ — log(cosh(By + h))

and the critical points of this potential are easily found to satisfy ¢ = tanh(Sy + h), see
also [BBS19, Lemma 1.4.6]. For small temperatures, i.e. 5 — 0o, one has @i, = 1+ 0o(1).
We first consider h = 0 : In this case, the median of the renormalized measure is
located precisely at ¢ = 0 and @, > 0 is one of the two non-degenerate global minima of
the renormalized potential (the other minimum is located at —@p,;, by axisymmetry).
An application of Laplace’s principle, see [Won01, Ch. II,Theorem 1], shows that for
all z > 0:

| 1 z oNVi(p)
lim - log _VN([x>OO))10g(VN(['T7OO>>)/ Iy
N—o00 0 VN

N—o0

= lim + <log/ e V@) dy 4 log (— log(vn([z, oo))))+log/ eNV1(®) d¢) (4.25)
z 0

= — inf Vi(t) 4+ sup VAi(t).

tefz,00) tef0.]

The supremum of (4.25) is attained at z = p,;, such that

— inf Vi(t) + sup Vi(t) = Agman(V) > 0.

tefz,00) te[0.]
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Here, we used that for x > ¢, we get by Laplace’s principle

—log (vn[z,00)) = N(V(2) = V(pmin)) (1 + o(1))

log(— log(vn[z,00))) _
o8(= loglvy —0.

On the other hand, if z € (0, ) then, again by Laplace’s principle, — log (vy[z, 00)) =
— 1og(%) + o(1) and thus limy_,q, 1°g(71°g(]<',N[x’°°))) = 0 as well. The case = ©.,;, can be

treated analogously. Hence, we obtain for the constant D; as in (3.16)

and thus limuy_

z eNVI(SD)
Dy :=sup (-VN([% 00))10g(VN([%00)))/0 o dSO)

>0 ne (4.26)

— eNAqmall(v)(lJ'_o(l)) )

The symmetry of the distribution for A = 0 implies then that Dy = D;.

We now consider h > 0: The renormalized potential possesses a unique global minimum
at some ,,;, and the median of the renormalized measure converges to this point @uin,
see Fig. 6.1, as Laplace’s principle implies

R

$Pmin _
e, st O(1/N).

Hence, it suffices to verify the LSI bounds (3.16) for m = ¢, as argued in Remark 3.6.
Arguing as in (4.26) yields for A > 0 and < @uin :

m eNV1(<P)
lim % log (—um(—oo,x] log(iv((—oc,)) [ - cw)

N—oo
z N

= lim + (log/ e~ NVi() dgp—{—log(—log(yN([x,oo))))—Hog/ eNVi(e) dgp) (4.27)

N—o0 o

=— inf ]Vl(t)+ sup Vi(t)

te(—oo,x tez,m)
which shows Dy = eNAsman(V)(1+0(1) by taking 2 to be the minimum of the smaller well of

the renormalized potential. For the constant D; we get on the other hand for x > iy,

since the renormalized potential is monotonically increasing on [P, 00),

T 6NVl(Lp)
lim 2 log (—VN([I,OO))log(VN([x, 50)) / d<p>

1
N—o0 m VJ(V)

:z&i—rgo% (log/ e~ NVi(®) d¢+10g/ eNVi(e) d¢+10g(_10g(yN<[x7m))))) (4.28)

m

= — inf )Vl(t)—i— sup Vi(t) =0

telw,00 telm,z]
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such that D is negligible compared with Dj. ]

6.4.2 Upper bound on spectral gap in weak field h < h.(3) regime.

The upper bound on the spectral gap is obtained by finding an explicit trial function

saturating the SGI. For this construction, we use the notation and results of Lemma 2.1.

In order to fix ideas first, we assume h = 0. We start by observing that the mean
spin @ can only take values in the set M := {—1,—1+ 2/N, ..., 1}. The weights of the

stationary measure dp are given by functions ny : M — R

0= 3= (it ) (4:29)

o;0=1

where we used (2.3).

We also introduce trial functions fy : {j:I}N — R for the spectral gap inequality given
by

fylo) = > Lisnion (4.30)

iEM0<i<z i ()
with indicator function 1 and ~3(/) is the largest solution to ¢ = tanh(S¢ + h). Since fy

depends only on the mean spin, we can identify them with functions gy : M — R
1y
gn(m) = Z ~1=93@) gych that fn(o) = gn (D).

iemozi<m IV (2)

For the L? norm of the fy we find

2

TR SEC CIPRUTEND SENECLLY [ SR RTEY

ieEM 1EM;i>v3(8) JEM;0<5<v3(B) N (‘7)

where Z is the normalization constant of the full measure dp. For the gradient of fy we

find 9
’Vé?fN(U)‘ = lgn(@) — gn (@ £ 2/N)[* S 0w (@) 2.

Hence, for some C' > 0
; 2 CN 1

v ‘ < - 4.32

Z H s /N 2(dp) — 2 Z N () (4.32)

i€[N] 1€M;0<i<3(B)

Using (3.15) with () = § implies by comparing (4.31) with (4.32) that the constant v
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in the SGI is bounded from below by

NLO > (i) > ! <i (4.33)

2
ieM;i>y3(8) 1€eM;0<i<y3(B) 77N( "

We recall from the discussion in Lemma 2.1 that the continuous approximation Ny (7)
attains its maximum in the limit at i = v3(5) and the summand N( y in the second sum
attains its maximum in the limit at ¢ = 0.

Thus it suffices to study the asymptotic of the logarithm of the leading order summands
in (4.33) using the asymptotic behaviour of (y := Jslog(nx(s)) given in (2.99)

log <"N s (8 N/73 ) ds = N/AY3 fs — arctanh(s)) ds (1 + o(1))

_N<m<5> ) / O arctanh(x/ )

5 3 d:c) (1+o0(1))

¥3(8)
- _N/o f(x — tanh(fz)) dx (14 o(1))

= NAsmau(V)(1 —+ O(l))

Here, we used integration of the inverse function to obtain the last line and (3.10) in the
last one. In the case of a positive weak magnetic field h € (0, h.(f)) we choose a trial
function fu, : {£1}" — R given by

1y,
fnn(o) = Z 2B} Ghere for i eM

ieMa<i<n(®) o(?) (4.34)

Mnn(t) == (N/Qé\lf N Z,)) o2 (1) +hNi.

