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Abstract: Due to the rapid advances in the development of techniques for monitoring and retrofitting
concrete, there is a need to revisit and generalize classical theories in order to better assess the
strength of existing reinforced concrete structures and to encompass strengthening systems. An
improved understanding of concrete cracking taking into consideration local phenomena such as
tensile and compressive concrete softening as well as the bond between the reinforcement and the
concrete is required. In this paper, a fracture-based model is developed to describe the cracking
process in reinforced concrete by integrating different local phenomena to more precisely describe the
flexural behaviour of reinforced concrete beams. The model results show a good correlation with
experimental data obtained by testing small scale concrete beams subjected to three-point bending.
The beams exhibited mode | fracture propagation and during testing crack measurements were
undertaken using a non-destructive digital image correlation technique. The stability of the cracking
process was found to depend on the concrete strength, reinforcement properties and reinforcement
ratio.
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1. Introduction

The traditional analysis of a cracked reinforced concrete section is normally based on the assumption
that under flexural loading plane sections remain plane. The effect of concrete in tension is typically
ignored after cracking since concrete has a low tensile strength compared with its compressive
strength. This approach does not consider the crack propagation process in detail and assumes that
once the crack develops the concrete cannot sustain any tensile stresses. However, cracking in
reinforced concrete is a sequential process and involves a gradual loss of tensile stresses with crack
propagation. Furthermore, many studies have proved the existence of concrete softening in both
tension and compression i.e. (1-4). This means that even in a cracked region, parts of the open crack
still have some ability to transfer stress. Recognizing that traditional analyses are not sufficient to
explain the cracking process in reinforced concrete, different approaches have been used to develop
theoretical models for predicting the cracking behaviour of reinforced concrete members e.g. (5-9).

Numerous factors can influence the cracking process and crack bridging in reinforced concrete (RC).
These include the concrete properties, the reinforcement properties, the ratio of the longitudinal
reinforcement, the bond between the reinforcement and the concrete, and the geometrical properties
and the size of the beam. These factors are interrelated and interdependent; for example, the concrete
and steel properties can affect the bond which consequently affect the crack bridging and crack
opening displacement. This means that developing a full understanding of the cracking mechanisms in
reinforced concrete members is difficult and complex. Many variables and different phenomena have to
be integrated into the study of fracture to produce more realistic material models that imitate the
behaviour of a quasi-brittle material such as concrete.

2. Crack modeling using fracture mechanics

Fracture mechanics is a field of solid mechanics that deals with the mechanical behaviour of cracked
bodies. It covers rules and principles of crack propagation and remains one of the most frequently used
approaches to study and model cracks in concrete structures. Both Linear (LFM) and Non-linear
(NLFM) fracture mechanics have been applied to concrete. LFM analysis assumes a singularity of the
stress at the crack tip while NLFM approach considers a relaxation of the stresses in the fracture
process zone (FPZ) such that there exists a finite value of stress at the crack tip. LFM was applied by
Carpinteri (10) when developing a Bridged Crack Model used to study the flexural failure of reinforced
concrete beams. It was assumed that when the crack starts to grow, the resultant stress intensity factor
K, equals the critical stress intensity factor K;. . More recently, the model has been further extended to
analyze shear cracks where the diagonal tension failure load is determined from an analytical law for



the crack trajectory based on experimental observations (11). As LFM is valid when the size of the
fracture process zone is negligible, the Cohesive Crack Model (CCM) or Fictitious Crack Model (FCM)
was developed as an alternative to model concrete cracks taking into account nonlinear behaviour in
the fracture process zone (1) .The difficulty of applying the CCM without a Finite Element framework
led Gerstle et al (6) to simplify some assumptions related to the FCM to develop an analytical solution
for flexural cracks in reinforced concrete beams; however, their model does not consider concrete
compression softening or any bond-slip behaviour between concrete and steel. Yet strain softening of
concrete in compression can affect the strength and ductility of reinforced concrete members. Fracture
mechanics was used by Hillerborg (4) to study compression strain localization in concrete. However,
the effect of concrete tensile softening was ignored in his model.

The aim of this paper is to present an analytical solution for the development of flexural cracks in RC
beams from the onset of cracking until failure. The local phenomena associated with crack propagation
will be considered as well as the interaction between the concrete and the reinforcement where further
research is required to quantify appropriate material models.

3. Integrated fracture-based model formulation

The proposed integrated fracture-based model incorporates post-cracking tensile stresses in the
concrete, the bond-slip behaviour between the reinforcement and concrete, and compression softening
in the concrete compressive zone. The modeling of each of these aspects is described in the following.

