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Chapter 1

Introduction

Since their invention and commercialisation at the start of the 20th century, synthetic polymers

have become ubiquitous. Synthetic or artificial polymers are typically produced via a polymerisa-

tion process during which monomers are covalently bonded to each other to create macromolecu-

lar chains. Different skeletal chain structures exist: the chains in the polymer may be represented

with two ends (linear polymers), they may have additional side chain branches (branched poly-

mers), or they may be shaped into three-dimensional networks (cross-linked polymers) (Young

and Lovell, 2011). For example, the structural formula of a linear polymethyl methacrylate

(PMMA) chain, comprising n repeat units based on the methyl methacrylate (MMA) monomer,

is shown in Fig. 1.1.

CH2
C

CH3

C

OO

CH3
n

Figure 1.1 The structural formula of linear, amorphous PMMA.
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Figure 1.2 Material property chart of strength σy versus density ρ showing clusters of common
man-made and natural materials. Adapted from Ashby (2010).

The macroscopic properties of a polymer are governed by many structural aspects, including but

not limited to, the skeletal structure, the nature of the constituent monomer(s), and the molecular

weight distribution (in the case of linear or branched polymers). Polymers encompass a unique

area in material property space due to this structural versatility. Most polymers can be formed

into complex shapes at low cost, are corrosion resistance, have a low coefficient of friction, and,

in some instances, are transparent (Ashby, 2010). In addition, they typically exhibit a strength

to weight ratio close to that of metals and ceramics, as shown in the strength σy versus density

ρ material property chart in Fig. 1.2. Many contemporary technical and non-technical products

comprise one or more polymeric components. These components come in various shapes and

sizes: polymeric materials can be found in mass-produced electronic products such as smart-

phones comprising polycarbonate (PC) shells (see Fig. 1.3a), in biomedical equipment such as

transparent intraocular lenses made of polymethyl methacrylate (PMMA) (see Fig. 1.3b), and

in load-bearing adhesively-bonded structural components of an aircraft (see Figs. 1.3c and 1.3d).

2



(a)

(c)

(b)

(d)

Figure 1.3 Examples of the many applications of synthetic polymeric materials: (a) a polycar-
bonate shell of a smartphone, (b) a polymethyl methacrylate intraocular lens used for
cataract surgery, and (c) the Saab 37 combat aircraft of which the adhesively bonded
metal-to-metal regions are shown in (d) (Hart-Smith and Strindberg, 1997).

A polymer may be combined with one or more different organic or inorganic material(s) to

produce a hybrid material, such as a carbon fibre- or a glass fibre-reinforced polymer (known as

CFRP and GFRP, respectively). Hybrid material concepts may exhibit outstanding combinations

of properties compared to those of their individual constituent materials. Composites such as

CFRP and GFRP have, for example, a high stiffness to weight and a high strength to weight

ratio, see Fig. 1.2. They are therefore attractive material candidates for load-bearing structures

in aerospace applications.

A polymeric foam is another example of such a hybrid material. It comprises of gas-filled voids

embedded in a polymer matrix. As shown in Fig. 1.2, polymeric foams typically exhibit low

strength, but have a relatively high strength to weight ratio. Polymeric foams excel, however, in

niche applications where, for example, low density materials with a high impact resistance or

with a low thermal conductivity are required (Gibson and Ashby, 2014). Most polymer foaming

processes rely on a blowing agent to nucleate and grow voids in a polymer matrix, while it is in

a molten state. However, during a solid-state foaming process, the temperature of the polymer

matrix remains close to the effective glass transition temperature. Microcellular and nanocellular

3
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polymeric foams, which comprise of voids that have dimensions orders of magnitude smaller

than those of conventional macrocellular polymer foams, can be made via the solid-state foam-

ing route, see Figs. 1.4a and 1.4b (Martini, 1981; Youn and Suh, 1985; Costeux, 2014). It is

theorised, though only confirmed to a limited extent, in the literature that nanocellular polymeric

foams (or polymeric nanofoams) may exhibit enhanced (mass-rationalised) mechanical (Miller

and Kumar, 2011; Costeux, 2014), thermal (Notario et al., 2014; Wang et al., 2017), acoustic

(Notario et al., 2016a), dielectric (Notario et al., 2016b), and optical (Martín-de León et al.,

2017) properties compared to macrocellular and microcellular foams. These enhanced proper-

ties are thought to be caused by the nano-scale confinement of the gas phase and the polymer

phase in the nanofoam (Costeux, 2014; Pinto et al., 2017). Polymeric nanofoams made of nano-

sized voids (< 200 nm) and of a relatively high porosity1 f (> 0.85) are required to fully exploit

these confining effects (Wang et al., 2017). The production of polymeric nanofoams with such a

morphology seems to be beyond the limit of the current state-of-the-art solid-state nanofoaming

process (Costeux, 2014; Okolieocha et al., 2015; Wang et al., 2017). This limit may be overcome

by an improved understanding of the complex interplay between the properties of the polymer

matrix and the processing conditions during solid-state nanofoaming.

(c)(a) (b)

5 �m20 �m 1 �m 

Figure 1.4 Scanning electron microscopy images of (a) a microcellular PMMA foam (Notario
et al., 2016a), (b) a nanocellular PMMA foam (Guo et al., 2015b), and (c) a (methax-
cryloyloxyethyl trimellitate adhesive layer containing (undesirable) microvoids (San-
tini and Miletic, 2008).

1 The porosity of a foam is defined as the ratio of the volume of the voids to the total volume of the foam.
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The nucleation and expansion of voids in a polymer may in some situations also lead to unde-

sirable degradation of the polymer’s macroscopic properties. An example of this phenomenon

is the fracture of polymeric adhesives from pre-existing flaws such as voids or cracks in bonded

joints. These flaws may originate from entrapped moisture in the surface layer of the adherends

or in the uncured adhesive components. They may also be caused by entrapped air during the

application of the adhesive, see Fig 1.4c (Bascom and Cottington, 1972; Pearce et al., 1998; Kat-

nam et al., 2011). The presence of voids or other defects in the adhesive layer may significantly

deteriorate the reliability of the joint (da Silva et al., 2018). The ability to accurately predict the

magnitude of the knock-down effects on the strength of the joint caused by voids and cracks

is of utmost importance for the design of safe and reliable load-bearing structures comprising

adhesive joints.

Scope of the thesis

The central theme of this thesis is the deformation and fracture of MMA-based polymers in

the context of void growth. Two applications are considered. The first part of the thesis aims

to develop an improved understanding of cavity expansion during solid-state nanofoaming of

PMMA. The focus of the second part of the thesis is to predict the dependence of the strength

of a polymer-based (e.g. MMA) structural adhesive joint upon the size of a pre-existing crack or

void in the adhesive layer. The thesis is structured as follows.

A literature review is presented in Chapter 2 and consists of two parts. The relevant literature

on polymeric nanofoams and the solid-state nanofoaming process is discussed in the first part

of the review. Emphasis is placed on solid-state foaming of PMMA using CO2 as the physical

blowing or foaming agent. The review also includes an overview of the constitutive laws for

PMMA in uniaxial tension close to the glass transition temperature. The second part of the

literature review focuses on adhesive joints. Design aspects for adhesive joints are explored and

the causes of defects in adhesive layers are briefly outlined. In addition, the role of constraint on

the strength and toughness of a confined adhesive layer containing pre-existing voids or cracks

is discussed.
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The first part of the thesis focuses on cavity growth during solid-state foaming of PMMA by

CO2. A series of uniaxial tensile tests on an PMMA grade of high molecular weight near the

glass transition temperature and over two decades of strain rate are conducted in Chapter 3.

Constitutive equations are calibrated to construct deformation mechanism and failure maps. In

addition, uniaxial tensile tests are performed on an PMMA grade of a markedly lower molecular

weight. The regimes of deformation and failure of the low molecular weight PMMA are com-

pared with those of the high molecular weight PMMA. Solid-state nanofoaming experiments on

the low and high molecular weight PMMA grades tested in Chapter 3 are reported in Chapter 4.

The dependence of foaming temperature, foaming time, and molecular weight upon the final

morphology of the PMMA nanofoams is reported. A one dimensional numerical void growth

model is developed in Chapter 5 to predict cavity expansion during the solid-state foaming

process. The foaming model makes use of constitutive laws calibrated to the measured stress-

strain response of the two PMMA grades in uniaxial tension. The final porosity of the PMMA

nanofoams is predicted as a function of foaming time and foaming temperature, and these pre-

dictions are compared with the measured values of porosity reported in Chapter 4. In addition,

cell wall failure criteria are explored to explain the observed limit in achievable porosity.

The second part of the thesis focuses on the fracture of adhesively-bonded joints from pre-

existing flaws in the adhesive layer. The results of an introductory experimental case study are

presented in Chapter 6; an MMA adhesive butt joint is tested in tension. Additional uniaxial

tensile tests and single edge notch bending tests are conducted to characterise the bulk properties

of the MMA adhesive. The tensile strength of a joint comprising a linear, elastic substrate and

a linear, elastic adhesive layer is predicted in Chapter 7. An analytical framework is developed

to explore the roles of crack length, adhesive layer height, joint width, and material mismatch

on the strength of the joint. The presence of a process zone at the crack tip is accounted for

by making use of a strip yield model. Finite element calculations are conducted to verify the

analytical theory, and failure maps are constructed. The analytical model presented in Chapter 7

is validated by an experimental case study in Chapter 8 with a sandwich layer comprising

a centre-cracked cellulose acetate strip and two aluminium alloy substrates. Uniaxial tensile

tests and fracture toughness tests on the cellulose acetate are conducted. The tensile strength

of the sandwich layer is measured as a function of crack length and adhesive layer height, and
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compared with the predicted curves obtained via the analytical theory.

Concluding remarks and suggestions for future work are presented in Chapter 9.

Published works

Two papers have been published in an international scientific journal, the references are given

below:

Based on Chapter 3:

Van Loock, F. and Fleck, N.A. (2018). Deformation and failure maps for PMMA in uniaxial

tension. Polymer, 148:259-268.

Based on Chapters 7 and 8:

Van Loock, F., Thouless, M.D., and Fleck, N.A. Tensile fracture of an adhesive joint: the role of

crack length and of material mismatch. (2019). Journal of the Mechanics and Physics of Solids.

130:330-348.

A publication based on Chapters 4 and 5 is currently under review:

Van Loock, F., Bernardo, V., Rodríguez Pérez, M.A., and Fleck, N.A. The mechanics of solid-

state nanofoaming. Under review.

References for other publications of the author on PMMA nanofoams are given below. Although

the content of these collaborative publications is not included in this thesis, they contributed

significantly to the author’s understanding of the solid-state foaming process and the dependence

of the properties of PMMA nanofoams upon their morphology.

Bernardo, V., Van Loock, F., Martín-de León, J., Fleck, N.A., and Rodríguez Pérez, M.A. (2019).

Mechanical properties of PMMA-sepiolite nanocellular materials with a bimodal cellular struc-

ture. Macromolecular Materials and Engineering. 1900041
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Martín-de León, J., Van Loock, F., Bernardo, V., Fleck, N.A., and Rodríguez Pérez, M.A. The

influence of cell size on the mechanical properties of PMMA nanofoams. Under review.
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Chapter 2

Literature review

An overview of the relevant literature on the two research objectives introduced in Chapter 1 is

presented. The first part focuses on the topic of polymeric (PMMA) nanofoams. The following

research questions are addressed:

• What are polymeric nanofoams and why have they attracted substantial research interest

during the last decade?

• How does the solid-state nanofoaming process work?

• Which polymers are attractive candidates to produce high porosity nanofoams via the

solid-state foaming route?

• How can one predict void growth during foaming of polymers?

• How can one describe the constitutive behaviour of PMMA in uniaxial tension close to

the glass transition temperature in order to predict void growth during solid-state foaming

of PMMA?

The second part of the literature review addresses the topic of adhesive joints, and the predic-

tion of the strength of constrained adhesive layers containing voids and cracks. The following

research questions are considered:

• What are adhesive joints, and which polymeric-based adhesives and adhesive joint designs

are commonly used?
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• Which defects may be present in an adhesive layer and how do they occur?

• How can one predict the strength of adhesive joints containing these defects?

• What is the role of constraint on the fracture behaviour of a compliant adhesive layer when

clamped between stiffer substrates?

2.1 Polymeric nanofoams

2.1.1 Introduction to polymeric nanofoams

The first synthetic polymeric foams were introduced in the 1930s, shortly after the commerciali-

sation of the first synthetic polymers (Lee and Ramesh, 2004). An increase in industrial demand

led to continued development of polymer foaming technologies. One of these developments was

the invention of the solid-state foaming process by Suh and co-workers in the 1980s. Microcel-

lular foams with cell sizes in the order of 1 µm to 100 µm can be produced by the solid-state

foaming process during which a physical blowing agent (e.g. CO2) is used to nucleate and grow

cells in a polymer matrix (e.g. PMMA). A microcellular foam may offer a 10% to 30% reduction

in mass compared to a conventional macrocellular foam of identical tensile strength and impact

resistance (Youn and Suh, 1985; Colton and Suh, 1987; Kumar et al., 1994). Microcellular

foams are now used in applications such as the soles of running shoes and automobile interior

parts.

Further improvement of the solid-state foaming process during the last two decades allowed

researchers to produce nanocellular foams or nanofoams with cell sizes in the order of 10 to

100 nm (Krause et al., 2001). As mentioned in Chapter 1, polymeric nanofoams have attracted

a lot of attention during the last decade as this relatively new class of porous polymers may

exhibit enhanced (mass-rationalised) properties with respect to macro- or microcellular foams

(Schmidt et al., 2007; Costeux, 2014; Wang et al., 2017; Martín-de León et al., 2017).

One of these highly cited properties is their thermal conductivity λ , which may be lower than

that of air (λair = 0.025 W m−1K−1 at standard temperature and pressure) due to the Knudsen

10



2.1 Polymeric nanofoams

effect1. That is, when the average cell size l of the nanofoam is in the order of the mean free path

ξ of the gas molecules in the cells (close to 70 nm for air at standard temperature and standard

pressure), the thermal conductivity of the gas phase in the nanofoam is significantly reduced

(Schmidt et al., 2007; Wang et al., 2017). The dependence of the thermal conductivity of a gas

λgas in a porous solid upon the average void size may be predicted by the Knudsen equation (Lu

et al., 1992):

λgas = λ 0
gas

(

1+2β
l

ξ

)−1
(2.1)

where λ 0
gas is the thermal conductivity of the unconfined gas at standard conditions and β a

constant close to 2 for air. Equation 2.1 is plotted in Fig. 2.1 for air (ξ = 70 nm at standard

temperature and pressure, β = 2). The experimental observation of the ratio λgas/λ 0
gas being

lower than unity, for l/ξ lower than or close to unity as predicted by Eq. 2.1, is well-documented

for (in)organic aerogels and porous ceramics in the literature: see, for instance the work of Lu

et al. (1995) and Nait-Ali et al. (2006). The first experimental validation of the Knudsen effect

in polymeric nanofoams was reported by Rodriguez-Perez and co-workers (Notario et al., 2014).

The reported thermal conductivity of the air phase in nano- and microcellular PMMA foams

and in macrocellular polyethylene foams by Notario et al. (2014) is plotted as a function of

normalised cell size l/ξ in Fig. 2.1.

Wang et al. (2017) developed a model to predict the thermal conductivity of a polymeric

nanofoam by taking into account the Knudsen effect as well as phonon-scattering and thin-film

interference phenomena. According to the predictions of Wang et al. (2017), the thermal conduc-

tivity of a polymeric nanofoam may be close to or below 0.025 W m−1K−1 when the average

void size l is below 200 nm and the porosity f of the foam is above 0.85, which requires a cell

1 The Knudsen effect describes the reduced thermal conductivity of the gas phase in a porous solid when the cell
size is close to the mean free path of the gas molecules filling the pores. At this critical cell size, the probability
of a gas molecule in a void colliding with the solid phase confining the void significantly increases, while the
probability of collision with another gas molecule reduces. This effectively reduces the thermal conduction of
the gas phase. A polymeric foam with nano-sized cells may therefore have a thermal conductivity lower than the
thermal conductivity of the unconfined gas phase at standard conditions, given the foam is of high porosity to
reduce the contribution of the thermal conductivity of the solid phase to the overall thermal conductivity of the
foam (Schmidt et al., 2007; Notario et al., 2014).
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Figure 2.1 The reported thermal conductivity λgas of the gas phase in nano- and microcellular
PMMA foams and in macrocellular polyethylene foams by Notario et al. (2014) as a
function of normalised void size l/ξ . The λgas versus l/ξ curve predicted by Eq. 2.1
for ξ = 70 nm and β = 2 is included. Adapted from the work of Notario et al. (2014).

nucleation density2 close to or above 1021 m−3.

Costeux (2014) reviewed the large amount of experimental studies focusing on the effect of

solid-state foaming conditions and the choice of polymer precursor on the final morphology

of the foam (i.e. cell nucleation density Nd, average void size l, and porosity f ). The various

polymer precursor material systems used to produce nanofoams in the literature are plotted on

a porosity f versus void size l map shown in Fig. 2.2. Key references per material system are

summarised in Table 2.1. Idealising the foam as a regular array of equisized spherical voids

within the polymer matrix, the porosity f is related to the diameter l of the voids via (Kumar and

Suh, 1990):

f =
(

1+
6

πl3Nd

)−1
(2.2)

The predicted f versus l curves via Eq. 2.2 for nucleation densities ranging from Nd = 1020 m−3

to Nd = 1026 m−3 are plotted in Fig. 2.2. The review by Costeux (2014) on experimental studies

2 The cell nucleation density Nd is defined as the amount of voids per unit volume of unfoamed material.
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Figure 2.2 Map of porosity f versus average void size l of polymeric nanofoams produced by
solid-state foaming in the literature, grouped per polymer precursor material system.
The predicted f versus l curves via Eq. 2.2 for various values of nucleation density
Nd are included. The plot is an updated version of Fig. 5 in the review of Costeux
(2014). References for each material system are given in Table 2.1.

of solid-state nanofoaming dicusses the trade-off between porosity and cell size of a polymeric

nanofoam. Polymeric nanofoams of l < 200 nm are reported for a nucleation density above

1021 m−3, but their porosity is limited to close to 0.85: see, for example, Aher et al. (2013) and

Costeux and Zhu (2013). The observed porosity limit for nanofoams with a nucleation density

above 1021 m−3 may be due to the fact that the walls between the nano-sized cells are limited

to the end-to-end distance of the individual polymer chains (Pinto et al., 2017; Bernardo et al.,

2019). Polymeric nanofoams of porosity on the order of 0.8 to 0.9 have been produced, but their

cell size is well above 200 nm (and Nd ≪ 1021 m−3) (Costeux, 2014; Martin-de León et al.,

2016). The microstructural requirement for polymeric nanofoams with a thermal conductivity

lower than the thermal conductivity of air is currently beyond the practical limit of the state-of-

the-art solid-state nanofoaming process (Okolieocha et al., 2015; Wang et al., 2017).

Some studies have been conducted to characterise the mechanical properties of polymeric

nanofoams, often in comparison with those of macrocellular or microcellular foams made of
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Table 2.1 Key references for the different precursor material groups in Fig. 2.2. The highest
observed value for the porosity fmax, and the associated values for the cell size l and
nucleation density Nd in each reference are reported.

Material system Reference fmax l (nm) Nd (m−3)

Acrylics
(PMMA,
PMMA-MAM, ...)

(Reglero Ruiz et al., 2011) 0.7 300 7.6 ×1019

(Costeux and Zhu, 2013) 0.82 180 1.5×1021

(Martin-de León et al., 2016) 0.73 204 3.4×1020

(Martín-de León et al., 2017) 0.6 14 6.9×1022

PEI, PI
(Miller and Kumar, 2011) 0.54 80 2×1020

(Aher et al., 2013) 0.62 50 >1021

Block co-polymers (Dutriez et al., 2012) 0.3 20-70 ∼1021

PP, PE
(Lee et al., 2005) 0.16 ∼200 2.9×1019

(Ameli et al., 2014) 0.4 200 ∼1019

the same parent polymer. Miller and Kumar (2011) performed unaxial tensile tests on nanocel-

lular and microcellular PEI foams of identical porosities. Miller and Kumar (2011) found that

PEI nanofoams have an increased tensile failure strain and tensile failure strength compared

to their microcellular counterparts, whereas the measured Young’s modulus was found to be

independent of void size. Sharudin and Ohshima (2011) reported that the tensile yield strength

of polypropylene-based nanofoams is close to the yield strength of the solid parent polymer,

though the tensile failure strain of the nanofoam was found to be lower than the tensile failure

strain of the solid polymer. Notario et al. (2015) found that the material performance index for a

light, stiff beam in bending E1/2/ρ (where E is the Young’s modulus and ρ is the density) and

the impact resistance measured by Charpy tests for an PMMA nanofoam exceeded that for a

microcellular PMMA foam. They attributed this stiffening to the fact that the average size of the

cell walls between the nano-sized voids is in the order of the size of the individual PMMA chains.

It is clear that polymeric nanofoams are attractive material candidates for a wide range of appli-

cations where polymeric foams are currently used for: e.g. construction, packaging, automotive,

aerospace, and microelectronics (Eaves, 2004; Ashby, 2010; Costeux, 2014). Especially PMMA

(and other MMA-based) nanofoams, exhibiting some of the highest porosities and lowest cell

sizes reported in the literature, have a potential to be used in applications where materials of low

density and low thermal conductivity are required. The use of PMMA nanofoams for industrial

purposes is, however, still impeded by the practical issue of making homogeneous, defect-free
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polymeric foams with nano-sized voids and of high porosity via the solid-state foaming route.

The solid-state nanofoaming process is reviewed in detail in the next section.

2.1.2 The solid-state nanofoaming process

Several processing techniques are available to produce polymeric foams with nano-sized pores

including but not limited to sol-gel techniques to produce organic aerogels (Lu et al., 1992, 1995),

the use of block co-polymers with sacrificial blocks (Hedrick et al., 1995; Hamley, 2003), and

the solid-state foaming process (or gas dissolution process) by saturating a polymer precursor

with a a physical blowing agent such as CO2 (Costeux, 2014; Martin-de León et al., 2016). The

solid-state foaming route is explored in this thesis.

2.1.2.1 Processing steps

As reviewed above, the solid-state nanofoaming process is based on the batch foaming process

originally developed by Suh and co-workers to manufacture microcellular foams (Martini, 1981;

Youn and Suh, 1985; Kumar and Suh, 1990). The process typically consists of three distinct

phases (Costeux, 2014; Forest et al., 2015; Martin-de León et al., 2016):

1. The saturation phase

An inert gas is dissolved into a polymer precursor in a pressure vessel. The gas pressure

psat and temperature Tsat within the vessel are maintained until the polymer is saturated.

For a given combination of polymer precursor and blowing agent, psat and Tsat dictate the

equilibrium or saturation concentration of dissolved gas molecules into the polymer.

2. The nucleation phase

Once the polymer is saturated, the pressure in the vessel is rapidly decreased to supersat-

urate the polymer-gas system. Consequently, voids of gas molecules nucleate within the

polymer-gas mixture. If the temperature of the precursor is close to or above the effective

glass transition temperature of the solid upon depressurisation, simultaneous nucleation

and growth of the voids takes place, this is known as a ‘one step process’. On the other

hand, if the precursor’s temperature is below the effective glass transition temperature of

the solid, a separate void growth phase is required, this is known as the ‘two step process’.
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3. The void growth and stabilisation phase

The nucleated polymer-gas system is heated in a thermal bath to a temperature close to

or above the polymer-gas solid’s effective glass transition temperature to induce growth

of the pressurised nucleated voids. Gas molecules diffuse out of the polymer melt into the

expanding voids until their growth is terminated, for instance, by quenching of the foams.

Various processing conditions and material properties play a convoluted role during the solid-

state nanofoaming process outlined above. Consider the case of solid-state nanofoaming of an

PMMA precursor using CO2, as detailed in the work of Martin-de León et al. (2016). Some of

the key processing variables are traced as a function of time to gain a more detailed understand-

2. Nucleation 3. oid growth

External CO2

pressure

30 MPa

C
0 wt%

25 wt%

Tg

T

115 °C    

20 °C    

0 °C    

0.1 MPa

∼25 wt%

-20 °C    

∼10 wt%

Tf    

Time 

(not to scale)

Figure 2.3 The typical change of key process variables (ambient pressure, dissolved gas con-
centration C, the effective glass transition temperature Tg and temperature T of the
polymer-gas solid) as a function of time for a two-step solid-state nanofoaming pro-
cess of PMMA by CO2. Figures are approximate and based on data reported by Pinto
(2014) and Martin-de León et al. (2016).
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ing on how processing conditions affect void nucleation and growth, see Fig. 2.3.

As illustrated in Fig. 2.3, an PMMA precursor is first saturated with CO2 by subjecting it to a

relatively high gas pressure, i.e. psat = 30 MPa, corresponding to a equilibrium weight concentra-

tion3 C of dissolved CO2 close to 25 wt% at a saturation temperature close to room temperature.

Note that, in general, the higher the equilibrium concentration, the higher the cell nucleation

density, which is critical to obtain polymeric foams of high porosity with nano-sized voids as

shown in Fig. 2.2 (Costeux, 2014; Martín-de León et al., 2017). Dissolving CO2 into a linear,

amorphous polymer lowers its effective glass transition temperature, as shown in Fig. 2.3. The

solubility of CO2 into PMMA, as well as the dependence of the glass transition temperature upon

CO2 concentration, is reviewed in detail below. The saturation phase typically takes place at a

maintained temperature4. When the effective glass transition temperature of the PMMA-CO2

solid decreases to a value below the chosen saturation temperature, the resulting polymer-gas

solid may transition from a glassy constitutive state to a glass transition or rubbery constitutive

state.

Once the precursor is saturated, the CO2 pressure is rapidly decreased at an instantaneous pres-

sure release rate ranging from 1 MPa s−1 to 100 MPa s−1 (Khan et al., 2015; Martin-de León

et al., 2016). The fast pressure release induces void nucleation and also adiabatic cooling of the

expanding gas as a result of the Joule-Thomson effect (Costeux, 2014). Therefore, the nucleated

sample’s temperature decreases and the polymer-gas solid may transition back to the glassy

state. If this is the case, expansion of the nucleated cavities is impeded and a third growth phase

is required to foam the nucleated solid.

A distinct void growth phase is often preferred to have an improved control of the final morphol-

ogy of the foam (Costeux, 2014). To that end, the nucleated sample is heated in a thermal (water

or oil) bath with a maintained foaming temperature Tf. Consequently, the solid material between

the voids softens and the nucleated voids expand as a result of the pressure difference between

3 The weight concentration C is defined with respect to the total mass of the PMMA-CO2 solid.
4 The saturation temperature is often set to room temperature for practical convenience. However, the CO2 sol-

ubility of a linear, amorphous polymer such as PMMA typically increases with decreasing temperature. This
effect has successfully been exploited by Martín-de León et al. (2017) to produce the first transparent polymeric
nanofoams.
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the ambient pressure and gas pressure in the bubble. Simultaneously, dissolved CO2 molecules

diffuse out of the solid into the growing cavities. The decreasing CO2 concentration increases

the effective glass transition temperature of the solid phase. During the resulting vitrification

process, the void growth rate slows down and the final morphology of the foam may be attained.

