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Abstract

This paper establishes the local-in-time well-posedness of solutions
to an approximating system constructed by mildly regularizing the
dynamical sea-ice model of W.D. Hibler, Journal of Physical Oceanog-
raphy, 1979. Our choice of regularization has been carefully designed,
prompted by physical considerations, to retain the original coupled
hyperbolic-parabolic character of Hibler’'s model. Various regularized
versions of this model have been used widely for the numerical simula-
tion of the circulation and thickness of the Arctic ice cover. However,
due to the singularity in the ice rheology, the notion of solutions to the
original model is unclear. Instead, an approximating system, which
captures current numerical study, is proposed. The well-posedness
theory of such a system provides a first-step groundwork in both nu-
merical study and future analytical study.
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1 Introduction

1.1 The sea-ice dynamic-thermodynamic model

Global climate changes, especially global warming, have large impact on
the Arctic sea-ice, which has, in return, determining effects on not only
global climate but also the local and global ecosystem, human activities etc.
(see e.g., [26]). If the problem is statically determinate, as pointed out in
[23], a sea-ice dynamical model based on the viscous-plastic rheology was
introduced in [13], where the thickness of ice plays an essential role in the
thermodynamics, and characterizes the strength of the ice interaction (i.e.,
ice rheology). The velocity of sea-ice u is described by two-dimensional mo-
mentum balance equations, where the viscosity effect is characterized by a
viscous-plastic rheology, and the strength of viscosity depends on the thick-
ness of ice. The mean ice thickness h and the compactness of ice A are
described by two continuity equations with thermodynamic source terms.
That is, with a simplified ice rheology (see (1.11a), below), the above quan-
tities are governed by the coupled system,

m(dpu+u-Vu) + Vp=divS + F, (1.1a)



Oh + div (hu) = S, (1.1b)

O A+ div (Au) = Sa + Adivu - x(a>13, (1.1c)

with
ice mass m := piceh, (1.2a)
pressure p := cyhexp(cgA), (1.2b)

Vu+ Vul div uly

viscoplastic stress S :=p ‘Vu n VuT‘ +p ‘div u! , (1.2¢)

F = —mnut + 7, + T, (1.2d)

air flow stress 7, := paC’a‘Ug‘ (Ugcos ¢ + Ué sin ¢), (1.2¢)
water flow stress 7 := pWCW}UW — u} [(Uy —u)cosb

+ (Uy, —u)tsin ], (1.2f)

Sp = [f(R/A)A+ (1= A)f(0)] - Xns0 (1.2g)

Sa = ((£(0))"/ho) (1 = A) + (=A/(2h)) - (S) ™. (1.2h)

Here x (x>0}, X{a>1} are the characteristic functions of sets {h > 0},{A > 1},

defined by
1 h>0, 1 A>1, 1.2
_ = 21
X{h>0} 0 n<o0, X{A>1} 0 A<,
respectively. In addition, v = (—wvg,v1)" for any vector v = (v1,vs)';

Pice, Pa, Pw Tepresent the density of ice, air, and water, respectively; ¢, cq, Ca, Cyw
are the thermodynamic constants; and Ug, Uy, ¢, 6 denote the velocity and
stress angle of the air and the water, which, for simplicity of presentation,
are assumed to be constant in this paper.

System (1.1) is used to study simulation the evolution of sea-ice in nu-
merical study. For instance, the model successfully reproduces many of the
observed features of the circulation and thickness of the Arctic ice cover
in [13]. Hibler’s model of sea-ice dynamics is the foundation for further
model developments, including the elastic-viscous-plastic sea-ice dynamics
model as in [15], the Maxwell elasto-brittle rheology model as in [4], and
models with leads, ridging or tensile failure as in [24, 28]. See [21] for a
summary of classical models with different descriptions of ice distribution,
and [1, 3, 12, 14, 18, 20, 22, 27] and the references therein for further model
development and computational investigation.

Despite the steady advances that have been made in the modeling and
simulation of sea ice, mathematical analysis is much less developed in this



field. It is the main objective of this paper to provide rigorous mathematical
analysis of Hibler’s model as a first step in this direction and as a basis for
further investigation of next-generation sea-ice rheologies.

In particular, the fundamental problem of well-posedness of solutions to
system (1.1) is widely open, which is related to the validity of the model as
pointed out by [23]. In [9, 10], the authors study the loss of hyperbolicity of
the linearized system of the original Hibler’'s model around divergent flows,
and show that the system is ill-posed. This work is further discussed in
[5, 11, 16, 25] from various perspectives. These studies do not contradict
the local well-posedness result established in this paper, for the following
reasons:

e Instead of the original Hibler’s model, we consider a regularization
of Hibler’s model, which, as shown below in the paper, preserves
the parabolicity of the momentum equations in a Sobolev space with
enough regularity. This is very different from the hyperbolic equations
considered in the ill-posedness studies;

e Instead of linear analysis, we consider the nonlinear well-posedness
theory for regularized Hibler’s model in the Hadamard sense, includ-
ing the existence, the uniqueness, and the continuous dependency on
initial data in the suitable Sobolev space as shown in Theorem 1.1.

We would like to point out that the main challenge in establishing the
well-posedness theory is the singularity arising in the stress tensor (1.2c)
when |Vu| — 0. In fact, among the numerical investigations, such singu-
larity is usually truncated, i.e. regularized, by replacing it with its strictly
positive approximation (e.g., max{|Vu|, Apin} or v/|Vu|? 4 £2).

Notably, we would like to point out an investigation of very singular
diffusion equations in [7, 8], where the authors discuss the notion of solutions

to -
. u
atu = div <’vu‘> .

Similarly, the positive one-homogeneity of the potential related to (1.2c)
calls for a subdifferential formulation of the problem, however set in the
Eulerian frame. We leave such investigation to our future study.

