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Introduction 

Exploring and cataloguing new crystal structures is one of the principal 

tasks in chemistry. Decades of careful experimental work collected in the 

Inorganic Crystal Structure Database (ICSD)1 and the Cambridge Structural 

Database (CSD)2 are impressive examples of “big data”, long before the 

phrase became fashionable. While structural space has traditionally been 

explored by synthesis, more recent work has shown that ab initio structure 

searching can play an important and complementary role in this regard. 

Computational tools, including genetic algorithms,3–5 particle-swarm opti-

misation,6,7 or ab initio random structure searching (AIRSS),8,9 can predict 

structures that are (sometimes) far away from what chemical intuition 

would suggest. Many of these predictions have subsequently been vali-

dated by experiments10–14 or have given rise to a database of its own.15 We 

only mention in passing the prediction of organic molecular crystal struc-

tures, which has likewise seen fundamental breakthroughs.16–19  

Despite their predictive power, these structure-searching methods are 

normally driven by quantum-mechanical density-functional theory (DFT) 

computations, and therefore they are limited to systems with relatively 

small unit cells. The allotropes of elemental phosphorus,20–22 which are the 

topic of the present paper, directly illustrate the problem at hand. The 

thermodynamically stable “black” (orthorhombic) form, as well as the 

high-pressure As-type (rhombohedral) allotrope, exhibit simple crystal 

structures with only one symmetry-independent atom each (Table 1). Such 

systems are easily amenable to ab initio crystal-structure prediction, and 

various, especially layered, hypothetical allotropes have been proposed in 

recent years.23–32 On the other hand, “violet” (Hittorf’s) phosphorus33 

takes a notoriously complex structure that was solved more than 100 years 

after the initial synthesis34 and contains no less than 21 symmetry-inde-

pendent atoms in the unit cell. Systems of this size have hitherto been out 

of reach for ab initio crystal-structure prediction. 

It has recently been suggested that machine-learning (ML) based inter-

atomic potentials can help with this long-standing issue.35–38 Such poten-

tials are fitted to reference databases of DFT energies and forces, and once 

generated, they allow one to perform atomistic simulations with close-to 

DFT quality but at a computational cost that is orders of magnitude 

lower.39 Indeed, we have recently shown that an ML-based Gaussian ap-

proximation potential (GAP), initially developed for amorphous carbon,40 

can be used to identify crystalline allotropes.36 This has added around 150 

entries to the Samara Carbon Allotrope Database (SACADA, Ref. 15). Very 

recently, the use of ML to speed up global searching and crystal-structure 

optimization itself has been reported,41,42 but we focus here on the use of 

explicit interatomic potentials (“force fields”) for this purpose. What is 

more, in recent work,37 we have argued that RSS can be used to construct 

the interatomic potential from scratch, exploring and fitting a complex po-

tential-energy surface (PES) at the same time. This points towards a more 

general “data-driven” strategy for atomistic materials modelling. 
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Table 1. Experimentally known crystal structures of phosphorus.20 Z is the number of atoms 

in the conventional unit cell; Z’ gives the number of symmetry-inequivalent atoms in the cell, 

and therefore a measure for structural complexity. Molecular (“white”) and amorphous 

(“red”) forms are omitted from this study for simplicity.†  

 Space 

group 

Z Z’ Source Ref. 

Black P %I?= 8 1 High-pressure synthesis 43 

As-type Pa 43$I 2 1 From black P (p > 5 GPa) 44 

Simple cubic P  2I3$I 1 1 From black P (p > 11 GPa) 44 

Hittorf’s P  22/? 84 21 Slow cooling from Pb melt 34 

Fibrous P 21$ 42 21 Resublimation with I catalyst 45 

aOccasionally referred to as “blue P” in recent literature,46 especially for the monolayer form.  

In this Discussion paper, we aim to make new steps in this direction, 

and to further develop our emerging method (which we call “GAP-RSS”). 

After briefly summarising its components, we present results for elemental 

phosphorus, generating and applying the first GAP-RSS potential for this 

material. Our protocol “discovers” the crystal structure of black P during 

the iterations and, by construction, adds it to the reference database with-

out prior knowledge of any existing allotropes. We then use this potential 

for some exercises in crystal-structure prediction: we show that a fibrous 

allotrope of P (Table 1) appears to be prohibitively hard to find in free 

searches, and we outline the use of an alternative approach, showing ex-

emplary predicted structures in 1D and 3D. We also discuss open questions 

and expected future directions. 

Methodology 

The protocol for GAP-RSS potential fitting and structure searching consists 

of three components: single-point DFT computations, GAP fitting to an up-

dated reference database, and structural optimisation using GAP. We give 

details of these in sequence, and an overview is provided in Fig. 1. 