In some cases, void growth is terminated by quenching the foamed sample in a water bath at a

temperature much lower than than the foaming temperature Tf.

2.1.2.2 Solubility of CO2 in PMMA

The equilibrium concentration of CO2 in PMMA is governed by the CO2 pressure and by the

temperature (Pantoula and Panayiotou, 2006). Various experimental methods have been em-

ployed in the literature to measure the dependence of the CO2 equilibrium concentration in

PMMA upon pressure and upon temperature for pressure and temperature regimes relevant for

solid-state nanofoaming of PMMA by CO2 (i.e. p ranges between 0.1 MPa and 30 MPa and T

ranges from 20 °C to 100 °C). Liau and McHugh (1985) used an in-situ barometric technique

to measure the dependence of CO2 weight concentration C upon CO2 pressure p. Shieh and

Liu (2002) measured C as a function of p by measuring the mass of the saturated PMMA-CO2

samples with a weight balance after depressurisation. Rajendran et al. (2005) used an in-situ

gravimetric analysis to report the dependence of C upon p. The measured data for C as a func-

tion of p for an PMMA-CO2 mixture, as reported by Liau and McHugh (1985), Shieh and Liu

(2002), and Rajendran et al. (2005) are plotted in Fig. 2.4. There is some scatter between the

C versus p curves reported by the different references for close to identical temperatures. This

scatter is attributed to the use of different measurement methods and different PMMA grades

which may have been subjected to different thermal histories.

The C versus p curve for a glassy polymer may be predicted by the use of a dual-sorption

model comprising an idealised linear dissolution term and a Langmuir (void filling) sorption

term: (Barrer et al., 1958):

C = kD p+
kSbp

1+bp
(2.3)
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Figure 2.4 Measured equilibrium weight concentration C of CO2 into PMMA as a function of
CO2 pressure p as reported by Liau and McHugh (1985), Shieh and Liu (2002), and
Rajendran et al. (2005) for selected temperatures.

where kD is a solubility coefficient, b is a gas affinity parameter, and kS is a saturation coeffi-

cient. These coefficients5 have to be calibrated to measured concentration versus pressure and

temperature data for a given polymer-gas system. The Langmuir sorption term becomes close to

independent6 of gas pressure at an elevated gas pressure and the C versus p trend is dominated

by the linear dissolution term. The C versus p trend of polymers in the glass transition or rub-

bery state (i.e. T /Tg close to or above unity) is commonly approximated by Henry’s law (Van

Krevelen and Te Nijenhuis, 2009):

C = kH p (2.4)

A linear and temperature-independent concentration versus pressure curve, as predicted by Eq.

2.4, is a reasonable approximation when predicting void growth during solid-state nanofoaming

of PMMA by CO2 (i.e. p ranges from 0.1 MPa to 30 MPa and T ranges from 20 °C to 100 °C),

see Fig. 2.4.

5 The coefficients of Eq. 2.3 may be assumed to be sensitive to temperature when a strong dependence of the
solubility isotherms upon temperature is observed.

6 lim
p→∞

kSbp
1+bp

= kS.
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2.1.2.3 The dependence of the effective glass transition temperature of PMMA upon CO2

concentration

The dissolution of CO2 into a linear, amorphous polymer such as PMMA reduces the glass

transition temperature Tg of the PMMA-CO2 solid. This plasticisation effect is attributed to the

increased mobility of PMMA chains due to lubrication by the CO2 molecules, and the decrease

of the intermolecular bond strength as the CO2 molecules increase the spacing between the

PMMA chains (Alessi et al., 2003; Verreck et al., 2006). A range of experimental techniques

have been used in the literature to determine the value of Tg of PMMA as a function of CO2

weight concentration C. Chiou et al. (1985) made use of differential scanning calorimetry to

measure Tg/T 0
g as a function of C, where T 0

g is the glass transition temperature of the polymer

absent the dissolved gas. Likewise, Wissinger and Paulaitis (1991) measured the dependence of

Tg/T 0
g upon C based on creep compliance measurements. Guo and Kumar (2015) made use of

solid-state foaming experiments to observe the relation between Tg/T 0
g and CO2 concentration

for an PMMA-CO2 mixture. The reported Tg/T 0
g versus C curves for PMMA-CO2, as reported

by Chiou et al. (1985), Wissinger and Paulaitis (1991), and Guo and Kumar (2015) are shown

in Fig. 2.5.
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Figure 2.5 Normalised effective glass transition temperature Tg/T 0
g of the PMMA-CO2 solid

as a function of CO2 weight concentration C as reported by Chiou et al. (1985),
Wissinger and Paulaitis (1991), and Guo and Kumar (2015), and the Tg/T 0

g versus C

curve predicted by the fitted version of Eq. 2.7 to the plotted experimental data.
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Chow (1980) used statistical thermodynamics to predict Tg/T 0
g as a function of C and introduces

a parameter θ :

θ =
M

p
w

zM
g
w

C

1−C
(2.5)

where M
p
w is the molecular weight of the polymer repeat unit (Mp

w = 110.12 g mol−1 for a methyl

methacrylate monomer), M
g
w is the molecular weight of the gas (Mg

w = 44.01 g mol−1 for CO2),

and z is a lattice coordination number equal to 2 as suggested by Chow (1980). In addition, Chow

(1980) defines a parameter β :

β =
zR

M
p
w∆Cp

(2.6)

where R is the universal gas constant and ∆Cp is the change in specific heat capacity of the

polymer absent the dissolved gas at the glass transition at constant pressure. According to Chow

(1980), the normalised glass transition temperature Tg/T 0
g is predicted as a function of dissolved

gas weight concentration C by:

Tg

T 0
g
= exp

[

β
(

(1−θ)ln(1−θ)+θ lnθ
)]

(2.7)

Equation 2.7 is curve fitted to the measured Tg/T 0
g versus C for PMMA-CO2 data shown in

Fig. 2.5. The fitted value for ∆Cp equals 355 J kg−1 K−1 which is slightly higher than the mea-

sured value of ∆Cp (= 312 J kg−1 K−1) by DSC for PMMA as reported by Chiou et al. (1985).

More insight into the role of processing conditions and materials properties on void growth

during solid-state nanofoaming is obtained by predicting void growth during the growth phase

of the solid-sate foaming process. A selection of void growth models for foaming processes

reported in the literature are reviewed in the next section.

2.1.3 Void growth models for foaming processes

The prediction of the growth of a pressurised spherical void in a viscous liquid has been a

topic of research long before the invention of synthetic polymeric foams. Amongst others, Lord
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Rayleigh contributed to the theory on this subject, leading to the well-known Rayleigh–Plesset

equation. This ordinary differential equation can be solved to predict the radius of a pressurised

void in an infinite, viscous liquid in time (Lord Rayleigh, 1917; Plesset, 1949).

2.1.3.1 Single void models

A more accurate model to predict void growth during a liquid (or viscous) polymer foaming

process was developed by Barlow and Langlois (1962) based on the work of Epstein and Plesset

(1950) who reported solutions for the rate of growth of a void in an oversaturated liquid-gas

mixture. Barlow and Langlois (1962) considered the growth of a single void in an infinite linear,

viscous polymer melt. Emphasis was placed on incorporating the diffusion of dissolved gas

molecules from the polymer melt into the expanding void. The resulting governing equations of

the single void growth model are (i) an equilibrium equation, (ii) a mass conservation statement,

and (iii) a mass diffusion equation. Moreover, Henry’s law (Eq. 2.4) is used to relate the pres-

sure p in the void to the concentration of gas in the melt at the surface of the void. A simplified

solution for this coupled system of non-linear ordinary differential equations is obtained by as-

suming that the concentration gradient at the interface between the void and melt develops over

a thin boundary layer as suggested by Patel (1980). Favelukis et al. (2000) explored the effect of

non-ideal gas assumptions by extending the model of Patel (1980) with a van der Waals equation

of state combined with the more sophisticated Flory-Huggins theory (instead of Henry’s law) to

relate p to C at the surface of the void. Favelukis et al. (2000) reported some minor differences

between the predicted void growth curves obtained by either ideal or non-ideal assumptions in

the context of polymer devolatilisation processes.

Extensive research has also been conducted on the effect of the choice of the viscous or vis-

coelastic constitutive law of the polymer melt on void growth. Street (1968) extended the single

void model by treating the polymer melt as a viscoelastic fluid (three constant Odroyd fluid).

The calculations of Street (1968) demonstrated that the initial rate of growth of a void in an

infinite, viscoelastic melt can be an order of magnitude higher compared to the void growth rate

in a linear, viscous (Newtonian) melt of identical shear viscosity. Street (1968) attributed this to

the lower effective stresses that occur far away from the surface of the growing void in the case
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of a viscoelastic melt in comparison to void growth in a linear, viscous melt. In a subsequent

work Street et al. (1971) also predicted the growth of the void in a melt which is assumed to be

non-Newtonian by use of a power law. The numerical work of Street and co-workers stipulates

the significance of the choice of the constitutive law(s) of the polymer on void growth (Street,

1968; Street et al., 1971).

2.1.3.2 Multiple void models

Single void growth models allow one to study the effect of various processing parameters and

material properties on void growth during foaming processes. Amon and Denson (1984) argued,

however, that the simultaneous growth of multiple voids in a polymer melt should be considered

for a more realistic idealisation of cavity expansion during the foaming process. Consequently,

Amon and Denson (1984) developed a multiple void growth model whereby the virtual envelope

of melt surrounding each nucleated void has a limited amount of dissolved gas. Arefmanesh

and Advani (1991) used the model of Amon and Denson (1984) to predict void growth in

a viscoelastic melt by using the upper-convected Maxwell constitutive equation. In a subse-

quent work, Arefmanesh and Advani (1995) reported predicted void growth curves by taking

non-isothermal foaming conditions into account. Arefmenesh and co-workers concluded that

primarily the initial void growth stage depends on the assumption for the constitutive behaviour.

2.1.3.3 Influence volume based models

Shafi et al. (1996) developed a more sophisticated void growth model taking into account the fact

that void nucleation and growth may take place at the same time7. To that end, Shafi et al. (1996)

assumed a lowered nucleation probability in the influence region surrounding an as-nucleated

void and assumed the nucleation of voids to stop once the total volume of the influence spheres

assigned to each nucleated void is equal to the volume of the melt. The void growth rate was

found to increase as a function of (i) increasing diffusion coefficient of the gas in the polymer

and (ii) increasing solubility of the gas in the polymer. The influence volume model of Shafi et al.

7 This assumption is applicable for conventional (e.g. extrusion) liquid foaming processes as well as the one-step
solid-state foaming process detailed above, though not appropriate for a two-step solid-state foaming process for
which void nucleation and growth may be analysed separately.

23



Literature review

(1996) was extended by Feng and Bertelo (2004) by incorporating a heterogeneous nucleation

model and a viscoelastic Oldroyd-B law for the melt. The computed void growth curves by Feng

and Bertelo (2004) were found to be in reasonable agreement with the outcomes reported by

Han and Yoo (1981) who performed a series of injection foaming experiments on polystyrene.

In addition, the predicted final void size distributions by Feng and Bertelo (2004) were found

to be close to the measured void size distributions by Kieken (2001) who conducted extrusion

foaming tests on polystyrene.

2.1.3.4 Predicting void growth during solid-state nanofoaming

In contrast to the substantial body of experimental work on polymeric nanofoams produced by

solid-state foaming, as reviewed by Costeux (2014), and the development of cell growth models

for liquid state foaming processes as reviewed above, theoretical studies on cell growth during

solid-state nanofoaming are limited. Costeux and co-workers (Costeux et al., 2014; Khan et al.,

2015) simulated void nucleation and void growth during solid-state nanofoaming of acrylate

co-polymers by making use of the model of Shafi et al. (1996). They conducted a series of

nanofoaming experiments and obtained good agreement between the predicted and measured

cell size and cell size distributions. However, this model overestimates the measured final poros-

ity of the nanofoams. The mismatch between the simulated and the measured porosity of acrylic

nanofoams may be due to (i) the assumption that cell growth terminates when the glass transition

temperature of the polymer-gas solid is equal to the foaming temperature and/or (ii) the assump-

tion that the polymer-gas solid surrounding the cell is in a liquid (viscous) state throughout the

solid-state foaming process. In reality, void growth occurs at a temperature close to the glass

transition temperature of the solid surrounding the void.

2.1.4 Constitutive laws for PMMA in uniaxial tension

The review on void growth models in the literature revealed (i) the importance of the choice of

the constitutive law of the polymer-gas solid in which the voids grow and (ii) that no attempts,

to the author’s knowledge, have been done to predict void growth during the growth stage of

a solid-state nanofoaming process focusing on the appropriate constitutive laws for the (bi-

axially extended) solid surrounding the growing voids. The focus in this thesis is on solid-state

nanofoaming of PMMA by CO2; a brief review of the regimes of deformation and failure for
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a linear, amorphous polymer such as PMMA in unaxial tension close to the glass transition

temperature is presented below.

Gilbert et al. (1986) identified four constitutive regimes for a linear, amorphous polymers de-

formed in uniaxial tension. These regimes are the (i) glassy, (ii) glass transition, (iii) rubbery,

and (iv) viscous flow regimes in sequence of increasing temperature T or of decreasing strain

rate ε̇ , see Fig. 2.6a. The typical stress versus strain response associated with each regime is il-

lustrated in Fig. 2.7a (nominal tensile stress S versus nominal tensile strain e) and Fig. 2.7b (true

tensile stress σ versus true (logarithmic) tensile strain ε). In a subsequent study, Bin Ahmad and

Ashby (1988) reported similar plots for the rate and temperature dependent flow strength σy by

an analogous approach, see Fig. 2.6b. Little data exists in the literature on the true tensile failure

strain εf of PMMA as a function of temperature and strain rate. A possible trend is depicted in

Fig. 2.6c, as based on the studies of Cheng et al. (1990), Smith (1963) and Vinogradov (1975).

Cheng et al. (1990) measured εf in the glassy regime, Smith (1963) elucidated the effect of

rate and temperature on εf for cross-linked elastomers near the glass transition temperature,

and Vinogradov (1975) investigated the effect of strain rate on εf for monodisperse, amorphous

polymer melts.

The regimes of deformation and failure for PMMA are reviewed in more detail in this section.

For each regime, the mechanisms of molecular deformation and failure are discussed and con-

stitutive laws used to describe the small strain, viscoelastic and the large strain, viscoplastic

behaviour are summarised.

2.1.4.1 The glassy regime and the glass transition regime

The small strain, viscoelastic response

The glassy regime exists at temperatures below the glass transition, T /Tg < 1. Yannas and Luise

(1982) developed an analytical model predicting the dependence of the the glassy modulus Eg

on T /Tg by considering rotation of polymer chain segments restricted by intramolecular and

intermolecular energy barriers. A first order approximation of this model predicts Eg to decrease
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Figure 2.6 Constitutive trends from the literature for a linear, amorphous polymer of high molec-
ular weight in uniaxial tension at temperatures close to its glass transition: (a) vanish-
ing strain modulus E as a function of T /Tg for two distinct strain rates (Gilbert et al.,
1986), (b) flow strength σy as a function of T /Tg for two distinct strain rates (Bin
Ahmad and Ashby, 1988), and (c) true tensile failure strain εf as a function of T /Tg

for two distinct strain rates (Smith, 1963; Vinogradov, 1975; Cheng et al., 1990).
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Figure 2.7 Illustration of the typical stress versus strain response of PMMA in uniaxial tension,
around and above the glass transition temperature for identical strain rates: (a) nomi-
nal stress S versus nominal strain e at constant nominal strain rate ė and (b) true stress
σ versus true strain ε at constant true strain rate ε̇ . As the temperature increases for
a fixed rate, the response evolves through the following constitutive regimes: (i) the
brittle (elastic) glassy, (ii) the plastic yielding glassy, (iii) the glass transition, (iv)
the rubbery, and (v) the viscous flow regime. Crosses at the end of the curves denote
failure.

in an almost linear fashion with increasing temperature due to the increase in vibrational energy

of chain segments to give (Yannas and Luise, 1982; Gilbert et al., 1986):

Eg = E0

(

1−αm
T

Tg

)

(2.8)

in terms of a coefficient αm related to size of the conformational segments and the magnitude of

the energy barriers, and modulus E0 at absolute zero.

Near the glass transition temperature (T /Tg ≈ 1) the small strain response is viscoelastic in

nature. Gilbert et al. (1986) treated the polymer at T /Tg ≈ 1 as a parallel array of a large number

of one dimensional Maxwell units; each unit comprises a linear dashpot and a linear spring in

series, such that the array has a spectrum of relaxation time to mimic the macroscopic, observed

relaxation in modulus around the glass transition. The non-linear dependence of the viscosity of

the dashpot on T /Tg can be modelled by WLF theory (Williams et al., 1955):

ηWLF = 3η0 exp
( −C1(T/Tg −1)

C2/Tg +T/Tg −1

)

(2.9)
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where η0 is a reference viscosity at T/Tg = 1, and C1 and C2 are fitting constants. The constant

C1 can be related to the free volume fraction of the polymer at T/Tg = 1, while C2 can be related

to the free volume expansion coefficient of the polymer (Young and Lovell, 2011). Williams

et al. (1955) demonstrated that the values of C1 and C2 are independent of the choice of polymer

system, although more recent studies on amorphous polymers report tailored values for C1 and

C2 as summarised by Ferry (1980) and Mark (2003). The magnitude of the reference viscosity

η0 may be governed by the molecular weight of the polymer as detailed below.

The large strain, viscoplastic response

The dependence of the plastic response in the glassy regime upon temperature is more complex,

and can roughly be subdivided into two regimes, T/Tg < 0.8, and 0.8 < T/Tg < 1. Typically,

when a linear, amorphous polymer is subjected to uniaxial tension at T/Tg < 0.8, the stress

versus strain response is almost linear and brittle fracture intervenes (at a true tensile strain

below 0.1) by the formation of an unstable craze or by fast fracture from a pre-existing flaw (Bin

Ahmad and Ashby, 1988; Mark, 2003).

For 0.8 < T/Tg < 1, shear yielding follows an initial elastic response. Typically, yield is ac-

companied by a load drop and by the development of a neck (Melick et al., 1999). High strain

rate sensitivity reduces the degree of neck formation and orientation hardening leads to neck

propagation along the length of the specimen, as measured and described in detail by G’Sell

and co-workers (G’Sell and Jonas, 1979; G’Sell et al., 1992) and analysed by finite element

simulations by Wu and van der Giessen (1995). After the neck has propagated along the entire

length of the sample, the load increases again until failure intervenes. Wu and Van Der Giessen

(1993) reviewed the use of chain network models to predict the orientation hardening found

in the stress-strain response of cross-linked rubbers and linear, amorphous polymers. Near the

glass transition temperature (T/Tg ≈ 1), the secondary (van der Waals) bonds between the

chains melt and polymer chain segments can reptate past each other. The stress versus strain

response becomes highly rate and temperature sensitive at temperatures near the glass transition

temperature. At temperatures above Tg, there ceases to be a load drop at yield, and no neck is

formed (G’Sell and Souahi, 1997; Dooling et al., 2002).

It is widely accepted that plastic yielding of linear, amorphous polymers is governed by the

thermally activated motion of molecular chain segments (Fleck et al., 1990). The time and tem-
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perature dependence of the flow strength may be described by a modified version of the Eyring

model which was originally developed for the viscous flow of liquids (Eyring, 1936; Ree and

Eyring, 1955). The Ree-Eyring model assumes that an applied stress σ̄ reduces the energy bar-

rier for vibrating chain segments to jump forward and increases the barrier to jump backwards.

Between the secondary (β -) transition and the (α-) glass transition temperature, the von Mises,

effective plastic strain rate ε̇e is related to σ̄ via a single transition process such that (Ree and

Eyring, 1955):

ε̇e

ε̇0
= sinh

( σ̄v

kT

)

exp
(−q

kT

)

(2.10)

where ε̇0 is a reference strain rate, q is an activation energy, v is an activation volume, and k

is Boltzmann’s constant. Linear, amorphous polymers are typically pressure-dependent in their

flow response, such that yield is activated by both the von Mises effective stress σe and the

hydrostatic (mean) stress σh, where8:

σe
2 =

3
2

Si jSi j (2.11)

in terms of the deviatioric stress tensor Si j (= σi j −δi jσh), and:

σh =
σkk

3
(2.12)

Note that the hydrostatic stress σh is equal in magnitude but opposite in sign to the pressure p. A

common assumption is to assume that the stress measure σ̄ , activating plastic flow (see Eq. 2.10),

is given by:

σ̄ = σe +ασh (2.13)

where α is a pressure sensitivity index taken to be a material constant. Hence, the ratio between

the yield strength in compression (σyc < 0) and the yield strength in tension (σyt > 0), when

deformed at identical effective plastic strain rate ε̇e and temperature T , is (Van Loock and Fleck,

2018):

8 A repeated suffix denotes summation over 1 to 3 following the usual Einstein notation.
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σyc

σyt
=

3+α

3−α
(2.14)

Measurements of the ratio σyc/σyt imply α ≈ 0.4 for PMMA (Bauwens-Crowet, 1973; Bin Ah-

mad and Ashby, 1988; Dooling et al., 2002).

Failure strain

Within the plastic yielding regime, 0.8 < T/Tg < 1, large plastic strains are achievable prior

to ductile fracture. Failure is by the stable growth of cavities (known as ‘diamonds’) originating

from surface defects or crazes until they reach a critical size (Cornes and Haward, 1974; Kinloch

and Young, 1983). A few experimental studies in the literature report the brittle and ductile

tensile failure strain εf of PMMA as a function of temperature and strain rate in the glassy regime

(Cheng et al., 1990; Fleck et al., 1990; Abdel-Wahab et al., 2016). To a first approximation, the

dependence upon T/Tg is governed by two linear relations, one for brittle elastic behaviour

(small slope) and one for failure at large plastic strains (large slope), see Fig. 2.6c. The measured

values for εf by Cheng et al. (1990) suggest that the ductility of PMMA is relatively insensitive

to strain rate in the glassy regime.

2.1.4.2 The rubbery regime

The small strain, visco-elastic response

Linear, amorphous polymers of moderate to high molecular weight (i.e. > 150 000 g mol−1

typically exhibit a rubbery plateau at a temperature regime just above the glass transition; the

extent of the rubbery plateau depends on the molecular weight (distribution) of the polymer

(McLoughlin and Tobolsky, 1952; Gilbert et al., 1986). Within this rubbery regime, most of the

secondary bonds are broken and long range sliding of polymer chains is prevented by chain

entanglements. The entanglement points act as physical cross-links governing the polymer’s

constitutive state in a similar fashion to chemical cross-links of rubbers. The rubbery modulus at

vanishing strain can be related to temperature by a Gaussian statistical analysis of a cross-linked

network, i.e. the stiffness of the network changes as the entropy of the network chains changes,

see (Treloar, 1975; Treloar et al., 1976; Gilbert et al., 1986):
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E =
3ρRT

Me
(2.15)

where ρ is the (temperature-dependent) density of the rubber and Me is the number average

molecular weight between the entanglement points (or cross-links).

The large strain, visco-plastic response

Bin Ahmad and Ashby (1988) omit the presence of the rubbery plateau between the glassy

regime and the viscous flow regime in their description of σy as a function of rate and tempera-

ture. As the width of the rubbery plateau is governed by the average molecular weight (and the

molecular weight distribution), this approach may suffice for grades of low molecular weight. In

contrast, most commercial linear amorphous polymers typically possess a relatively high molec-

ular weight (i.e. > 150 000 g mol−1), and an extensive rubbery regime on a σy versus T/Tg curve

is anticipated above the glass transition as sketched in Fig. 2.6b.

Only a limited set of complete stress versus strain curves for PMMA in uniaxial tension are

reported in the literature for testing temperatures close to and just above the glass transition tem-

perature (G’Sell and Souahi, 1997; Dooling et al., 2002). Characterisation of the dependence of

the large strain, visco-plastic response of PMMA in uniaxial tension upon temperature, rate, and

molecular weight at temperatures close to or just above Tg is therefore challenging.

Failure strain

Experimental data on the effect of rate and temperature on the tensile failure strain εf of linear,

amorphous polymers in the glass transition and rubbery regime are scarce. Smith (1963) investi-

gated the ultimate tensile strength and failure strain of cross-linked, amorphous elastomers such

as styrene-butadiene rubbers (SBR) near their glass transition and demonstrated the applicabil-

ity of time-temperature superposition for the tensile failure strain. Vinogradov (1975) found that

the tensile failure strain εf of polymer melts went through a minimum at a temperature above Tg

and then underwent a steep increase as the viscous flow regime is reached. The dependence of

εf upon T/Tg for a commercial linear, amorphous polymer may exhibit a similar trend: a local

maximum is attained in the rubbery regime, followed by a dip as the polymer transitions from

the rubbery to the viscous state, see Fig. 2.6c. However, insufficient measurements are reported

in the literature for firm conclusions to be drawn. For instance, tensile tests on some commer-

cial grades of PMMA and polystyrene melts performed by Pearson and Connelly (1982) show
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that the failure strain of molten PMMA is independent of strain rate. The reviews of Malkin

and Petrie (1997) and Joshi and Denn (2004) point out that fundamental models on the depen-

dence of failure strain upon molecular weight (distribution) in the rubbery state also appear to

be lacking.

2.1.4.3 The viscous regime

The small strain, visco-elastic response

At temperatures just above the glass transition temperature (i.e. T/Tg > 1.15), molecular entan-

glement points slip and the macroscopic constitutive behaviour can be treated as a viscous melt.

Flow occurs by the reptation of individual polymer chains that are confined in tubes as defined

by their surrounding environment (Rouse, 1953; De Gennes, 1976; Doi and Edwards, 1986).

Simple models exist for this behaviour. For example, Gilbert et al. (1986) modelled the rate

and temperature dependent small strain modulus in the viscous regime by means of a Maxwell

unit consisting of a WLF or Arrhenius governed dashpot and a linear spring with a temperature-

dependent modulus.

The large strain, visco-plastic response

Bin Ahmad and Ashby (1988) suggest a straightforward view of the rate and temperature depen-

dent flow strength σy for a polymer melt in the viscous flow regime. They assume that the flow

strength σy versus strain rate ε̇ relation is linear with slope 3η , where η is the shear viscosity.

They assert that the temperature dependence of η is given by WLF theory, see Eq. 2.9, for tem-

peratures close to Tg, and by an Arrhenius relation for higher temperatures. A reptation model

for viscous flow was developed by Doi and Edwards (Doi and Edwards, 1978a,b), showing that

the shear viscosity has a power law dependence upon molecular weight, with an exponent of 3 in

good agreement with experimental observations for polymer melts (O’Connor and Ball, 1992).