Proceeding as above in (4.31) we obtain for the L? norm the lower bound

2

1 , 1
||fN,h||iz(dp) = Z N, (1) Z —| . (4.35)

ieMii<m () jemasiraizm(e) 1onl)

For the Dirichlet form we find, as for (4.32), for some C' > 0

> HVSO ho‘ L) < C7N > 1 _ (4.36)

z€[N] JEMv3(8)>52>71(8) nN’h(j)

We can apply (3.15) with x(Q) = 1L for some e > 0 since the trial function (4.34) vanishes
to the right of the global maximum such that by comparing (4.35) with (4.36) the constant
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Renormalized potential V; Second derivative of V
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Figure 6.2: Strong magnetic fields: The renormalized potential and its second derivative
for h =5 for B = 3. The potential is non-convex even though it is a single well potential.
However, it is convex in a neighbourhood of the global minimum.

v in the SGI is bounded from below by

1 1 1
~= 1w (7) — < —. (4.37)
NG 2 ™™

¢ ieM;i<y1(P) JEMi3(B)>5271(B) mn(7) ~ ey

The weight 7y (i) in the first sum attain their maximum (in the limit) at ¢ = () and
the summands m in the second sum attain their maximum at i = yo(5).
To explicitly state an upper bound on the spectral gap it suffices to study the asymptotic

of the logarithm of the leading order summands

71(8) 71(8)
log (Zﬁ%igg?;) =N o Cnp(s) ds = /72([3) (Bs — arctanh(s)) ds (1 + o(1))
=N (MW —(8)) _ /“W arctanh(e/5) d:v) (1+0(1))
2 72(8)8 B

11(8)
— _N/ f(x — tanh(fz)) dx (14 o(1))
72(8)
= NAsmaH(V)(]- + 0(1))

6.4.3 Spectral gap in strong magnetic field regime h > h.(3).

Next, we study the case of strong magnetic fields for the Ising model, that is V] has at
most one root, for § > 1. We also include the case § =1 and h # 0. Unlike in the case of

weak magnetic fields, in which case the constant in the LSI for the renormalized measure
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is exponentially increasing in the number of spins, the spectral gap of the renormalized
measure is now linearly increasing in the number of spins. Responsible for this uniform
gap is the local uniform convexity at the minimum of the renormalized potential. More

precisely, we have

V() = B(¢ — tanh(By + h)) and V{'(¢) = B(1 — Bsech(By + h)?). (4.38)

Thus, V{"(¢) = 0 yields ¢y = w Inserting this into V{(¢+) = 0 implies that
hy = +arccosh(v/B) F /B(8 — 1) with sign sgn(hy) = F1 and thus o = :l:\/g. In
particular, in the subcritical regime § > 1 all global minima ¢, have sign sgn(p,) = sgn(h),
such that the renormalized potential satisfies V/"(¢.) > 0. Moreover, for § =1 and h # 0
there are no points at which both the first and second derivative vanish. The third

derivative at this point however is always non-zero and given by

Vi (1) = 724/B(B - 1)8.

Proposition 4.2 (Ising model, strong field). Let 5 > 1 and h > h.((), i.e. Vi is a single
well potential. We obtain for the Ising model a SGI(vy)

2
Var,, (F) < %/R|F'| dvy

where % 18 uniformly bounded in N.

Proof. Since the renormalized Schrodinger operator and renormalized generator are uni-
tarily equivalent up to a factor, see (3.14), the semiclassical eigenvalue distribution stated

in [Sim83, Theo. 1.1] implies the statement of the Proposition:

It follows immediately from the renormalized Schrédinger operator (3.14)
Aren = =i + VI (@) = 5V (). (4.39)

that the low-lying eigenfunction of A, accumulate at the unique non-degenerate (the
second derivative is non-zero) potential well and the spectral gap of the renormalized

measure grows linearly in N. The result then follows from Prop. 3.7. O]

6.4.4 Critical magnetic fields in n =1

Proposition 4.3. Let h = hy and 8 > 1. The spectral gap of the radial renormalized
Schrédinger operator grows as O(N*?) and in particular, the spectral gap of the full

measure does not close faster than O(N~Y/3).
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Figure 6.3: Critical magnetic field for n = 1: Renormalized potential of the Ising model
with 3 = 2 possesses two critical points, one inflection point and a global minimum.

Proof. Let A :== N/2 and consider the Schrodinger operator, defined in (3.14),

M= =07 + N|V{(2)]” — AV/'(2) (4.40)

for the renormalized potential and auxiliary Schrodinger operators, which are obtained as

the Taylor expansion of (4.40)

Hy, = =07 + X|V{(02)*(z — 0.)* = W{’(%) and
Hy, = =07+ N3 (8 = 1)(z — ) £X2¢/B(8 — 1)B(x — ¢+)
on L*(R) localized to the two critical points, the inflection point . and the global

minimum ¢,. We then define j € C((—-2,2);[0,1]) such that j(z) =1 for |z| < 1 and

from this functions

(4.41)

Jo. () = j(>\2/5!$—90*|) Jou(x) = j(Nz — p4) and

= /1= Jpu ()2 = J ()2 with (4.42)
||VJ 12, < O( /\4/5 ||VJ%HRN < O\,
Invoking then unitary maps U,,,U,, € L(L*(R)) defined as
(Up. f)(@) = AT (@ + ) and (Upy (@) == ATVOF (AT P+ py)) - (4.43)

shows that the two Schrédinger operators in (4.41) are in fact unitarily equivalent, up to
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Figure 6.4: The five smallest eigenvalues of the operator S,, as a function of 8. The
smallest eigenvalue is strictly positive.

multiplication by powers of A, to the A-independent Schrédinger operators

Se. = =0, + V(@ )"z — V{'(¢s)

4.44
Se. = =03 + B°(B — 1)a* £2/B(B — 1), A

respectively. Both operators have discrete spectrum and that inf(Spec(S,.,)) > 0 is shown
in Section 6.C. We illustrate the behaviour of the smallest eigenvalues of S, in Figure

6.4. More precisely, we have that
AU Sy Uy, = Hy, and NPUS! S, Uy, = H,,. (4.45)

Taylor expansion of the potential at the respective critical point and the estimate on
the gradient (4.42) imply that

[T (H — Hy ), | < O(XY?) and also |J,, (K — Hy,)Jp, | < ONP). (4.46)

*

Let 0 = e; < ey < .. be the eigenvalues (counting multiplicities) of Sy, and 0 < f1 < fo < ...
the ones of S, and choose T such that Ae,,1 > 7 > Ae, and A3 f,, . > 7 > \¥/3f, with
P; being the projection onto the eigenspace to all eigenvalues of .S; below 7. The IMS
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formula, see [CFKS87, (11.37)] for a version on manifolds, implies that
H=JH]—|VIP+ > (JHJ+ J(H—H)J;— V) . (4.47)
i€{px,p+}
On the other hand, it follows that

Jo.Hy Jy, = Jp, Hy P,y + Jp Hy, (id —P,.) J,.
> Jo.Hy Py Jy, + NenJ?,

and also
JosHyp Jpo = Jp Hoy Pp Jp, +Jp Hy (Id =Py )y,
2 JosHoy Py o, + >‘2/3fmJ3i~
In particular, we find

IV/|[Z. > eA~%® on J for some ¢ > 0.

and

VY |gn > eA™3/19 on J for some ¢ > 0.