3.1 Tension behaviour

The Fictitious Crack Model (FCM) assumes that a crack will propagate when the stress at the visible
crack tip reaches the concrete tensile strength (f;) . As the crack opens, the stress decreases with
increasing crack width (C) until it reaches zero stress at a critical width (C,). The residual capacity to
transfer stress in this region then needs to be overcome in order for the crack to propagate as shown in
Figure (1a). The amount of energy absorbed per unit crack area to open the crack from a width of zero
to C, is the fracture toughness G, . The fracture toughness can be calculated as the area under the
stress versus crack width curve (o — C) which is called a tension softening curve. For simplicity and
suitability for use in a closed form solution, a linear tension softening curve is assumed in the current
work (Figure (1b)). With a linear relationship between ¢ and C, when the crack mouth opening
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Figure 1: (a) Fictitious Crack Model, (b) linear tension softening curve, (c) cracks with tension
softening

As the applied load increases, the crack opens and propagates but the crack still carries stresses
which linearly decrease with the crack mouth opening displacement (CMOD). When CMOD = (,, the



total closing force = % a f;. As the crack propagates further and the crack opening exceeds C, at the
crack mouth (CMOD > C,), the total closing force (CF) then becomes

CF = % aff( CA/?OD) @

3.2 Bond between reinforcement and concrete

Bond between reinforcement and concrete is necessary for reinforced concrete to act as a composite
material and to transfer load between the two materials. This interaction is represented in the literature
as shear stresses (t) on the interface between the reinforcement and concrete. These stresses are
carried by different mechanisms such as mechanical interlock, chemical adhesion, and friction (12).
The relative contributions of these mechanisms depend on the concrete and reinforcement properties.
The development of bond stresses results in a relative displacement between the reinforcement and
the concrete parallel to the reinforcement axis called slip (s). The bond- slip behaviour of reinforced
concrete affects the crack opening.

Based on test results on the local bond-slip relationship, Eligehausen et al (13) suggested a nonlinear
relationship with increasing T and swhen 0 < s <'s, and until t = 1,,, . After the peak, the behaviour
can be modeled using a linear relationship between t and s with a negative slope. Yuan et al (14) used
a bi-linear approximation (Figure (2)) to study the performance of the interface between fibre reinforced
polymers FRP and concrete. Mohamed Ali et al (15) further idealized a bi-linear relationship as a linear
descending relationship and demonstrated its applicability to steel reinforced concrete (Figure (2)). In
this case, the function that defines the bond-slip behaviour is

() = % (Spar — S) 3)

where t,,,, and s,,,, are determined experimentally and depend on the concrete and steel properties.
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Figure 2: Bi-linear bond-slip model and idealized linear bond-slip

The stress-strain behaviour of steel reinforcement is characterized by the elastic modulus E; until the
steel yields at a stress f, . The post-yield behaviour can be approximated as a linear relationship

between the strain and stress but with a strain hardening modulus E;, (Figure (3)).
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Figure 3: Idealized steel stress-strain relationship



Haskett et al. (16) applied this steel stress-strain relationship and used an idealized linear bond-slip
model like that shown in Figure (2) to study reinforced concrete. The stress-slip distribution was
defined for two stages of behaviour. In the first stage the steel is elastic. During the second stage, the
steel yields and the distribution of the stress-slip changes according to the strain hardening modulus
E;, . Considering the balance of forces and using a partial interaction numerical model, Haskett et al.
(16) developed relationships between the applied axial load and the slip at the crack face by treating
the elastic and the strain hardening behaviours separately and then summing them together. The
elastic steel force SF,; was calculated considering E; :

Tmax T d s ) (4)
SF, = %sin {arccos {L}}
l

e Smax

where A, = f% , d is the diameter of the bar and A4 is the area of the bar cross section.
max ©s s
The force after yielding SF, takes into account Egy, :

Tmax T d S — Sy (5)
SFy, = == sin {arccos {1 - ﬂ}} + Aqfy

max

where Ay, = ’% and s,;.4 is the slip at yielding. For further details, please see (17) .
max Esh s