Failure strain

It is broadly accepted that the rupture strain of a viscous melt is governed by the surface tension-

driven instability of Rayleigh–Plateau (Plateau, 1873; Lord Rayleigh, 1878).
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2.1.4.4 Large strain, three dimensional models

Boyce and co-workers (Boyce et al., 1988; Boyce and Arruda, 1990; Arruda and Boyce, 1993)

developed a sophisticated three dimensional theoretical framework to simulate the stress-strain

response of linear, amorphous polymers over the entire glass-to-rubber transition regime. Based

on the one-dimensional model of Haward and Thackray (1968), they assume that the polymer

has a parallel combination of intermolecular and molecular network resistances. The framework

of Boyce et al. (2000) was originally developed for polyethylene terephthalate glycol (PETG),

but, more recently, Palm et al. (2006) have used it to describe the constitutive behaviour of

PMMA around Tg for uniaxial compression. The three dimensional model of Dooling et al.

(2002) focuses on the constitutive response of PMMA loaded in uniaxial tension around and

above its glass transition. The three-dimensional large strain constitutive models of Dooling

et al. (2002) and Palm et al. (2006) give good curve fits to uniaxial compressive and some

tensile test data. However, they make use of a large number of fitting constants and there are

few non-proportional, multi-axial tests available to calibrate the full three-dimensional response.

Moreover, these models were developed to predict the deformation response, but give little

insight into failure. The constitutive laws summarised in the deformation mechanism maps of

Gilbert et al. (1986) and Bin Ahmad and Ashby (1988) provide a less sophisticated one dimen-

sional description of the deformation of PMMA in uniaxial tension close to the glass transition.

They rely, however, on less fitting constants and are readily implemented in analytical or nu-

merical frameworks aiming to predict the deformation of PMMA in tension close to the glass

transition for processes such as hot embossing or solid-state foaming.

2.1.5 Concluding remarks

The following remarks are summarised to conclude the literature review on polymeric nanofoams

and the solid-state nanofoaming process:

• Polymeric nanofoams produced by solid-state foaming have attracted a lot of interest dur-

ing the last decade due to their potentially unique combination of mass-rationalised prop-

erties. One of those highly cited properties is their thermal conductivity which may be

lower than that of air due to the Knudsen effect.
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• The microstructural requirement (porosity above 0.85 and void size below 200 nm) for

polymeric nanofoams to have a thermal conductivity lower than that of air is, however,

currently beyond the practical limit of the state-of-the-art solid-state nanofoaming process

(Okolieocha et al., 2015; Wang et al., 2017). Methyl methacrylate-based nanofoams (such

as PMMA nanofoams) have some of the highest porosities and lowest cell sizes reported

in the literature.

• The solid-state nanofoaming process typically comprises three steps. First, a polymer pre-

cursor is saturated with a physical blowing agent during the saturation. Second, nucleation

is induced by supersaturating the polymer-gas mixture. Third, the sample is foamed by

allowing the as-nucleated voids to expand.

• Void growth prediction models in the literature predominantly focus on cavity expansion

during liquid (e.g. extrusion foaming) rather than solid-state foaming routes. The relatively

recent model of Khan et al. (2015) focuses on the prediction of void nucleation and growth

during a solid-state nanofoaming process but makes use of a viscous constitutive law. The

latter assumption is arguably not appropriate as, during solid-state foaming, cavity expan-

sion occurs at temperatures close to the effective glass transition temperature of the solid

surrounding the void.

• Gilbert et al. (1986) and Bin Ahmad and Ashby (1988) employed a set of constitutive laws

to construct deformation maps for PMMA in uniaxial tension close to the glass transition.

The use of these constitutive equations to simulate void growth during solid-state foaming

of PMMA is attractive given the need of only a few fitting constants and the relatively low

computational power required to solve them within a void growth framework. Accurate

void growth simulations for solid-state (nano)foaming with an PMMA grade of interest

require the calibration of these constitutive equations to measured stress-strain curves of

the PMMA grade (or of a grade with a similar average molecular weight and molecular

weight distribution). However, tensile stress-strain curves for commercial PMMA grades

at temperatures close to the glass transition are scarce in the literature.
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2.2 Adhesive joints

Adhesive joints are, just like polymeric foams, one of the countless applications of synthetic

polymers. Adhesive bonding is more and more frequently being used to join load-bearing struc-

tural components as it offers many advantages compared to traditional joining methods such as

mechanical fastening (riveting, bolting, ...) or welding (Adams et al., 1997; da Silva et al., 2018).

These advantages include:

• Good damping properties.

• More uniform stress distribution along the bond.

• Improved fatigue strength.

• Reduced weight.

• Improved corrosion resistance.

• Ability to join dissimilar materials to produce hybrid material systems and structures.

Some drawbacks are associated with the use of adhesive bonding methods. Adhesive joints have

a limited service temperature range dictated by the nature of the synthetic polymeric constituent.

In addition, substrate materials may require extensive pretreatment and curing of the adhesive

may require excessive time and an external heat source. Despite these disadvantages, adhesive

bonding has become common place in the aerospace, automotive, and wind turbine industries to

join lightweight materials such as aluminium and CFRP or GFRP composites (Higgins, 2000;

Davies et al., 2009; Loureiro et al., 2010; Carlberger and Stigh, 2010; da Silva et al., 2018).

2.2.1 Adhesive joint design

The design of a bonded joint may be governed by many aspects, including, but not limited to,

the substrate material, the anticipated operational conditions, and the manufacturing and opera-

tional costs. Many adhesive joint designs are available to the engineer, some common designs

are presented in Fig. 2.8. Failure of the joint may occur by (i) cohesive failure in the adhesive,
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(ii) failure at the adhesive-substrate interface, known as adhesive failure, or (iii) failure in the

substrate (Davis and Bond, 2010). Mixed failure modes are possible. The experimental and

theoretical results in this thesis are limited to the case of cohesive failure.

Many structural adhesives exist. The choice of the adhesive may depend on the nature of the

substrate materials, the joint design, the anticipated loading conditions, the operational environ-

ment, adhesive layer height restrictions, and the end-of-life requirements. Common structural

adhesives are (i) epoxy-based adhesives, (ii) polyurethane (PUR) adhesives, and (iii) acrylic

adhesives (Dillard, 2010). Epoxies are the strongest and stiffest class of structural adhesives,

with a Young’s modulus close to 1 GPa, and a uniaxial tensile strength close to 50 MPa, but are

typically brittle in nature (i.e. their tensile failure strain is limited to close to 0.05). Elastomeric

particles are often added to the epoxy to increase the ductility and toughness of the epoxy

(Kinloch and Young, 1983; Kinloch et al., 1983; Huang and Kinloch, 1992). These epoxies

are known as rubber-modified epoxies. Polyurethane and other elastomeric adhesives exhibit

a significantly higher ductility (with a tensile failure strain in the range of 1 to 2), but have

a much lower strength and stiffness than epoxy adhesives. Acrylic adhesives such as methyl

methacrylate (MMA) adhesives typically exhibit intermediate properties between epoxy and

PUR adhesives (Scigrip Europe, 2017; Dillard, 2010). The typical nominal stress versus nomi-

nal strain response of an unmodified epoxy adhesive, a rubber-modified epoxy adhesive, a PUR

adhesive, and an MMA adhesive in uniaxial tension is shown in Fig. 2.9.

(a)

(c)

(e)

«¬­

(d)

(f)

®¯°±²³´µ
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Figure 2.8 Sketches of common adhesive joint designs: (a) simple lap joint, (b) strap joint, (c)
double lap joint, (d) scarf joint, (e) tapered lap joint, (f) butt joint. Adapted from
(Hexcel, 2003).
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Figure 2.9 Typical nominal stress verus nominal strain curves of common structural adhesives
in uniaxial tension: unmodified epoxy (Imanaka et al., 2015), rubber-modified epoxy
(Imanaka et al., 2015), acrylic (MMA) (Scigrip Europe, 2017; Kozlowski et al.,
2018), polyurethane (PUR) (Dillard, 2010)). The stress-strain curves are representa-
tive for tests at room temperature and at a moderate strain rate (close to ė = 10−3 s−1).
Crosses at the end of the curves denote failure.

The fracture toughness of a structural adhesive is an additional property that may have to be

taken into account for the design of an adhesive joint. The critical mode I energy release rate Gc

of linear, elastic and brittle adhesives such as unmodified epoxies may be obtained via standard

fracture toughness tests, such as compact tension (CT) and single edge notch bending (SENB)

tests, on the bulk adhesive (Hunston et al., 1989; da Silva et al., 2018). Ductile elastic-plastic

adhesives may have a pronounced crack growth resistance or R-curve behaviour. In this case, Gc

may be dependent on the length of a stably growing crack due to an extrinsic toughening mech-

anism (Tvergaard and Hutchinson, 1992). A rise in toughness from the initial critical energy

release rate G0
c is often observed until a crack length-independent (steady-state) value for the

critical energy release rate Gss
c is attained. Rubber-modified epoxies typically exhibit significant

R-curve behaviour facilitated by non-linear, irreversible deformation of adhesive material when

going through the process zone at the crack tip into the wake of the growing crack (Du et al.,

1998, 2000). The non-linear deformation takes place by cavitation of the elastomeric particles

and by shear yielding of the epoxy matrix (Evans et al., 1986; Yee and Pearson, 1986; Huang

and Kinloch, 1992). Measured R-curves of rubber-modified epoxies via SENB tests are shown

in Fig. 2.10 (Imanaka et al., 2015). As shown in Fig. 2.10, rubber-modified epoxies may have
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pronounced R-curves with G0
c /Gss

c in the order of 2 to 10 (Du et al., 1998, 2000; Ameli et al.,

2010). In contrast, most common structural adhesives such as unmodified or toughened epoxies,

acrylic, and polyurethane adhesives exhibit typically flat or moderate (G0
c/Gss

c < 1.5) R-curves

(Banea et al., 2014; Monteiro et al., 2015; Sekiguchi et al., 2017; Maloney and Fleck, 2018).
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Figure 2.10 Critical mode I energy release rate Gc versus crack growth ∆a resistance curves
measured for a crack in a rubber-modified epoxy SENB specimen. The two epoxies
are modified with carboxy-terminated butadiene-acrylonitrile (CBTN) and cross-
linked rubber (XER) particles. The images are taken from the surface during a test
with a XER-modified epoxy specimen and show three stages of crack growth and
the corresponding development of the surface process zone during the test. Images
are adapted from the work of Imanaka et al. (2015).
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Most R-curve measurements are conducted via joint specimen geometries such as the (tapered)

double cantilever specimen comprising two cantilever substrates joined by an adhesive layer

with a pre-crack (da Silva et al., 2018). R-curves reported via joint specimens may, however,

not be representative for the true, geometry-independent R-curve of the bulk adhesive given

the R-curve may be suppressed in the adhesive when constrained in a layer between two stiff

substrates (Tvergaard and Hutchinson, 1996). The role of these constraint effects on the strength

and toughness of adhesive joints are explored in detail in the coming paragraphs.

2.2.2 Constrained adhesive layers

As mentioned above, the behaviour of a thin adhesive layer when located between two substrates

may be different from that of the bulk adhesive. Potential causes for this phenomenon include (i)

the presence of defects in the adhesive layer and (ii) the constraint exerted by the stiff substrates

on the compliant layer.
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Figure 2.11 Sketch of the various defects which may be present in the adhesive layer of a bonded
joint. Adapted from da Silva et al. (2018).
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2.2.2.1 The presence of defects

A sketch of the various defects which may be present in an adhesive layer upon curing is given in

Fig. 2.11. Porosity in the adhesive layer may be caused by volatiles in the adhesive components

or entrapped moisture in the surface of the substrate prior to application of the adhesive (Chester

and Roberts, 1989; Pearce et al., 1998; Katnam et al., 2011). These microvoids may coalesce into

larger voids prior to the curing of the adhesives. Large voids can also be caused by entrapment

of air during the application of the adhesive, insufficient supply of the adhesive, and shrinking

of the adhesive during the bonding process (Bascom and Cottington, 1972; da Silva et al., 2018).

For instance, MMA adhesives are known to exhibit high levels of volumetric shrinking (in the

order of 10% to 30%) during curing (Dillard, 2010; Kwon et al., 2014). Shrinkage may also give

rise to the presence of cracks in the adhesive layer and at the adhesive-substrate interface. Some

regions in the adhesive layer may also be only partially cured due to, for example, insufficient

thermal exposure. The strength and stiffness of the adhesive in these partially cured areas may

be significantly reduced. Surface unbonds may also be present when the adhesive is unevenly

distributed over the substrate. Zero-volume unbonds (known as kissing bonds) exist where the

adhesive and substrate are in contact but the bond is only partial caused by, for example, in-

appropriate pretreatment of the surface of the substrate (Jeenjitkaew and Guild, 2017; da Silva

et al., 2018).

The presence of one or more of the aforementioned forms of defects in an adhesive joint may

severely degrade the performance of the joint. In practice, however, it is often impossible to

produce defect-free adhesive joints. Non-destructive testing of a joint by, for instance, ultrasonic

and spectroscopic methods can be performed to assess the severity of defect formation in the

bond (Dillard, 2010; da Silva et al., 2018). Accurate models are required to predict the properties

of the joint in the presence of these voids and cracks. Constraint effects of the stiff substrate on

the compliant adhesive layer containing these defects may have to be taken into account.

2.2.2.2 Constraint effects on compliant adhesive layers

As mentioned above, the properties of constrained adhesives may differ from those of the ad-

hesive in bulk. The effect of constraint by the substrate depends on the nature of the adhesive

40



2.2 Adhesive joints

material. For instance, it is well known that the apparent tensile stiffness of butt joints compris-

ing an incompressible elastomeric adhesive, such as a PUR or silicon adhesive, is a function of

the shape factor9 of the joint (Gent and Lindley, 1959). In addition, failure by unstable cavitation

of cracks or voids in these elastomeric adhesive layers may may be triggered due to increased

triaxial stresses generated in the adhesive as the level of constraint (i.e. magnitude of the shape

factor) is increased (Gent and Lindley, 1959; Lindsey, 1967; Ball, 1982). The role of constraint

on the fracture behaviour of elastic, brittle (i.e. unmodified epoxy) adhesives and elastic-plastic,

ductile (i.e. rubber-modified epoxy and MMA-based) adhesives is discussed in the following

paragraphs. Note that most of the experimental evidence on constraint effects in adhesive layers

mentioned in this discussion is based on tests with epoxy-based adhesive material systems given

they were, and still are, the most prevalent and characterized adhesive materials.

Wang et al. (1978) computed the distribution of the tensile stress component σyy at the crack

tip along the mid-height plane of an adhesive layer in a DCB specimen by making use of a

finite element (FE) model. Both the adhesive material and the substrate material were assumed

to be linear, elastic (with Young’s modulus E1 for the substrate and Young’s modulus E2 for

the adhesive). Wang and co-workers explored the role of constraint by varying the modulus

mismatch ratio E2/E1 and showed that a local singular stress field field of intensity Ktip exists

close to the crack tip. Ryvkin (2000) made use of the Wiener-Hopf method to give solutions

(in terms of quadratures) for the tensile stress component σyy at the tip of a semi-infinite crack

subjected to mode I loading in an infinite elastic layer sandwiched between two infinite elastic

substrates. The solutions of Ryvkin (2000) suggested that for E2/E1 < 0.1, the size of this local

Ktip stress field is close to 0.015 times the layer height. Application of the path-independence of

the J-integral (Rice, 1968) gives a relationship between the intensity of the remote K∞-field and

the intensity of the local Ktip-field at the crack tip (Trantina, 1972; Fleck et al., 1991):

Ktip =
( Ē2

Ē1

)
1
2
K∞ (2.16)

where Ē and ν̄ represent the Young’s modulus E and Poisson’s ratio ν in plane stress, but

E/(1−ν2) and ν/(1−ν) in plane strain. In words, the toughness of a compliant adhesive layer

constrained by a stiffer substrate may be higher than the toughness of the bulk adhesive. This is

9 The shape factor is defined as the loaded cross-sectional area of the joint divided by the area of the free surfaces.
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known as the elastic stress-intensity shielding effect (Suo, 1990; Fleck et al., 1991).

Rice (1968) gave a solution for Ktip for the case of a semi-infinite crack in a linear, elastic

adhesive layer clamped by two rigid substrates (i.e. Ē2/Ē1 → 0) and subjected to a uniform

opening displacement orthogonal to the adhesive layer:

Ktip = [(1− ν̄2)h]
1
2 σyy (2.17)

Note that Ktip is independent of crack length. Wang (1997) made use of Eqs. 2.16 and 2.17 and

conducted FE simulations to give closed-form (approximate) interpolated solutions for the value

of Ktip for a crack in an elastic layer sandwiched between two elastic substrates as a function of

crack length, adhesive layer height, and modulus mismatch ratio. The physical basis for these

equations is limited, however, and they do now allow to explore the role of plasticity at the crack

tip and the effect of finite joint width on the strength of the joint.

The role of constraint on the fracture toughness of an adhesive joint was characterized in the ex-

perimental study of Bascom et al. (1975). Bascom and co-workers conducted a series of fracture

tests on tapered DCB specimens comprising an epoxy adhesive (with a flat R-curve in bulk) and

Gc 
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rubber-modified epoxy Epoxy
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epoxy

Figure 2.12 The measured toughness Gc of a DCB joint as a function of adhesive layer height
for a untoughened epoxy adhesive and a rubber-modified epoxy adhesive. Adapted
from the work of Bascom et al. (1975).
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a rubber-modified epoxy (with a pronounced R-curve in bulk, see Fig. 2.10). The experimental

outcomes of Bascom et al. (1975) suggested that the toughness of the epoxy joint was indepen-

dent of adhesive layer height, see Fig. 2.12. In contrast, a strong dependence of the toughness

of the joint comprising the rubber-modified epoxy adhesive upon layer height was observed, see

Fig. 2.12. For an increasing adhesive layer height, the toughness increased until a maximum

value of joint toughness was observed. The peak in toughness was found to correspond to a layer

height close to the estimated diameter of the plastic zone at the tip of a crack in a bulk adhesive.

For larger adhesive layer heights, the toughness decreases and eventually reaches a layer-height

independent value close to the bulk adhesive toughness. Multiple experimental studies reported

a similar relation between the toughness of a rubber-modified epoxy joint and the height of

the adhesive layer (Kinloch and Shaw, 1981; Hunston et al., 1989; Daghyani et al., 1995; Yan

et al., 2001; Lee and Ramesh, 2004). This non-linear relation is thought to be governed by the

complex interaction between plastic dissipation mechanisms in the epoxy adhesives and the

effect of constraint due to the presence of the substrates.

A qualitative explanation for the role of constraint (i.e. adhesive layer height) on the measured

toughness of a rubber-modified epoxy joint was given by Kinloch and Shaw (1981). Making

use of the FE analysis of Wang et al. (1978) introduced above, Kinloch and Shaw suggested

that the observed peak in joint toughness corresponded to an adhesive layer height providing

enough constraint to enlarge the plastic zone at the crack tip with respect to the magnitude of the

plastic zone in the bulk adhesive. According to Kinloch and Shaw (1981), lower adhesive layer

heights restrict the formation of the plastic zone and subsequently reduce the plastic dissipation

of material at the crack tip, leading to a reduced joint toughness. On the other hand, an adhesive

layer height above the optimum height results in a joint toughness close to the bulk adhesive

toughness as the role of constraint on the stress distribution at the crack tip becomes negligible

(Komatsu et al., 2018).

More insight on the failure of constrained elastic-plastic layers was provided by the work of

Ashby et al. (1989). Ashby et al. (1989) observed that the failure strength of a constrained metal

wire exceeded the uniaxial yield strength of an unconstrained wire up to a factor of six. Failure

of the constrained metal wires was found to be triggered by unstable cavitation instead of failure

by necking and cup-and-cone fracture as observed in unconstrained wires. Inspired by the work
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of Ashby and co-workers, Varias et al. (1991) conducted FE simulations of an elastic-plastic

layer with strain hardening capability sandwiched between two elastic substrates. Varias and

co-workers reported that the maximum mean stresses at a distance equal to several layer heights

from the crack tip may be four to six times the yield strength of the layer. The competition

of failure mechanisms triggered at these elevated levels of stress triaxiality such as cavitation

and interfacial debonding was discussed in the work of Varias et al. (1991). In addition, they

stipulate that crack tip shielding may take place due to non-proportional stressing associated

with the plastic flow in the layer constrained by the substrates. This shielding effect differs from

the elastic stress-intensity shielding effect formulated in Eq. 2.16, but may also contribute to a

joint toughness exceeding the toughness of the bulk adhesive as shown for the rubber-modified

epoxy joint in Fig. 2.12.

Subsequent seminal work on the fracture toughness of constrained elastic-plastic layers was

performed by Tvergaard and Hutchinson (Tvergaard and Hutchinson, 1992, 1994, 1996). Tver-

gaard and Hutchinson made use of an FE model comprising a cohesive zone obeying a traction

versus separation law10 of peak strength σ̂ and of work of separation Γ at the plane ahead of the

crack in an elastic-plastic material constrained by two elastic substrates. Their results suggested

that R-curve effects vanish when the adhesive layer height is smaller than the size of the plastic

zone of the adhesive in bulk. In addition, when σ̂ is lower than two times the yield strength of

the adhesive, the toughness of the joint was found to be independent of layer height.

The work of Hutchinson and co-workers (Varias et al., 1991; Tvergaard and Hutchinson, 1992,

1994, 1996) focused on joints comprising ductile metal layers constrained by ceramic substrates.

Pardoen et al. (2005) considered the case of a polymeric-based adhesive joint and used an FE

model similar to the one employed by Tvergaard and Hutchinson (1996) to shed light on the role

of constraint on the toughness of the adhesive joint. Pardoen et al. (2005) conducted wedge-peel

fracture tests on two structural adhesives to infer values for the two characteristic parameters

(σ̂ and Γ) of the traction-separation law for the cohesive zone, and assumed σ̂ and Γ to be in-

dependent of constraint. The computed curves for the toughness of the joint as a function of

adhesive layer height for both adhesives were found to be similar to the one shown in Fig. 2.12

10 The effect of the shape of the traction separation law for the cohesive zone on the computed distributions of
stress components at the crack tip was found to be minor compared to the choice for σ̂ and Γ (Tvergaard and
Hutchinson, 1992).
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for the rubber-modified epoxy. More insight was obtained in a subsequent study, in which Par-

doen and co-workers defined three regimes in the adhesive layer where plastic dissipation may

develop: crack tip plasticity, reverse plastic loading at the crack face, plastic shear deforma-

tion at the adhesive-substrate interface (Martiny et al., 2012). Each of these energy dissipation

mechanisms may contribute to the observed toughness of the joint. Only when the combined

toughness contribution via these plastic dissipation mechanisms is of the same order or larger

than the constrained-independent intrinsic work of fracture Γ, a dependence of the joint tough-

ness upon layer height is expected. The constraint-induced plastic dissipation contribution to the

joint toughness becomes negligible for joints with adhesive layer heights much larger than the

plastic zone size of the adhesive in bulk.

2.2.3 Concluding remarks

The following remarks are summarised to conclude the literature review on adhesive joints:

• Adhesive bonding may offer several advantages compared to mechanical fastening joining

techniques, including, but not limited to, the ability to join dissimilar materials and the

potential to reduce the weight of the joint.

• Constrained adhesive layers are prone to defects including (micro)voids and (micro)cracks

introduced during the bonding process. The ability to accurately predict the failure strength

of adhesive joints as a function of pore or crack size is essential to manufacture reliable

structures making use of bonded joints.

• There is a large literature on the role of constraint on the fracture behaviour of confined

adhesive layers. Consider the case of a joint comprising an adhesive layer made of a rubber-

modified epoxy, which typically exhibits a pronounced R-curve in bulk due to plastic

dissipation facilitated by the rubber particles embedded in the epoxy adhesive. There is

substantial experimental (Kinloch and Shaw, 1981; Hunston et al., 1989; Daghyani et al.,

1995; Yan et al., 2001; Lee et al., 2004) and numerical evidence (Varias et al., 1991; Tver-

gaard and Hutchinson, 1996; Pardoen et al., 2005; Martiny et al., 2012) in the literature

that the toughness of the joint may be reduced when the adhesive layer height is less than

the size of the process zone of the modified epoxy in bulk, see Fig. 2.12. On the other
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hand, for some structural adhesives such as unmodified epoxies, no such dependence of

the toughness upon layer height may be observed, see Fig. 2.12.

• Most numerical studies exploring the role of constraint on the fracture toughness of con-

fined adhesive layers make use of a cohesive zone embedded in the elastic or elastic-plastic

adhesive layer. Subtleties aside, the strength σ̂ and the work of separation Γ assigned to

traction-separation law for the cohesive zone, rather than its shape, are found to be of

most significance for the numerical outcomes (Tvergaard and Hutchinson, 1992; Stigh

et al., 2010). The values for σ̂ and Γ may be estimated via tests on joints (Yan et al.,

2001; Pardoen et al., 2005) but the physical basis for these values is often limited (Stigh

et al., 2010). In the case of structural adhesives, σ̂ may be chosen to equal the uniaxial

tensile strength of the adhesive (Blackman et al., 2003; Sun et al., 2008b,a; Carlberger

and Stigh, 2010) and Γ may be chosen to equal the toughness G0
c of the adhesive in bulk

(Pardoen et al., 2005). It is common to assume the two parameters σ̂ and Γ to be inde-

pendent of constraint. In this way, the contribution of plastic dissipation in the adhesive

layer to the toughness of the joint may be computed by assuming the adhesive layer to be

elastic-plastic. For joints comprising unmodified epoxies (Monteiro et al., 2015; Maloney

and Fleck, 2018) and polyurethane (Banea et al., 2014; Sekiguchi et al., 2017) structural

adhesives, the toughness contribution via plastic dissipation might only be a fraction of Γ.

In these cases, one may adopt a pragmatic approach of assuming the toughness of the joint

to be independent of constraint (and equal to Γ) (Martiny et al., 2012). This approach may

also be applicable for joints with adhesive layer heights much larger than the plastic zone

size of the adhesive in bulk as the role of constraint on plastic dissipation mechanism in

the adhesive layer is expected to be minimal (Komatsu et al., 2018).
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Void growth during solid-state

nanofoaming
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Chapter 3

Deformation and failure diagrams for

PMMA in uniaxial tension

The first part of this thesis explores the topic of void growth during solid-state nanofoaming

of PMMA by CO2. As stipulated in Section 2.1.3, accurate prediction of void growth during

solid-state foaming of a polymer grade of interest requires the use of an appropriate constitutive

description for this particular grade. Constitutive laws for PMMA in uniaxial tension close to the

glass transition temperature were summarised in Section 2.1.4. These constitutive relations need

to be calibrated to measured stress-strain curves. Reported stress-strain responses for commercial

PMMA grades in uniaxial tension close to the glass transition temperature are, however, scarce

in the literature. To this end, uniaxial tensile tests on an PMMA grade of high molecular weight

over a range of temperatures near the glass transition and over two decades of strain rate are

conducted. Deformation maps are constructed for Young’s modulus, flow strength, and failure

strain as a function of temperature for selected strain rates. Constitutive laws are calibrated for

the modulus and flow strength within each identified regime of deformation. Additional uniaxial

tensile tests are conducted with an PMMA grade of a markedly lower molecular weight for

temperatures close to the glass transition temperature for a selected strain rate. The observed

differences between the two grades in terms of regimes of deformation and fracture are briefly

discussed.
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Deformation and failure diagrams for PMMA in uniaxial tension

3.1 Theory

The regimes of deformation and failure for PMMA in uniaxial tension were reviewed in detail in

Section 2.1.4. A brief summary of the constitutive laws used to describe the small strain, visco-

elastic and the large strain, visco-plastic behaviour of the tested PMMA grades in this chapter is

given.