In this paper, due to the obstacles mentioned above, we propose to study
the following regularized approximating problem of (1.1): for ,w € (0, 1),

m(Opu+u-Vu) + Vp =divS, + F, (1.3a)
O¢h + div (hu) = S, (1.3b)
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OtA +div (Au) = Sa, + Adivu - x4, (1.3c)

where m, p, and F are as in (1.2a), (1.2b), and (1.2d), respectively, and

Vu+ Vu' div ully
Se = Se(p, Vu) :=p +p , (1.4a)
\/’Vu+VuT‘2+52 \/‘divu}2+52
Shw = (R/(A+w)A+ (1 = A)f(0)] x{n>0}, (1.4b)
* VIShaP+ @2 = S
Shw = (f(l?o)) (1-4) - [Sh +2°J e (1.4c)
1—-A)*t

To be more precise, we will establish the local in time well-posedness of
strong solutions to (1.3) in domain § := T? C R?:

Theorem 1.1. Consider initial data
(u,h, A)|t=0 = (Win, hin, Ain) € (H3(Q))? (1.5)
to system (1.3), satisfying
0<h<hy<h<oo, and 0< Ay <IL. (1.6)
In addition, we assume that
< f<T,
111 < o

for some constants LT € R, My € (0,00). Then there exists a unique
strong solution (u, h, A) to system (1.3) in [0,T] x Q, for some T € (0,00)
depending on initial data, with
w e L2(0,T; H*(Q2)) N L*(0,T; H(2)),
h,A € L™®(0,T; H*(Q)), (1.8)
815117 ath, 8tA € LOO(O, T; LQ(Q)),
and
[w, hy All oo (0,513 ) + all 20,7559 0))
+||0pa, O¢h, 8tAHLoo(0’T;L2(Q)) < Cip, (1.9)

1 _
0<A<1l  0< h<h<dh,

where €y, € (0,00) is some positive constant depending only on initial data.
Moreover, the solution is stable with respect to perturbation of initial data.



Now, let us explain our strategy. Instead of directly constructing solu-
tions to system (1.3), we consider another regularized system, parametrized
by (i, A, 1, v) € (0,1)%:

m(Opu+u-Vu) + Vp =divS, , \ — tA*u+ F, (1.10a)
b+ div (hu) = S, (1.10Db)
OrA+div (Au) = Sa ., + Adivu - x4, (1.10c)

where m, p, F, and x| are as in (1.3) and (1.4), and

Se i i=Se + S, (1.11a)
Shww = [f(T /(AT +w))A+ (1= A)F(0)] - x5, (1.11b)
o (f(o))+ A \/ ‘Sh,w,z/‘g +w? — Sh,w,u
S =Gy A gy ; - (1410)
with S; as in (1.3) and
Sua = p(Vu+ Vu') + Adiv uls, (1.11d)
h+
Xn = (1.11e)

We will construct solutions to system (1.10) through a contraction mapping
argument. That is, we consider a “linearization” of (1.10), and establish a
contraction mapping with respect to L? topology with bounds in a smooth
function space. Then with a uniform-in-(u, A, ¢, v) estimate, we will be able
to pass the limit (u, A, ¢,v) — (07,07,07,07), and eventually construct
the strong solution to (1.3). The proof of Theorem 1.1 is then finished
by showing the uniqueness and continuous dependency on the initial data.
We would like to mention that the key ingredient in establishing the well-
posedness of solutions involves showing the monotonicity of S.(-) in Vu,
which is not trivially obvious due to the fact that S.(-) is nonlinear in Vu.
In particular, we will require the inequality of the type

(Sg(pl,Vul) — Sg(pg,VlIQ)) . (Vul — VUQ) Z \V(ul — 112)|2 + e

We successfully establish this inequality by writing S (p1, Vu;)—S:(p2, Vus)
in a symmetric form (see (4.29), below).

We would like to make some remarks before going into details of the
proof. Our ice rheology (1.4a) is a simplified version of the one from [13].
For some technical reasons, we are not sure whether Theorem 1.1 will apply
to the original ice rheology from [13]. We have not successfully established a



proper uniform-in-¢ estimates of the solutions to (1.3). Therefore, we have
not yet been able to establish a proper notion of solutions to the original sys-
tem (1.1). However, our approximation (1.3) agrees with the most common
numerical approaches to (1.1), which, as we explain before, is restricted to
a truncated ice rheology. Thus, in this sense, our analytical results provide
a solid ground for current numerical schemes of (1.1). Another issue is that
we only consider the case when hiy, > h > 0, i.e., there is no absence of ice
in the domain of study. To carry out the limit A~ — 0", more comprehensive
a priori estimates are required. We leave this to future study.

Recently we have learnt an independent study [2] by Brandt, Disser,
Haller-Dintelmann, and Hieber about similar model, where the domain
boundary and boundary conditions are taken into account instead of pe-
riodic domain. It is worth pointing out that in our regularized system (1.3)
the governing equations for the evolution of A and A remains hyperbolic,
and therefore system (1.3) is a mixed type system, while the regularized
system in [2] is parabolic in all its components. In particular, due to the hy-
perbolicity, system (1.3) is expected to have a completely different long-time
dynamics than those investigated in [2]. Moreover, the additional dissipa~
tion introduced in [2] allows the authors to show global existence for small
initial data.

This paper is organized as follows. In the next subsection, we will sum-
marize some notations used in this paper. In Section 2, we will detail the ap-
proximation scheme to (1.10). In Section 3, we establish the well-posedness
of solutions to (1.10) via a contraction mapping argument. Finally in Sec-
tion 4, we establish the uniform-in-(u, A, ¢, v) estimates, and pass to the limit
(p, Ay, v) — (0F,07,07,07) to show the existence of solutions to (1.3). The
well-posedness of solutions is then established in Section 4.3

1.2 Notations

We use LP(-) and H*(-) to denote the standard Lebesgue and Sobolev spaces,
respectively. For any functional space X and functions v, ¢, - - -, we denote
by

1,0, lla = [¥llx + lollx+ -

v ite>o, L
v '_{0 if ) <0, voEvT Y

In addition,

Let 0 € {0, 8, }. For any multi-index (a1, a2) € (Z1)?, denote by 9% :=
0310;? with o = a1 +agy. Throughout this paper, we use the notation X SV
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to represent X < CY for some generic constant C' € (0, 00), which may be
different from line to line. We use Cyj, ... to emphasize the dependency on the
quantities a,b,---. In addition, by #(---), it represents a generic bounded
function of the arguments.

2 An approximation scheme to solve (1.10)

2.1 A “linearization” of (1.10)

Given u°, assumed to be smooth enough, we consider first the following
coupled hyperbolic system

Othm + div (hmu®) = Sh,wo, (2.1a)
OpAm + div (Anu®) = S, wp + Andivu® - x4 (2.1b)

where Shy,wrs SAmwrs X, and x4 are defined as in (1.11b), (1.11c),
(1.11e), and (1.4d), with h and A replaced by h, and Ay, respectively.
Here we use the subscript m (short for ‘mapping’) and the superscript o
(short for ‘origin’) to label outputs and inputs in our contraction mapping.

We claim that, at least locally in time, there exists a unique solution
(hm, Am) to (2.1a) and (2.1b) with proper initial data, for smooth enough
u’. (hm,Am) can be arbitrarily regular, provided that u® and initial data
are regular enough. We leave the investigation of the regularity of (hp,, Am)
in the subsequent sections.

We remark that such claims follow from the standard well-posedness
theory of hyperbolic equations (see, e.g., [17]). Hence the proof is omitted.