DFT computations 

These provide the input data for GAP fitting: initially, single-point DFT com-

putations are done for randomised atomic configurations, later, for inter-

mediates or local minima of GAP-RSS searches. We obtain these data using 

standard DFT procedures, with high numerical accuracy to minimise noise 

in the input for fitting. In this work, we used the PBEsol functional,47 which 

has been validated for black P before,48 and on-the-fly ultra-soft pseudo-

potentials as implemented in CASTEP.49 Reciprocal space was sampled on 

dense k-point meshes (maximum spacing 0.02 Å–1). The cut-off energy for 

plane-wave expansions was 600 eV, and an extrapolation scheme was 

used to counteract finite-basis errors.50 In Fig. 1, all parts that involve sin-

gle-point DFT computations (viz., the construction of the reference data-

base) are enclosed by dashed lines. 
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three-body (“3b”) terms that encode interatomic distances and bond an-

gles, respectively. The 2b and SOAP descriptors have radial cut-offs of 5.0 

Å, whereas that for the 3b term is 2.6 Å (to include only “true” bond angles 

involving nearest-neighbour contacts). The final GAP uses 10 sparse points 

(that is, fitting coefficients) for the 2b term, 100 for the 3b term, and 3,000 

for SOAP. The convergence and smoothness parameters for the SOAP ex-

pansion are nmax = lmax = 8 and Vat = 0.75 Å, respectively, which was found 

to be suitable for GAP-RSS in Ref. 37. For a more detailed walk-through of 

the underlying ML framework, we refer the reader to Ref. 56. 

GAP-RSS relaxation 

This is the heart of the technique: structural space is explored by optimis-

ing random structures, akin to the well-established AIRSS technique, but 

now using GAP. In AIRSS (and consequently, in GAP-RSS), it is important to 

make a sensible choice of randomised initial structures. For example, a rea-

sonable minimum interatomic distance (“hard-sphere” criterion) is im-

posed. Furthermore, exploiting space-group symmetry can significantly re-

duce the number of attempts required. We here search with 2–16 atoms 

in the unit cell, allowing for either 1, 2, 4, or 8 symmetry operations to be 

present. To some extent, this penalises rhombohedral space groups and 

their subgroups, but our data below show that the rhombohedral A7 struc-

ture is found by our protocol nonetheless. We choose the initial densities 

to be distributed around 2.5 g cm–3, in between the black and red forms of 

phosphorus, and we constrain the P–P distances in the initial structures to 

be at least 1.8 Å. An independent set of randomised input structures is 

generated for initialisation and for each new generation of the potential.  

Results and discussion 

Exploring the potential-energy surface of elemental phosphorus 

To showcase the principle of GAP-RSS, we explore in this paper the poten-

tial-energy surface (PES) of elemental phosphorus. This is summarised in 

Fig. 2, where we show energy–volume data for the reference database that 

is built during construction of the potential. We start with randomised in-

put structures, data for which are added to the database without relaxa-

tion (light green points in Fig. 2; generation 0). We then extend the data-

base by three rounds (generations 1–3) where snapshots of both interme-

diate (teal) and relaxed structures (purple) are added; finally, in generation 

4, we perform a larger search and keep only the unique structures with all-

threefold coordinated atoms (“3c”; determined using a 2.4 Å bond-length 

cut-off; light grey points). After this, we deemed the database “converged” 

for the purpose of the present study, by the (subjectively chosen) criterion 

that the GAP had “learned” black P; see below. Future work will be con-

cerned with less heuristic criteria for convergence. The distributions shown 

on the right-hand side of Fig. 2 illustrate how the different parts of the 
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of phosphorus cages,58 and have been the topic of comprehensive theo-

retical analyses both in the gas phase and in the bulk.22,59,64 Without chem-

ical knowledge, but with an algorithm to find the most simple and repre-

sentative building units, the network analysis likewise “cuts” the chains 

into fragments.61 In these, the well-known [P9] cage was combined with P2 

dumbbells on either side, forming a [P13] unit (“Fragment A”), whereas the 

[P8] cage was recovered directly (“Fragment B”). We believe that alterna-

tive ways of decomposition, e.g., isolating the [P9] cage, may also be useful 

as starting points for structure searches—as will be combinations of differ-

ent fragments. We also note the advantage of a chemically “agnostic” ap-

proach: while there is an extensive body of literature on the building blocks 

of P allotropes,22,58,59 future work might be concerned with new materials 

where the local atomic structure is a priori unknown.  