3.1.1 The glassy and glass transition regime

The small strain, viscoelastic response of PMMA in the glassy and glass transition regime is

predicted by a single Maxwell unit comprising a linear spring of glassy modulus Eg, as defined

by Eq. 2.8, in series with a linear dashpot with a viscosity ηWLF following WLF theory, see

Eq. 2.9. Now, consider a uniaxial tensile test at constant strain rate ε̇ . For the small-strain visco-

elastic response at time t > 0, the secant modulus Es = σ(εref)/εref is used, where εref is a

reference strain, taken to equal 0.05. For the Maxwell unit under consideration Es reads as:

Es =
ηWLFε̇

εref

[

1− exp
(−εref

ε̇

Eg

ηWLF

)]

(3.1)

where Eg and ηWLF are defined in Eq. 2.8 and Eq. 2.9, respectively.

A single transition process Ree-Eyring equation is used for the large strain, viscoplastic response

of PMMA in the glassy and glass transition regime. The flow strength σy is related to temperature

and rate:

ε̇e

ε̇0
= sinh

( σ̄v

kT

)

exp
(−q

kT

)

(3.2)

where Eq. 2.10 is re-stated for convenience. Note that the flow strength σy is related to the

applied stress σ̄ via Eq. 2.13. The assumed value for α (= 0.4) in this Chapter is based on the

experimental outcomes of Bauwens-Crowet (1973), Bin Ahmad and Ashby (1988), and Dooling

et al. (2002) who reported that the ratio of the yield strength in compression to yield strength in

tension of PMMA is close to 1.3 when deformed at moderate strain rates.
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3.1.2 The rubbery regime

Most commercially available grades of PMMA are of relatively high molecular weight (i.e.

Mw > 150 000 g mol−1), and typically exhibit a rubbery plateau at temperatures just above

the glass transition temperature. Instead of making use of entropy-based models that relate the

rubbery modulus to temperature (Treloar et al., 1976; Wu and Van Der Giessen, 1993), it was

found that the following empirical relation is adequate to describe the observed rate sensitivity

(and temperature sensitivity) of the modulus of the tested PMMA in the rubbery regime:

ER = E0
R

(

1−αR
T

Tg

)( ε̇

ε̇R

)

(3.3)

where αR is a temperature coefficient, n is a rate sensitivity index and E0
R and ε̇R refer to a

reference modulus and strain rate, respectively.

A linear, elastic true stress versus true strain behaviour is assumed to represent the rubbery (large

strain) response of PMMA. To describe the flow strength as a function of temperature and rate

it is necessary to introduce a reference strain εref such that the flow ‘strength’ is given by:

σy = ERεref (3.4)

with ER governed by Eq. 3.3.

3.1.3 The viscous flow regime

Polymethyl methacrylate grades of relatively low molecular weight (i.e. Mw < 150 000 g mol−1)

typically have a viscous flow regime at temperatures just above the glass transition (McLoughlin

and Tobolsky, 1952). A linear, viscous flow rule can be used to describe the constitutive behavior

of these low molecular weight PMMA grades1:

σy = ηWLFε̇ (3.5)

1 Equation 3.5 may also be used to describe the constitutive response of a high molecular weight PMMA grade at
temperatures far above the glass transition (Bin Ahmad and Ashby, 1988).
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where ηWLF is a temperature-dependent viscosity, see Eq. 2.9.

3.2 Test methods

3.2.1 Test materials

Uniaxial tensile tests were conducted with two PMMA grades2 of markedly different molecular

weight: cast PMMA sheets (Altuglas CN) with sheet thickness close to 3 mm and pelletised

PMMA (Altuglas V825T). The molecular weight distribution of the samples was measured

via gel permeation chromatography (GPC) with tetrahydrofuran as the eluent and detection

by refractive index3. The measured molecular weight distribution of the two PMMA grades is

shown in Fig. 3.1. The measured weight-average molecular weight Mw of the cast sheet PMMA

is equal to 3 580 000 g mol−1, while Mw = 92 500 g mol−1 for the V825T PMMA grade. The

Altuglas CN and Altuglas V825T grades are respectively referred to as ‘high Mw PMMA’ and

‘low Mw PMMA’ in this thesis.

The glass transition temperature4 (Tg = 114.5 °C) of the low Mw PMMA was found to be close

to the the glass transition temperature of the high Mw PMMA ( Tg = 116.5 °C) as measured by

DSC with a heating rate of 10 °C min−1.

3.2.2 Specimen geometries and testing procedures

Dogbone specimens were machined from the PMMA sheets as shown in Fig. 3.2, and were

adhered to aluminum alloy tabs (35 mm x 26 mm x 1.4 mm). The specimens were pin-loaded

and dots of diameter equal to 1 mm were painted onto the gauge section of the specimens with

white acrylic paint. Their relative displacement was tracked by a video camera during each

test. The average nominal strain e in the gauge section of the specimen was measured from the

2 The PMMA grades were acquired from Altuglas International (Colombes, France).
3 GPC was performed with an Agilent Technologies PL GPC220 measurement unit (USA) with a nominal flow

rate equal to 1.67×10−5 l s−1 at a testing temperature equal to 30 °C by Smithers Rapra (Shawbury, UK).
4 The transition half-height of measured flow curves was taken as the value for Tg. The reported value for Tg is the

average of two DSC measurements. There was negligible scatter between the two measurements.
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Figure 3.1 The normalised molecular weight distributions of the cast Altuglas CN and pelletised
Altuglas V825T PMMA grades as measured by GPC. Note that w is the weight frac-
tion.

axial separation between the two pairs of horizontally aligned white dots. Assuming uniform

deformation in the gauge section, the true strain ε is given by:

ε = ln(1+ e) (3.6)

The dogbone specimens were tested in a servo-hydraulic test machine 5 in displacement control,

and the test temperature was set by making use of an environmental chamber with feedback

temperature control and fan-assisted air circulation. The specimen’s temperature was indepen-

dently monitored by a placing a thermocouple against it. The front face of the dogbone speci-

mens was viewed through a transparent window of the environmental chamber. The cross-head

displacement, tensile load P, air chamber temperature, and sample temperature were simultane-

ously monitored and logged. Assuming uniform and incompressible deformation6 in the gauge

section, the true tensile stress σ is computed by:

σ =
P

A
=

P

A0
(1+ e) (3.7)

5 Instron 5500R-6025 test bench (USA).
6 The validity of the uniform and incompressible deformation assumptions to present the true stress versus true

strain curves is discussed in the introduction of Section 3.3 and in Section 3.3.1.
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where A and A0 refer to the current and nominal cross-sectional area of the gauge, respectively.

Tests with the high Mw PMMA were performed for temperatures ranging from 80 °C to 185 °C

and for three cross-head speeds (vch = 5 mm s−1, vch = 0.5 mm s−1 and vch = 0.05 mm s−1).

Additional tests were performed with the low Mw PMMA for temperatures ranging from 80 °C

to 170 °C for vch = 5 mm s−1. The tests were terminated at the point of specimen failure or when

the maximum actuator displacement (100 mm) was reached. The latter constraint corresponds

to a true strain of approximately unity within the gauge section of the dogbone specimens.

Upon recognising that higher failure strains occur when the test temperature is at or above

the glass transition temperature, additional tests were performed using an alternative hourglass-

shaped specimen used to probe the failure strain at temperatures near Tg, in the range of 115 °C

to 190 °C, following the practice of Hope et al. (1980). The geometry of the hourglass specimen

is shown in Fig. 3.3. Recall that the loading direction is aligned with the direction of the z-axis,

the thickness direction is aligned with the y-axis, and the transverse direction is aligned with the

x-axis. The axial strain can be measured by a longitudinal measurement method, i.e. measuring

the change in shape of the dots at the mid-section. However, this method is prone to scatter, and

the alternative transverse gauge-based measurement method of Hope et al. (1980) was used in

order to reduce this measurement scatter:

i) An average measure for the transverse true strain εx at the minimum section of hourglass

specimen is obtained from the spacing w between the pair of white marker dots.

ii) Assume that the through-thickness strain εy equals the transverse strain εx. This was verified

by post-failure examination of the thickness and width of the hourglass specimens.

iii) Assume incompressibility, as discussed below, such that εx + εy + εz = 0.

Then, the true tensile strain εz is related to the current spacing w and initial spacing w0 by:

εz =−2ln
( w

w0

)

(3.8)
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Figure 3.2 Plan view of the dogbone tensile specimen deformed at a cross-head speed vch with
nominal thickness equal to 3 mm, R = 72.5 mm, L = 85 m, d = 6 mm, W = 26 mm,
h1 = 15 mm, h2 = 35 mm. Nominal dimensions in the gauge area: wg = 13 mm,
lg = 25 mm, w = 10 mm, l = 15 mm.
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Figure 3.3 Plan view of the hourglass-shaped tensile specimen deformed at a cross-head velocity
vch with nominal thickness equal to 3 mm, R = 15 mm, d = 6 mm, h1 = 15 mm,
h2 = 35 mm, W = 40 mm. Nominal dimensions in the gauge area: wg = 10 mm,
w = 9 mm.

3.3 Results and discussion

True tensile stress σ versus true tensile strain ε curves are reported for the high Mw PMMA

grade for temperatures close to Tg and nominal strain rates in the range ė = 5.9× 10−4 s−1

to ė = 5.9× 10−2 s−1. In addition, the measured σ versus ε curves for the low Mw PMMA

grade for temperatures close to the glass transition temperature and a nominal strain rates equal

to ė = 5.9× 10−2 s−1 are given. Values for the modulus, flow strength and failure strain are

extracted from each of the curves and used to calibrate the constitutive descriptions summarised

in Section 3.1. A series of tests with the high Mw PMMA grade was also performed for tem-

peratures in the range of 25 °C and 80 °C in order to identify the temperature (and strain rate)
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at which the behaviour switches from elastic-brittle to elastic-plastic. The transition occurs at

close to 70 °C, such that the response is elastic-brittle at the high strain rate and elastic-plastic

at the low strain rate (and intermediate rate). The focus in this chapter is on the elastic-plastic

response of the PMMA.

In addition, the transverse true strain was measured as a function of axial true strain for a selec-

tion of the dogbone specimen tensile tests with the high Mw PMMA. The elastic Poisson’s ratio

ν was found to increase from ν = 0.35 at T = 80 °C to ν = 0.4 at T = 105 °C, in agreement with

the measurements by Gilmour et al. (1979) and Lu et al. (1997). In contrast, the plastic Poisson’s

ratio νp, defined as the ratio of the transverse to axial value of the true plastic strain, was almost

constant at 0.45 to 0.5 between T = 80 °C and T = 185 °C, implying that plastic flow is almost

incompressible (G’Sell et al., 1992).

3.3.1 Tensile stress-strain curves

The true stress σ versus true strain ε responses of the high Mw PMMA dogbone specimens

are plotted in Fig. 3.4a for 0.91 ≤ T/Tg ≤ 1.01 and in Fig. 3.4b for 1.04 ≤ T/Tg ≤ 1.18 for a

nominal strain rate ė = 5.9×10−3 s−1 and for ė = 5.9×10−4 s−1. At T/Tg < 1, linear, elastic

deformation takes place prior to yielding. The yield point is followed by material softening, and

by the associated development of a neck. The severity of necking is assessed by measuring by

the ratio r of the gauge width in the necked zone over the gauge width in the unnecked zone.

The value of r at a true strain equal to 0.55 is shown in Fig. 3.4a for 0.91 ≤ T/Tg ≤ 1.01 and

ė = 5.9× 10−3 s−1. The degree of necking decreases as T/Tg increases and necking ceases

around the glass transition. The true stress versus true strain responses, as shown in Fig. 3.4a for

0.91 ≤ T/Tg ≤ 0.97, therefore give the overall structural response in the presence of necking

rather than the local material response. Values of the modulus and initial peak strength are

extracted from the stress-strain curves to calibrate the constitutive laws, and neck development

is therefore considered to be beyond the scope of this study7. Note that the oscillations on the

σ -ε curves for ė = 5.9×10−4 s−1 in Fig. 3.4a are caused by the cyclic activation of the fan in

the environmental chamber, resulting in a sinusoidal time versus sample temperature variation

7 See, for example, the studies of Wu and van der Giessen (1995) and Li and Buckley (2009) for a detailed analysis
of necking of polymers in the presence of strain softening.
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with an amplitude close to 1 °C and time period close to 200 s.
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Figure 3.4 Measured true stress versus true strain curves of the high Mw PMMA grade in uniax-
ial tension for a nominal strain rate ė = 5.9 × 10−3 s−1 and ė = 5.9×10−4 s−1 and
testing temperatures ranging from (a) T = 80 °C to T = 120 °C and (b) T = 130 °C to
T = 185 °C. Tests were terminated when the maximum displacement of the actuator
was attained or when the specimen failed (denoted with cross at the end of the curve).
The r value in (a) represents the ratio of the measured gauge width in the necked
zone over the gauge width in the unnecked zone at a true strain equal to 0.55.
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Now consider the response at higher temperatures. In the range of T = 120 °C to T = 155 °C,

(corresponding to 1.01 ≤ T/Tg ≤ 1.1), the σ versus ε curves are almost independent of tem-

perature and strain rate, and this is characteristic of rubberlike elasticity. The temperature and

rate sensitivity increase again at the highest testing temperatures (T = 170 °C and T = 185 °, i.e.

1.14 ≤ T/Tg ≤ 1.18), indicating a transition to a viscous deformation regime.

The measured true stress versus true strain responses of the low Mw PMMA and high Mw PMMA

dogbone specimens at ė = 5.9×10−2 s−1 are plotted in Fig. 3.5a for 0.91 ≤ T/Tg ≤ 1.01 and

in Fig. 3.5b for 1.04 ≤ T/Tg ≤ 1.14. For T/Tg ≤ 1.04, i.e. in the glassy and glass transition

regime, the structural response of the two PMMA grades is similar. The constitutive response is

different between the two PMMA grades for T/Tg > 1.04: the σ -ε curves of the low Mw PMMA

are more sensitive to testing temperature than the σ -ε curves of the high Mw PMMA.

Additional insight is obtained by interrupting selected tensile tests prior to failure, and then by

fully unloading them. The measured loading-unloading true stress versus true strain curves for

the low Mw and high Mw PMMA at a nominal strain rate ė = 5.9× 10−4 s−1 are shown in

Fig. 3.6. For T/Tg = 0.94 (within the glassy regime), elastic unloading occurs in the manner

of an elasto-viscoplastic solid, with a substantial remnant strain at zero load for both PMMA

grades. When the temperature is increased to T/Tg = 1.06, the elastic rubbery regime is entered

for the high Mw PMMA and the unloading curve is almost coincidental with the loading curve;

marginal hysteresis occurs and the remnant strain upon unloading is close to zero. There is no

observation of a rubbery regime for the low Mw PMMA above the glass transition temperature.

At T/Tg = 1.06 (and T/Tg = 1.12), the S-ε response of the low Mw PMMA resembles that of

a linear, viscous liquid (with substantial remnant strain upon unloading). The high Mw PMMA

transitions to a viscous regime close to T/Tg = 1.16.
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Figure 3.5 Measured true tensile stress versus true tensile strain curves for the low Mw and high
Mw PMMA grades in uniaxial tension for a nominal strain rate ė = 5.9× 10−2 s−1

and for temperatures ranging from (a) T = 90 °C to T = 120 °C and (b) T = 130 °C
to T = 170 °C.
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Figure 3.6 Loading-unloading true stress versus true strain curves for the low Mw and high
Mw PMMA grades in uniaxial tension at T/Tg = 0.93, T/Tg = 1.06, and T/Tg =
1.12 (low Mw PMMA) or T/Tg = 1.16 (high Mw PMMA) for a nominal strain rate
ė = 5.9 × 10−4 s−1.

3.3.2 Deformation maps

The dependence of the modulus E of the high Mw PMMA upon T/Tg is given in Fig. 5.3a

for three nominal strain rates. Note that E is measured as the secant modulus based on a true

reference strain εref equal to 0.05. The dependence of E upon T/Tg and upon strain rate in the

glassy and glass transition regime is captured by means of Eq. 3.1. Equation 3.1 is fitted by

regression to the measured modulus values corresponding to 0.91 ≤ T/Tg ≤ 1.04 for εref = 0.05.

The fitted parameters (η0, C1, C2, E0, αm) are stated in Table 3.1. The dependence of E upon

T/Tg in the rubbery regime is assumed to be governed by Eq. 3.3. Equation 3.3 is calibrated by

the measured modulus values corresponding to 1.06 ≤ T/Tg ≤ 1.18, resulting in E0
R = 65.8 MPa,

αR = 0.80, ε̇R = 1.58 s−1, and n = 0.173. The E versus T/Tg curves, as predicted by the fitted

versions of Eqs. 3.1 and 3.3 for the three tested nominal strain rates, are depicted in Fig. 5.3a.

The experimental curves are captured to adequate accuracy.
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Figure 3.7 Deformation maps for the high Mw PMMA grade in uniaxial tension close to the
glass transition for a reference strain equal to 0.05: (a) modulus versus normalised
temperature for three nominal strain rates with the predicted curves by the fitted
versions of Eq. 3.1 in the glassy and glass transition regime and Eq. 3.3 in the rubbery
regime and (b) flow strength versus normalised temperature for three nominal strain
rates with the predicted curves by the calibrated versions of Eq. 3.2 in the glassy and
glass transition regime and Eq. 3.4 in the rubbery regime.
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Table 3.1 Fitted (and initial) parameters for Eq. 3.1 to the measured secant modulus values of
the high Mw PMMA gradecorresponding to 80 °C ≤ T ≤ 130 °C via regression, R2 =
0.97 for εref = 0.05.

Parameter Fitted value (Gilbert et al., 1986)

η0 (Pa·s) 6.7×108 1.1×1016

C1 42.7 17.4
C2 (K) 113.8 143
E0 (GPa) 3.52 8.6
αm 0.85 0.28

The measured flow strength σy of the high Mw PMMA is plotted as a function of T/Tg for three

nominal strain rates, see Fig. 3.7b. The flow strength in the glassy and glass transition regime

is assumed to be governed by rate and temperature via a single transition process Ree–Eyring

equation, see Eq. 3.2. Equation 3.2 is fitted by regression to the σy values corresponding to 0.91

≤ T/Tg ≤ 1.04. The fitted values for v, ε̇0 , and q as well as the initial values for the regression,

based on the results of Bauwens-Crowet (1973), are summarised in Table 3.2. The fitted value

for the activation volume is of the same order of magnitude as the ones reported in the litera-

ture (Ward and Sweeney, 2012). This volume is about 5 to 10 times larger than the estimated

volume of a monomer unit which is in agreement with the idea that shear yielding is governed

by the collective movement of numerous chain segments (Fleck et al., 1990). As depicted in

Fig. 3.7b, the measured σy versus T/Tg trends in the glassy and glass transition regime are well

approximated by the Ree–Eyring fit, while the dependence of the flow strength upon rate and

temperature in the rubbery regime is captured with reasonable accuracy by Eq. 3.4 (with εref =

0.05 and the fitted version of Eq. 3.3 for the rubbery modulus).

The dependence of the measured flow strength σy of the low Mw and high Mw PMMA grades

upon T/Tg for ė = 5.9×10−2 s−1 is shown in Fig. 3.8. A single transition Ree–Eyring equation

Table 3.2 Fitted (and initial) parameters for Eq. 3.2 to the measured flow strength values corre-
sponding to 80 °C ≤ T ≤ 130 °C via regression, R2 = 0.98.

Parameter Fitted value (Bauwens–Crowet, 1973)

v (nm3) 1.62 2.56
ε̇0 (s−1) 1.5×1056 2×1051

q (J) 7.31×10−19 6.85×10−19
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(Eq. 3.2) is fitted by regression to the values of the low Mw PMMA in the glassy and glass

transition regime (corresponding to 0.94 ≤ T/Tg ≤ 1.04). The values of q and ε̇0 for the low

Mw PMMA are assumed to be equal the fitted values for the high Mw PMMA (see Table 3.2)

and Eq. 3.2 is fitted by varying the activation volume v, resulting in v = 2.21 nm3. The pre-

dicted σy versus trend for ė = 5.9×10−2 s−1 and ė = 5.9×10−3 s−1 (low Mw PMMA) and for

ė = 5.9×10−1 s−1 and ė = 5.9×10−2 s−1 (high Mw PMMA) by the calibrated versions of Eq.

3.2 are included in Fig. 3.8.

A linear, viscous constitutive law (Eqs. 2.9 and 3.5) is fitted to the measured σy versus T/Tg

trend for the low Mw PMMA in the regime of 1.06 ≤ T /Tg ≤ 1.14 for ė = 5.9× 10−2 s−1,

resulting in η0 = 2.8×106 Pa·s, C1 = 3.22, and C2 = 17.3 K. The predicted σy versus T/Tg trends

for ė = 5.9×10−2 s−1 and ė = 5.9×10−3 s−1 for the low Mw PMMA by the calibrated versions

of Eqs. 2.9 and 3.5 (and for ė = 5.9×10−2 s−1 and ė = 5.9×10−3 s−1 for the high Mw PMMA

by the fitted version of Eq. 3.4) are included in Fig. 3.8.
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Figure 3.8 The measured flow strength versus normalised temperature for the low Mw and high
Mw PMMA grades in uniaxial tension for a nominal strain rate ė = 5.9× 10−2 s−1.
The predicted σy versus T/Tg curves by the fitted versions of Eqs. 3.2 and 3.5 (low
Mw) or Eq. 3.4 (high Mw) are included for two selected strain rates with εref = 0.05.
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3.3.3 Failure diagrams

The measured true tensile failure strain εf of the high Mw PMMA grade is plotted as a function

of T/Tg in Fig. 3.9a for two nominal strain rates: ė = 5.9× 10−2 s−1 and ė = 5.9× 10−4 s−1.

No failure of the hourglass-shaped specimen was observed at T = 190 °C for ė = 5.9×10−2 s−1

before reaching the maximum cross-head extension. Recall that the failure strain is measured

via a transverse gauge in addition to a longitudinal gauge over the full range of T/Tg employed.

The two methods are in good agreement except at T/Tg ≥ 1.1 for which εf > 1.5. In this regime,

the reduction in cross-sectional area at the minimum section of the hourglass-shaped specimen

is larger than the elongation of the dots.

The transverse gauge-based failure envelope of the high Mw PMMA grade for ė= 5.9 × 10−2 s−1

is fitted by a linear relation (R2 = 0.92):

εf = 7.3
T

Tg
−6.3 (3.9)

while the transverse gauge-based failure envelope of the high Mw PMMA grade for the lowest

explored value of nominal strain rate ė = 5.9 × 10−4 s−1 is captured by a third order polynomial

(R2 = 0.97):

εf =−80.8
( T

Tg

)3
+230.2

( T

Tg

)2
−211

T

Tg
+62.9 (3.10)

Equations 3.9 and 3.10 are plotted in Fig. 3.9a along with the observed values of failure strain.

The residual true tensile strain εr, measured post-failure, is compared with εf in Fig. 3.9b. At

temperatures T/Tg < 1, there is negligible elastic spring-back and εr ≈ εf. For 1 < T/Tg < 1.1,

εr decreases sharply with increasing temperature, consistent with rubbery behaviour. For

1.1 < T/Tg < 1.18, εr increases with increasing temperature, consistent with a transition to

viscous behaviour.
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Figure 3.9 Failure diagrams for the high Mw PMMA grade: (a) measured true tensile failure
strain εf by the transverse (transv.) and longitudinal (long.) method as a function
of T/Tg for two nominal strain rates with fitted failure envelopes given in Eqs. 3.9
(dashed line) and 3.10 (solid line) and (b) measured residual true tensile strain εr and
the measured εf as a function of T/Tg for two nominal strain rates.
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The curve fits (Eqs. 3.9 and 3.10) from the measured values of εf as a function of T/Tg are

compared in Fig. 3.10a with the observed failure strains as reported by Cheng et al. (1990) for

an PMMA grade with a number-averaged molecular weight Mn close to 500 000 g mol−1 in the

glassy regime. There is reasonably good agreement between the data of Cheng et al. (1990) and

those of the present study. A comparison is made between the failure envelope of the high Mw

PMMA in the rubbery regime to that of a lightly cross-linked styrene-butadiene rubber (SBR),

as reported by Smith (1958). For the lowest strain rate (ė = 5.9× 10−4 s−1), the failure strain

envelope above the glass transition temperature of the linear, amorphous, high Mw PMMA is

found to be similar to the failure strain envelope above Tg of a chemically cross-linked SBR.

The measured true tensile failure strain εf and the residual strain εr of the low Mw PMMA is

plotted as a function of T/Tg for a nominal strain rate ė = 5.9× 10−2 s−1 in Fig. 3.10b. No

specimen failure was observed at T = 145 °C, T = 160 °C, and T = 175 °C before reaching the

maximum cross-head extension. The εf versus T/Tg failure envelope at ė = 5.9× 10−2 s−1 of

the low Mw PMMA is captured by a linear relation:

εf = 13.3
T

Tg
−11.7 (3.11)

Equation 3.11 is plotted in Fig. 3.10b. For the sake of comparison, the measured values of εf and

εr of the high Mw PMMA is plotted as a function of T/Tg for ė = 5.9×10−2 s−1 in Fig. 3.10b.

For T/Tg < 1, the εf versus T/Tg and the εr versus T/Tg curves of the two PMMA grades are

similar. In contrast, the value of εr at T/Tg ≥ 1 is close to invariant to temperature. This is

consistent with the observation of a transition to a viscous regime (and absence of a rubbery

regime) above the glass transition for the low Mw PMMA grade.
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Figure 3.10 Failure diagrams for the low Mw and the high Mw PMMA grades: (a) εf versus
T/Tg curve fits (Eq. 3.9 (dashed line) and Eq. 3.10 (solid line)) along with the εf

versus T/Tg data reported by Cheng et al. (1990) for PMMA in the glassy regime
and by Smith (1958) for SBR in the glass transition and rubbery regime and (b) the
measured true tensile failure strain εf and the residual strain εr of the low Mw and
high Mw PMMA as a function of T/Tg for a nominal strain rate ė = 5.9 × 10−2 s−1

along with the fitted failure envelopes given in Eq. 3.11 for the low Mw PMMA
(solid line) and Eq. 3.9 (dashed line) for the high Mw PMMA.
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3.4 Concluding remarks

The tensile response of a commercial PMMA grade of high molecular weight (close to

3 500 000 g mol−1) has been characterised over a range of temperatures near the glass tran-

sition and over two decades of strain rate via a series of uniaxial tensile tests. Modulus, flow

strength and failure strain are plotted as a function of temperature via deformation and failure

maps for selected strain rates. Fitted constitutive relations in terms of modulus and flow strength

are reported for three identified constitutive regimes: the glassy, glass transition, and rubbery

regime. Additional uniaxial tensile tests are conducted with a different grade of PMMA of lower

molecular weight (approximately 100 000 g mol−1) though close to identical value of Tg to give

insight into the effect of molecular weight on the constitutive response of PMMA in uniaxial

tension close to Tg. The response of the low molecular weight PMMA was found to be similar

to the high molecular weight PMMA in the glassy and glass transition regime, while viscous

(instead of rubbery) behaviour was observed above Tg.
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Chapter 4

Solid-state nanofoaming experiments on

PMMA

Solid-state nanofoaming experiments are conducted on the two PMMA grades characterized

in Chapter 3 by making use of CO2 as the blowing agent. The dependence of porosity of the

nanofoams upon foaming time and foaming temperature is measured. The morphology of the

PMMA nanofoams is also characterized in terms of cell size, cell nucleation density, and open

cell content.