Let (hm, Am) be the solution to (2.1a) and (2.1b) as above, and consider
the following equation:

Picehm Oy, + LAy, = —picehmu® - Vu® — Vpy, +divS, ;A m + Fm, (2.1c)

where pr,, Sz 4 Am, and Fp, are defined as in (1.2b), (1.11a), and (1.2d), with
h, A, and u replaced by hyn, Am, and u®, respectively.

To solve the linear equation (2.1c) by, e.g., a Galerkin method, one will
need to deal with the possible degeneracy of hy,. For this, we subsequently
show that for u® smooth enough, with appropriate initial data, h,;, and Ay,
satisfy certain non-degeneracy property.



2.2 Non-negativity and uniform bound of A,: 0 < A, <1

In this subsection, we show that 0 < A, < 1 for a smooth enough u®. In
fact, we only require that

divu® € L'(0,T; L (Q)), (2.2)
for some T > 0.

Non-negativity of A,:
Taking the L%-inner product of (2.1b) with (—A;l) leads to, after apply-
ing integration by parts in the resultant

1 (l—Am)+ . 12
A = B °lA
2dt” HLz /(2 (1_Am)++w>d1vu ‘ m‘ dx

) (2.3)
/ sAm,w A5) do S div e ooy 4220

Therefore, applying Gronwall’s inequality to (2.3) yields
lAlFag) < eC o MW@l AT |2, o) =,

which implies
An > 0.

Non-negativity of 1 — A;:
Consider the following equation for 1 — A, derived from (2.1b):

(1— A"

at(l — Am) = _SAm,UJ,V —u’- V(l — Am) + Amle uom.

(2.4)

As before, taking the L?-inner product of (2.4) with [—(1 — Ay)~], after
applying integration by parts, leads to

_ 1. 2 _
0= A ey = [ (31— )+ St~ An) ) d

<0

. o (1 — Am)+ -
_/Amleu m(l —Am) d.ﬁU,

=0




which yields

d _ . -
SN0 = An) e S vl @l = An) oy (25)
Then as before, after applying Gronwall’s inequality to (2.5), one can con-

clude
A, <1,

2.3 Non-negativity, lower and upper bounds of A,

Let h,h € [0, 00) be the lower and upper bounds of hin, respectively, i.e.,
—0 < h < hin < h < oo (see (1.6)). In this section, we will show that

1 _
7@ S hm S 4h
4
locally in time. Again we assume that u® has the regularity (2.2).

Non-negativity of h,:
After applying the L2-inner product of (2.1a) with (—h;l) and applying
integration by parts in the resultant, one has

1d

_ 1 124 o .o _
5&”’%”3’42(9) = _2/|h‘m} divu’dz S [|divu ”LOO(Q)HhmH%Q(Q)? (2.6)

since the term Sy, ., (—hy,) vanishes. Therefore, applying Grénwall’s in-
equality to (2.6), as before in (2.3), eventually implies

hm > 0.

Lower and upper bounds of A, _
Since Ay, € [0, 1], one has ‘Shm’wyy| < 3(}f’ + ’ﬂ) Then following the
characteristic method, since hy, > 0, one has

8t(€_ fot HdiVUOHLOO(Q)(S) dshm) + ue - V(e_ fg ||divu"||Loo(Q)(s) dshm)

< 3([F] + | £])e o 1w el @ns)ds.

Thus, integrating in the above inequation along the characteristic path given
by u? yields

1) < (B 3(7] ) ) x IOzt )
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Similarly, one can show that

hn(3,1) > (h - 3(7] + \f|>t> x e vl (2g)

1 _
Then it immediately follows that Zh < hm < 4h provided that the following

conditions are satisfied:

h

— ifh >0,
6([f| + 1)
0<t<
s(fl+1eh
/
and el IOl ds < IO 2) Ty

2.4 Non-vanishing total ice mass

Due to the fact that |Sp,w.| < 3(|f] + |f
after integrating (2.1a), that

), one can show immediately

. _
dt/hmdxgzs(\f} +1£D]e-

;/hin dx < /hmd;v < Q/hindl', (2.10)

fhindw
6(|[+11DIe

Therefore,

provided
(2.11)

2.5 Well-posedness of (2.1c) with strictly positive ice mass

Consider hj, > h > 0. Then we have shown in section 2.3 that hy > h/4 >0
locally in time. Then during this local time, (2.1c) is a non-degenerate
biharmonic evolutionary equation. Then following the standard Galerkin
method, one can establish the well-posedness of strong solutions to (2.1c),
provided that u? is sufficiently smooth. We omit the details here and refer
interesting readers to [6, section 7].
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3 Well-posedness of solutions to (1.10) with A > 0
and ¢ > 0 fixed

In this section, we aim at showing that the map defined by
M :u’ — uy, (3.1)

where uy, is the unique solution to (2.1c¢) with Ay and Ay, being solutions
to (2.1a) and (2.1b), respectively, is bounded in X7- and contracting with
contraction constant 1/2 in L>(0,T*; L2(Q)) N L%(0, T*; H?(f2)), where
Xy = {uju € L>(0,T* H*(Q)) N L*(0,T*; H*(Q)), (32)
Oru, V*tu € L*(0,77; L*())}, '

for some T* € (0,00) to be determined. Throughout this section, unless
stated otherwise, the initial data for uy,u® h, and A are assumed to be
UWin, Win, Pin, and Aj,, given in Theorem 1.1, respectively.

Consequently, one can apply the Banach fixed-point theorem, i.e., the

contraction mapping theorem, to show the existence of solutions to system
(1.10).
Let ¢, € (0,00) be the bound of the initial data defined by

[Vhin, VAin | za(@) + [[@inll 72 (0) < cin (3.3)

3.1 Uniform bounds

Let u® € X« satisfy

t
s [0 )+ [ (10000) iy + 1)) ds < 0 (34

with ¢ € [0, 7], for some ¢, € (0,00) to be determined later.
Estimates for h,, and A,, Aside from the point-wise estimates deduced in

Sections 2.2 and 2.3, we shall need a uniform H'-estimate for A, and hyp,.
We record the equation after applying 0 € {0;,0,} to (2.1a), as follows:

0tOhm +1u°-VOohy, 4+ 0u® - Vhy + 0hydivu® + hydivou® = 08y, w.0- (3.5)

Then taking the L2-inner product of (3.5) with 4‘8hm|28hm leads to, after

12



applying integration by parts,
d 4 . 0 4
%HﬁhmHU;(Q) = -3 [ divu®|Ohn| dz

—4 / (00 - Vhn + hndiv ) [Ohun| > Dby d + 4 / OSh, | Ol | O dix

SV oo @IVl 0y + sl o ) 1920 0 | VB

+ /\88;1111,%1,

Meanwhile, simple calculation shows that

(3.6)

1 B
‘aShm,w,u‘ rg (a 1/2)‘8h ‘ + ( ’ 2|)

where we have used (1.7). Consequently, one concludes from (3.6) that

d 1
£||th\|f4( < (IIVu? lzoo) + =+ )IIVh 1230

[P 3.7
_|_(1_|_T)||VAm||L4(Q)||thH%4(Q) 0

+ [Pl o (@) V20 Lo [V [ 40

The estimate for VA, is obtained from (2.1b) in a similar fashion, we
record it here:

Vuo oo
41w, ||L4Q> (||Vu0||Loo IVl

[P [| oo
+1 + o w) ||VAm||L4(Q) (3.8)

1 3
+(a E) IV A | 24 |V Am [ 4 0
+ V0| () 1V Al [0
where we have used the fact that Ay, € [0, 1].