This implies for large A that
JHJ > N23f, J% (4.48)

From (4.47) we then conclude that for some C' > 0
H> NG —CXNP " LHP =N+ Y LHPJ; — o(V).
1€{px,px} i€{px,px}

This implies the claim of the Proposition, since
rank (JoHLPJy) < n.
More precisely, for the eigenvalues E; () < Ey(A) < .. of H we have shown that

lim inf A=22E,(\) > f,_1 > 0 for n > 2.

A—00

In particular, the lowest possible eigenvalue e; = 0 of the renormalized Schrodinger
operator is of course attained as the nullspace of the renormalized Schrédinger operator
H,, is non-trivial. This shows that the spectral gap of the renormalized Schrodinger

operator grows at least proportional to A\%/3. O
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Figure 6.5: Heisenberg model, (n = 3): The renormalized potential of the Heisenberg
model for h =0 and g = 5.

6.5 Multi-component O(n)-models

6.5.1 n > 2: Zero magnetic field, h =0

Let h = 0 then the renormalized potential for n > 2 is radially symmetric and possesses a
critical point at ¢ = 0. In the supercritical case, i.e. § > n, the renormalized potential
possesses another critical radius r = ||¢|| € (0,1), see Figure 6.6. To see this, we

differentiate the renormalized potential
. _ [n/Z(ﬁr)
O Vu(r) = pr (1 TIn/Qfl(ﬁr)> )
It is now obvious that » = 0 is a critical point of the renormalized potential at which

. Lnpp(Br) 28 2 _ B
17%1 TG~ nz > 1 such that 9/V,(0)=8(1-%2) <0 (5.49)
where we used that § > n is supercritical. To conclude the existence of precisely one
other critical radius r.,;, at which the renormalized potential attains its global minimum

In/2(18r) . .
Tnya1(57) decays monotonically to zero. We prove this

in Lemma 2.2 in the appendix. This implies that also the factor <1 — %) has

it suffices therefore to show that

precisely one root, i.e. the second critical radius.
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Figure 6.6: XY-model: The renormalized potential of the XY-model for h = 0 and 8 = 10.

6.5.2 Zero magnetic field- A lower bound on the spectral gap

When h = 0 and n > 2, then the renormalized Schrédinger operator (3.14) for A := N/2

is the self-adjoint operator
Aven = —Agrn + A2 [V V? = AAga V.

This operator is also rotationally symmetric such that by separating (spherical coordinates)
the angular part from the radial part, the remaining radial component A™3 of the

renormalized Schrodinger operator on L2((0, 00), 7" 1dr) for £ € Ny reads

Aradd _ (33 paly M) +A210, Vo (r) 2 = N2V, (r). (5.50)

ren r2

Here, the term ¢(¢+n —2) accounts for the eigenvalues of the angular part of the Laplacian.
The renormalized potential possesses, when h = 0 and n > 2, exactly two critical radii at
which |9,V,(r)]* = 0. The radii are 7 = 0 and 7 = ryy,, see the beginning of this Section
6.5.1. However, V,,(r) is strictly concave at 0, i.e. 9*V,,(0) < 0, and by Lemma 2.2 strictly

convex at Ty, such that 92V, (rpi) > 0. This follows from
2 . _ i . In/Q(IBT)
8TVn(Tmm) = ,Brmlnar|r=7"min (1 rIn/Qfl(ﬁT)) > 0’

see the beginning of Section 6.5.

The radial symmetry of the renormalized potential implies that the renormalized
measure decomposes into dvy (@) = v\ le= Vo dr @ dSsa—1. We study the radial part
due to tensorization principle, as the surface measure on S"! is known to satisfy a LSI(n)
[DEKL13, Corollary 2]. Thus the rotational invariance of the renormalized measure implies
that the spectral gap inequality for the renormalized measure is at least uniform in V.

In our next Proposition we therefore study the low-lying spectrum of the radial

component, A0 ag \ — oo.

ren

Proposition 5.1. Let h =0, n > 2 and 8 > n. The spectral gap of the radial renormalized
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Schridinger operator A% grows linearly in N.

Proof. The proof we present here follows the steps of the proof in [Sim83].
To study the low-lying spectrum of the radial component of the renormalized Schrodinger
operator, let A := N/2 and consider Schrédinger operators

Ho(N) = — (07 + 219,) + X202V, (0)[*r® — X 92V,,(0) and

0osc

Hrmin(A) = —33 + >\2 |83Vn<rm1n>|2(x - rmin>2 — A afvn(ijn)

osc

(5.51)

where we use the variable x rather than r to emphasize that the last operator is defined
on L?(R), unlike the first one which is an operator on L?*((0,00),7""! dr). Observe
that in (5.51) we replaced the gradient term of the Schrédinger operator by its Taylor
approximation at the critical point. This explains the occurrence of the second derivative
at the critical point in (5.51). Invoking the unitary maps Uy € L(L?*((0,00),r" ! dr)) and
U, € L(L*(R)) defined as

(Uof)(x) = A F (N 22) and (Uy,,, f)(@) = AV (@ 4 i) (5.52)

shows that the two Schrédinger operators in (5.51) are in fact unitarily equivalent, up to

multiplication by A, to the A-independent Schrodinger operators

Stee = = (02 + 220,) + 02V, (0)|*r? — 92V,,(0) (559
Spoan = —3% + |83Vn(rmin)‘2$2 - 83Vn(rmin)v '
respectively. More precisely, we have that
Uy ' A Sl = Hyo(\)  and U, LA SgznUr,,, = Higen (M) (5.54)

2 _afvn(o) >

0, we conclude from (5.54) that the bottom of the spectrum of H2,.()) increases linearly

is strictly positive S

Since the bottom of the spectrum of the operator S° osc

osc

to infinity as A — oo.
To connect the low-energy spectrum of the renormalized Schrodinger operator with
the above auxiliary operators, take j € C'2°(—o0,2) such that j(x) =1 for |x| < 1. Then,

we define

Jo(a) = JNP [a]), T (@) = GO |2 = roia) with [V Jillg. < O(NY?) (5.55)

for i € {0, mmin} and J := /1 — J2 — J§.