4.1 Materials and methods

4.1.1 Test materials

Solid-state nanofoaming experiments were conducted on Altuglas V825T PMMA (of molecu-

lar weight Mw = 92 500 g mol−1) and Altuglas CN PMMA (Mw = 3 580 000 g mol−1), see

Section 3.2.1. The Altuglas V825T PMMA was received in pellets, whereas the Altulgas CN

PMMA grades came in cast sheets with thickness close to 3 mm. The Altuglas V825T and Al-

tuglas CN grades are referred to as the ‘low Mw PMMA’ and ‘high Mw PMMA’, respectively.

Both grades have a density ρp equal to 1 190 kg m−3 (measured at 23 °C and at 50 % relative

humidity). As detailed in Section 3.2.1, the glass transition temperature of the low Mw PMMA
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(Tg = 114.5 °C) is approximately equal to the glass transition temperature of the high Mw PMMA

(Tg = 116.5 °C).

4.1.2 Nanofoaming experiments

Foaming precursors of the low Mw and high Mw PMMA grades were made as follows. The low

Mw PMMA pellets were heated to 250 °C, then compressed between two heated plates with

a pressure equal to 17 MPa for 60 s at 250 °C. Then, the resulting low Mw PMMA sheet was

allowed to cool down to room temperature with the pressure of 17 MPa maintained. Cuboid

precursors with dimensions 20×10×3 mm3 were machined from the low Mw PMMA sheet and

the as-received high Mw PMMA sheet.

Foaming experiments were performed using a pressure vessel1 with a pressure controller2 and

temperature controller3. Medical grade CO2 (of more than 99.9 % purity) was used as blow-

ing agent for the foaming experiments. A two step solid-state foaming process was employed

(Martin-de León et al., 2016). The precursor samples were put into the pressure vessel at a

constant CO2 saturation pressure (psat = 31 MPa) and at a maintained saturation temperature

(Tsat = 25 °C). Complete saturation of the PMMA by CO2 is achieved within 24 hours at these

saturation conditions (Martin-de León et al., 2016). The corresponding CO2 equilibrium weight

concentration4 C was measured as follows. A saturated sample (with psat = 31 MPa) was placed

out of the pressure vessel. Then, the mass of the sample was measured5 as a function of time.

The equilibrium CO2 concentration was obtained by extrapolating the measured mass-time

curve to zero. The value for the equilibrium concentration for psat = 31 MPa and Tsat = 25 °C is

close to 24 wt% for both the low and high Mw PMMA.

After the saturation of the precursor was complete, the pressure was progressively released to

ambient pressure with a controlled, instantaneous pressure drop rate close to 100 MPa s−1. The

1 Pressure vessel model PARR 4681 of Parr Instrument Company (USA) with a 10−3 m3 capacity. The maximum
pressure and temperature of the pressure vessel corresponds to 350 °C and 41 MPa, respectively.

2 Pressure controller pump SFT-10 of Supercritical Fluid Technologies Inc (USA).
3 Temperature controller CAL 3300 of CAL Controls Ltd, UK.
4 The weight concentration C of CO2 in PMMA is defined with respect to the total mass of the PMMA-CO2

mixture. Note that the definition of CO2 solubility (with respect to the mass of the PMMA absent CO2) is often
used in experimental nanofoaming studies (Martin-de León et al., 2016).

5 Mass measurements were conducted with an analytical balance AT261 of Mettler-Toledo (USA).
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Table 4.1 Overview of the 20 individual foaming experiments conducted on both the low Mw

and the high Mw PMMA grades.

psat (MPa) Tsat (°C) Tf (°C) tf (s)

31 25 25 60, 180, 300, 600
31 25 40 60, 180, 300, 600
31 25 60 60, 180, 300, 600
31 25 80 60, 180, 300, 600
31 25 100 60, 180, 300, 600

samples were subsequently foamed in a thermal bath6 at a foaming temperature ranging from

Tf = 25 °C to Tf = 100 °C and foaming times ranging from tf = 60 s to tf = 600 s. Samples were

quenched by immersing them in a water bath at a temperature close to 10 °C at the end of the

foaming time. An overview of the saturation and foaming conditions used to foam the low Mw

and the high Mw PMMA grades is given in Table 4.1.

4.1.3 Characterisation

4.1.3.1 Porosity

The geometric volume Vf of the nanofoams was determined by the water-displacement method

and the mass of the nanofoams mf was measured with a weight balance7. A layer of 200 µm from

each side of the foamed sample was polished off8 to ensure the solid skin layer (of thickness

below 100 µm) was absent before the mass and volume measurements were made. The mass

and volume measurements were conducted at least 24 hours after foaming took place to allow

remnant CO2 to diffuse out of the nanofoams. The porosity of the samples is obtained by:

f = 1− mf

Vfρp
(4.1)

6 Thermal bath J.P. Selecta Model 6000685 of Grupo Selecta (Spain). The thermal bath is filled with water for
Tf = 25 °C to Tf = 80 °C. An oil bath was used for Tf = 100 °C.

7 See footnote 5.
8 Grinding and polishing system LaboPOl2-LaboForce3 of Struers (USA).
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4.1.3.2 Microstructure

The microstructure of the nanofoams was analysed by SEM microscopy. The samples were

cooled in liquid nitrogen and subsequently fractured. Fracture surfaces were coated with a layer

of gold by sputtering9. Micrographs of the coated fracture surfaces were taken by a SEM10. The

cellular structure of each material was characterised by analysing the micrographs with software

based on ImageJ/FIJI developed by Pinto et al. (2013). By analysing over 200 voids obtained

from at least 3 micrographs per foamed sample, the average cell size l, the standard deviation

s of the observed cell sizes, and the cell nucleation density Nd, calculated via (Kumar and Suh,

1990):

Nd =
(

1− f
)−1(nM2

A

)
3
2
, (4.2)

is reported for each foamed sample. Note that in Eq. 4.2, n refers to number of voids in the

micrograph of area A and magnification factor M.

4.1.3.3 Open cell content

The open cell content of the foamed samples was measured using gas pycnometry with nitrogen

according to the ASTM D6226-15 standard (ASTM, 2015a). The open cell content ratio Ov

is defined as the ratio of the volume of open-celled voids to the total volume of pores and is

obtained by11:

Ov =
(

1−Vpyc

Vf

)

f−1 (4.3)

where Vpyc is the pycnometer volume12 obtained by subjecting the foamed samples to a pres-

sure scan from 0.02 MPa to 0.13 MPa in the pycnometer13. The pycnometer volume initially

decreases as the gas pressure increases until the interconnected open cells are completely filled

9 Sputter coater SDC 005 of Balzers Union (Liechtenstein).
10 Scanning electron microscope QUANTA 200 FEG of Thermo Fisher Scientific (USA).
11 The volume contribution of the nano-sized voids at the surface of the sample is neglected in Eq. 4.3.
12 The volume of the three-dimensional sample which is inaccessible to the gas.
13 Gas pycnometer (USA) AccuPyc II 1340 of Micromeritics (USA).
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with gas and the pycnometer volume remains constant at increased pressures. This constant vol-

ume value is assumed to equal Vpyc to calculate Ov via Eq. 4.3.

4.2 Results and discussion of the nanofoaming experiments

A series of representative SEM micrographs of the nanofoams produced with the low Mw and

the high Mw PMMA grades are shown in Fig. 4.1. The low Mw and the high Mw nanofoams

have distinctly different microstructures when foamed at identical foaming temperatures and

foaming times. The measured porosity f , the average observed cell size l, the standard devia-

tion s of the observed cell sizes, and the cell nucleation density Nd of the nanofoams made from

the low Mw and the high Mw PMMA grades are reported in Table 4.2 and Table 4.3, respectively.

ÊËÌÍ Mw ÎÏÐÑÒÓÔ Mw ÕÖØÙ

Tf = 60 °C

tÚ Û ÜÝ Þ
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1 ðñ

Figure 4.1 SEM micrographs of the low Mw and the high Mw nanofoams for different combina-
tions of foaming temperature Tf and foaming time tf.
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Table 4.2 Measured values for the porosity f , the average observed cell size l, the standard
deviation of the observed cell sizes s, the open cell content Ov, and the cell nucleation
density Nd of the low Mw nanofoams as a function of foaming time tf and foaming
temperature Tf. Foams collapsed at Tf = 100°C, and so no open cell content values are
reported for the nanofoams produced at Tf = 100°C.

tf Tf f l s Ov Nd

(s) (°C) (nm) (nm) (×1020 m−3)

60 25 0.45 219 87 0.12 1.50
180 25 0.47 228 79 0.08 1.50
300 25 0.51 283 112 0.08 0.91
600 25 0.51 235 85 0.08 1.48

60 40 0.52 262 102 0.07 1.22
180 40 0.61 250 125 0.02 1.70
300 40 0.64 254 105 0.15 1.27
600 40 0.66 233 103 0.14 2.11

60 60 0.56 234 89 0.07 2.34
180 60 0.66 297 111 0.33 1.72
300 60 0.68 279 122 0.4 1.76
600 60 0.68 284 109 0.36 1.63

60 80 0.72 333 134 0.63 1.16
180 80 0.74 288 138 0.90 1.83
300 80 0.75 297 125 0.78 1.75
600 80 0.73 274 109 0.93 2.08

60 100 0.64 297 122 - 1.21
180 100 0.68 253 110 - 1.81
300 100 0.62 246 103 - 1.75
600 100 0.51 291 125 - 0.76

The observed cell nucleation density Nd of the low Mw and the high Mw nanofoams is plotted

as a function of foaming temperature in Figs. 4.2a and 4.2b, respectively. The cell nucleation

density of the low nanofoams (Nd ≈ 2×1020 m−3) is an order of magnitude lower than that of

the high Mw nanofoams (Nd ≈ 2×1021 m−3). The cell nucleation density of both PMMA grades

is found to be independent of foaming time or temperature. The observed average cell size l of

the high Mw nanofoams ranges between 20 nm to 50 nm, which is an order of magnitude lower

than that of the low Mw nanofoams (l = 200 nm to l = 350 nm), see Tables 4.2 and 4.3. The

observed range of Nd and l for the low Mw nanofoams is consistent with the results of Martin-de

León et al. (2016) who conducted foaming experiments with an identical low Mw PMMA grade.
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Table 4.3 Measured values for the porosity f , the average observed cell size l, the standard
deviation of the observed cell sizes s, the open cell content Ov, and the cell nucleation
density Nd of the high Mw nanofoams as a function of foaming time tf and foaming
temperature Tf. Foams collapsed at Tf = 100°C, and so no open cell content values are
reported for the nanofoams produced at Tf = 100°C.

tf Tf f l s Ov Nd

(s) (°C) (nm) (nm) (×1020 m−3)

60 25 0.22 36 14 0.30 14.9
180 25 0.28 23 10 0.22 40.0
300 25 0.29 30 12 0.28 9.0
600 25 0.31 36 18 0.21 6.9

60 40 0.33 28 13 0.19 54.2
180 40 0.42 32 16 0.07 32.3
300 40 0.45 37 14 0.08 7.8
600 40 0.47 45 29 0.09 26.0

60 60 0.45 37 14 0.08 20.4
180 60 0.55 39 17 0.03 24.0
300 60 0.57 40 17 0.28 31.8
600 60 0.57 41 19 0.03 25.8

60 80 0.58 39 20 0.51 21.8
180 80 0.6 39 19 0.73 27.8
300 80 0.6 38 19 0.95 36.6
600 80 0.59 44 22 0.88 46.6

60 100 0.59 34 15 - 35.4
180 100 0.53 27 14 - 80.4
300 100 0.50 37 18 - 24.9
600 100 0.45 34 12 - 32.6

The measured average cell size l of the low Mw and the high Mw nanofoams is plotted as a

function of foaming time for a selected foaming temperature equal to 60 °C, see Fig. 4.2c. Void

growth typically occurs over a foaming time period of 60 s to 180 s, after which cell growth

slows down and a stable (foaming time-independent) value for l is attained. The sensitivity of

the final value for l to foaming temperature is small, see Table 4.2 and Table 4.3.
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Figure 4.2 Nanofoaming experiments with the low Mw and high Mw PMMA grades: (a) nu-
cleation density Nd versus foaming temperature Tf for the low Mw nanofoams, (b)
nucleation density Nd versus foaming temperature Tf for the high Mw nanofoams, (c)
average cell size l versus foaming time tf at Tf = 60 °C, (d) porosity f versus foaming
time tf at Tf = 60 °C and Tf = 100 °C, (e) porosity f versus foaming temperature Tf

for the low Mw nanofoams, (f) porosity f versus foaming temperature Tf for the high
Mw nanofoams.
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Figure 4.3 Measured open cell content Ov versus porosity f : (a) low Mw nanofoams and (b)
high Mw nanofoams.

The measured porosity f of the low Mw and the high Mw nanofoams is plotted as a function of

foaming time for Tf = 60 °C and for Tf = 100 °C in Fig. 4.1d. In agreement with the l versus Tf

curves for Tf = 60 °C shown in Fig. 4.1c, the porosity increases over a foaming period of 60 s to

180 s until a stable (tf-independent) value for the final porosity is achieved.

The highest observed porosity for the low Mw nanofoams ( fmax = 0.75) is approximately 25%

higher than the highest observed porosity for the high Mw nanofoams ( fmax = 0.6). At a foam-

ing temperature equal to 100 °C, the porosity decreases with increasing foaming time beyond

tf = 60 s, and this is due to collapse of the foamed structure. This behaviour is also illustrated

in Figs. 4.2e and 4.2d where f is plotted as a function of Tf for the explored range of foaming

times for the low Mw nanofoams and the high Mw nanofoams, respectively.

The measured open cell content Ov is plotted as a function of the measured porosity f in

Figs. 4.3a (low Mw PMMA) and 4.3b (high Mw PMMA) for foaming temperatures ranging from

25°C to 80 °C. Nanofoams with porosities well below the highest observed porosity fmax are

closed-celled in nature. An abrupt transition to an open-celled structure occurs close to fmax.

The observed collapse of the foam at T = 100 °C is preceded by cell wall tearing for the low Mw

nanofoams (see Fig. 4.4a) and by the formation of cracks interconnecting the nano-sized pores

in the high Mw nanofoams (see Fig. 4.4b).
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Figure 4.4 SEM micrographs of open-celled nanofoams: (a) cell wall tearing in the low Mw

nanofoam for tf = 300 s and Tf = 100 °C and (b) the nucleation and growth of cracks
from the nano-size voids in the high Mw nanofoam for tf = 300 s and Tf = 100 °C.

4.3 Concluding remarks

Solid-state nanofoaming experiments are performed on two grades of PMMA of markedly dif-

ferent molecular weight (Mw = 92 500 g mol−1 and Mw = 3 580 000 g mol−1). It was found

that molecular weight of the PMMA has a profound effect upon the final morphology of the

PMMA nanofoams. When subjected to identical foaming conditions, the observed cell size

l (≈ 35 nm) of the high molecular weight PMMA nanofoams is an order of magnitude less

than the cell size of the low molecular weight PMMA nanofoams (≈ 205 nm). This is consis-

tent with the observation that the nucleation density Nd (≈ 2×1021 m−3) of the high molecular

weight PMMA nanofoams is an order of magnitude higher than that of the low molecular weight

PMMA nanofoams Nd (≈ 2×1020 m−3). In addition, a limit in attainable porosity fmax was ob-

served: fmax equals 0.6 for the high molecular weight PMMA and fmax equals 0.75 for the low

molecular weight PMMA. The microstructure of the PMMA nanofoams transitions from closed-

celled to open-celled at a porosity close to fmax.
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Chapter 5

Prediction of void growth during

solid-state nanofoaming

A one dimensional numerical model is developed to predict the growth of spherical, gas-filled

voids during the solid-state foaming process. Emphasis is placed on void growth during solid-

state nanofoaming of PMMA by making use of CO2 as the blowing agent. The foaming model

makes use of the experimentally calibrated constitutive laws for the PMMA grades tested in

Chapter 3. The effect of dissolved CO2 is accounted for by a shift in the glass transition tem-

perature of the PMMA. Predicted curves for the porosity as a function of foaming time and

foaming temperature are compared to those measured in Chapter 4. In addition, cell wall tearing

mechanisms are explored to investigate the observed limit in final porosity.

5.1 The void growth model

A void growth model is developed to predict the porosity of an PMMA nanofoam as a function

of foaming time and foaming temperature. The expansion of a pre-existing, as-nucleated cavity

during the growth phase of the solid-state nanofoaming process is simulated by means of a

one dimensional ‘multiple void’ growth model (Amon and Denson, 1984), see Section 2.1.3.2.

Consider a polymer-gas solid with equisized spherical voids. A cross-section of the undeformed

configuration of a spherical void, with initial radius a0 and initial outer radius b0 along with the

spherical (r, θ , φ )-coordinate system is shown in Fig. 5.1. Assume that the initial gas pressure

p0 in the as-nucleated void equals the saturation pressure during the saturation phase prior to
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Figure 5.1 Spherical void in (a) the undeformed configuration with initial radius a0 and initial
outer radius b0 and (b) the deformed configuration at time t of the void with radius a,
outer radius b and gas pressure p.

nucleation of the voids. The deformed configuration for the void of inner radius a and outer

radius b at time t is shown in Fig. 5.1.

5.1.1 Kinematics

Assume that the void remains spherical during growth and that the solid surrounding the void is

incompressible. Then a material point, initially at radius R, is displaced to a radius r such that:

r3 −a3 = R3 −a0
3 (5.1)

For later used, this relation is re-arranged to the form:

( r

R

)3
= 1+

(a0

R

)3[( a

a0

)3
−1
]

(5.2)

Note that r/R is a function of a time-like variable a/a0 and of the Lagrangian position variable

R/a0. The von Mises strain εe is defined in the usual manner, and for the void problem it reads:

εe = |2εθθ |= 2ln
( r

R

)

(5.3)

where εθθ is the hoop strain. Now insert Eq. 5.2 into Eq. 5.3 to obtain:
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εe =
2
3

ln

[

1+
(a0

R

)3
(

( a

a0

)3
−1

)]

(5.4)

and take the time derivative of r in Eq. 5.1:

ṙ = vr =
(a

r

)2
ȧ (5.5)

where vr is the radial velocity of a material element at r. Consequently, the effective strain rate

ε̇e reads:

ε̇e = |∂vr

∂ r
|= 2a2

R3

( r

R

)−3
ȧ (5.6)

where r/R scales with the current void size a in accordance with Eq. 5.2.

5.1.2 Equilibrium

Now, write (σrr, σθθ , σφφ ) as the active stress components in the spherical coordinate system.

Radial equilibrium dictates that (Timoshenko and Goodier, 1970):

∂σrr

∂ r
+

1
r

(

2σrr −σθθ −σφφ

)

= 0 (5.7)

Due to symmetry, σθθ = σφφ and Eq. 5.7 reduces to:

∂σrr

∂ r
=

2(σθθ −σrr)

r
=

2σe

r
(5.8)

where σe = σθθ - σrr is the von Mises effective stress (Hill, 1950). Integration of Eq. 5.8 leads

to:

p− pa =

r=b
∫

r=a

2σe

r
dr (5.9)
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where p is the gas pressure inside the cavity for a given radius a and pa is the ambient pressure.

In addition, incompressibility dictates:

dr =
(R

r

)2
dR (5.10)

and Eq. 5.9 can be re-phrased in the Lagrangian form:

p− pa =

R=b0
∫

R=a0

2
R

(R

r

)3
σedR (5.11)

Now, the effective stress σe is a function of the effective strain εe (Eq. 5.4), the effective strain

rate ε̇e (Eq. 5.6) and the normalised temperature T /Tg via the constitutive law for an PMMA-CO2

solid of the functional form:

σe = F
(

εe, ε̇e,
T

Tg

)

(5.12)

The choice of the function F is based on the findings presented in Section 3.3.2 and is detailed

below. It is emphasised that the glass transition temperature Tg is a function of CO2 concentra-

tion.

5.1.3 Mass conservation

At the start of the foaming process, the chemical potential of CO2 molecules in the as-nucleated

voids is lower than chemical potential of CO2 molecules in the PMMA-CO2 solid. Consequently,

CO2 molecules migrate from the PMMA-CO2 solid to the growing cavity. The weight concen-

tration of CO2 gas molecules C(R,t) at time t and position R (for a0 < R < b0) can be obtained

by solving Fick’s second law of diffusion (Crank, 1975):

∂C(R, t)

∂ t
=

D

R2

∂

∂R

[

R2
( r

R

)4 ∂C(R, t)

∂R

]

(5.13)

where D refers to the diffusion coefficient for CO2 in PMMA. Measurements of D at tempera-

tures and pressures typical for solid-state nanofoaming of PMMA by CO2 are available in the

literature as follows. Guo and Kumar (2015) measured D based on desorption measurements and
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Figure 5.2 Sketch of the spatially uniform CO2 concentration in the PMMA-CO2 solid surround-
ing the void.

found D to range between 2.5×10−12 m2 s−1 and 3.65×10−11 m2 s−1for temperatures ranging

from -30 °C to 100 °C at a CO2 pressure equal to 5 MPa. Li et al. (2018) measured D based on

sorption measurements and found D to vary between 6×10−11 m2 s−1 and 9.5×10−11 m2 s−1

for temperatures ranging from 30 °C to 70 °C and pressures ranging from 6 MPa to 18 MPa.

Now, consider a characteristic diffusion time τD:

τD =
(LD)

2

D
(5.14)

where LD is a diffusion length which may be approximated for the void growth problem by:

LD ≈ 2b0 ≈
( 6

πNd

)
1
3

(5.15)

where it is assumed that the nucleation density Nd is approximated by 3/(4πb3
0). Observation

of cell nucleation densities of PMMA nanofoams (Nd > 1020 m−3) imply a value for LD lower

than 250 nm. Upon adopting a low value of D equal to 10−12 m2 s−1, we obtain τD ≈ 60 ms

via Eq. 5.14, which is at least two orders of magnitude lower than typical observed cell growth

times for solid-state nanofoaming of PMMA by CO2 as discussed in Section 4.2 and in the work

of Martin-de León et al. (2016). The CO2 concentration profile C(R, t) may therefore assumed
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to be spatially uniform at all times: C(R, t) = C(t), see Fig. 5.2. Consequently, one does not need

to solve the diffusion equation (Eq. 5.13) to predict void growth during solid-state nanofoaming

of PMMA by CO2.

Furthermore, the mass of gas molecules in the void and in the surrounding solid is assumed

to be constant; leakage of gas molecules to neighbouring voids or the sample’s environment is

neglected. The resulting mass conservation statement reads:

Cρp(b3 −a3)+ρga3 =C0ρp(b3
0 −a3

0)+ρ
g
0 a3

0 (5.16)

where ρg is the density of the gas in the void, and ρp is the density of the PMMA-CO2 solid.

The value for ρp is, as a first order approximation, assumed1 to be equal to the density of the

PMMA solid absent CO2, i.e. ρp = 1 190 kg m−3.

5.1.4 Additional assumptions for the solid-state foaming of PMMA by

CO2

The relations in Eqs. 5.11 and 5.16 form a coupled pair of equations which can be solved to

obtain p as a function of cavity expansion a/a0. Additional assumptions for solid-state foaming

of PMMA by CO2 are detailed below.

5.1.4.1 Dependence of the PMMA-CO2 glass transition temperature upon CO2 concen-

tration

The dissolution of CO2 into a linear, amorphous polymer such as PMMA reduces the glass

transition temperature Tg of the PMMA-CO2 solid. The dependence of the glass transition tem-

perature of PMMA upon CO2 concentration was reviewed in Section 2.1.2.3. The T /T 0
g versus

CO2 concentration C curve is assumed to be predicted by the Chow equation (Eq. 2.7):

1 This assumption is based on the findings of Pantoula and co-workers (Pantoula and Panayiotou, 2006; Pantoula
et al., 2007) who reported that the relative increase in volume of an PMMA-CO2 mixture is close to the relative
increase of the mass of the PMMA-CO2 for a CO2 pressure up to 30 MPa.
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Tg

T 0
g
= exp

[

β
(

(1−θ)ln(1−θ)+θ lnθ
)]

(5.17)

where θ is defined as:

θ =
M

p
w

zM
g
w

C

1−C
(5.18)

where M
p
w is the molecular weight of the polymer repeat unit (Mp

w = 110.12 g mol−1 for a

methyl methacrylate monomer), and z is the lattice coordination number assumed to be equal to

2 as suggested by Chow (1980). The parameter β in Eq. 5.17 reads:

β =
zR

M
p
w∆Cp

(5.19)

where R is the universal gas constant and ∆Cp is the change in specific heat capacity of the

PMMA absent the CO2, assumed to be equal to 355 J kg−1 K−1, based on the curve fit to

the data of Chiou et al. (1985), Wissinger and Paulaitis (1991), and Guo and Kumar (2015) as

detailed in Section 2.1.2.3.

5.1.4.2 Constitutive laws for the PMMA-CO2 solid

The effective stress σe of the PMMA-CO2 solid at a given strain εe, strain rate ε̇e, and tempera-

ture Tg/T 0
g is assumed to be the same as that given by PMMA in the absence of CO2: the effect

of CO2 is accounted for by a shift in the value for Tg as detailed above. Deformation mecha-

nisms for PMMA in uniaxial tension close to the glass transition temperature were reviewed in

Section 2.1.4. A series of uniaxial tension tests with a low Mw and a high Mw PMMA grade

over a range of temperatures near the glass transition and over two decades of strain rate were

conducted to construct deformation and failure maps for the two PMMA grades in Section 3.3.2.

A single transition process Ree–Eyring equation was calibrated to relate the flow strength σe of

the PMMA grades in the glass and glassy regime to the normalised temperature Tg/T 0
g and strain

rate ε̇e:

ε̇e

ε̇0
= sinh

(σev

kT

)

exp
(−q

kT

)

(5.20)
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where Eq. 2.10 is re-stated for convenience. Note that, as a first order assumption, the depen-

dence of the strength of the PMMA-CO2 solid on hydrostatic stress is neglected, i.e. σ̄ = σe,

given the dependence of CO2 concentration upon the pressure dependence of the yield strength

of PMMA is not known.

An empirical equation was used in Section 3.3.2 to relate σe to εe, ε̇e and Tg/T 0
g in the rubbery

regime observed above the glass transition for the high Mw PMMA:

σe = E0
R

(

1−αR
T

Tg

)( ε̇

ε̇e

)

εe (5.21)

where Eq. 3.3 is re-stated for convenience. A linear, viscous regime was observed for the low

Mw PMMA at temperatures above the glass transition:

σe = ηWLFε̇e (5.22)

where ηWLF is a temperature-dependent viscosity, see Eq. 2.9.