After combining (3.7) and (3.8) and applying Gronwall’s inequality, one
can derive that

OS<uEt ||th(8)7 VAm(S)H[A (Q) < eHh 41() (Htha v141n”L4 + Gh A 1( ))
o (3.9)

13



where
t
Hyia(t) = Cus /0 (14 1V0(3) ] () + ren(s) e
V20 ey + o ()] e ) 9200 (3) ) s,

t
Gh,a(t) 12/0 (L + [l (sl 2= (@) + [IV20 ()| 1)) s (3.11)

(3.10)

On the other hand, in direct consequence of equations (2.1a) and (2.1b),
one has

Hathm,atAm”L4(Q) < C(l + 1/V + HVUOHL4(Q)

: ) (3.12)
+ [l oo () V0| o) + [0°]] oo (@) |V, VAl 2a(e))

where we have used the fact that 0 < Ay, <1 and (1.7).

Estimates for u,,
Taking the L2-inner product of (2.1¢) with 2uy, + 20;uy, — 2Auy, leads
to, after applying integration by parts,

1/2

d 1/2
%Hpice /

hrln/Qumv L1/2v2u1117 Pice h11n/2vumH%2(Q)

+ 2||pilc/62h11n/28tum, N2y, L1/2V3um||%2(m

= /pice(“)thm|um‘2 dx +2 / Pice(Vhy - V)uy, - Oy, dz

Ry R2

— /piceﬁthm]Vum‘Q dx —2/picehm(u" -V)u - (uy + Opuy — Auy,) dz

~~ ~~

R3 R4

~~

R5 RG

+ 2 / divS: yam - (Um + Opuy — Auy) do .

R~
(3.13)

We obtain the following estimates for the R; terms by applying Holder’s
inequality and the Sobolev embedding inequality:

R S 10| L2 () a7 )

14



R2 S 10|20 IVuml Loy VAl La(q),

R < 10l 2 () Vam 1 246

Ra S [l poe ) 10 o) VUl 20 |0t , U, V0| 20,
Rs < IVpmll L2 100, i, V|| 20),

Re S (14 0]l 20y + [1Bmll oo @) [0l 2 () [|0r0m, m, V0 | 220,

1 o °
Rt S (g||pm||Loo(Q)||V211 20 + (1 + NIV 20 + | Vol 20)
X ||atumaurnav2um||L2(Q)-

To deduce the above estimates, consider A > 0 and let ¢ satisfy (2.9) and
(2.11). Therefore, the estimates in Section 2.3 guarantee that 0 < 1/4h <
hm < 4h < oo. Consequently, (3.13) yields, after applying the Sobolve
embedding inequality and Holder’s inequality,

d . 172 1/2
%Hpic/e hrlr{ZuHU pic/e hrln/2vum7 Ll/ZVQUmHQLQ(Q)

+ 2Hpilc/fh11n/28tum, L2y, Ll/zvgumH%g(Q)
<G, ani10hmll L) + 1 Vhm, VAw[740)

X (||pilc/e2hrln/2um, pilc/fhlln/QVum, L1/2V2um|\%2(9) +1).

(3.14)

Furthermore, consider ¢ small enough such that

t
Hy a1 (t) + Groaa(t) < C, 5t (£72 + ( /0 IV0(5)[22 q ds) /)

< C’w,yﬁtl/Q (t? + %) <1,

(3.15)

where we have applied Holder’s inequality. Then (3.9) and (3.12) imply
that, after applying the Sobolev embedding inequality,

IV by V Ay Othuns O Aml| pag) < C. e (1+ /2. (3.16)

wvl’»hycin

Consequently, (3.14) yields the following estimate:

t
sup. [t (5) 3y + / (95t ()12 3y + 1t ()5 ) s
0<s<t 0

< C _ ( CE,/L,)\,N,I/,E,E,QH,I
- €7L7H7>"w»l/7ﬁ7h7cin

— (T +co)t

& —1)%(1+ (1 +eo)t) +1
€, 4, A, w, v,k h,cin ,2

C -
in,1
< C €,/.L,)\,w,l/,b,h,tm,

2
— a,b,u,k,w,u,h,h,cm[ ( - 1) +1 )

CE,,LL,)HUJ,V,Q,E,QD,Q
(3.17)
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provided that ¢ is small enough and where we have made the choice

C _

&, Aw VR, 1 2

= s 1)+ 1, (3.18)
‘Snuﬂ)"w’y’bzﬁvcinaz

co = CE7L’/‘L’)‘7W7V7E7E’Cin |: (2

where the right-hand side is as in (3.17). Then (2.9), (2.11), (3.15), and
(3.17) imply that, there exists T* € (0, 00) such that

t
s [t ()] ey + /0 (19 ()12 + 1an () 22y ds < con (3.19)

and
1 _ 1
Zﬁ < hm < 4h, 2/hm dr < /hm dr < 2/hin dzx, (3.19b)

for t € [0,7%]. In addition, using equation (1.10), it is easy to obtain

t
/O 1A% () |22 d5 < C 5 6o (3.20)

Therefore, M, defined in (3.1), maps X7« into itself for such choices of T*
and c,.

We remark here that, ¢g — 0o as ¢« — 07, i.e., the estimates we obtain
here depend on ¢ > 0. We will remove the dependency of ¢ in Section 4.

3.2 Contraction mapping and well-posedness

For j = 1,2, consider uj € Xp- satisfying (3.4), and let hy, j, Am,j, and
Up,; = M(uf), be the solutions to (2.1a), (2.1b), and (2.1c), respectively,
with u® replaced by uj and with the same initial data. Then we have the
estimates of Ay, j, Am j, and up ; as in Sections 2.2 and 2.3, as well as (3.16)
and (3.19a).

In the following, let ¢ € (0,1) be a constant to be determined later.