Our GAP-RSS searches, even with an exemplary and simplified approach 

that uses only one or the other fragment (Fig. 7a), readily identified several 

hypothetical phosphorus allotropes with different dimensionalities. We fil-

tered the output with more stringent criteria than in the preceding GAP-

RSS generations, enforcing a minimum “non-bonded” (beyond-nearest-

neighbour) distance of 2.9 Å, removing any structures that contain three- 

or four-membered rings (which are expected to be under significant 

strain), and post-relaxing selected structures using dispersion-corrected 

DFT.65–67 We explored the effect of feeding structural data back into the 

GAP, as before but now for more ordered structures coming from frag-

ment-based searches, and generated two additional generations of the po-

tential. An intermediate one was used to find the structures shown in Fig. 

7 (generation 5a); another, final one additionally contains all minima found 

in that search (5b). We observed that this reduces the energy error for dis-

torted unit cells of Hittorf’s P (cf. Fig. 3b) from 0.19 eV/at. (generation 4) 

to 0.16 eV/at. (5a), and further to 0.13 eV/at. (5b): note that in none of 

these generations has our GAP-RSS potential “seen” the actual crystal 

structure of Hittorf’s P. A full account of this, including the results of much 

more diverse searches, will be published elsewhere, and for the sake of 

brevity we here present only a few salient examples. 

As expected, several 1D, tubular motifs were found in our GAP-RSS 

searches, packed in different ways to form extended structures. One of 

these tubes, shown in Fig. 7b, retains some features of the [P8] cage from 

which the initial seed is constructed: namely, fused five-membered rings, 

of which there are four in the [P8] cage (topology symbol [54]), and up to 

three in the chain structure (dashed box in Fig. 7b). Another structure 

found by GAP-RSS, shown in Fig. 7c, breaks up the initial seed fragment, 

forming a tube that consists of only six-membered rings. This corresponds 

to a sphere-packing graph for a hexagonal net (63) with coincidence vectors 

(m,n) = (3,2).68 In this, it is also equivalent to one of the smallest theoreti-

cally possible carbon nanotubes. 

The same protocol also identified fully three-dimensional structures. 

One of them is a rare binodal net, bbe-3,3-Imma (Fig. 7d), which has occa-
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sionally been observed in MOFs.69 We find another structure with the un-

inodal pbp net containing six- and eight-membered rings (Fig. 7e) that had 

originally been proposed for a hypothetical carbon structure dubbed 

“6.82P” (Ref. 70) and also investigated as a hypothetical allotrope of P.27 

We finally find the uninodal lig net (Fig. 7f), which corresponds to the anion 

network in the Zintl phase LiGe.71 Such a structure has not been proposed 

for P thus far, but it is in conceptual agreement with the Zintl–Klemm–Bus-

mann framework (in which the group-14 element is here viewed as “Ge–”, 

and thus takes the structural signature of a group-15 element due to its 

excess electron).72 The computed dispersion-corrected DFT energies65–67 

for the structures shown in Fig. 7d–f are C +2 kJ mol–1 (bbe-3,3-Imma) and 

C +8 kJ mol–1 (pbp and lig) above that of black P, respectively, placing them 

well within the experimentally and computationally derived stability range 

of known allotropes.22 

In ongoing work, beyond the scope of this paper, we are performing 

much larger scale searches, including attempts to find “fibrous” P and pos-

sible related structures using GAP-RSS, and trying to understand the ob-

served preference for the experimentally known form. It seems especially 

interesting to study such tubular forms since some of these structural units 

can be chemically extracted from phosphorus-rich compounds.73  

Conclusions 

Machine-learning based interatomic potentials can speed up random 

structure searching by orders of magnitude. Therefore, they seem well 

poised to become useful tools for crystal-structure prediction and materi-

als discovery. We do not expect them to replace DFT-driven searching, but 

to provide a valuable complement, especially for very large and complex 

structures that are outside the reach of DFT. In this paper, we have dis-

cussed and further developed our recently introduced technique, dubbed 

Gaussian approximation potential driven random structure searching 

(GAP-RSS), which combines ideas from the fields of potential fitting and 

structure prediction. We believe that this technique will be of interest not 

only for finding new structures, but also for the automated generation of 

fast, flexible, and accurate interatomic potentials for diverse materials. 
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Notes and references 

† To explore whether our GAP would be able to find molecular (“white”) P, we carried 
out a set of preliminary searches at low density (1.0 g cm–3). The resulting structures 
did include distorted P4 units, but also other small fragments, and we expect that the 
GAP will need to have “seen” these in iterative training to distinguish them more 
clearly. We also expect that fully capturing the intricate structural details of white P, 
including its packing variants,74 will require additional reference data; this is the topic 
of ongoing work. Regarding amorphous forms, our searches are restricted to relatively 
small periodic unit cells which cannot fully represent the amorphous allotrope(s). 
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