The dependence of the effective stress σe of the PMMA-CO2 solid upon strain, strain rate and

normalised temperature is assumed to be governed by Eq. 5.20 and Eq. 5.22 (low Mw PMMA)

or Eq. 5.21 (high Mw PMMA). A summary of the fitted parameters for the constitutive laws

employed for the PMMA-CO2 solid, as discussed in Section 4.2, is given in Table 5.1.

5.1.4.3 Gas laws

The dependence of the equilibrium concentration C of CO2 into PMMA upon CO2 pressure

p was reviewed in Section 2.1.2.2 for pressure and temperature regimes relevant for the solid-

state foaming process employed for the foaming experiments detailed in Section 4.1.2. Here, it

is assumed that Henry’s law suffices to predict the dependence of C upon p such that (Rajen-

dran et al., 2005; Pantoula and Panayiotou, 2006; Pantoula et al., 2007; Van Krevelen and Te

Nijenhuis, 2009):

C = kH p (5.23)
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5.1 The void growth model

Table 5.1 Fitted parameters for the constitutive laws for the low Mw PMMA (Eqs. 5.20 and 5.22)
and the high Mw PMMA (Eqs. 5.20 and 5.21), see Section 3.3.2.

Parameter low Mw PMMA high Mw PMMA

v (nm−3) 2.5 1.8
q (J) 7.31×10−19 7.31×10−19

ε̇0 (s−1) 1.5×1056 1.5×1056

η0 (Pa·s) 2.8×106 -
C1 3.2 -
C2 (K) 17.3 -

E0
R (MPa) - 65.8

αR - 0.8
ε̇R (s−1) - 1.58
n - 0.173

where kH is Henry’s law coefficient which is assumed to be independent of temperature and

of pressure. Based on the measured 24 wt% equilibrium concentration of CO2 in PMMA at a

pressure p equal to 31 MPa and temperature T = 25 °C (see Section 4.1.2), the value for kH

equals 7.7×10−9 Pa−1 for both PMMA grades.

Recall that during the growth phase of a typical solid-state nanofoaming process the gas satu-

ration pressure ranges from 10 MPa to 30 MPa and the foaming temperatures typically varies

from 20 °C to 100 °C. Empirical (non-ideal) equations of state for CO2 in these temperature

and pressure regimes are available (Huang et al., 1985; Span and Wagner, 1996). In this study,

however, an ideal gas law for the CO2 in the void is assumed as a first order approximation to

predict the expansion of the void:

p =
ρgRT

M
g
w

(5.24)

This simplifying assumption for the equation of state of the CO2 gas is found to be adequate

to predict the porosity of the PMMA nanofoams as a function of foaming time and foaming

temperature as detailed in the next section.
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5.1.4.4 Temperature-time profile during void growth

During the rapid release of pressure at the end of the saturation phase, the samples cool down

from the saturation temperature (T = 25 °C) to a temperature2 close to T0 = -15 °C due to

adiabatic cooling of the expanding gas. The samples are subsequently placed in a thermal bath

at a maintained foaming temperature Tf. Upon submersion in the foaming bath, assume that the

temperature profile T (t) is of the form:

T = T0 +(Tf −T0)(1− exp(−t/τ)) (5.25)

where τ is a time constant associated with the heat conduction into the PMMA, as measured by

a thermocouple.

5.1.5 Input for the void growth simulations

Void growth during solid-state foaming of PMMA by CO2 is simulated by solving the equilib-

rium equation (Eq. 5.11) and the mass conservation statement (Eq. 5.16) simultaneously, with

due account of the dependence of the effective glass transition temperature Tg of the PMMA-

CO2 solid upon CO2 concentration (Eq. 5.17), the dependence of the effective stress σe of the

PMMA-CO2 solid on strain, strain rate and normalised temperature (Eq. 5.20 and 5.22 (low

Mw PMMA) or Eq. 5.21 (high Mw PMMA)), the gas laws (Eqs. 5.23 and 5.24), and the time-

temperature profile of the PMMA-CO2 solid (Eq. 5.25). The resulting system of equations is

solved by numerical integration3. The values for the processing parameters and the material

properties (those not explicitly stated before) are summarised in Table 5.2. Note that the initial

porosity f0 is defined as:

f0 =
(a0

b0

)3
(5.26)

2 The temperature T0 was measured by placing a thermocouple on the sample after the pressure release at the end
of the saturation phase.

3 The numerical integration was conducted within the Matlab computing environment by means of the ode15s
function.
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and is estimated4 to be close to 10−3 for the low Mw and high Mw PMMA grades. Moreover, the

initial void radius a0 is estimated by assuming:

a0 ≈
( 3 f0

4πNd

)
1
3

(5.27)

where the cell nucleation density Nd is equal to 2 × 1020 m−3 for the low Mw PMMA nanofoams

and Nd = 20×1020 m−3 for the high Mw PMMA nanofoams, see Section 4.2.

Table 5.2 Input parameters for the void growth simulations during solid-state nanofoaming of
PMMA by CO2.

low Mw PMMA high Mw PMMA

p0 (MPa) 31 31
pa (MPa) 0.1 0.1
τ (s) 20 20
Tg (°C) 114.5 116.5
f0 10−3 10−3

a0 (nm) 10.5 5

5.2 Results and discussion of the void growth predictions

Consider the deformation mechanism maps of the low Mw PMMA (see Fig. 5.3a) and the high

Mw PMMA (see Fig. 5.3b) grades. The predicted trajectory of the effective stress at the sur-

face of the cavity σe by the void growth model is plotted as a function of T /Tg for foaming

temperatures Tf = 25 °C and Tf = 80 °C and for a foaming time up to 600 s. Note that, both

the temperature T and the glass transition temperature Tg evolve in time during void growth.

For the both the low Mw and high Mw, at the start of foaming, T = T0 and T /Tg is close to 0.9,

with σe close to 0.8 MPa for the low Mw PMMA and σe is close to 0.3 MPa for the high Mw

PMMA. When the temperature increases from T = T0 to T = Tf, T /Tg rises to close to unity

and σe increases steeply. The void growth simulations suggest that during solid-state foaming

of PMMA, the normalised temperature T /Tg remains predominantly between 0.9 and 1 and,

4 The initial porosity f0 is measured by saturating low Mw and high Mw PMMA precursors with CO2 at p = 31 MPa
and T = 25 °C. Upon release of the pressure to atmospheric pressure, the samples were immediately immersed
in liquid nitrogen (T = -196 °C) to prevent growth of the nucleated voids. The porosity of the samples was
measured by the method detailed in Section 4.1.3.1 via Eq. 4.1 after the CO2 was completely desorbed. The
measured porosity was assumed to be representative for the value of f0.
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consequently, void growth does not occur within either the viscous regime (low Mw PMMA) or

within the rubbery regime (high Mw PMMA).
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Figure 5.3 Deformation mechanism maps of (a) the low Mw PMMA grade and (b) the high Mw

PMMA grade (for a reference strain εf equal to 0.05) with contours of effective strain
rate ε̇e as a function of T /Tg for foaming temperatures Tf = 25 °C and Tf = 80 °C and
for a foaming time up to 600 s.
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The predicted normalised gas pressure p/p0 in the cavity is plotted during void growth in the low

Mw and the high Mw PMMA grades as a function of foaming time tf (up to 600 s, corresponding

to the maximum foaming time explored for the nanofoaming experiments as detailed in Section

4.1.2) for Tf = 25 °C and Tf = 80 °C, see Fig. 5.4. For Tf = 25 °C, the predicted gas pressure in

the cavity at the end of the foaming process at tf = 600 s is two orders of magnitude higher than

the ambient pressure, and the remnant weight concentration of CO2 in the PMMA matrix C is

in the order of 0.1. In contrast, for Tf = 80 °C, the gas pressure is close to the ambient pressure

at tf = 600 s, and negligible remnant CO2 is present in the PMMA.

The predicted porosity f is plotted as a function of foaming temperature Tf for foaming times

tf = 180 s and tf = 600 s in Fig. 5.5 for the low Mw and the high Mw nanofoams. The measured

values of final porosity of the low Mw and high Mw nanofoams for tf = 180 s and tf = 600 s for

Tf = 25 °C to Tf = 80 °C are included in Fig. 5.5. The void growth model predicts the observed

increase in porosity of the low Mw nanofoam with respect to the high Mw nanofoam (at an identi-

cal foaming time and foaming temperature). As detailed in Section 3.3.2 (and shown in Fig. 5.3),

the effective stress of the low Mw PMMA when deformed in uniaxial tension close to the glass

transition is lower than that of the high Mw PMMA at an identical rate ε̇e and temperature T /Tg.

The void growth simulations suggest that this difference in constitutive response causes the
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Figure 5.4 The predicted normalised gas pressure p/p0 as a function of foaming time tf during
solid-state nanofoaming of the low Mw and the high Mw PMMA grades for foaming
temperatures Tf = 25 °C and Tf = 80 °C and for a foaming time up to 600 s.
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Figure 5.5 The predicted porosity f plotted as a function of foaming temperature Tf for foaming
times tf = 180 s and tf = 600 s for the low Mw and the high Mw nanofoams. The
measured values of f for the low Mw and high Mw nanofoams for tf = 180 s and
tf = 600 s for Tf = 25 °C to Tf = 80 °C are included.

difference between the observed final porosity between the low Mw and high Mw nanofoams.

Moreover, there is a reasonably close agreement between the predicted and measured porosities

for Tf = 25 °C to Tf = 40 °C for both the low Mw and high Mw nanofoams. For Tf > 40 °C, the cell

growth model overestimates the observed porosity. Observations of SEM micrographs suggest

that cell walls tear (low Mw PMMA) and cracks nucleate and grow between the voids (high

Mw PMMA) at Tf = 60 °C and Tf = 80 °C, leading to open-celled microstructures (see Fig. 4.4).

This is also confirmed by open cell content measurements by gas pycnometry: nanofoams with

the highest observed porosities have predominantly open-celled microstructures, see Fig. 4.3.

At increased foaming temperatures (i.e. Tf = 100 °C) collapse of the foamed open-celled mi-

crostructure is observed leading to measured porosities below the maximum observed porosities

at Tf = 80 °C, as shown in Figs. 4.2e and 4.2f.

Two alternative hypotheses are now explored for cell wall failure which could lead to open-celled

microstructures as observed for the PMMA nanofoams: (i) achievement of a critical hoop strain

at the void, or (ii) achievement of a minimum (critical) value of ligament thickness between

neighbouring voids.
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5.2 Results and discussion of the void growth predictions

(i) Critical hoop strain

Assume that the solid surrounding the expanding void is incompressible:

b3 −a3 = b3
0 −a3

0 (5.28)

Recall that the initial (as-nucleated) porosity f0 equals (a0/b0)3 as defined in Eq. 5.26 and the

current porosity f equals (a/b)3. Now, rearrange Eq. 5.28, to express f as a function of f0 and

the true hoop strain εs at the surface of the void, where εs = εθθ (r = a) = ln(a/a0):

f−1 = 1+ exp
(

−3εs

)(

f−1
0 −1

)

(5.29)

Tearing of the cell wall occurs when εs equals the T /Tg-dependent true tensile failure strain εf.

The critical porosity ff corresponding to this ductility-governed failure criterion reads:

f−1
f = 1+ exp

(

−3ε f

)(

f−1
0 −1

)

(5.30)

(ii) Critical ligament size

The alternative failure hypothesis assumes that there is a minimum number of confined polymer

chains separating individual cells to prevent rupture of the solid between the cells. Define the

smallest distance between two neighbouring cells h as:

h = 2(b−a) (5.31)

Dividing by a0 and making use of the expression εs = ln(a/a0), Eq. 5.31 can be rearranged to:

h

a0
= 2exp

(

εs
)(

f−
1
3 −1

)

(5.32)

The true hoop strain at the surface of the cavity εs is related to the initial and current porosity via

Eq. 5.29:

exp
(

εs
)

=

(

f−1
0 −1

f−1 −1

)
1
3

(5.33)
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Figure 5.6 The predicted porosity f versus foaming time tf and versus normalised temperature
T /Tg: (a) f versus tf for the low Mw nanofoams, (b) f versus T /Tg for the low Mw

nanofoams, (c) f versus tf for the high Mw nanofoams, and (d) f versus T /Tg for the
high Mw nanofoams. Symbols refer to measurements in (a) and (c).

Then, upon making use of Eqs. 5.32 and 5.33:

h

a0
= 2
(

f−
1
3 −1

)

(

f−1
0 −1

f−1 −1

)
1
3

(5.34)

Write hc as the critical cell wall thickness, and assume that it is independent of the value of T /Tg.

The corresponding critical value of porosity fc is given by Eq. 5.34 with h = hc.

The predicted porosity f is plotted as a function of foaming time tf (up to 600 s) for foaming

temperatures ranging from Tf = 25 °C to Tf = 80 °C in in Figs. 5.6a and 5.6c for the low Mw
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and high Mw nanofoams, respectively. The measured values of porosity f for Tf = 25 °C to

Tf = 80 °C are included. The predicted f versus T /Tg curves are shown in Figs. 5.6b and 5.6d

for the low Mw and high Mw nanofoams, respectively. The ductility-governed porosity limit ff

as given by Eq. 5.30 is plotted in Figs. 5.6a to 5.6d based on the predicted hoop strain εs during

void growth and by making use of the measured response of ε f versus T /Tg (Eq. 3.11 for the low

Mw PMMA and Eq. 3.9 for the high Mw PMMA). Note that the initial porosity f0 is assumed to

equal 10−3, see Table 5.2. The maximum attainable porosity ff is close to 0.1 and 0.05 for the

low and high Mw nanofoams, respectively. These values for final porosity are much lower than

the observed values of final porosity fmax. The alternative porosity limit fc is plotted in Figs. 5.6a

to 5.6d via Eq. 5.34 for f0 = 10−3 by taking hc/a0 = 3 (low Mw PMMA) and hc/a0 = 4.2 (high

Mw PMMA) in order to match the observed value of the maximum observed porosity fmax on

the nanofoams. This analysis suggests that the critical ligament length limits achievable porosity.

Recall that the initial void size a0 of the low Mw nanofoams is estimated to be close to 10.5 nm,

whereas a0 = 5 nm for the high Mw nanofoams. Consequently, the estimated corresponding

critical cell wall dimension equals 32 nm for the low Mw nanofoams, whereas hc equals 21 nm

for the high Mw nanofoams. The values for hc may be compared with respect to the root-mean-

square end-to-end distance Ree of an idealised polymer chain comprising n monomers5 of length

l (Rubinstein and Colby, 2003; Young and Lovell, 2011):

Ree =
√

C∞nl (5.35)

where C∞ is the characteristic ratio accounting for steric interactions and restriction in bond

angles between neighbouring monomers. Alternatively, the polymer chain may be idealised by

an equivalent freely-jointed chain with N (= n/C∞) links of length b (= lC∞) with, such that:

Ree =
√

Nb (5.36)

Assuming that b = 1.7 nm and C∞ = 9 for PMMA, as reported by Rubinstein and Colby (2003),

the value for Ree is close to 20 nm for the low Mw PMMA, whereas Ree ≈ 110 nm for the high

5 The amount of monomers n in the chain is approximated by the degree of polymerisation xp = Mw/Mp
w, where

M
p
w is the molecular weight of the monomer (Mp

w = 100.2 g mol−1 for PMMA).
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Mw PMMA. Thus, the values for hc are of the same order of magnitude as the root-mean-square

end-to-end distance Ree of the PMMA chains. This is in agreement with the results of Crosby

and co-workers (Liu et al., 2015; Bay et al., 2018) who conducted a series of uniaxial tensile

tests on thin polystyrene films with Mw = 136 000 g mol−1. They found that the tensile failure

strain decreases with decreasing film thickness ts in the regime ts = 15 nm to ts = 77 nm; these

values are close to the estimated value for Ree = 25 nm of the PS chains.

5.3 The limits of solid-state nanofoaming

One of the aims of current research on polymeric nanofoams is to produce foams of high poros-

ity ( f > 0.85) and comprising small voids (l < 200 nm). The void growth model and the cell

wall tearing analysis discussed above may be used to shed light on the limitations of the solid-

state nanofoaming process when attempting to manufacture nanofoams with such a morphology.

Recall Fig. 2.2, in which the final porosity f of various polymeric nanofoams reported in the

literature, grouped per polymer precursor material system, is plotted as a function of final void

size l. Contours of cell nucleation densities ND are plotted in Fig. 2.2 via Eq. 2.2. In order to

produce nanofoams with f > 0.85 and l < 200 nm, it is necessary for the cell nucleation density

to be close or above 1021 m−3. As detailed in Section 2.1.1, nanofoams with a cell nucleation

density close to 1021 m−3 have been reported. For foaming systems relying on a homogeneous

nucleation strategy6, this is achieved by dissolving a critical concentration of blowing agent into

the polymer precursor during the saturation phase. The value of this critical gas concentration

depends upon the nature of the polymer precursor. For acrylic-based polymers such as PMMA, a

CO2 concentration exceeding 20 wt% is required (this is achieved, for instance, at psat > 30 MPa

for Tsat close to room temperature) to produce nanofoams with Nd ≈ 1021 m−3 (Martin-de

León et al., 2016), whereas for polyphenylsulfone (PPSU) only 13 wt% of CO2 (achieved, for

instance, at psat = 15 MPa for tf = −15 °C) needs to be dissolved during the saturation phase

to produce nanofoams with Nd ≈ 1021 m−3 (Guo et al., 2015a), and for polyetherimide (PEI)

6 Heterogeneous nucleation strategies, such as the use of polymeric blends with nano-sized particles or the use
of miscible polymeric blends, may also be used to produce nanofoams with Nd ≈ 1021 m−3 (Costeux, 2014;
Martín-de León et al., 2019).
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close to 16 wt% of CO2 (achieved at psat = 5 MPa for tf close to room temperature) has to be

dissolved for Nd ≈ 1021 m−3 (Krause et al., 2001; Miller and Kumar, 2009).

Hence, many polymeric material systems (besides MMA-based polymers) can be used to pro-

duced nanofoams with nucleation densities sufficiently high to potentially attain a morphology

of f > 0.85 and l < 200 nm, see Fig. 2.2. However, it is clear from Fig. 2.2, that only MMA-

based nanofoams with Nd ≈ 1021 m−3 have been reported with f > 0.7 and l < 200 nm. The

highest reported porosity for polyetherimide (PEI) nanofoams, for example, is close to 0.6 (with

Nd ≈ 1021 m−3) (Krause et al., 2001; Miller and Kumar, 2009; Aher et al., 2013). The observed

‘porosity limit’ for PEI nanofoams is explored in the coming paragraphs based on the combined

experimental and theoretical analysis on solid-state nanofoaming of PMMA outlined in Chapter

4 and the present chapter. It is emphasised that the discussion in the coming paragraphs focuses

on PEI nanofoams produced via solid-state foaming with CO2. However, the arguments should

be valid for any polymer precursor-blowing agent system for which foams with a sufficiently

high cell nucleation density (Nd ≈ 1021 m−3) can be achieved at the end of the saturation phase

of the solid-state foaming process.

The line of reasoning is as follows. PEI nanofoams with a porosity above 0.6 may be produced

by using a saturation pressure psat above the typically employed values for psat for solid-state

nanofoaming of PEI in the literature. Most studies on PEI nanofoams focus on producing

nanofoams with a sufficiently high cell nucleation density to produce foams with nano-sized

voids. The critical concentration of CO2 in PEI to achieve Nd ≈ 1021 m−3 is attained at sat-

uration pressures much lower (psat ≈ 5 MPa for Tsat close to room temperature) than that for

PMMA (psat = 30 MPa for Tsat close to room temperature) (Krause et al., 2001; Costeux, 2014;

Miller and Kumar, 2009; Zhou et al., 2012). To illustrate the effect of saturation pressure on

final porosity, void growth simulations are conducted with the void growth model detailed in

Section 5.1, using the input parameters7 for the high Mw PMMA. Void growth predictions are

conducted for a saturation pressure ranging from psat = 5 MPa to psat = 25 MPa and for Tf/T 0
g ,

where T 0
g is the glass transition temperature of the polymer precursor absent CO2, ranging from

7 The assumed set of material properties and processing conditions are identical to the ones detailed in Section 5.1
for the high Mw PMMA void growth simulations unless otherwise stated. Note that the simulations are conducted
for a value of the nucleation density Nd = 2 × 1021 m−3 independent of psat, whereas in reality Nd is dependent
upon psat.
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Tf/T 0
g = 0.77 to Tf/T 0

g = 0.98. The predicted porosity at tf = 150 s for selected values of psat

is plotted as a function of Tf/T 0
g . In addition, the measured values for f at tf = 150 s for PEI

nanofoams produced by Miller and Kumar (2009) with psat = 5 MPa are plotted as function of

Tf/T 0
g (T 0

g ≈ 210 °C for PEI). There is a mismatch between the predicted and measured poros-

ity versus normalised foaming temperature curves for Tf/T 0
g < 0.95, which may be attributed

to the invalidity of the assumption that the predicted porosity values for the high Mw PMMA

nanofoams may be compared with those for the PEI nanofoams8. Remarkably, however, the

highest measured and predicted value of porosity of the PEI nanofoams is close to 0.6 at Tf/T 0
g

just below unity. Based on the predicted f versus Tf/T 0
g curves at elevated values of the saturation

pressure (psat = 15 MPa and psat = 25 MPa), it is hypothesised that PEI nanofoams of f > 0.6

may be produced by employing a saturation pressures well above 5 MPa.

Based on the cell wall failure analysis detailed in Section 5.2, it is expected that the maximum

achievable porosity fc for the PEI nanofoams (attained by using a sufficiently high value of psat)

is governed by a minimum value of cell wall thickness hc, as predicted by Eq. 5.34. The value

of hc is close to the estimated end-to-end distance of the individual polymer chains and may

depend on the nature of the polymer too. To illustrate, Eq. 5.31 is re-written as:

f =
(h

l
+1
)−3

(5.37)

The value of fc is predicted via Eq. 5.37 as a function of void size l for a given value of minimum

ligament thickness hc. Predicted fc versus l curves for selected values of hc may be superim-

posed on the f versus l map shown in Fig. 2.2; this is done in Fig. 5.8. To produce nanofoams

of f > 0.85 and l < 200 nm, hc has to be close to 5 nm. Assuming an individual polymer chain

diameter close to 0.5 nm (Roiter and Minko, 2005), the condition hc = 5 nm would correspond to

a minimum of 10 aligned polymer chains separating the void to prevent rupture of the cell wall.

8 Differences between PMMA and PEI nanofoams may include: (i) the fitted equations for the constitutive descrip-
tion of the linear, amorphous PEI (of unkown molecular weight) close to the glass transition temperature may
differ from those assumed for the high Mw PMMA, (ii) the solubility of CO2 into PEI differs from CO2 into
PMMA, (iii) the dependence of Tg/T 0

g upon CO2 concentration for PEI may differ from that of PMMA, (iv) the
assumed temperature time profile for the PEI nanofoaming experiments may be different than the one assumed
for the PMMA nanofoaming experiments, and (v) the assumption that Nd is independent of psat. For accurate
void growth predictions for solid-state nanofoaming of PEI one has to (i) have information about the nucleated
state of the material prior to void growth by conducting a series of foaming experiments and (ii) calibrate the
governing equations of the void growth model as done for the two PMMA grades in Chapter 3 to 5.
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Figure 5.7 Foaming diagram in which the predicted porosity f at tf = 150 s is plotted as a func-
tion of normalised foaming temperature Tf/T 0

g for the high Mw PMMA nanofoams
for selected values of the saturation pressure (solid lines). The measured values for
the porosity of PEI nanofoams (psat = 5 MPa) at tf = 150 s as reported by Miller
and Kumar (2009) are plotted as a function of Tf/T 0

g . The experimental data points
reported by Miller and Kumar (2009) are plotted with filled circle markers.

This level of confinement might be too high for conventional, linear amorphous polymers, and

this may explain why polymeric nanofoams of f > 0.85 and l < 200 nm produced via solid-state

foaming have not been reported so far.

It is concluded that, in theory, solid-state foaming may be used to produce nanofoams of f > 0.85

and l < 200 nm when two necessary conditions are fulfilled. The first condition requires a cell

nucleation density close to or above 1021 m−3. As detailed above, there are many experimental

studies, using a wide range of polymeric precursor materials and nucleation strategies, reporting

on the production of nanofoams with Nd ≈ 1021 m−3. The second condition requires a polymeric

precursor material allowing a minimum cell wall thickness close to 5 nm to prevent rupture of

the cell walls separating the nano-sized voids. Experimental studies, such as those by Bay et al.

(2018), complemented by numerical analyses (i.e. molecular dynamics simulations) may be use-

ful to identify appropriate polymeric precursor material systems which would allow a minimum
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Figure 5.8 The porosity f versus void size l map shown in Fig. 2.2 with superimposed critical

porosity fc curves predicted via Eq. 5.37 for selected values of hc (solid lines). The
nucleation density contours via Eq. 2.2 for selected values of Nd are included (dashed
lines).

ligament length in the order of 5 to 10 nm.

5.4 Concluding remarks

A void growth model has been developed to simulate cavity expansion during solid-state

nanofoaming of PMMA by CO2. Experimentally calibrated constitutive laws for the PMMA

grades close to the glass transition temperature are used in the simulations. The effect of

dissolved CO2 is accounted for by a shift in the glass transition temperature of the PMMA.

Diffusion of CO2 within the PMMA matrix is sufficiently rapid for the concentration of CO2 to

remain almost uniform spatially.
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The predicted porosity versus foaming time curves, at selected foaming temperatures, are in

good agreement with those measured, as reported in Section 4.2, for porosities well below

the maximum observed porosity. There is also close agreement between the predicted and ob-

served sensitivity to molecular weight. This suggests that the observed difference in constitutive

response close to the glass transition between the two PMMA grades leads to the measured

difference in porosity. Moreover, cell wall tearing accounts for the observed limit in final poros-

ity. The existence of a limiting minimum cell wall thickness of magnitude close to that of the

end-to-end distance of the polymer chains is suggested. When the cell wall thickness approaches

this minimum value during foaming, rupture of the cell walls occurs; this leads to an open-celled

structure, and to a limit on foam expansion.

The void growth model may be used to construct foaming diagrams (i.e. porosity as a function of

foaming temperature and saturation pressure) for a given combination of polymer precursor and

blowing agent, given the governing equations are calibrated to the polymer-blowing agent system

(and sufficient information about the nucleated state of the material prior to the growth phase is

known). The practical foaming window, however, is constrained by tearing of the cell walls

separating the nano-sized voids. The analysis in this chapter suggests that a polymer-blowing

agent system that allows to produce nanofoams with a cell nucleation density close to or above

1021 m−3, may be used to produce nanofoams with a thermal conductivity lower than that of air

(i.e. with porosity above 0.85 and average void size below 200 nm), provided that the minimum

cell wall thickness to prevent cell wall tearing is in the order of 5 nm.

103





Part II

Tensile fracture of an adhesive layer
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Chapter 6

Case study: failure of an MMA adhesive

layer in a butt joint from pre-existing voids

An introductory experimental case study is presented on the fracture of a methyl methacrylate

(MMA) adhesive layer from pre-existing voids. First, uniaxial tensile tests and single edge notch

bending tests are conducted to characterise the bulk properties of the MMA adhesive. Second,

tensile tests are conducted on butt joints comprising an MMA adhesive layer and two aluminium

alloy substrates. Emphasis is placed on the dependence of the tensile strength of the joint upon

void content, layer height, and joint width.