Denote by
Ohm = hm,l - hm,27 0A, = Am,l - Am,27

MUy = Uy, — Uy 2, Oou’:=uf—us. (3:21)
The notations
OPm, 08¢ A m> 6 Fms OSh w0 0S A s OX A, »
have similar meanings. Then dhy,, d An, duy, satisfy
O0¢0hm + div (dhmu?) + div (hm20u®) = 0Sp,, w.s (3.22a)

16



0i0Am + div (§Amu?) + div (Am20u®) = 0S54, wr 3991
+0Amdivuy - x| + Amedivou® - x4+ Amedivug - 0x7G,, (3-22D)
picehm,latéum + piceéhmatumﬂ + LA25um = _picehm,lucl) -Véu’
—picehm, 10U’ - Vug — picedhmug - Vug — Vépy, + div S, , xm + 0Fm-
(3.22¢)

After taking the L?-inner product of (3.22a) and (3.22b) with 4‘5hm ‘Qéhm

and 4‘6Am’26Am, respectively, and applying integration by parts in the re-
sultant, one has

10t S Ay = =3 [ div (ot + [34,] ) do

Rs

—4 / (00 - Vg 2| 8hun| >l + 50° - V Ay 5[5 A |6 A dix

Ro

—4 / (o, 2div 60 0hn | *6Pn + A 2div 6u° |0 Ay | *5 Ary) dix

Rio

+4 / divug|0An| x4, , dz+4 / A pdiv 00 |5 A [*5 A X4, | do

Rll 7?,12

+4 / A 2div ug|§Am | 6 Amdx%, da + 4 / 08 o |l | >0 de

Ri3 Ria

+4/5$Am,w,y\5Am|25Am dz .

-~

Ris

(3.23)
In the following, we sketch the estimates of the R; terms by applying

17



Holder’s inequality and the Sobolev embedding inequality:
1

o 1 o
Rg+Ri1 +Ri3 S (Hle uf| oo () + (; + ﬁ)”dlv u2HL°°(Q)>

X [|6Pm, 6 Aml| 240
Ry S 1100 oo (@) | Vi 20 VAm 2]l 140 17, 6 Al |72
Ruo+ Raz S (7 + Dlldiv 0u®|| s o [ m, 6 Aul 21
Ria+ Ris S Cp 167, 6 Al L1

(3.24)

where we have used the identity

5( g ) _ 09 9209

gte) qte (g1+e)lgz+e)

for g = (1 — Ayn)T = 1 — Ay, in the estimate of 0x%4. in Riz. In view of
(3.23) and (3.24), one has

d
%”‘Shm7514m”%4(9) <C

- U,€7W7V7h,CO,Ci

N8hin, 6Am |74 gy + ollou’|[Fr2 (o),

(3.25)
where we have used (3.4) and (3.9). Consequently, applying Gronwall’s
inequality to (3.25) yields

sup [|6hm (s), 6 Am(s)l|74(0

0<s<t
t _ 1/2
=7 </0 159 (5)[I372 0 dS) Coewmbcoy FE5),

where we have also employed Young’s inequality.
Taking the L2-inner product of (3.22¢) with 2du,, and applying integra-

(3.26)

18



tion by parts in the resultant yields

pice Hh1/25um||L2(Q) + 2LHV25UmHL2 pice/athm,l‘(sum}2daj

Rie

—Q/piceéhm&gumg - ouy, dx —Q/picehml(u‘l’ -V)ou? - duy, dx

R17 RIS

_2/picehm,1(6uo : V)ug S Ouy, dr —2 / piceéhm(ug ’ V)ug -ouy, dz

ng RQO

+ 2 / Opmdiv duy, dx + 2 / div 0Se yam - U dx

7221 7322

+2/5.7-"m-6umd:1;.

Ras
(3.27)

In the following, again, we sketch the estimates for the terms R; by applying
Holder’s inequality, the Gagliardo-Nirenberg inequality, and the Sobolev
embedding inequality:

1/2

Rie6

W[ 71

Ri7 uatum,zummHahmumuaumup(mHaumuiﬁ(m,
Ras S sl 2o [1V00° | 2 ) |0 | 2

Rag S Pl a0y 10011 V08 ) | 6ttan | 2
Rao S 16 | s ) 105 220 | V08 | ) 900 | 2

Ror S (1+ h)[[0hm, 6 Awl| 20 [ Voumll 22 (),
2
Ros S (L4 R+ Y 0l 2(0) (1608 £2() + 167l 2(0)) 100l 220
7=1

To estimate Roo, we rewrite it as

Rao =2 / div [p(Vou® + (V6u) ") + Adiv 6u’ly] - dup, do

o o\ T ; o
2/div [pm,ﬁ( Vu’ + (Vu?) > +pm715< divu’ly >} - Ouy, dx
VIVue + (Vuo) T|2 + ¢2 V|divue|? + g2

19



o o\ T : o1
+ 2 / 5pm[ Vug + (Vug) + divusly : Vouy, dx.
VIVug+ (Vud) T2 + 2 /|divug]? + €2

Therefore, applying Holder’s inequality and the Sobolev embedding inequal-
ity implies

Raz S Cepn(1+ A+ [ VA1, VA1

L4(Q)) H(suOHm(Q) ”5um”L2(Q)
2
+ Ch Y 19205 2o V0 ) | 51t |57y 15080 7
j=1

+ (1 + 1)[|6hm, 0 Am | 120 I VU]l 120,

where we have used the identity

(J5ira) - Toree
|g]* + € |g1]? + €2
925}9‘2
VP2Vl + 2ol e+ VigP +2)
for g = Vu® 4 (Vu®) and divu’ly, respectively.

Then, after substituting the bounds in (3.16) and (3.19a) and applying
interpolation inequalities, one can obtain from (3.27) that

d 12
pice 72 It 100 72y + 8 200 < Coreuncocin 190172

+ Cr(1 + 0rum2l 7o) (1Al Fa(q) + 10hm, 6 AulIZ2 ) (3-28)
+‘7”5U‘OH%I2(Q),

where Young’s inequality is applied.
Thus, after substituting (3.26) into (3.28) and applying Gronwall’s in-
equality to the resultant, one has

t
sup, ) ey + | 1505 85 < €,
0<s<t 0 -

t
P [Ca,b,u,x,h,h,e,w,u,co,cin (t+ t2)] /0 160° 1572 ds.

Therefore, after choosing o and ¢ small enough, one can conclude that

t
sup (81 () |22 ) + / 81t (5) 32y
0<s<t 0

) . (3.29)
< 5 (s 10076 ey + [ 1907(0) By s )
0<s<t 0

20



Now we update the smallness of 7%, so that (3.29) holds true for ¢ € (0,7™].
Then the map 9, defined in (3.1), is contracting with constant 1/2. By
means of Banach’s fixed point theorem, we conclude that there exists a
unique solution to (1.10) in Xp«.