Without loss of generality we can assume that X is large enough such that Jy and J,

min

are disjoint.
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Taylor expansion of the potential at 0 and r,;, respectively and the estimate on the
gradient (5.55) imply that

| T( AR — HI )T < O(AY®) for i € {0, rauin} -

ren 0OSC
Let 0 = e; < ey < .. be the eigenvalues (counting multiplicities) of SO, & S™min and choose T

0osc osc

such that e,,.1 > 7 > e, with P; being the projection onto the eigenspace to all eigenvalues
of H: . below TA. The IMS (Ismagilov, Morgan, and Simon/Sigal) formula, see [Sim83,

OosC

Lemma 3.1] and [CFKS87, (11.37)] for a version on manifolds, implies that

Arad,O — JArad,OJ - ‘87”]‘2 + Z (JiArad,OJi o |arJz’2)

ren ren ren
Z'6{07"1min}'

such that

A0 = JARYOT — 10,7+ D (JiHiedi + (AR — Hi )T — 0. i) . (5.56)

ren ren 0osc ren 0oscC
iE {077'min}

On the other hand, it follows that

osc Osc osc

(id—P)J; > J;H!

0osc

PiJ; + Me,p J?.
By construction, since VV,, vanishes linearly on the support of J;, we have

IV Vol[zn > c()\_2/5)2 = A% on J for some ¢ > 0.

Since AV, is globally bounded anyway, this implies for large A that

JARIO T > (N5 — X)) > N, J2 (5.57)

ren

From (5.56) we then conclude that for some C' > 0

ARAO > Ne, —ONP + " JHL PJ; = Xey+ Y JHL P — o).

ren
1€{0,"min } 1€{0,"min }

This implies the claim of the Proposition, since

rank Z JH' PJ | <n.

osc
i€ {O,Tmin }
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More precisely, for the eigenvalues E;(\) < Ey(\) < .. of A9 we have shown that

liminf A" E,(\) > e,.
A—00

In particular, the lowest possible eigenvalue e; = 0 of the renormalized Schrodinger
operator is of course attained as the nullspace of the renormalized Schrodinger operator is
non-trivial. This shows that the spectral gap of the renormalized Schrodinger operator

grows at least linearly in A in the angular sector ¢ = 0. O

Corollary 5.2. Let h =0, n > 2 and B > n. The spectral gap of the full Gibbs measure p
does not close faster than O(N~1). In particular, for radial functions, i.e. f only depends

on |G|, the spectral gap remains open.

Proof. Since the spectral gap of the radial component of the renormalized measure grows
linearly in N and the spectral gap of the angular component is uniform in N, the
tensorization principle implies that the full renormalized measure satisfies a SGI that is
uniform in N. Due to Proposition 3.7, the spectral gap of the full measure does therefore
not close faster than of order 1/N.

For radial functions f, the RY 3 ¢ — E,_(f) maps also into radial functions and
therefore the spectral gap of the renormalized measure is only determined by the radial
renormalized Schrodinger operator in Prop. 5.1. Using Proposition 3.7 and (3.19), this

implies that for radial functions, the gap remains open. O]
In the next Proposition we show that the rate N~! in this case is in fact optimal:

Proposition 5.3. Let h =0, n > 2 and > n. The spectral gap of the full measure p of

the dynamics decays at least as fast as N~'.

Proof. We consider the mean-spin & : (S")Y — R™™! defined by

5(0) = %Za — (51(0), ., a1 (0)) € R (5.58)

In analogy to the spherical harmonics which in cartesian coordinates reads z;/||z||, we

consider the function:

= 71(0) olo
f(0) = gl @) (5.50)

where n € C*(R; [0, 1]) is a cut-off function such that for fixed 1 > ¢ > 0:

1, when t > ¢ and

() = { 0, whent <4/2. (5.60)

270



As we want to compute the covariant derivative V,, (o), we consider the parametrisation
71(t) so that 71(0) = o1. Then we define (t) := (71(t), 02, ...,0n) and s(t) := a(y(t)).
It is then clear that for v := ~{(0) we have s'(0) = v/N, the first coordinate of which is
s1(0) = (e1,v)/N. We define then

s1(t) = a1(y(1)) = (e, 5(1)). (5.61)

Thus, since f(y(t)) = ”581(%)”, we find for the derivative

Therefore, we see that in terms of

o) = (e ((o(@les =100

the derivative is just
Vo f(o) = ulo) = (u(o), o1)or.

The cut-off function 7 ensures that |G(o)| is not small. Therefore we can bound |Z(o)| =
O(1) which implies that E,(|V,,5(0)|?) < 1/N? or that

S E(IVa0(0)) S 1/N.
]

€[N

By rotational symmetry we also know that E,(f) = 0. For the second moment

E,(f(0)?), we have by rotational invariance again

. ZE (Fr) - ZE (o) (5.63)

5’1(0’)2

2T (o)) ) + (0 + R

Qi

:(n—i-l)IEp(
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where Ry is the error

51(0)?

R o=, (00 0=y (lo(@)))

Our aim is now to argue that Ry is small as N is large.

For > n we know that the renormalized potential attains its minimum at hyperspheres
OBg~ (0, Tmin). This implies that the renormalized measure concentrates at such ¢ €
0B(0, rmin) with exponential tail bounds, i.e. the probability of ¢ away from 0B(0, ryi,)
is exponentially small in N. The fluctuation measure then enforces that also the mean
spin ¢ has to be outside of a ball of radius ¢ > 0 with high probability. To see this recall
that the fluctuation measure can be rewritten as
Sy Flo)ePNiea) ds2” (o) gy Flo)e?Nten) dsg (o)

(F)

e Jﬂ(Snfl)N 65N<<p,6-> dsgﬁl (O-) N(SO)N

E

(5.64)

Here, the radial normalizing function

N(p) = /S e dSs1(0) =T (3) (1) 11g1(||6g0||)

is a strictly monotonically increasing function of || that satisfies N'(p) > 1 and N (p) =1
if and only if ¢ = 0. This follows directly from the Taylor series of the modified Bessel
function.

Hence, we can pick & such that e#“? < (1 4+ N(y))/2 for all p € AB(0,7min) and

|o| < 0. Hence, we see that for such ¢

By, (Lgi<s) = O ((ﬁw + %) N) :

N
This shows that E,(15<s) = O <<m + %) and hence that Ry tends exponentially

fast to zero as well, as N tends to infinity, under the condition that 5 > n. n

6.5.3 Nonzero magnetic fields for n > 2

The situation h # 0 and n > 2 cannot be reduced to a one-dimensional model due to
lack of symmetries. Yet, the renormalized Schrodinger operator provides a very elegant
tool to show that the spectral gap of the full generator of the Ginzburg-Landau dynamics

dynamics remains open as N — oc.