6.1 Materials and methods

6.1.1 Adhesive material

Butt joint specimens are manufactured using a two-component MMA adhesive1. The adhesive

component contains a mixture of methyl methacrylate (MMA), methacrylic acid (MAA), and

elastomeric and metallic toughening particles. The activating component is based on benzoyl

peroxide. The adhesive and activator component are mixed by a 10 to 1 volume ratio according

to the manufacturer’s recommendation (Scigrip Europe, 2017); the adhesive mixture is cured via

an exothermic reaction at room temperature.

1 Methyl methacrylate adhesive SG300-40 acquired from Scigrip (UK).
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6.1.2 Uniaxial tensile tests

Dogbone specimens with the MMA adhesive were produced using a custom polytetrafluoroethy-

lene (PTFE) mould. The geometry of the dogbones with nominal thickness t equal to 4.3 mm

is defined in Fig. 6.1a. A manual applicator gun was used with a static-mixing nozzle to fill the

mould with the uncured adhesive mixture. Excess adhesive was removed with a PFTE strip to

smoothen the top surface. The specimens were cured at room temperature for at least one week

prior to testing.

Uniaxial tensile tests were conducted at room temperature with the dogbone specimens on a

screw-driven test bench2. The tensile load was measured by the machine’s load cell and the

relative displacement of the material in the gauge area was measured via a laser extensometer3;

the gauge length is equal to 25 mm. Tests were performed for cross-head velocities equal to

vch = 0.027 mm s−1 and vch = 0.27 mm s−1, corresponding to nominal strain rates equal to

ė = 10−3 s−1 and ė = 10−2 s−1, respectively. Three tensile tests were conducted per strain rate.

The specimens fractured in the gauge area and the resulting fracture surfaces were examined

with an optical and a scanning electron microscope (SEM).

6.1.3 Fracture toughness tests

Single edge notch bending (SENB) specimens were manufactured with the MMA adhesive

using a PFTE mould according to the method detailed above. The dimensions of the SENB

specimens are in agreement with the ASTM D5045 standard, see Fig. 6.1b (ASTM, 2014). An

initial notch of length equal to 6 mm was made with a saw. A sharp pre-crack of length close

to 1.5 mm was made at the end of the sawed notch by tapping with a razor blade such that the

initial notch length a0 is close to 7.5 mm.

Fracture tests were performed at room temperature on a screw-driven test bench at a cross-head

displacement equal to 0.167 mm s−1. The crack length a (= a0 + ∆a), where ∆a is the length of

2 Instron 5500R-6025 test bench (USA).
3 LE-05 Electronic Instrument Research laser extensometer (USA).
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Figure 6.1 Plan view of (a) the dogbone tensile specimen of nominal thickness t = 4.3 mm,
L = 27 mm, W = 14 mm, h = 22.4 mm, w = 6.3 mm, R = 3.5 mm and (b) the
single edge notch bending (SENB) specimen of thickness t = 3.6 mm, L = 67.5 mm,
l = 4 mm, W = 15 mm, and a0 ≈ 7.5 mm. The radius r of the cylindrical supporting
rollers and indenter is equal to 4 mm.

the grown crack during the bending test, was monitored with a traveling microscope and loading-

unloading cycles were conducted at different stages prior to (∆a = 0) and during crack growth

(∆a > 0). The SENB test was terminated when the observed crack length is close to 0.25b0, where

b0 is the nominal length of the ligament (= W - a0) as prescribed in the ASTM D5045 standard.

The indentation load P was measured by the load cell of the test bench. The displacement u of

the indenter was measured via a laser extensometer. The J-integral value J was measured as a

function of crack growth ∆a according to the ASTM E1820-18 standard (ASTM, 2015b). The

elastic component Je of the J-integral at a given observed crack length a is obtained via:

Je =
(1− v2)(L−2l)2F2P2

t2W 3E
(6.1)
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where t is the thickness of the SENB specimen, E the Young’s modulus of the adhesive, ν the

Poisson’s ratio of the adhesive, and F(a/W) a finite width correction factor:

F =
3
(

a
W

)
1
2
[

1.99−
(

a
W

)(

1− a
W

)(

2.15−3.93 a
W
+2.7

(

a
W

)2)]

2
(

1+2 a
W

)(

1− a
W

)
3
2

(6.2)

The plastic component Jp is measured via (ASTM, 2015b):

Jp =
1.9Ap

t(W −a0)
(6.3)

where Ap(a/W) is the plastic part of the area under the load P versus indenter displacement u

curve. The measured value for J as a function of crack growth length ∆a is then calculated by

use of Eqs. 6.1 and 6.3:

J = Je+ Jp (6.4)

6.1.4 Butt joint tests

Butt joint specimens with circular cross-sections were manufactured by bonding two aluminium

alloy (grade 6082) adherends to each other with the MMA adhesive. The geometry of the butt

joint is detailed in Fig. 6.2. The joints were made as follows. The adhesion surface of the alu-

minium alloy adherends was manually polished using 60 grit emery paper. The surfaces were

subsequently cleaned and degreased with acetone. An excess amount of adhesive was injected in

the bond gap, the adhesive layer height 2h was adjusted by placing the adherends into a custom-

made rig. The adhesive was allowed to cure for at least a week before the excess adhesive was

machined from the joint.

The tensile response of butt joints with four different geometries was measured, see Table 6.1.

A shape factor κ was introduced to quantify the level of constraint by the substrates on the

adhesive layer. The value for κ is equal to the ratio of the loaded cross-sectional area of the joint

and the area of the free surfaces of the adhesive layer (Hattori and Takei, 1950). For the butt joint

geometry defined in Fig. 6.2, κ reads:
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κ =
r

4h
(6.5)

Void growth in the constrained adhesive layer was observed during the curing stage. The voids

result from entrapped air during the application of the adhesive, and are thought to grow dur-

ing the curing stage due to shrinkage of the MMA adhesive. The distribution and size of the

voids was quantified using computed tomography (CT) imaging for a selected number of butt

joints prior to testing. The butt joints were mounted in a screw-driven mechanical test bench by

pins and loaded in tension at room temperature. The relative displacement ∆u between the two

adhesive-adherend interfaces was measured during the tensile test with a clip gauge. The tensile

load P was monitored by the machine’s load cell. A global nominal strain measure e for the

material elements in the adhesive layer is defined as:

e =
∆u

2h
(6.6)

2h

A'

z

2r

d

2r
A

x

P

P

Section A-A'

y

x

Figure 6.2 The geometry of the butt joint of radius r, adhesive layer height 2h, and hole diameter
d = 13.4 mm for Geometry I to III and d = 10.6 mm for Geometry IV (see Table 6.1).
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and the nominal stress σ ∞ reads:

σ ∞ =
P

πr2 (6.7)

The cross-head speed vch of the test bench was adjusted to the nominal adhesive layer height of

the joint, such that the normalised displacement rate vch/2h is equal to 10−2 s−1 for all joint ge-

ometries. Tensile tests were conducted until failure of the joints is observed, the failure surfaces

were examined with an optical microscope.

Table 6.1 The explored butt joint geometries in terms of shape factor κ , cross-sectional radius r,
and adhesive layer half-height h.

Geometry κ r (mm) h (mm)

I 1 20 5
II 2 20 2.5
III 10 20 0.5
IV 1 10 2.5

6.2 Results and discussion

6.2.1 Uniaxial tensile response

A selection of the measured nominal stress S versus nominal strain e curves obtained via uniaxial

tensile tests on the MMA adhesive is shown in Fig. 8.3a. The S-e response is elastic-plastic and

sensitive to strain rate. The measured values for the Young’s modulus4 E, the yield strength5 σy,

and the nominal tensile failure strain ef are reported in Table 6.2 for the two nominal strain rates

and compared with the manufacturer’s reported values for E, σy, and ef (Scigrip Europe, 2017).

The measured values of E and σy are close to those reported by the manufacturer, whereas the

tensile ductility of the MMA adhesive was found to be significantly lower. An SEM micrograph

of the failure surface of a dogbone specimen (deformed at ė = 10−2 s−1) is shown in Fig. 6.3b.

Ruptured elastomeric particles are observed. The size of the particles ranges from close to 5 µm

to 100 µm and the particles are found to be evenly distributed within the MMA matrix.

4 The value for the Young’s modulus is based on the slope of the initial linear part of the S-e curve.
5 The yield strength corresponds to the plateau value for S subsequent to the initial elastic regime of the S-e curve.
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Figure 6.3 Results of the uniaxial tensile tests on the MMA adhesive. (a) measured nominal
stress S versus nominal strain e curves in uniaxial tension for a nominal strain
rate equal to ė = 10−3 s−1 and ė = 10−2 s−1. An additional S versus e curve for
ė = 10−3 s−1 with a series of loading-unloading cycles is shown too. A cross at the
end of the S-e curve denotes specimen failure. (b) SEM micrograph of the dogbone
specimen’s failure surface (for ė = 10−2 s−1) showing ruptured elastomeric particles.

Table 6.2 The measured Young’s modulus E, yield strength σy, and nominal tensile failure strain
ef of the MMA adhesive in uniaxial tension. The average values for E, σy, and ef are
based on three tensile tests per strain rate. The reported values for E, σy, and ef by the
manufacturer (measured at an unspecified nominal strain rate) are included (Scigrip
Europe, 2017).

ė (s−1) E (MPa) σy (MPa) ef Source

10−3 263 10.9 0.16 This work
10−2 311 12.9 0.2 This work

Unknown 207-276 12-15 0.4-0.6 Manufacturer
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6.2.2 Single edge notch bending measurements

The measured indentation load P versus indenter displacement u response during a SENB test is

shown in Fig. 6.4. Four stages of crack growth and process zone development are identified on

the P-u curve. Images from the surface of the loaded SENB specimen at each of these four stages

are included in Fig. 6.4, the corresponding location on the P-u curve is shown too. No crack

growth or development of a process zone on the travelling microscope image is observed during

the initial part of the linear, elastic regime of the P-u curve as shown on the image for position

‘A’. A process zone is observed at the tip of the pre-crack on the surface of the SENB specimen

at the onset of the non-linear part of the P-u curve, see the image corresponding to position

‘B’. Crack growth is observed close to the peak value of P as shown on the position ‘C’ image.

Beyond the peak value of P, the crack continues to grow and the process zone length reaches a

steady-state value. The steady-state value6 of the process zone at the surface of the specimen is

close to 1.2 mm when the crack growth length exeeds 0.5 mm, see the image corresponding to

position ‘D’.
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Figure 6.4 The measured indentation load P versus indenter displacement u and images of the
crack tip process zone and the growing crack at the surface of the SENB specimen
during different stages of the SENB test.

6 Note that the reported value of lS is the average of the measured process lengths on the surface of the SENB
specimens for ∆a > 0.5 mm based on two SENB tests.

114



6.2 Results and discussion

0 1 2
1

1.5

2

(kJ m-2)

Δ  (mm)

Figure 6.5 The measured J versus crack growth ∆a (=a - a0) resistance curves for two SENB
tests on the MMA adhesive. A dashed crack tip blunting offset line is plotted via
Eq. 6.8.

A crack growth resistance curve of the MMA adhesive is obtained by measuring the crack length

on the surface of the SENB specimen based on the images of the travelling microscope and by

computing J at each crack length measurement via Eq. 6.4. The Young’s modulus E is assumed

to equal 311 MPa, see Table 6.2, and the Poisson’s ratio ν is taken as 0.38 (Moller et al., 2015).

The measured J versus crack growth ∆a resistance curves (or R-curves) based on two SENB

tests are shown in Fig. 6.5. Moderate R-curve behaviour is observed for the MMA adhesive. To

account for initial crack tip blunting, a 0.15 mm offset line is drawn on Fig. 6.5 (ASTM, 2015b;

Anderson, 2005):

J = 2(∆a−1.5×10−4)σy (6.8)

where σy is assumed to equal 12.9 MPa, see Table 6.2. The critical mode I energy release rate

of the MMA adhesive G0
c = J0

c , can be estimated via the intersection point of Eq. 6.8 and the

measured J versus ∆a curve of the MMA adhesive: G0
c ≈ 1.32 kJ m−2. The value of the process

zone length lS is estimated via (Anderson, 2005):

lS =
EG0

c

π(1−ν2)σ 2
y

(6.9)
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where it is assumed that the critical stress to trigger non-linear deformation at the crack tip

corresponds to the uniaxial tensile yield strength σy. Taking E = 311 MPa, ν = 0.38 and

σy = 12.9 MPa, lS is estimated to equal 0.9 mm, reasonably close to the observed value of

lS ≈ 1.2 mm based on the images taken of the surface of the SENB specimen by the travelling

microscope.

A steady-state value of J is attained (Gss
c = Jss ≈ 1.6 kJ m−2) when the crack has grown to close

to 1 mm. The observed R-curve behaviour of the MMA adhesive may be attributed to non-linear,

irreversible deformation of material when going through the process zone into the wake of the

growing crack, see Fig. 6.4. This mechanism has been discussed in Section 2.2.1 for rubber-

modified epoxies, which typically exhibit much more pronounced R-curves, i.e. Gss
c /G0

c in the

range of 2 to 10 (Du et al., 1998, 2000; Imanaka et al., 2015).

6.2.3 Tensile strength of the butt joints

The nominal remote tensile stress σ ∞ of the MMA-aluminium alloy butt joint shown in

Fig. 6.2 is plotted as a function of nominal tensile strain e for a normalised displacement

rate vch/2h = 10−2 s−1 in Fig. 6.6. The σ ∞ versus e curves for the Geometry II and III butt joints

are shown in Fig. 6.6a, whereas the σ ∞-e curves of the Geometry I and IV butt joints are shown

in Fig. 6.6b, see Table 6.1. The measured S-e curve for the MMA adhesive in uniaxial tension

for ė = 10−2 s−1 is included in Figs. 6.6a and 6.6b.

The butt joints failed by cohesive failure. The nominal tensile strain at failure ef of the joints

was found to be subject to scatter and ranges from ef = 0.01 to 0.05. The values for ef are lower

than the observed value for the tensile ductility of the MMA adhesive (e0
f = 0.2, see Table 6.2)

and the tensile ductility reported by the manufacturer (see Table 6.2). The observed reduction

in failure strain may be caused by the presence of voids in the adhesive layer. These voids are

thought to originate from entrapped air bubbles during the application of the adhesive. Further

void growth may be induced by shrinkage of the adhesive during the curing process.
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Figure 6.6 Nominal stress σ ∞ versus nominal strain e for the butt joints in uniaxial tension for a
normalised displacement rate vch/2h = 10−2 s−1 for (a) the Geometry II and III and
(b) the Geometry I and Geometry IV butt joints. The σ ∞-e response of a repeat test
with a series of loading-unloading cycles is shown for each geometry. A cross at the
end of the curve denotes specimen failure. The measured S-e response of the MMA
dogbone in uniaxial tension for ė = 10−2 s−1 is included.
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The distribution and size of the voids in the adhesive layer was examined by CT prior to the

tensile tests for a selected number of butt joints. An example of a cross-sectional CT image

of the adhesive layer (at the adhesive layer mid-height plane) of a Geometry IV butt joint is

shown in Fig. 6.7a. The failure surfaces of the tested butt joints were examined with an optical

microscope, see Fig. 6.7b. Comparison of the optical images of the failure surface and the CT

images suggested that there was no void growth in the adhesive layer during the tensile tests. The

total surface area of the voids Af is measured based on the optical images of the failure surfaces.
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Figure 6.7 Void size and distribution analysis: (a) computed tomography image of the cross-
section of the adhesive layer in the undeformed state (Geometry IV butt joint,
r = 10 mm), (b) optical image of the failure surface of a failed butt joint (Geome-
try I, r = 20 mm), (c) sketch illustrating the idealisation of the cluster of voids on the
failure surface (observed with an optical microscope) as one penny-shaped circular
crack of Af equal to the sum of the measured areas of the individual observed voids
on the failure surface.
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6.2 Results and discussion

The cluster of voids on the failure surface is idealised as one penny-shaped circular crack of

radius a and area Af:

a =
(Af

π

)
1
2

(6.10)

This idealisation is sketched in Fig. 6.7c.

The normalised ductility of the butt joint ef/e0
f , the apparent modulus E/E0 of the butt joint,

where E corresponds to the slope of the initial linear part of the measured σ ∞-e curves of the

butt joints in tension and E0 (= 311 MPa) is the measured Young’s modulus of the adhesive (see

Table 6.2), and the normalised failure strength σ ∞
f /σy, where σ ∞

f is the measured nominal failure

strength of the joint and σy (= 12.9 MPa) the measured tensile yield strength of the adhesive (see

Table 6.2), are reported in Table 6.3 for one tensile test per butt joint geometry. The normalised

estimated process zone length of the bulk adhesive lS/h and the measured normalised idealised

void radius a/h are included in Table 6.3. The normalised apparent modulus E/E0 of the butt

joint is found to increase with increasing level of constraint, i.e. with an increasing value for

the shape factor κ . A failure map is constructed in which σ ∞
f /σy is plotted as a function of a/h

for each joint geometry based on the values reported in Table 6.3, see Fig. 6.8. A theoretical

framework is developed in the next chapter with the aim to predict σ ∞
f /σy as a function of the

normalised void size a/h, the normalised process zone length of the adhesive lS/h, and the joint

width h/r for a given modulus mismatch ratio E2/E1, where E1 is the Young’s modulus of the

substrate material and E2 is the Young’s modulus of the adhesive material.

Table 6.3 Results of the tensile tests on the MMA-aluminium alloy butt joints. The measured
normalised failure strain ef/e0

f , the measured normalised apparent modulus E/E0, the
measured normalised remote strength σ ∞

y /σy, the normalised process zone length of
the unconstrained, bulk adhesive lS/h, and the normalised idealised void radius a/h are
reported for one test per geometry (see Table 6.1).

Geometry κ ef/e0
f E/E0 σ ∞

f /σy lS/h a/h

I 1 0.1 3.2 0.72 0.18 1.4
II 2 0.25 6.4 0.81 0.36 2.5
III 10 0.1 20.1 0.99 1.82 8.4
IV 1 0.1 1.0 0.17 0.36 2.6
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Figure 6.8 The normalised failure strength σ ∞
f /σy as a function of the observed normalised ide-

alised void size a/h for the four MMA-aluminium alloy butt joint geometries explored
in this study, see Tables 6.1 and 6.3.

6.3 Concluding remarks

The bulk properties of a methyl methacrylate adhesive are measured via a series of uniaxial

tensile tests and single edge notch bending (SENB) tests. A mild strain rate sensitivity is ob-

served for the measured elastic-plastic tensile stress versus tensile strain response. For a nominal

strain rate equal to ė = 10−2 s−1, the Young’s modulus E is found to be close to 311 MPa and

the tensile yield strength σy is close to 12.9 MPa. A mild crack growth resistance curve is

observed on the measured J versus crack growth ∆a response via the SENB tests: the tough-

ness G0
c at crack initiation is estimated to be close to 1.3 kJ m−2, while the steady-state (crack

length independent) value of Gss
c is close to 1.6 kJ m−2. The length of the process zone lS at the

tip of a crack in an unconstrained volume of adhesive material is estimated to be equal to 0.9 mm.

Tensile butt joints comprising two aluminium alloy cylindrical substrates and a layer of methyl

methacrylate adhesive are manufactured. The level of constraint of the adhesive layer is varied by
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6.3 Concluding remarks

making joints of different adhesive layer heights. The distribution and the size of voids present

in the adhesive layer after curing are quantified via computed tomography and via optical images

of the failure surfaces after testing. The measured tensile ductility of the adhesive layer in the

butt joints was found to be significantly lower than the tensile ductility obtained via the uniaxial

tensile tests on the methyl methacrylate dogbones. In addition, the normalised failure strength

failure strength σ ∞
f /σy, where σ ∞

f is the nominal failure strength of the butt joint and σy the

uniaxial tensile yield strength of the adhesive, is found to be sensitive to geometry of the joint

and to the normalised area of voids on the fracture surface. An analytical framework is developed

in the next chapter to predict the dependence of the normalised failure strength of the butt joint

upon crack or void size.
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Chapter 7

Prediction of the tensile strength of a

centre-cracked adhesive joint

The tensile strength of an adhesive joint is predicted for a centre-cracked elastic layer, sand-

wiched between elastic substrates, and subjected to a remote tensile stress. A tensile cohesive

plastic zone, of Dugdale type, is placed at each crack tip, and the cohesive zone is characterised

by a finite strength and a finite toughness. An analytical theory of the fracture strength is devel-

oped to determine the macroscopic strength of the adhesive joint as a function of the relative

magnitude of crack length, layer thickness, plastic zone size, specimen width and elastic modu-

lus mismatch between layer and substrates. Fracture maps are constructed to reveal competing

regimes of behaviour. The maps span the full range of behaviour from a perfectly brittle response

(with no crack tip plasticity) to full plastic collapse. Finite element calculations are conducted to

verify the developed analytical framework.

7.1 Introduction

The tensile strength of an adhesive joint is predicted for the geometry of a centre-cracked elastic

layer of height 2h, sandwiched between elastic substrates, and subjected to remote tensile stress

σ ∞, as shown in Fig. 7.1. The idealisation of the adhesive by a linear, elastic solid of Young’s

modulus E2, which differs from the value E1 for the substrates, allows for the role of material

mismatch upon the stress state (and fracture strength) to be explored. Initially, the crack, of

length 2a, is treated as a Griffith crack of finite crack tip toughness Γ but with no cohesive zone.
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Figure 7.1 Cross-sectional view of a sandwich joint consisting of an adhesive layer of thickness
2h, with a through-thickness crack of length 2a, and loaded by a remote tensile stress
σ ∞. The traction-separation law for the cohesive zone in the adhesive is shown on
the right, and results in a cohesive zone of length c at the crack tip.

Subsequently, a tensile cohesive plastic zone is placed at each crack tip, and the cohesive zone

is characterised by a finite strength σ̂ and a finite toughness Γ. This two-parameter description

(σ̂ , Γ) allows for a prediction of failure strength over a wide range of crack length.

As reviewed in Section 2.2.2, the strength σ̂ and toughness Γ of an adhesive layer may depend

upon the thickness of the layer (Kinloch and Shaw, 1981; Hunston et al., 1989; Daghyani et al.,

1995; Yan et al., 2001; Lee and Ramesh, 2004; Pardoen et al., 2005; Martiny et al., 2012) but the

details of this dependence are beyond the scope of the present study. The pragmatic approach

adopted here is to assume that values of σ̂ and Γ have been measured for an adhesive layer of

given thickness, and the aim of the study is to explore the sensitivity of the macroscopic strength

upon the normalised crack length a/h and upon the material mismatch ratio E2/E1. Commonly,

the measured value of σ̂ is adequately approximated by the uniaxial tensile strength of the bulk

adhesive (Blackman et al., 2003; Salomonsson and Andersson, 2008; Sun et al., 2008b,a; Carl-

berger and Stigh, 2010; Stigh et al., 2010) but it may depend upon the degree of plastic constraint

(Varias et al., 1991). In addition, the magnitude of Γ will depend upon the degree of crack ex-
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7.1 Introduction

tension if the adhesive material displays a pronounced R-curve. However, polymeric adhesives

commonly display a negligible R-curve particularly in the form of a thin layer between substrates

(Tvergaard and Hutchinson, 1996). As detailed in Section 2.2.1, most common structural adhe-

sives1 such as unmodified or toughened epoxies, acrylic, and polyurethane adhesives exhibit

typically flat or moderate (Γ0/Γss < 1.5) R-curves in bulk (Monteiro et al., 2015; Maloney and

Fleck, 2018; Banea et al., 2014; Sekiguchi et al., 2017). Consequently, the effect of an R-curve

on crack growth in an adhesive layer is ignored.

The semi-infinite crack in adhesive layer

Consider first the asymptotic problem of an elastic adhesive layer of height 2h sandwiched

between two elastic substrates, and containing a semi-infinite crack, as shown in Fig. 7.2. The

crack is placed along the mid-plane of the adhesive layer. Assume that the substrate (mate-

rial 1) and the adhesive (material 2) are isotropic, homogeneous and linear elastic solids. The

Young’s modulus and Poisson’s ratio of the substrate and adhesive are (E1, ν1) and (E2, ν2),

(E©, ª«)

x

KI

2h
σyy

KI

y

(E2, ¬2 )       

Figure 7.2 A linear, elastic adhesive layer (material 2) of height 2h is sandwiched between two
linear, elastic substrates (material 1). A semi-infinite crack in the adhesive layer exists
on the mid-plane of the adhesive layer, parallel to the interfaces. The joint is subjected
to a remote mode I loading of magnitude K∞.

1 Rubber-modified epoxies are an exception as they may exhibit a pronounced R-curve in bulk, see Fig. 2.10 (Du
et al., 1998; Imanaka et al., 2015).
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Prediction of the tensile strength of a centre-cracked adhesive joint
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Figure 7.3 The tensile stress distribution directly ahead of a semi-infinite crack in a sandwich
layer, see Fig. 7.2, for ν̄ = 3/7: (a) tensile stress is normalised by K∞ for Ē2/Ē1 = 10−2,
the left and right asymptotes are plotted via Eqs. 7.2 and 7.3, respectively; (b) The ten-
sile stress is normalised by Ktip with the horizontal asymptote predicted via Eq. 7.5.

respectively. A general, plane problem is considered in the present study, where Ē and ν̄ rep-

resent E and ν in plane stress, but Ē = E/(1− ν2) and ν̄ = ν/(1− ν) in plane strain. In this

introductory problem under consideration, the adhesive joint is subjected to a remote mode-I K

field of magnitude K∞. The normal stress component σyy, perpendicular to the crack plane and

directly ahead of the crack tip, has been calculated by finite element (FE) analysis, for selected

values of the modulus-mismatch ratio Ē2/Ē1 and ν̄ = 3/7; the details of this calculation are

reported in Appendix A. The normalised stress component, σyy

√
h/K∞, is plotted in Fig. 7.3a as

a function of normalised distance from the crack tip x/h for the representative case Ē2/Ē1 = 10−2.

Path-independence of the J-integral (Rice, 1968) implies that the remote K∞-field and the local

Ktip-field at the crack tip are related by (Trantina, 1972; Wang et al., 1978; Fleck et al., 1991):

Ktip =
( Ē2

Ē1

)
1
2
K∞ (7.1)

where Eq. 2.16 is re-stated for convenience. Hence, as can be seen in Fig. 7.3a, the stress at

the crack tip within the adhesive layer is shielded by the presence of stiffer substrate material.

Adjacent to the crack tip, the stresses are given by the leading term of the William’s singularity

analysis (Williams, 1957), with σyy given by:
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7.1 Introduction

σyy

√
h

K∞
=

(

1
2π

Ē2

Ē1

h

x

)
1
2

(7.2)

Consistent with the requirement given in Eq. 7.1, the stress component σyy remote from the crack

tip scales as:

σyy

√
h

K∞
=

(

1
2π

h

x

)
1
2

(7.3)

Relations 7.2 and 7.3 provide asymptotes to the stress distribution ahead of the crack in Fig. 7.3a.