What is left is to show that such solutions are stable. Namely, they
continuously depend on the initial data. Let (uj,h;, A;) be two solutions
o (1.10), associated with initial data (Win,j, hin,j, Ain,j), j = 1,2, satisfying
(3.3). Then it is easy to check that (3.26) and (3.29) still hold true with
ou®, du,y,, Shm, A replaced by du := u; —ug, 0h := hy —ho,0A := A1 — A,
with additional initial data on the righthand side, i.e.,

¢
sup (15h(), SA(5) By + 18u(5) Fe) + [ 100(5) By oy s
0<s<t 0
< C. pvnTcos, (hing = hing, Ain1 — Ain,2”%4(g) + [[ain,1 — uinQH%Q(Q))‘
(3.30)
Hence, we have established the local-in-time well-posedness of strong so-
lutions to system (1.10). We would like to remind readers that the estimates
obtained in this section depend on (p, A, ¢,v). In the next section, we aim
at removing such dependency.

4 Well-posedness of solutions to (1.3) with h > 0

4.1 (u, A, t,v)-independent estimates of solutions to (1.10)

We shall only present the uniform-in-(p, A\, ¢,v) a priori estimate in this
subsection, based on which the standard different quotient argument can be
established.

Throughout this section, we use the notation X <Y to represent X <
CY for some generic constant C' € (0, 00), which may be different from line
to line, and depend on €, w, h, h, but is independent of (u, \, ¢, v/).

To begin with, let

£0) = sup, als).h(s) A s+ [ ) e (@)
and
() = sup ). h(s). A(5) o

[V¥(Vus) + V' (5)1? Vdiv u(s)?
/ / < (Vu(s) +VuT(s >12+82>3/2+<\divu<s>12+52>3/2)dxjs.>
4.2
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One can easily check that £ and € are essentially equivalent in the sense
that estimates on one imply estimates on the other. Indeed, it is trivial that
¢ < &. On the other hand, applying integration by parts yields that

/]V4u|2dac— ;/\V?’(Vu—i—VuT)Fda:—/|V3divu\2d:c

V3(Vu+ Vu')? |V3div ul?

< 3 3. |

S(E”+ ”uHH3(Q))/<(vu+ VaT P+ 22)32 T (|div u[? +52)3/2> dx.
(4.3)

Therefore, we have

C(t) SEM) S (L4t 4 E(t)eE(t). (4.4)

~

Estimates for h and A

It is easy to check that (2.3), (2.5), (2.6), (2.7), and (2.8) also hold true with
Am, hm, u® replaced by A, h,u, respectively. Therefore, for s € (0,t) with ¢
satisfying (2.9), with u® replaced by u, we have

1
0<A<1,  0<jh<h<dh (4.5)

Notice that the smallness of ¢ here is independent of (i, A, ¢, v).
Next, we shall establish the regularity estimates of A and h. Indeed, after
applying 02 to (1.10b) and (1.10c), one can obtain the following equations:

0 Ph+u-VOPh = 0°Sy,,,, — 0°(hdivu)
+(u-V&h —d*(u- Vh)),
QPA+u VO A=0Sa., +0*(Adivu - x4)
~9*(Adivu) + (u- VO*A - &*(u- VA)).

(4.6a)

(4.6b)

Then, applying the L2-inner product of (4.6a) and (4.6b) with 203h and
03 A, respectively, and integration by parts in the resultant leads to

%Ha%ué(m = /(divuya?’hy? — 20°(hdivu)0®h) dzx

I

(4.7a)
+ 2/(u VO*h — 9*(a- Vh))o*h dm+2/633h,u,ya3h dr,

IQ IS
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%Ha?’AH;(Q) = / (divu|0*A]? — 20°(Adivu)o*A) dx

Iy

+2 /(u VOPA—-0*(u-VA)) dz +2 / PSP Adz (4.7b)

T Ts

+ 2/83(Adivu x4)PAdz .

I

Directly applying Holder’s inequality and the Sobolev embedding in-

equality leads to the following estimates:
hh+Io+1s+ 15 +I7,§’H(Hu,h,A||H3(Q)) (4.8)
Hlall sy lhs Allgs g - '

Similarly,
I3+ 1 S H(l[h, All s ))- (4.9)
Therefore, after substituting estimates (4.8) and (4.9) into (4.7a) and
(4.7b), one can derive that
d 31 53 4112 2
10°h Al S Hllw, by All o) + [all sy 17, Allgrs @)

Similar estimates also hold for lower order derivatives. Hence we have shown
that

d
lh, Al gy < Ml by Allage) + Cop s ol Al ey,

for some constant C , 7 € (0,00), independent of + and v. Consequently,
applying Gronwall’s inequality concludes that

t
sup Hh(S), A(S)”%{d(ﬂ) < ecw,ﬂ,ﬁ fo HU(S)HH4(Q) ds
0<s<t

) (4.10)
(i Al + [ H(I0(6), 5. A o) ).

Estimates for u
After applying 93 to (1.10a), one can obtain the following equation:
m(9;0°u+ u- Vo u) + VoPp = div 9°S. + div 0°S,,
—A%9Pu + DPF + [mdi0Pu — 93 (moyu)) (4.11)
+[mu - Vo*u — 8*(mu - Vu)].
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Then, applying the L2-inner product of (4.11) with 20%u and integration
by parts in the resultant leads to

d, 1/2 .
Gl W20l ) + 2l VOl ) + 20+ N div 0PulFagg

+ 2LHV283UH%2(Q) = /[piceath + div (picchu)] ‘83u|2 dz

s
_ 3q . vl 3. 93 93
2 [ 0°S; : VO’udx+2 [ [mo0°u — 0°(moyu)] - 0°udx
~ ~~ (4.12)
To T1o

+2 /[picehu - Vo*u — 33 (picchu - Vu)] - PPudz

T11

+g/¥mwﬁuw—g/¥ffﬂmm

112 113

The estimates of Z;, j € {8, 11, 12}, are standard, which we will record below.
Applying Hélder’s inequality and the Sobolev embedding inequality yields
that
Zs S ([10ehll 22 () + [1div (hu) || z2(0y) [|0%all 12y 1% all 111 )
S (Il o) + ||VhHL4(Q))HuH%ﬁ(Q)HuHH‘l(Q))
9 (4.13)
i S Hh||H3(Q)||uHH3(Q)||u||H4(Q)7
Tiz S (1Al () + DBl 3@yl g4
To estimate Z;3, notice that
\\82}-”9(9) S \\82(’Uw —u|(Uy — u))HLQ(Q) + |7l g2y lull g2 () + Lot
where l.o.t represents lower order terms of u. Direct calculation yields that
9*(|Uy — u|(Uy, —u)) = |Uy, — u|0*(Uy, — u)
(Uy —u)-9(Uy, — u)