In fact, whereas the global minimum for h = 0 of the renormalized potential is attained

on a hypersphere, the global minimum for h # 0 is attained at a single point, only.
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Figure 6.7: XY-model: The renormalized potential of the XY-model for h = (—2,0) and
B = 10. The rotational symmetry is broken.

This allows us to identify the asymptotic of the low-energy spectrum of the renormalized

Schrodinger operator directly with the spectrum of a quantum harmonic oscillator.

Let ¢. € R™ be a critical point of the renormalized potential (3.7). We define the set

Y= {Z (nal i) + 2 (N = A)) , with n; € N, \; € U(Dzvn(goc))}

i=1
where Ay, ..., A, comprise the entire spectrum of D?V,,(¢.).

Let ex be the k-th smallest element counting multiplicity in > we then have the

following Proposition:

Proposition 5.4. Let h # 0, f > n, and n > 2. Let Ex(\) denote the k-th lowest

eigenvalue of the renormalized generator then this eigenvalue satisfies the asymptotic law

limy o0 EkT(’\) = eg. In particular, the ground state of the renormalized generator in the

limit as X — oo is unique and the spectral gap of the renormalized Schréodinger operator

remains open and linearly in \.

Proof. When h # 0 then the renormalized potential has a unique non-degenerate minimum.

To see this recall that the renormalized potential reads

Vi) = 4 (1 1elF) =102 (T (5) () T3l +1D) )

Introducing the new variable ( := Sy + h implies that

n
2

Vil = 35 (#+ 1 =) =1og (1 (5) () a1

= 35 (8 + 101+ 1® = 206 ) —tos (1 (5) () a0
(5.65)
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Computing the gradient of that expression yields

VeVi(p(O).h) = —%h + gs(lICIee (5.66)

where we introduced the auxiliary function gg(r) := (% — 1172/ i(lr(l )). Thus for the gradient
to vanish the vectors h and ¢ have to be linearly dependent.
Assuming thus that ej, = e, we obtain from setting the gradient to zero the following

equation

BLay2(lIS11)
Lo ([€1))

Thus, when h and ( are aligned, there is precisely one solution, the global minimum of the

= ([ICll = [I1D)-

renormalized potential, satisfying

Bl (<11

with gg(||C]]) = 87 ||h|] > 0. That the aligned scenario corresponds to the global minimum
is evident from the expression of the renormalized potential (5.65).

The simplicity of the solution follows since the left hand side Blns Q(HCH)) is a concave,

I, j2—1 (IIS]]
monotonically increasing function from 0 to g as ||¢|| — oo.
When h and ¢ point in opposite directions, there can, by concavity of the left-hand

side, be between zero and two solutions to the equation

Bl (11€1)
s = (] + 1A0)
n/2-1(lIC)
with gs(||<]]) = =87 |h]| < 0. In particular, for sufficiently low temperatures there exists

a local maximum and a saddle point of the renormalized potential as shown in Figure 6.7.

From differentiating (5.66), the Hessian is given by

D2V, ((C). 1) = ¢ (<11 Hi?w T sl (H—SH - Hcfug) . (5.67)

We note that the Hessian has full rank unless at critical points unless gj([|C[])+gs([ICI)) ([[¢]]—
1¢]I7Y) = 0, since gs(]|<]]) # 0 by (5.66) for non-zero magnetic fields.

In addition, there can be only a saddle point which can only happen at one fixed

temperature depending on n.

Finally, if the temperature is sufficiently high, yet still such that 5 > n, there may be

no critical point if A and ¢ point in opposite directions. This is in particular the case when
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B =mn and h # 0: Taylor expansion at zero yields

Bl (<11 pr(n/2)

= 1K1+ OdI<I®)
L1 (ICI) 20(1 +n/2)
where for § = n we find % = 1 and concavity of the function |||| — Iﬁi’;/j’—l((””i””)) show.

Thus ||VV,]|? vanishes at not more than three critical points ¢, on the span of h. In
particular, all eigenvalues of D?V,, are non-negative only at the global minimum of V;, by
(5.67), since we already established that ¢'(||C]|) < 0 at the other two. To see that they

are strictly positive there, it suffices to analyze for r = ||(||

gh(liclh = (871 = Z(lIcIn ™) + ||C||§;$||I§CH|I>)2
_ gsliclD Nl dlicth (5.68)
q Z(lI<I)? '
Hence, we find that
51T+ g eI = 117 = antlebicl + LB s

In particular, this expression is strictly positive at the global minimum, since gg(||C]|) > 0
and Z'(]|C]|) > 0 by general principles, see Lemma 2.2.

The asymptotic behaviour of the spectrum of the renormalized Schrédinger operator
has been computed in [Sim83] (which we can directly apply as we satisfy the conditions
(A1) — (A4) in [Sim83]) and our above representation of ¥ follows by noticing that
%DQ ’vvn|2 (¢c) = <D2Vn(§00))2 > 0.

Since the renormalized Schrodinger operator and renormalized generator are unitarily
equivalent up to a factor, the semiclassical eigenvalue distribution stated in [Sim83,

Theorem 1.1] implies the statement of the Proposition. O

6.6 The critical regime, Proof of Theo. 1.3

We conclude our analysis by investigating the critical case § = n and prove Theorem 1.3.

As before, we distinguish between n = 1 and multi-component systems n > 2 :

6.6.1 Critical Ising model

It follows from (4.25), which always vanishes for all x > 0, that the spectral gap, at the
critical point f = n = 1, does not close exponentially fast in the number of spins. We
want to show in this subsection that it closes at least polynomially, though. For a refined

analysis in dimension n = 1, we recall some basic ideas from discrete Fourier analysis:
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Let f : {:l:l}N — C be an arbitrary function on the hypercube. The LQ({:lzl}N 2N dpteount)

inner product on the hypercube is defined as

<f7g>{i1}N = Z 27Nf($17“7$N)g(x17"7xN>-

ze{£1}V

The characteristic function yg for S C [N] is defined as xg(z) := [[,c4 0i and the family
(Xs)scin forms an orthonormal basis of L2({£1}™). In particular, yg = 1. We also define
indicator vectors g € RY such that lg(z) = 1 if x € S and 0 otherwise.

Every function f € L2({£1}") admits a unique Fourier decomposition

F=>"Js) (6.70)

SC[N]

where ]?(S ) := (f, xs). The variance of the stationary measure is given as the sum of

Var,(f) = E, (Var,, (f)) + Var, (E,,_(f)). (6.71)

Since the first term on the right-hand side of this equation is always uniformly bounded
by the Dirichlet form, as shown in the proof of Proposition 3.7, it suffices to study
the behaviour of the second term. Thus, applying the expectation with respect to the

fluctuation measure yields by the Fourier decomposition (6.70)

= > J(S)E,, (xs)- (6.72)

SC[N]
In particular, using the explicit form of V;(®), a direct computation yields for all = € [N]

~Blp-1+h _ 4

lo+1]2
E,, (o(x)) = eV1(#) ( ) = tanh(Sy + h).