3.3 Compression behaviour

Most of the investigations that have been carried out on strain localization in concrete under
compression are based on the uniaxial compression behaviour e.g. (18-21). However, the mechanical
behaviour of reinforced concrete beams with strain localization in the compression zone has not been
studied extensively. Hillerborg (4) developed a fracture mechanics- based model to study compression
strain localization. He treated the compression localization in a manner similar to the localization that
occurs in tensile fracture. According to his model, the compression behaviour can be described by
means of stress-strain diagram until the peak compressive strength is reached and thereafter using a
stress-deformation diagram. It was assumed that this localization takes place within a length
proportional to the depth of the compression zone which changes with loading. Jansen & Shah (20)
showed that the post-peak stress-deformation relationship is a material property and depends on the
specimen size. Based on this assumption, Carpinteri et al. (9) developed the overlapping crack model
where he refers to the deformation that occurs after the peak load as interpenetration. In this model,
instead of identifying a length where strain localization occurs, it was assumed that strain localization
develops gradually in the compression zone in a manner similar to cohesive models used to describe
the tension zone. The proposed stress-deformation relationship was similar to Hillerborg’s. Based on
the mathematical aspects of the overlapping model, a numerical algorithm was proposed (22) based
on the finite element method to study the behaviour of RC beams. Borges et al. (23) adapted a linear
softening curve (stress o, — strain € response) (Figure(4)) which requires knowledge of the concrete
compressive strength concrete (f,) and the critical damage strain (e..) as material properties of
concrete. According to this softening curve

E= &4 (1 - ;—:) (6)

v

€y

Figure 4: Compression softening in concrete



The assumption of a linear relationship between the concrete compressive stress and strain allows for
an analytical solution for flexural cracking at the same time capturing the important features of the
behaviour.

3.4 Model formulation

In this section, the local phenomena outlined above will be integrated to develop a fracture-based
model to describe the cracking process in reinforced concrete and provide an analytical solution for the
development of flexural cracks in RC beams from the onset of cracking until failure. To do this, an RC
beam with a rectangular cross section and effective depth d and width b is subjected to an external
bending moment M will be considered (Figure (5)). From the three cases indicated in the figure it
follows that
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Figure 5: Crack development stages, (a) when CMOD < C,, (b) when CMOD > C, and (c) with
compression softening

34.1 Case (a)— CMOD < C,, Steel elastic

d=a+s+t ()
=% (8)
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Longitudinal equilibrium gives
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)+ 05bsf; —05bo.t=0 ©)

While the reinforcement remains elastic, the steel force (SF) can be determined from
Equation (4) so SF = SF,;.

For a similar flexural crack, a relationship between CMOD and o, was developed (6)
considering the deformation in concrete and the compatibility of stresses and strain in the
top and bottom fibres of the beam section, where:

(1-9(1-2 @)
3.4.2 Case (b) - CMOD = C,., Steel may yield
d=a+s+t (12)

CMOD =

t= %s (12)



Longitudinal equilibrium gives

(13)
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If the steel remains in the elastic region, the steel force SF = SF,; and can be calculated from
Equation (4), and if the steel yields, the force after yielding can be calculated from Equation (5)
since SF = SFg,.

Considering the relationship between CMOD and o, (6)

@ (- D) "

3.4.3 Case (c)— CMOD > (,, Steel yields, Compression softening

d=a+s+t' +x (15)
o=l (16)
fe
(17)
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where ¢, is the strain corresponding to the compressive strength f,.

Longitudinal equilibrium gives

SF Cr : _ (18)
+05baf,( mios)+ 05bsf; = 05bfit' = 05bx (oc+ f) =0

The steel force (SF) can be calculated from Equation (5)

The relationship between CMOD and ¢, for case (b) can be modified as

2 () () 1+ ) () @
(1-7%5) '

Considering the three cases indicated above, the crack propagation of lightly reinforced concrete
beams can then be modelled by solving these equations for given steel and concrete properties.

CMOD =

4, Model results

A description of the cracking process is developed using the proposed model for different material

properties and beams at different sizes. Figure (6) shows the predicted dimensionless moment (f ;wdz)

versus relative crack length (3) for an RC beam with the properties shown in the figure and for different

reinforcement ratios (0.14% - 2%) where t,,,, and C, are material properties to be determined
experimentally. There are some kinks in the graphs which indicate a change between different stages
of behaviour. With sufficient reinforcement the crack propagates with increasing applied moment.
However, with low reinforcement ratios, in some regions, the applied moment shows a decrease in
capacity with crack propagation.

The model assumes a gradual loss of tensile strength with crack propagation and that the concrete
loses its tensile strength completely when the crack mouth opening equals the critical crack opening



(€.). The point at which there is a decrease in the moment capacity is associated with the complete
loss of the tensile stresses at the crack mouth as shown in Figure (6). Those stresses are then
transferred to the reinforcement. If the reinforcement is not able to compensate for the loss of the
concrete tensile stresses, the resistance decreases causing unstable crack propagation as noted for
the beams with reinforcement ratios (0.14-0.77)% in Figure (6). Stable behaviour is associated with the
development of the crack with increasing load whereas unstable behaviour is associated with the
propagation of the crack under decreasing load. With higher reinforcement ratios, the crack
propagation stage includes tensile softening until the tensile stresses diminish. If the stresses in the
concrete exceed the compressive strength (f.), the concrete in compression exhibits a softening
behaviour before failure and this depends on the geometrical and material properties.
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Figure 6. Moment-crack length prediction for RC beams with different reinforcement ratios.