+2 Uw—ul O(Uy —u)
(Uy — 1) - 02Uy — u) + [0(Uy, — u) 2
*( U, —u
(Uy —u) - 9(Uy, —u))
B L
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which implies
H82(|UW —u|(Uy — u)) ”LQ(Q) S Uy — uH%I?(Q) + [0y — u”?ﬂ(ﬂ)'
Therefore, we have
T3 S 102 Fll2@llo*ull L2y S (lallfsq) + 1P 720y + 1) lullmse). (4.14)
In order to estimate 77, we first rewrite Z;g as follows,
Tio = —2 / ?*moyu - ®udx + 6 / omoou - d*udz, (4.15)
where we have applied integration by parts. Next, we will use equation

(1.10a) to substitute dyu and 0;0u in (4.15). Indeed, after rearranging
(1.10a), it follows

: 2
atu:m+£_@_uvu_LA u’
m m m m
div 0S divS
o =Y Pz AVSeuny | OF F o
m m?2 m  m?
Vo \Y
—J—i——g@m—au-Vu—u'Vau
m
AZou A2u
- 1—=—0m

Then similarly as before, directly applying Holder’s inequality and the Sobolev
embedding inequality leads to,
10ul[ L2y + 10:0ull L2(0) S H([[ull g3, 1Al z2(0), 1P E2(0)
+o(1+ ([l g2 @)1l 75 (0)-

Therefore, one can derive that,

To SI0°ml| 2yl Opull ooy 107l oo
+ [|0m|| oo () 10: 0| L2 (0 [|0™ 1| 120 (4.16)
SH[all g3 1Al z2e0)s 1)z @) [l g4 '
+ c([lhll sy + 1PN s o)) lall s @) 1l ey
Lastly, we will estimate Zy. Notice that,

Vu+ Vu'
Ig = —/83 <p
VIVu+ VuT|? + &2

> :03(Vu+ Vu')de
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—2/83 <pdlvu>83divudx.
V|divul? + &2

Denote by Du € {Vu+Vu',divu}. In this notation, estimating Zyg amounts
to determining an estimate for

Du
83< > - 0®Dudz.
/ p\/\Du|2+€2 e

Direct calculation shows that

/33 <pDu ) -93Dudzr = /p< 16" Duf” - (Du- 9°Du)” )dw
V/IDuf? + £2 VDuZ4+e2  (|Dul? 4 £2)3/2
3 /p(Du -0Du)(9*Du - #3Du) + (Du - §*Du)(0Du - 93Du)
(|Du? + £2)3/2
Ly
3 / (0Du - 9?Du)(Du - 8°Du)
(|Dul? + £2)3/2
Lo
g /p(Du - 9Du)(Du - 8*Du)(Du - 9*°Du)
(|Du? + 52)5/2
hs
_3/pyaDuP(aDu - 03Du)
(|Dul? +€2)3/2
Ly
19 /p(Du -0Du)?(6Du - #*Du) + |0Du|?(Du - 9Du)(Du - 93Du)
(|Dul? +€2)5/2

Ls

dx

dx

dx

dx

(Du - Du)3(Du - 9°Du)
—15 d
[P
Lg
Du Du
s [ () o P o]
PO\ /DuPE 12 PO/ DuP £ 22
L7
5 Du-93Du
+ | Pp———edx.
P /IDupP 1 &2
Ls
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Notice that
|03Dul? (Du - #*Du)? S 2 |03Du?

VIDuP e (IDup +&2)%2 = ([Duf? + )32

Therefore, applying Holder’s inequality and the Sobolev embedding inequal-
ity implies that,

[Lal + 1C5] + || + 171 + L8] S Ipll sy (1 + Dulldeo)10°Dull 20
[£1] + L2 + L3]S 1Pl o (o [IDu][33 ) [ DUl 32 -

Therefore,

3D 2
a3 pL -0®Dudx > &2 Md:c
/|Duf? + &2 (IDuf? +£2)3/2
—llpll sy (1 + HDUH%(Q )H83DuHL2 Q

]z (e DU gy DU g

Thus, we have shown that, thanks to the fact p > ¢,h/4 > 0,

echh/ 103(Vu+ Vu')? 5 |03div u/? > .
1 (|(Vu+ Vul)|? + £2)3/2 (|divu)? + 2)3/2
3/2

Iy < —

3/2
H(llw, A, 2l 3o all ) + allzs o) lla II/

(4.17)
In addition, notice that, according to (4.3),

Il ) < lallgs@) + 1V ll2) S lullase)

3 3 [V3(Vu+ Vu)? Vidiva? N\ 1Y
+ [(e”+ HUHHZ%(Q)) (’vu+vuT‘2 +52)3/2 - (|div u/? +52)3/2 v '
(4.18)

To sum up, after substituting estimates (4.13), (4.14), (4.16), (4.17),and
(4.18) into (4.12), and applying Young’s inequality, one can derive that

jt” 1/2h1/283u”%2(9) + 20| V20 Ul 72q) — 2% Vull2q)
+520ph/< |03 (Vu + Vu')|? 4o |93div u)? ) i
8 ([(Va+Vul)]2 +e2)3/2 " (|divul? + £2)3/2
< H([[u, A,k m3(a): 1),
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which implies, recalling ¢ € (0, 1),

t
sup |\V3u(s)|\%z(m + (¢ — LQ)/ HV5U(S)H%2(Q) ds
0<s<t 0

ya3 Yu(s) + vuT (s))[? 163div u(s))?
/ /( )+ v (s))R+ D2 2 (divu(s)P +52)3/2> d ds

t
< Oyl VP 2 /0 H(llu(s), A(s), h(s)]| sy 1) ds.

for some constant C_ ;5 € (0,00), independent of pu, A, ¢, and v.
Similar estlmates “also hold for lower order derivatives. Thus one can
conclude that, for « < 1 small enough,

sup [[u(s)|%s(q)
0<s<t

]83 Vu )+VuT(s))|2 |03div u(s)|?
/ / < )+ VT ()P + D2 T (divu(s)? +s2>3/2> o ds

<C€,h,h||um||?{sm)+/0 H([[u(s), A(s), h(s)|| 3 (@) ds-
(4.19)

Uniform estimates

The summation of (4.10) and (4.19) leads to
@(t) < <eCW h, ht1/251/2( ) n CE’h’h)

» (yhm,Am,umum (e >>)

1/2
_41/2[43/2 3
< (ecm,ht [ +em+esm] Cahh)

<|h1naA1naulnHH3 +1ix H(QE( )))7

where we have applied (4.3) and Young’s inequality in the second inequality.