2

Using that (i, is a product measure, this implies that the full expression for (6.72) is

given by
Z f )(tanh(By + h))Sl. 673)
Hence, we find for the variance
N
Varyy (B Z (EVN (tanh(ﬁgp + h)|51\+\52|)
e (6.74)

-E @mmw¢+m@UEW@mmw¢+mwu>
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For the Dirichlet form, we find, with S;ASy denoting the symmetric difference of sets Sy
and SQ,

S EVE] =Y Y ASFS)EVE sV xs,)

z€[N] x€[N] S1,52C[N]

=4 Z Z 5x65151652f(31)A(SQ)EP(X51XSQ)

:L‘E[N] S1, SQC[N]

=4 Z Z f Sl (XSlASg)
S1,S2C[N] r€S1NSs <675)

~

=4 Z ]151, ﬂ52 RNf(Sl) (SZ)Ep(XS1ASz)

S1, SzC[N}

RN

Proposition 6.1. For zero magnetic fields, i.e. h = 0, and $ > 1,all functions with
Fourier support on sets of fixed cardinality k € N, i.e. for f given as

f= > F(S)xs

C[N;|S|=k

satisfy the inequality Var, (E, (f)) < & welN] ‘v(ﬂﬂ),

L2(dp)
In particular, for the magnetization

M= o(x) (6.76)
we obtain an inequality

Var, (B, (M)) = NE, (tanh B¢)?) Z ’Vgn M

Z€E[N]

2
L2(dp)

Moreover, the spectral gap for critical 3 =1 closes at least like O(N~/?).
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Proof. When h = 0, it suffices to estimate the variance by Jensen’s inequality as

Var, (B, (f)) < Eyy 3 F(S1) F(S2)By, (xs1) By, (X52)

S1,52C[N];|S1|=[S2|=k

SC[NJ;|S1|=|S2|=k

1 2 (6.77)
= ﬁEp < Z f(S) ﬂsXs,]l[N]>
SC[ RN

NI;|S1|=[Sz2|=k
2

E, Z ]?(S) Is xs

SCINT;|S1|=]S2] =k RN

Using (6.75) we then obtain the spectral gap inequality

==

E| Y f(S)lsxs

SC[NT;|S1]=|S2|=k

@) ¢|?
Voo f L2(dp)

Var,y (B, (f) <
RN (6.78)

Turning to the magnetization (6.76), we can write the variance of the magnetization M in

terms of the expectation value E,, (tanh(S¢)?)

Var,y (B, (M) = % > E,, (tanh(8¢)?) = NE,, (tanh(8¢)?). (6.79)

z,y€[N]

We now recall that tanh(8¢)? = 5%0* + O(p?) and for 3 =1

Wip) = 5+ 2+ 0

1\p) = 5 T 19 2

by Taylor expanding around 0. It therefore follows from Laplace’s principle [Won01, Ch.
IT, Theorem 1] that

E,, (tanh(Bp)?) ~ NYANT3/4 = N71/2, (6.80)

On the other hand, we can compute the Dirichlet form of the magnetization using
(6.75)

2

2
S E, ‘Véﬁ)M‘ —4E, | Igxs| =4E,(1) = 4. (6.81)

z€[N] z€[N]
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Thus, comparing (6.79) with (6.81) implies the claim together with the asymptotic (6.80).
[

While Proposition 6.1 shows that the magnetization leads for critical § = 1 to a
spectral gap that closes at least like ~ N=%2 when h = 0, the next Proposition shows

that the magnetization does not imply a vanishing spectral gap when h > 0.

Proposition 6.2. Let h > 0, 5 > 1, and f a function with Fourier transform supported
on sets of cardinality < k for some fized k € Ny independent of N, i.e.

f= > J(S)xs

CINJ:|S|<k

Then such functions satisfy an improved inequality with @, = argmin, Vi (p)

32 csch? (2(BLmin + h))

Var, (E,,(f)) < 2V (@ min)

f’ (1+0(1)) (6.82)

z€[N]

with a constant - CSChV(NQ((g%Zs"M)) (14 0(1)) that strictly bounded away from zero in the limit

N — oo. In particular, V' (@min) > 0 by the discussion in the beginning of Section 6.4.3.

Proof. Using (4.104), which applies since V{’(¢min) > 0 by the discussion in Subsection
6.4.3, we conclude that

Z f )(tanh(By + h))!S! (6.83)

SC[N]

implies since

% tanh(By 4+ h) = fsech?(Bp + h) = B esch(By + h)*tanh(Byp + h)?
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that

Varyy (B, (1))

2

1
= NV B1S| tanh(Bmin + A)T esch(Bomm + h)?| (1 + o(1
SNV (o) X;V )BIS] ( ) ( 2| ( (1))

2
B tanh(Bemin + h)? csch(Bomin + h)* Z s
N 2NV (min)

SC[N]
2

S) tanh(Bpmin + h)'s‘ Is| (14 o(1))

< 282 csch®(2(Bmin + 1)) Z

%4 (@min) CIN]

2

XS ]15 1+0(1))

vy (SOmin)

_ 232 csch? (2(Bmin + h))
%200

2 ¢sch Q(Bgomin + h)) Z
- Vlﬁ(mem)

B 2 esch?(2(Bomin + h)) Z
N 2‘/1//(@111111

S)xs 1s| (1+o0(1))
C

v ‘ (1+0(1))
N

(6.84)

where we used (4.104) in the first line, |S| = (1g, Ijnj) in the second line, Cauchy-Schwarz
and csch(z)? tanh(z)? = 4 csch(2z)? in the third line, (4.103) and (6.83) in the fourth line,
Jensen’s inequality in the fifth line and finally (6.75) in the last line. ]

6.6.2 Critical multi-component systems

In this subsection, we prove the multi-component part of Theorem 1.3:

Proof of Theorem 1.3. The magnetization M = N~1/2 > zev) () has in the multi-

component case always unit Dirichlet norm

> E, Vel ‘ > E, (N (6.85)

z€[N] z€[N]

On the other hand, we can explicitly calculate using the derivative of the modified Bessel
function of the first kind, 0.1,(2) = %1,(z) + I,+1(2), and (3.7), the expectation value
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E,, (o(x)) that is independent of z € [N] for ¢ # 0

E,,(0(z)) = V@)= 505167 T / o(a) dS(o(y))

yEN] (6.86)
_ Lp(lIBell)

 Lopaa(lIBel) el

Taylor expansion at zero then yields

e (dpllBe) N TP
Euloe)* = (2050) = gy o)

For the renormalized potential we find by Taylor expansion, which we shall already

MI3

specialize to critical temperatures § = n, at zero

3

Valp) = 5 + el + O(lell®).