5. Comparison with test results

To check the theoretical predictions, comparisons with experimental test results were undertaken. In
Figure (7) the predictions are compared with experimental data obtained by testing small scale
concrete beams subjected to three-point bending. The beams had a width of 100mm, a depth of
120mm and a total length of 840 mm with reinforcement ratios of 0.28% and 0.5% and a concrete
compressive strength of 30MPa or 45 MPa. The beams exhibited mode | fracture (crack opening) and
during testing crack measurements were taken by means of a non-destructive digital image correlation
technique. For further details of the test specimens and analysis techniques, please refer to (24). The
beams were tested under displacement control. It is of note that to get a better indication of a
decreasing branch of the crack length-moment diagram, the beams should be tested under CMOD
controlled tests. This may be a reason why the descending branches in Figure (7) are not always
captured; otherwise the model results show a good correlation with the experimental data.



4 , —
4 [[===—Analytical predictions == Analytical predictions 4 r——=Analytical predictions
3.5 || ==@=Experimental results 3.5 |_°_ ExE)enmentaII results 3.5 | ==@==Experimental results
3 | p=0.28%,b=100mm — 3| p=0.28%,b=100mm 3
E h = 120 mmfc = 45MPa E,5 | h=120mm,fc=30MPa E
225 22 =2.5
X z x
£ 2 € 2 g 2 ~
E15 Eis ELS
: Va
z 1 z,
p = 0.50%,b = 100mm
0.5 05 0.5 h = 120 mm.fc = 30MPa
0 0 0 T T
30 60 90 120 30 60 90 120 30 60 90 120
Crack length (mm) Crack length (mm) Crack length (mm)
@ ) ) ] (©
Figure 7. Theoretical predictions versus experimental results.
6. Ductility in reinforced concrete

Ductility can be defined as the ability of a material to provide sufficient deformation, and hence warning
prior to failure. Ductility is very important to ensure adequate warning before collapse. Carpinteri (10)
proposed a dimensionless brittleness number based on his developed LEFM Bridged Crack Model to
study the stability of the cracking process in lightly reinforced concrete beams and suggested a
brittleness number N, (subsequently referred to as ductility number (25))

1
y f, dz A, (20)
where K is the critical stress intensity factor. Low values of N,, are a sign of brittle behaviour and high
values give an indication of ductile behaviour.

The developed model includes further variables that are assumed to affect the cracking process.
These variables include the beam depth d, beam width b, concrete compressive strength f,
reinforcement ratio p, critical crack mouth opening C,., maximum shear stress between the
reinforcement and concrete t,,,,, elastic modulus of concrete E. and elastic modulus of steel Ej.
Figure (8) shows the effect of f, and t,,,, on the behaviour of a reinforced concrete beam. It is noted
that for the given parameters decreasing the concrete compressive strength increases the stability of
the cracking process; on the other hand, decreasing t,,,, decreases the cracking stability.
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Figure 8: The effect of (a) concrete compressive strength (b) shear strength on the cracking
process



According to the developed model, it was found that in general increasing the values of d, C,, p, E; and
Tmax iNCrease the stability of the cracking process and helps to avoid a brittle failure due to the fracture
of the reinforcement which can lead to a more ductile behaviour. In contrast, increasing the values of
f., E. and b decrease the stability of the cracking process. Therefore, these properties should be
reflected in a ductility measure to get a more representative indication of the ductility.

7. Conclusions

The proposed integrated fracture mechanics-based model is developed to describe the fracture
process in reinforced concrete by integrating different local phenomena such as the tension softening
of concrete to more precisely describe the behaviour of reinforced concrete beams. The model is
capable of describing the initiation as well as the propagation of flexural cracks. Also, it is able to
describe the post yielding behaviour as it considers the softening of concrete in compression and the
strain hardening of the reinforcement after yielding. The bond between steel and concrete was
modelled using a bond-slip model which gives a more accurate representation of the interaction
between the concrete and the steel than the perfect bond assumption and helps to reveal the main
parameters affecting the behaviour. Many assumptions related to the material behaviour were used to
minimize the variables in the model to get a closed-form solution for the stresses associated with
concrete cracking and the minimum reinforcement ratio, however, better accuracy can be achieved by
implementing more sophisticated description of the material behaviour into the model i.e a non-linear
softening behaviour can be assumed instead of linear behaviour.
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