Consequently, for ¢t small enough, independent of u, A, ¢, v, one can conclude
that

@( ) <C ew,hh X HhIIUAll’hulnHHS Q) (4.20)
and, thanks to (4.3),
E(t) < €, (4.21)
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for some constant €, € (0, 00), depending only on &, w, h, h, and
Hhina Ain7 uin||H3(Q)-

Thus we have established the (p, A, ¢, v)-independent estimates. Therefore,
together with the well-posedness theory in Section 3 and continuity argu-
ments, the existence time of solutions to (1.10) can be extended to some
T** € (0,00), independent of (i, A,¢,v), which might be larger than 7.

4.2 Limit as (pu, A\, ¢,v) — (07,07,0%,07)

Denote by (wu s Puxews Aurw), the solution constructed above to sys-
tem (1.10). With (4.1), (4.21), and by comparison in system (1.10), it is
easy to check that we have the following uniform-in-(u, A, ¢, v) estimates:

s P Apniwll oo 0,0 m30)) + 10px il 220,00+ 14 () (4.22)

+||atup,,>\,b,m 8thu,)\,L,m 8tA,u,)\,L,VHL°0 (0,T**;L2(2)) < Q:ina

for some constant €, € (0,00), and T** € (0,00), independent of p, A, ¢,
and v. Therefore, applying the Aubin-Lions lemma yields that there exists
(u, h, A) satisfying (1.8) and (1.9), such that, as (u, A, ¢, ) — (07,07,0%,07),

Uy, —u in C(0, T HS(Q)),

Ruriw —h in  C(0,T*; H*(Q)),

Ay — A in  C(0,T*; H*(Q)),

(Wi P Aupw) = (1, hy A) i L0, T H*(Q)),

U, ., —u in L2( 0,7 H 4(9)),
(atuuﬂ,\,w,,8thu,A7L7y,6tAu7,\,L7V)—*\(8tu,8th,8tA) in L%(0, 7" L 2(( )))

and it is easy to verify that (u, h, A) satisfies system (1.3) in (0, 7**].

4.3 Well-posedness of solutions for system (1.3)

To deduce the well-posedness of solutions to system (1.3), it remains to
establish the uniqueness and the continuous dependency of solutions on
initial data. Indeed, this can be done following similar arguments as in
Section 3.2, which we will sketch below.

Denote by (uj, hy, 4j), j = 1,2, two solutions to system (1.3) with initial
data (Wip j, Rin,j, Ain,j) Within (0, Tj**],j = 1,2, as constructed above, respec-
tively. In particular, (1.8) and (1.9) hold for (uj, by, 4;), j = 1,2. Further,
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let du :=uj —ug, 6h := hy —hg,0A := A; — Ay, and T} = min{T}*,T5*} €
(0,00). The triple (du,dh,dA) satisfies the following equations:
Picen10:0U + picedhOpuy = div 6S, — Viép
—picehiur - Vou — piceh10u - Vug — picedhug - Vug + 0.F,
0¢0h + div (6huy) + div (hedu) = dSp, ., (4.24b)
00 A 4 div (0Auy) + div (Az0u) = 884, + dAdivuy - x4,
+Aadivou - x4, + Aadivug - 6x%.

(4.24a)

(4.24¢)

After taking the L?-inner product of (4.24a), (4.24b), and (4.24c) with
20u, 26h , and 20 A, respectively, and applying integration by parts in the
resultant, one has

d
%Hpilc/fhi/QéuH%Q(Q) = —2/685 : Vou d$+/ﬂice3th1|5u|2d$

Vv
T14 Iis

—Q/pice5h8tu2-5ud1:+2/5pdiv5ud:c+2/5]:-5uda:

(4.25)
Ti6 Th7 TI1s
—2/pice(h1u1 -Vou+ hydu - Vuy + dhuy - Vug) -dudx
VAT
d : .
w\ahuiz(m = —/dwul\ahy?d:p —Q/dlv(hgéu)éhdw
T T (4.26)
+2/5Sh7w(5hda;,
|
VED)
%HéAH%Q(Q) = —/divu1|5A|2dx —2/div (A26u)0Adx
I;g Io4
: w 2
+2/68A,W5Adx+2/dlvu1-XA1]5A| dx (4.27)

I25 I26

+2/A2div du- x4,04 dx—}—Q/Agdiv uy - Ox40Adx.

Lo Iog
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Then it is straightforward to check that, thanks to the uniform bounds in
(1.9),

> TS 116u,6h, 64720y + 60,6k, 6A] 120 [ VSl 12 - (4.28)
15<j<28

To estimate Z14, we will have to investigate the monotonicity of S., which
is an important ingredient in our proof. Notice that

Vu+ Vu'
VIVu+ vuT 2 4 2

+24 <p

20Se : Vou = 5<p ) :6(Vu+vVu')

divu
V|divul? + &2

For Du € {Vu + Vu',divu}, direct calculation yields that

>5div u.

Du 1 P1 D2
S
( [Duf? + & 2\/Duz? +e2  /[Duy? + €2
1 ((Du1 + Duy) -5Du) X (p1Duy + peDus)
2 \/IDus P + €2/ [Dugf? + e2(v/[Dwi 2 + €2 + /[Duy? + £2)

(4.29)

+5p< Duy N Du, >
2 \y/Du2+¢2 /Dug2+¢2/)

Therefore

Du 5p< Duy Dus >
0| p——== - Du= — + -0Du
<p\/\Du]2+€2> 2 \/|[Du;]2 +£2  /|Dug|? + &2
+1 M
2 /IDu;? +£2/|Dug? + 2(\/|Duy |2 + €2 + /|Dug? + £2)’

with
M := (p1v/[Dur]? + 2 + pa+/|Dus? + €2) (v/|Dui[? + 2 + /|Dug[? + £2)

x|6Du|? — ((Du; + Duy) - éDu) x ((p1Duy + pDuy) - 6Du)
> Che;,€0Dul?,

in

for some constant Cp ¢, € (0,00) depending on h and &;,. Therefore, one
can derive that

Tir S —Cepe, ([Vou + vauTyyi2(Q) + [|div dul| 72 ()

(4.30)
+[|6h, 6 A| 2@ Vol 2(q),
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for some constant C; p ¢, € (0,00) depending on €, h, and &;,. In addition,
using integration by parts, one can derive that,

Consequently, after substituting (4.28), (4.30), and (4.31) into (4.25),
(4.26), and (4.27), summing up the results, and applying Young’s inequality,
one can conclude that

d
anpl/%}/%u, 0h, 8A|221qy < Ce, ooy 00,60, 64|22 .

ice ice
which, after applying Gronwall’s inequality, yields

sup |6u(s), 5h(s), 6A()|22(q) < Ce l0uin, 6hin, 5|22y, (4.32)

0<s<Ty3

with some constant Cg, € (0,00), depending on the initial data. The
uniqueness and the continuous dependence on initial data of solutions to
system (1.3) follow from (4.32).
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