2 8+44n

For the magnetization M (6.76), we can write

Vit (B, ) = & 3 B (<In/21(HB<,0H)> )

i (el
= NE,, (([n/Ql(Hﬁs@II)) ) .

We then have by radial symmetry of both the renormalized potential and the integrand

(6.87)

that at critical temperatures g =n

NV ()t nja(on) 2
E (( L s ([[ne])) >2> fo (In/z—l(m‘)> dr
VN '

Lja—1([Inell) [ e NValpn=1 gr

Applying Laplace’s principle, cf. [Won01, Ch. II,Theorem 1], with constants y = 4 and
a =3+ (n —1) implies that

2
E (M) ~ NMAN-(A = N2,
Y A\ N\ Lnj2-1([lngl])

Combining this asymptotic behavior with (6.85) and (6.87) then yields the multi-component
claim of Theorem 1.3, i.e. the rate N/ is caught for the trial (mean spin) function M

and thus the spectral gap is decaying at least with speed N~1/2, O

1/2

The following Proposition shows that the upper bound N~'/¢ on the spectral gap in

282



Spectrum of H 1

0.6
0.5 ..0‘
o’
2 0.4 ....
>
g 03 o’
o °®
i"EJ»OZ 0.
| ‘ ooooooot°’°.
01+ ° eo0°®®

Figure 6.10: The five smallest eigenvalues of the operator H; as a function of A. The
smallest eigenvalue stays at zero.

the critical regime 8 = n for all dimensions n > 1, is in fact sharp:

Proposition 6.3. Let h =0 and f =n > 1. The spectral gap of the radial renormalized
Schrédinger operator grows as O(NY?) and in particular, the spectral gap of the full

measure does not close faster than O(N~4/2).

Proof. Let A := N/2, we then consider the equivalent Schrodinger operators to the

renormalized generator

M 1= =02 + X|V{(2) P ~ AV{'(x) and for > 2

(6.88)
Moo= — (02 4+ 220,) + 22 L XUV, [P = MAV,, (e N,

where we used that by rotational symmetry of the renormalized potential, for n > 2, we
can decompose the Schrodinger operator into individual angular sectors parametrized by

¢ € Ny. We then introduce auxiliary Schrodinger operators

H, = —83—1—)\2% — X% and for n > 2

Hf = — (07 +2510,) + W22 )2 006\ 302 e N

(6.89)

on L*(R) and L*((0,00),r" ! dr), respectively. The five first eigenvalues of H; are shown
in Fig. 6.10. We then define j € C'°(—2,2) such that j(z) =1 for |z| < 1 and from this

Jo(z) = §(AY? |z]) and J := /1 — J2 with ||[VJy|g. = ON?). (6.90)
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Invoking the unitary maps U; € L(L?(R)) and U,, € L£(L*((0,00),r"! dr)) defined as
(ULf)(@) = AR FA (@) and (U f)(r) = X F (N1 0) (6.91)

shows that the two Schrodinger operators in (6.89) are in fact unitarily equivalent, up to

multiplication by v/, to the A-independent Schrédinger operators

51:—8§+%$6—:U2andforn22

0 2 n—1 L(l4+n—2) nb
Sn - (87‘ + Tar) + r2 + (24n)

(6.92)

ﬁ?“Q, (e NO

6
=l = 24n

«

respectively. That inf(Spec(SY)) = 0 is shown in Section 6.C. Since HT—ZJ) > () we have

consequently that for £ > 0 by monotonicity inf(Spec(S’)) > inf(Spec(S})) > 0. More

precisely, we have that
AUt sty = HY. (6.93)
More precisely, since (U, f)(z) := A™/8 f(A~1/4z), it follows that
(SﬁUnf)(T) — )\—n/8 ( (A_l/Qf/,()\_l/4T) + )\_1/4n7_1f/(A_1/47")) + e(f—&:;—Q)f()\—l/4r>

6

+ (ﬁn)grﬁf()\_l/‘lr) — %7‘2]“()\_1/47“)> )

(6.94)

Then, applying (U1 f)(r) = A"/ f(\Y/4r) shows that

(U S ) () =\ ( () + B ) + M )
(6.95)

[§

+ /\2(27j—n)2r6f(7’) — A%r%(r)) .

Taylor expansion of the potential at 0 and the estimate on the gradient (6.90) imply
that
[Jo(Hy, — Hp)Jo| = O(AY?).

Let 0 = e; < ey < .. be the eigenvalues (counting multiplicities) of S,, (over all angular
sectors ) and choose 7 such that e,,; > 7 > e, with P being the projection onto the
eigenspace to all eigenvalues of H below 7v/A. The IMS formula, see [CFKS87, (11.37)]
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for a version on manifolds, implies that
Hy = JHod — VI + (JoHndo — [V Io|?)

such that

H, = JH,J — VI + (JoHuJo + Jo(Hn — Hp)Jo — [Vo|?) . (6.96)
On the other hand, it follows that

JoH,Jo = JoH, PJy + JoH,, (id —P)Jy > JoH,P,Jo + Ve J2.
By construction, since VV,, vanishes to third order on the support of J, we have

[VV |20 > ¢(A"29)8 = eA™*/3 on J for some ¢ > 0.
Since AV, vanishes to second order
AV, ||lzn > eA™%2 on J for some ¢ > 0.

This implies for large A that
JHJ >V enJ?. (6.97)

From (6.96) we then conclude that for some C' > 0
Ho > VAend? — CXY? + JoH, PJy = Ven + JoH, PJy — o(V/N).
This implies the claim of the Proposition, since
rank (JoH,PJy) < n.
More precisely, for the eigenvalues E;(A\) < Ey(A) < .. of H,, we have shown that
1igglfx—1/2En(A) > e,

In particular, the lowest possible eigenvalue e; = 0 of the renormalized Schrodinger
operator is of course attained as the nullspace of the renormalized Schrodinger operator is
non-trivial. This shows that the spectral gap of the renormalized Schrodinger operator

grows at least proportional to v/\. ]
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Appendix

6.A Numerical results

Recall that the eigenfunctions of the operator

R d? w?
Hye ' = ———— + —2 1.98
241 dx? * 2 ¢ (1.98)

are given for n € Ny by

Then, it follows that

h’”T‘"(Qn—f— 1), ifn=m
(‘I’m—hg@%ﬁ?(ﬁe) = —E“Tw n(n—1), fn=m+2

e S+ 1)(n+2), ifn=m—2.

and

%(antl), ifn=m
<\I’n,$2\1’m>L2(R) = h nn—1), f n=m+2

2w

Sy /(n+1)(n+2), ifn=m-—2.

2w
Using the annihilation operator a = 27Y2(9, + q) where ¢ = /B2 and its adjoint we
can explicitly compute the matrix elements of all ((¥,,, 2"W,,)) by writing ¢" = v/2(a+a*)"
and using the well-known action of the annihilation operator on eigenstates of (1.98).

Using a finite-basis truncation of the above matrices allowed us then to obtain Figures 6.4
and 6.10.
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6.B Asymptotic properties of the Ising model
Lemma 2.1. Let > 1 and h € [0, h.). The three critical points of nyp : (—1,1) = R

- T(N +1) o~ (=s2) Vs
WA= R (NJ2(1 + 5) + DI(N/2(1— 5) + 1)

are given by s% := v(5)(1+0(1)) where v(5) satisfies the critical equation for the continuous

renormalized potential

v(B) = tanh(Bv(83) + h).

Let us order the solutions v(B) to that equation by v1(8) < v2(B) < v3(5). For h =0 the
function nno attains (in the limit N — oo) its mazimum at v (8) = —y3(8) < 0 and

minimum at 2 (8) = 0.

Let h > 0, then the function nyp attains (in the limit N — oo) its unique global
mazximum at y3(8) > 0 whereas both v1(5),72(8) < 0 and v1(58),v2(B) are local maxima

and minima respectively.

The logarithmic derivative (y p(s) = 0slog(nnn(s)) satisfies
(np(s) = N (Bs — arctanh (s) + h) (1 + o(1)). (2.99)

Proof. For h = 0 we note that ny is even and for h > 0 the global maxima of 1y j must
be attained at some s > 0. Direct computations show by the logarithmic scaling of the
digamma function Wy(s) = log(I')'(s) = log(s) + O(1/s) that the logarithmic derivative
(nn(8) = Oslog(nn n(s)) is given by (2.99). Thus, for all critical values s of ny , i.e. those
values that satisfy (yn(s%) = 0, there exists v(8) € [—1, 1] such that y(8) := limy_,o s%
and () is any solution to v(f) = tanh(y(5)8 + h).

We then obtain (2.99) directly by differentiating log(ny ) and using the identity

— 8, log (F (MH) F(MH))
_ N (log (1+N/2(1+s))> (1+o(1))

> 1+ N/2(1—s)
N/2
N 1+s
=3 log —1}72/2 (14 0(1)) (2.100)
L= siivs

_ —g (log (1 i z)) (1 +o(1))

= —N artanh(s)(1 + o(1)).
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Moreover, we read off from (2.99) that
lli%l (np(k) = —oo and l}i{ﬂl (k) = oo.

In particular, (/) solves the implicit equation v(3) = tanh(8v(5) + h). For the second
derivative of (5 which is h-independent, we find the closed-form expression using the

derivative of the trigamma function Uy

3

na(s) = —% (W5(1 4+ N/2(1 +5)) — W5(1 + N/2(1 - 5)))

N3 [ e #UEN/214s) _ o==(14N/2(1-))
B ?/0‘ . 1—e*

(2.101)
dz.

This implies that (y is strictly convex on [—1,0) and strictly concave on (0, 1]. Using the
asymptotic of the trigamma function W3(s) = 1/s+1/(2s%) + O(1/s*) we find that (y, is

strictly monotone increasing at zero, independent of h,

_M%u+wm:N@_ N/2

Cn(0) = NG 9 1+ N/2

)Q+OUD>Q

since § > 1. O

Lemma 2.2. The function Z(r) := rln/li—zi)m is strictly monotonically increasing on (0, 00).

In particular Z'(r) > 0.

Proof. By differentiating and using that I},(r) = 21,(r) + I,4.1(r) we find

T@):T(L— o

Thus, it suffices to record that the product of Bessel functions satisfies I,,/2(2)* >
(TojaiTajzsn)(2)

(n+k+1)y(2*/4)"
2—1+k+1)I(n/2+1+k+1)

(Inj2—1Lnj241)(2) = (2/2)" Z K'T(n/

- (n+k+ 1),(2%/4)F (2.102)
(o Inp2)(2) = (2/2)" kz:% KIT(n/2+ k+ DD (n/2+ k + 1)
Hence, the identity follows from
P(n/24+k+12<T(n/2—1+k+1)I(n/2+1+k+1)
which follows itself from logarithmic convexity of the gamma function. n
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6.C SUSY Quantum Mechanics

We use ideas from supersymmetric quantum mechanics, to show positivity and analyze the
ground state of several Schrodinger operators appearing in this article:

In one dimension, we recall that using operators
A=0,+W(x)and A* = -0, + W(x)
with real-valued and smooth superpotential W, we can write
A*A = -0 —W'(x) + W(z)?* and AA* = -0 + W' (z) + W (x)>.

In particular, W (z) := 1/B(8 — 1)B2? yields operator S,, defined in (4.44).

However, solving AU = 0 or A*W = 0 shows that ¥ = Ce*VA(-D5 ¢ [2(R) This
shows that inf(Spec(AA*)),inf(Spec(A*A)) > 0.

We now analyze operators in (6.92). Choosing W (x) := %, yields A*A = S; in (6.92),
and we find by solving AU (z) = 0 that ¥(z) o< e~*"/12 which implies that inf(Spec(A*A)) =
0.

For radial operators on L?((0,00),r""! dr), a similar argument applies:

We define operators

—1
A=0, +W(r) and A* = -9, + _

" + W(r).

Choosing then W (r) := %7’3, such that A*A = S, with S, in (6.92), we find by

solving \
AV =0= U(r) « e T € L*((0,00), 7" ! dr).

6.D Asymptotic properties

Lemma 4.1. /[BBS19, Theo 1.4.10] Let V' : R — R be smooth with unique global
minimum at mm € R and V' (@pin) > 0. Assume that fR e V) dy is finite and
that {o € R;V(p) < V(omin) + 1} is compact. We also define the probability measure
dln(p) = e NV dyp/ Je e NV dy. Then for any bounded smooth function g : R — R

.  Je9(p)e NV @dy
CN (g) - fR 6_]\[V(Lp)dgo

g”<§0min) 3Vl/,(50min)g,<90min) 2
1/N
2NV (P min) ANV"(Pmin)? TOUN)

(4.103)
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and for the variance

g/(gpmin)2

= Wiy +O/N?) (4.104)

VarCN (g)
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