The stress follows the local Ktip field close to the crack tip provided x/h is less than a transition

value designated by (x/h)T1. Alternatively, at sufficiently large values of x/h, above a second

transition value (x/h)T2, the stress state satisfies the remote K∞ field. Equations 7.2 and 7.3 imply

that:

(x

h

)

T2
=

Ē1

Ē2

(x

h

)

T1
(7.4)

The stress distribution is plotted as a function of x/h along the crack plane for selected values

of modulus mismatch ratio in the range Ē2/Ē1 = 1 to Ē2/Ē1 = 10−3 in Fig. 7.3b. The normalised

tensile stress displays a plateau value for x/h values between (x/h)T1 and (x/h)T2. For a decreasing

value of modulus mismatch ratio, the plateau stress tends to the asymptotic limit of:

σyy

√
h

Ktip =
(

1− ν̄2)− 1
2 (7.5)

which is the solution for the case of a semi-infinite crack in an adhesive layer clamped by two

rigid substrates and subjected to a uniform opening displacement as introduced in Section 2.2.2

via Eq. 2.17.

Note from Fig. 7.3b that the value of (x/h)T1 equals approximately 0.2 independent of the mag-

nitude of the modulus mismatch ratio over the range considered. Consequently, Eq. 7.4 reduces

to (x/h)T2 = 0.2Ē1/Ē2, with the immediate implication that a remote K∞ field can only exist in a

specimen of characteristic in-plane dimensions (such as crack length, height and ligament width)
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Prediction of the tensile strength of a centre-cracked adhesive joint

that significantly exceed the value of 0.2hĒ1/Ē2. Assume that an in-plane dimension on the order

of hĒ1/Ē2 is required to meet this condition. This places a severe restriction on the relevance of a

remote stress intensity factor for thick polymeric adhesive joints between metallic or composite

substrates. For example, consider an epoxy adhesive of thickness 1 mm and Young’s modulus

Ē2 = 1 GPa sandwiched between steel substrates of modulus Ē1 = 210 GPa. Then, an in-plane

structural dimension of h

barE1/Ē2 = 210 mm is required in order for a remote K-field to exist. This requirement is signifi-

cantly more restrictive for the choice of a thick elastomeric adhesive between steel substrates (as

used, for example, in shipbuilding) such that h = 10 mm and Ē2 = 0.1 GPa; the minimum in-plane

dimension then becomes 21 m. For such applications, it is necessary to consider a prototypical

specimen of finite crack length and subjected to a remote stress, such as the centre-cracked sand-

wich panel shown in Fig. 7.1, and recognise the fact that a remote K-field may not exist for this

specimen. This is the main geometry under consideration in the present study.

7.2 Theory

Consider the finite sandwich joint shown in Fig. 7.1. The joint consists of an adhesive layer

of height 2h and width 2W sandwiched between two substrates, each of length L. A through-

thickness centre-crack of length 2a lies parallel to the interface at mid-height of the adhesive

layer. The substrate is identified as material 1, and the adhesive is identified as material 2, each

being isotropic, homogeneous and linear elastic, with elastic properties Ē1, ν̄1 and Ē2, ν̄2 as

defined above. The sandwich layer is loaded by a remote tensile stress σ ∞ parallel to the y-

axis. It is assumed that the adhesive has a crack-tip cohesive zone that obeys a tensile traction

versus separation law of the form shown on the right-hand side of Fig. 7.1, with a finite cohesive

strength σ̂ and toughness Γ. Now introduce a reference length scale, following Tvergaard and

Hutchinson (1992), as:

lS =
Ē2Γ

πσ̂ 2 (7.6)

The strength of the sandwich joint σ ∞
f is a function of the normalised crack length a/h, modulus

mismatch ratio Ē2/Ē1, and the normalised reference length scale lS/h, and can be written in non-

dimensional form as:
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σ̄ =
σ ∞

f

√
h

√

Ē2Γ
= f
(a

h
,
W

h
,
Ē2

Ē1
,
lS

h
, ν̄1, ν̄2

)

(7.7)

The role of Poisson’s ratio is minor and neglected in the present study. The sensitivity of the

strength of the joint upon the other non-dimensionless groups is explored. First, the limiting

case of a Griffith crack in an elastic layer of finite toughness but unbounded cohesive strength

(lS → 0) is considered. Then, a finite cohesive strength is taken into account.

7.2.1 Griffith crack in an elastic layer

Consider first the extreme cases of a very short crack and a very long crack in an elastic, brittle

adhesive (of unbounded cohesive strength σ̂). Then, the more involved case of an intermediate

crack length is analysed. The terms ‘short’,‘long’, and ‘intermediate’ are made precise below.

7.2.1.1 Asymptotic analysis for a very short or very long crack

In the limit of a very short crack length a/h ≪ 1, the presence of the substrate can be ignored,

and the crack tip stress intensity factor is given by:

Ktip = σ ∞
√

πa (7.8)

Crack growth occurs when the energy release rate G attains the toughness Γ of the adhesive,

such that

G =
(Ktip)2

Ē2
= Γ (7.9)

and the macroscopic fracture strength is then given by:

σ̄ =
σ ∞

f

√
h

√

Ē2Γ
=
( h

πa

)
1
2

(7.10)

Alternatively, for a very long crack for which a/h ≫ 1, the presence of the adhesive can be

ignored. For a/W ≪ 1, the stress intensity factor reads:
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Prediction of the tensile strength of a centre-cracked adhesive joint

K∞ = σ ∞
√

πa (7.11)

Then, from Eqs. 7.1 and 7.9, the strength of the joint is:

σ̄ =
σ ∞

f

√
h

√

Ē2Γ
=
( Ē1

Ē2

h

πa

)
1
2

(7.12)

7.2.1.2 General analysis for an intermediate length of crack

An analytical expression for the strength σ̄ is derived for the case of an intermediate crack

length with respect to the adhesive layer height and joint width. Consider the joint shown in

Fig. 7.4, and write ∆u as the extra displacement of the ends of the specimen due to the presence

of a crack of length 2a and an end load P per unit thickness. Thus, ∆u is equal to P∆C, where

∆C(a) ≡ C(a)−C(0) is the extra compliance due to the presence of the crack. For the center-

cracked joint, one may write (Tada et al., 2000):

G =
P2

4
∂ (∆C)

∂a
(7.13)

Note that for a specimen of infinite height as shown in Fig. 7.4, C is unbounded but ∆C is infinite.

The adhesive joint on the left hand side of Fig. 7.4 is idealised by the summation of two problems

on the right hand side, case (1) and case (2), such that:

2ú

Material 1

û1ü ýþ

Material 2

E2ÿ v2        

2h

≈

2a
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Figure 7.4 Superposition procedure to determine the K-calibration for a Griffith crack in an
elastic layer.
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∂ (∆C)

∂a
=

∂ (∆C(1))

∂a
+

∂ (∆C(2))

∂a
(7.14)

Note that case (1) neglects the presence of the adhesive layer in the determination of the addi-

tional compliance due to the presence of the crack and that case (2) is an approximate analysis

for the additional compliance due to the presence of the crack when a strip of height 2h and made

from material 1 is replaced by a strip of material 2. Thus, in case (2), the substrate is treated as

rigid and the replacement strip is of effective modulus such that:

1

Ê
=

1− ν̄2
2

Ē2
− 1− ν̄2

1

Ē1
(7.15)

The constraint factors (1− ν̄2
1 ) and (1− ν̄2

2 ) arise from the fact that the strain component in the

replacement layer vanishes in the tangential direction.

Expressions are now derived for ∂ (∆C(1))/∂a and ∂ (∆C(2))/∂a. For case (1), the material 1

center-cracked panel of finite width (Tada et al., 2000):

∂ (∆C(1))

∂a
=

πaF2

W 2Ē1
(7.16)

where the finite width correction factor F is a function of a/W (Tada et al., 2000; Federsen,

1966):

F =

[

1−0.025
( a

W

)2
+0.06

( a

W

)4
][

sec
(π

2
a

W

)

]
1
2

(7.17)

Now, consider case (2). The net section stress σ net reads:

σ net =
P

2W

(

1− a

W

)−1
(7.18)

Moreover, for the linear, elastic adhesive layer of case (2), one may write:

σ net =
Ê∆u

2h
(7.19)
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Prediction of the tensile strength of a centre-cracked adhesive joint

Equating Eqs. 7.18 and 7.19, and making use of the definition for ∆C (=∆u/P) as introduced

above, gives:

∆C(2)(a) =C(2)(a) =
h

W Ê
(

1− a
W

) (7.20)

and therefore:

∂ (∆C(2))

∂a
=

h

W 2Ê
(

1− a
W

)2 (7.21)

Now, make use of the Irwin relation, Ktip =
√

Ē2G, and Eq. 7.13 to obtain for the joint on the

left-hand side of Fig. 7.4:

Ktip =
P

2

(

Ē2
∂ (∆C)

∂a

)
1
2

(7.22)

The normalised strength σ̄ , as defined in Eq. 7.7, is related to P and Ktip upon noting that σ ∞ =

P/2W :

σ̄ =
P
√

h

2WKtip (7.23)

Upon making use of Eqs. 7.14, 7.16, 7.21, 7.22 and 7.23, the general formula:

σ̄ =

[

Ē2

Ē1

a

h
πF2 +

(

(1− ν̄2
2 )− (1− ν̄2

1 )
Ē2

Ē1

)(

1− a

W

)−2
]− 1

2

(7.24)

is obtained. For ν = ν̄1 = ν̄2, this relation reduces to:

σ̄ =

[

Ē2

Ē1

a

h
πF2 +(1− ν̄2)

(

1− Ē2

Ē1

)

(

1− a

W

)−2
]− 1

2

(7.25)

Note that according to Eq. 7.25 there is a plateau value in strength for intermediate values of a/h,

this plateau value reduces to the following limit for Ē2/Ē1 → 0:

σ̄ = (1− ν̄2
2 )

− 1
2 (7.26)
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7.2 Theory

The strength plateau value given in Eq. 7.26 is consistent with the Rice (1967) solution given

in Eq. 7.5 upon noting Ktip =
√

Ē2Γ and σyy = σ ∞
f . For very small cracks, Eq. 7.10 is valid.

The transition between the adhesive-governed regime (short cracks) and the substrate-governed

regime (intermediate and long cracks) is obtained by equating the strengths from Eqs. 7.10 and

Eq. 7.26. The resulting transition value of normalised crack length reads:

a

h
=

1− ν̄2
2

π
(7.27)

Equations 7.10 and 7.25 for the strength σ̄ are plotted as a function of a/h in Fig. 7.5a for the case

of an infinitely wide joint (h/W = 0) and for selected values of modulus mismatch ratio Ē2/Ē1

in the range of 0 (rigid substrate case) to 1 (homogeneous case). The short crack asymptote,

Eq. 7.10, exists in the region identified2 as regime B in Fig. 7.5a, whereas the case of intermediate

to long cracks is termed regime C. The long crack asymptote given by Eq. 7.12 is included in

Fig. 7.5a. The failure strength σ̄ of the joint with a Griffith crack decreases with increasing value

of modulus mismatch ratio Ē2/Ē1 in regime C, but is independent of the magnitude of Ē2/Ē1 in

the short crack regime B. The sensitivity of the strength σ̄ to joint width is shown in Fig. 7.5b, in

which σ̄ is plotted for selected values of h/W ranging from 0 to 0.1 and for a modulus mismatch

ratio Ē2/Ē1 = 10−2. As the crack length a approaches the joint width W , the strength σ̄ drops

sharply. This is consistent with the usual form of the K-calibration for a specimen of finite

dimensions (Tada et al., 2000).

7.2.2 Plasticity at the crack tip

7.2.2.1 Asymptotic analysis for a very short crack

The effect of a finite length cohesive zone at the crack tip on the strength of the joint shown in

Fig. 7.1 is now taken into account. It is emphasised that the cohesive zone has a uniform strength

σ̂ and toughness Γ, and the material length scale lS is a derived material property via Eq. 7.6.

Note that, in general, the value of lS is not equal to the length of the cohesive zone c (see Fig. 7.1).

This is only the case for a semi-infinite crack in an infinite solid made from the adhesive material.

2 A more precise definition will be given for regimes B and C in Section 7.2.2.
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Prediction of the tensile strength of a centre-cracked adhesive joint

Consider first the case for which a + lS ≪ h. The crack and cohesive zone exist within a much

larger layer of adhesive; the strength of the joint σ̄ can be predicted by ignoring the presence

of the substrate. The strip yield model of Dugdale (1960) and Barenblatt (1962) may be em-
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Figure 7.5 Strength σ̄ versus normalised crack length a/h for an elastic, brittle Griffith crack, (a)
for h/W = 0 and (b) for Ē2/Ē1 = 10−2. The dotted lines are plotted via Eq. 7.12 for
the long crack asymptote, while the solid lines are predicted via Eq. 7.25 in regime C
and via Eq. 7.10 in regime B.
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7.2 Theory

ployed, as is appropriate for the assumed traction-separation law defined on the right-hand side

of Fig. 7.1. In the Dugdale strip yield model, the crack tip opening displacement δ tip for a

through crack of length 2a in a linear, elastic and infinite sheet under a remote uniaxial tensile

stress σ ∞ reads:

δ tip =
8σ̂a

πĒ2
ln

[

sec

(

πσ ∞

2σ̂

)]

(7.28)

Upon recognising that Γ = σ̂δC, where the critical crack tip opening displacement δC is the value

of δ tip when the remote tensile stress σ̂ ∞ is equal to the remote tensile failure strength of the joint

σ ∞
f , Eq. 7.28 is re-expressed as:

lS

h
=

Ē2δC

πσ̂h
=

8a

π2h
ln

[

sec

(

πσ ∞

2σ̂

)]

(7.29)

Equation 7.29 is valid provided that a + lS ≪ h and h ≤W . Moreover, Eq. 7.29 can be employed

to predict σ̄ as a function of a/h, making use of the direct connection between σ̄ and σ ∞
f /σ̂ via

the definition for the material reference length scale lS given in Eq. 7.6:

σ̄ ≡ σ ∞
f

√
h

√

Ē2Γ
=

σ ∞
f

σ̂

σ̂
√

h
√

Ē2Γ
=

σ ∞
f

σ̂

( h

πlS

)
1
2

(7.30)

7.2.2.2 General analysis for an intermediate and long crack length

Consider the case where the combined length of a and lS are on the order of, or larger than,

h. Again, an approximate analytical derivation is performed for the cohesive zone problem, as

shown on the left-hand side of Fig. 7.6.

The present analytical method assumes that the crack tip displacement δ tip for the full problem

(as given in the left-hand side of Fig. 7.6) is adequately given by the superposition of the crack

tip opening displacement for problems (1) and (2) as stated on the right hand side of Fig. 7.6:

δ tip = δ (1)+δ (2) (7.31)

Here, δ (1) is the crack tip opening displacement for a crack of length 2a in a linear, elastic sheet

of infinite width of material 1 under a remote tensile stress of σ ∞ (see case 1 of Fig. 7.6), and
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Prediction of the tensile strength of a centre-cracked adhesive joint

δ (2) is the crack tip opening displacement for a crack of length 2a in a linear, elastic sandwich

layer with Young’s modulus equal to Ê, defined earlier in Eq. 7.15, and clamped between two

rigid substrates of finite width subjected to a remote tensile stress σ ∞ (see case 2 of Fig. 7.6).

This approximation is exact in the limit of a joint comprising rigid substrates, i.e. Ē2/Ē1 = 0, and

for the homogeneous case for which Ē2/Ē1 = 1.

Expressions are now derived for δ (1) and δ (2). Consider first case 1 of Fig. 7.6. Making use of

Eq. 7.28, the crack tip opening displacement δ (1) reads:

δ (1) =
8σ̂a

πĒ1
ln

[

sec

(

πσ ∞

2σ̂

)]

(7.32)

For case 2, the value of the J-integral taken around the crack tip is given by:

Jtip = σ̂δ (2) (7.33)

In addition, for a linear, elastic system the value of the J-integral taken around a remote contour

J∞ equals the energy release rate, and J∞ can be deduced from the expression for the derivative

of the compliance as given in Eq. 7.21, such that, via Eq. 7.13:

2N

Material 1

E1, O1

Material 2

E2, Q2        

2W

2h

Material 1

E1, R1

+
2h

Case 1 Case 2

ST UV WX

YZ [\ ]^

2_ 2`

2W

btip

cdef g(2)

E       

Rigid

Rigid

Figure 7.6 Superposition procedure to calculate the macroscopic tensile strength of a centre-
cracked sandwich layer, for finite values of lS, and a is comparable to, or larger than
h.
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J∞ =
h(σ ∞)2

Ê

(

1− a

W

)−2
(7.34)

Making use of the path-independence of the J-integral, Eqs. 7.33 and 7.34 can be combined to

give:

δ (2) =
h(σ ∞)2

Êσ̂

(

1− a

W

)−2
(7.35)

Hence, the relation 7.31 becomes, via Eqs. 7.32 and 7.35:

δ tip

h
=

8σ̂

πĒ1

a

h
ln

[

sec

(

πσ ∞

2σ̂

)]

+
(σ ∞)2

Êσ̂

(

1− a

W

)−2
(7.36)

Upon recalling the definition of lS in Eq. 7.6, one may write it as lS ≡ δCĒ2/πσ̂ . At fracture,

σ ∞ = σ ∞
f and δ tip = δC. Therefore, by making use of Eq. 7.36, the ratio of material length scale

lS to adhesive layer half-height h reads:

lS

h
=

8
π2

Ē2

Ē1

a

h
ln

[

sec

(

πσ ∞
f

2σ̂

)]

+
1
π

(

σ ∞
f

σ̂

)2[

(1− ν̄2
2 )− (1− ν̄2

1 )
Ē2

Ē1

]

(

1− a

W

)−2
(7.37)

For the case ν̄ = ν̄1 = ν̄2, Eq. 7.37 reduces to:

lS

h
=

8
π2

Ē2

Ē1

a

h
ln

[

sec

(

πσ ∞
f

2σ̂

)]

+
1− ν̄2

π

(

σ ∞
f

σ̂

)2
(

1− Ē2

Ē1

)(

1− a

W

)−2
(7.38)

7.2.3 Regimes of behaviour

There are four regimes of behaviour for the joint problem defined in Fig. 7.1. First, there is

a broad division into whether the behaviour can be described by an asymptotic limit where

the effect of the substrate can be ignored. This condition is found to be approximated by the

geometric relation:

lS +a < 0.3h (7.39)
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Prediction of the tensile strength of a centre-cracked adhesive joint

The division between the adhesive- and substrate-governed regimes of fracture given by Eq. 7.39

is illustrated in the lS/h versus a/h failure map shown in Fig. 7.7 as a solid line separating regions

A and B from regions C and D. Within the adhesive-governed regime, where the inequality given

in Eq. 7.39 holds, there is a subdivision between toughness-controlled fracture and strength-

controlled fracture. A strength criterion is adopted, assuming that fracture is strength-controlled

when σ ∞
f /σ̂ > 0.99, which implies from Eq. 7.29 that:

lS

a
< 3.37 (7.40)

This criterion has been added to Fig. 7.7 to distinguish between regime A, where fracture is

controlled by strength, and regime B, where fracture is controlled by toughness. It is emphasised

that this boundary is independent of the value of the modulus mismatch ratio.

Now consider the geometries satisfying (lS + a) > 0.3h such that the presence of the substrate

needs to be accounted for. Again, there exists two sub-regions: regime C for the toughness-

controlled fracture regime and regime D for the strength-controlled fracture regime. It is con-

venient to use a strength criterion σ ∞
f /σ̂ = 0.99 for the division between regimes C and D. The

resulting trajectory on the lS/h versus a/h failure map follows directly from Eq. 7.38 and reads:

lS

h
= 3.37

Ē2

Ē1

a

h
+0.31(1− ν̄2)

(

1− Ē2

Ē1

)(

1− a

W

)−2
(7.41)

for the case where ν̄ = ν̄1 = ν̄2. The C to D boundary, as given by Eq. 7.41, is plotted in Fig. 7.7

for ν̄ = 3/7, h/W = 0, and for two selected values of the modulus mismatch ratio: Ē2/Ē1 = 0 and

Ē2/Ē1 = 10−2. Sketches of different joint geometries are included in Fig. 7.7 to illustrate the

relative magnitude of the normalised length scales lS/h and a/h in the regimes A to D. In addition,

contours of strength are plotted in Fig. 7.7 via Eqs. 7.29 (regime B) and 7.38 (regime C) for

selected values of strength ratios: σ ∞
f /σ̂ = 0.1 and σ ∞

f /σ̂ = 0.35.

It is instructive to cross-plot σ ∞
f /σ̂ as a function of a/h. This is done in Fig. 7.8a for selected

values of lS/h and for Ē2/Ē1 = 10−2, ν̄ = 3/7, and h/W = 0. The curves are again plotted by

making use of Eqs. 7.29 and 7.38. Predictions for σ ∞
f /σ̂ are included for the limit or a rigid

substrate, i. e. Ē2/Ē1 = 0, shown as dashed lines in Fig. 7.8a. Moreover, it is insightful to rescale
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Prediction of the tensile strength of a centre-cracked adhesive joint

the strength values σ ∞
f /σ̂ into the form σ̄ by making use of the identity given in Eq. 7.30. Note

that, in the limit of an elastic, brittle Griffith crack, such that σ̂ is unbounded, the strength ratio σ̄

remains finite whereas the strength ratio σ ∞
f /σ̂ vanishes. Thus, σ̄ has been plotted as a function

of a/h in Fig. 7.8b in order to make contact with the results for the Griffith crack, recall Fig. 7.5.
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Figure 7.8 Strength predictions for h/W = 0, Ē2/Ē1 = 0 (dashed line) and Ē2/Ē1 = 10−2 (solid
line) (a) σ ∞

f /σ̂ versus a/h; (b) σ̄ versus a/h. In both figures, strength predictions are
given by Eq. 7.29 for lS/h ≤ 0.1 and a/h < 0.3. Otherwise, Eq. 7.38 is used.
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7.2 Theory

Inspection of Fig. 7.7 shows that for an infinitesimal cohesive zone length at the crack tip,

i.e. lS/h → 0, the active fracture mode switches from the adhesive-governed regime B to the

substrate-governed regime C. Both regimes are toughness-controlled. The plot of σ̄ versus a/h

for Ē2/Ē1 = 0 in Fig. 7.8b is indistinguishable from that for Ē2/Ē1 = 10−2 in regime B, but the

strength predictions become sensitive to the value of the modulus mismatch ratio with increasing

values of a/h in regime C.

Second, assume a relatively small plastic zone length, as parametrised by lS/h = 0.1. In the fail-

ure mechanism map of Fig. 7.7, with increasing a/h, there is a transition from strength-control

(regime A) to toughness-control, regimes B and C. In regime A, the ratio σ ∞
f /σ̂ is equal to unity,

and this is shown in Fig. 7.8a. Then, for 0.03 < a/h < 0.25, regime B is active, such that the crack

and its cohesive zone are shorter than the adhesive height (lS + a < 0.3h) and σ ∞
f /σ̂ decreases

with increasing a/h, see Fig. 7.8a. At longer crack lengths, i.e. a/h > 0.25, regime C is entered

and the strength ratio σ ∞
f /σ̂ is below the yield value of unity and independent of a/h for Ē2/Ē1

= 0 as shown in Fig. 7.8a. In contrast, for a finite value of the modulus mismatch, the value

of σ ∞
f /σ̂ decreases with increasing a/h due to the fact that the crack (and cohesive zone) are

embedded within the remote K∞-field of the substrate, and the long crack asymptote predicted

by Eq. 7.12 is approached.

Third, consider the case where lS/h = 1 in the failure map shown in Fig. 7.7. The response is

in the strength-controlled regime D such that σ ∞
f /σ̂ is equal to the yield value of unity for the

choice Ē2/Ē1 = 0 for all values of a/h. However, for Ē2/Ē1 = 10−2, the fracture response switches

from strength-controlled (regime D) to toughness- controlled (regime C) close to a/h = 15, and

for normalised crack lengths that exceed this transition value, the strength ratio σ ∞
f /σ̂ decreases

with crack extension. Again, this is due to the crack and cohesive zone being embedded within

the remote K∞-field of the substrate in a similar manner to that discussed for lS/h = 0.1.

The transition from strength control (regime D) to toughness control (regime C) in the failure

map of Fig. 7.7 occurs at a value of a/h that depends upon both the modulus mismatch Ē2/Ē1

and the value of the normalised material reference scale lS/h. The C to D boundary is plotted

in Fig. 7.9 using axes of (Ē2/Ē1,lS/h), for the choice of ν̄ = 3/7 and h/W = 0. The map shown
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Figure 7.9 Boundary between regimes C and D on a map of lS/h versus Ē2/Ē1, for selected val-
ues of a/h, for h/W = 0. The two data points denote the experimental parameters that
are measured for the cellulose acetate-aluminium alloy sandwich layer considered in
the experimental study presented in Chapter 8.

in Fig. 7.9 has the following useful interpretation: for any given adhesive-substrate combination,

the values for lS/h and Ē2/Ē1 are known. This combination of properties and geometry can be

plotted as a point on Fig. 7.9. In addition, it is notable that the C to D transition value of a/h is

close to 0.1 for the choice of lS/h = 0.3 for a wide range of modulus mismatch values.

7.3 Verification of the analytical framework

Two-dimensional (plane strain) FE simulations are performed using the implicit solver of

ABAQUS (version 6.14) to verify the analytical framework derived above. First, the macro-

scopic strength of the sandwich layer shown in Fig. 7.1 is computed as a function of crack

length for the case where the cohesive zone at the crack tip is of vanishing length, i.e. lS → 0.

The effect of modulus mismatch and adhesive layer height on the strength of the joint is explored.
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7.3 Verification of the analytical framework

Second, a layer of tensile cohesive elements is added directly ahead of the crack tip to account

for both yield and fracture in the process zone ahead of the crack tip.

7.3.1 Finite element simulations for a crack in an elastic sandwich layer

absent a cohesive zone

The sandwich layer depicted in Fig. 7.1 is modeled by treating both the adhesive and the sub-

strate as isotropic, elastic solids. The length of the cohesive zone c equals zero. Simulations are

performed for normalised crack lengths ranging from a/h = 0.1 to a/h = 30, with h/W = 10−2

and h/W = 10−1. The ratio of Young’s modulus of the adhesive E2 to that of the substrate E1

ranges from 10−3 to 0.1, with ν = ν1 = ν2 = 0.3. Only a quarter of the sandwich specimen is

modelled due to the symmetry of the problem, see Fig. 7.10a. The substrate and the adhesive

layer are discretised by 8-noded bi-quadratic plane strain elements (CPE8). A quarter point

element is located at the crack tip and the mesh is refined close to the crack tip. The total number

of elements is a function of the crack half-length a and lies in the range of 100 000 to 200 000. A

finite value of remote tensile stress σ ∞ is applied, and the J-integral is evaluated at the crack tip.

Upon writing J = Γ and σ ∞ = σ ∞
f , the predicted normalised strength σ̄ (as defined in Eq. 7.7) is

computed and plotted as a function of normalised crack length a/h, see Fig. 7.11a for a modulus

mismatch ratio Ē2/Ē1 = 10−1.

The analytical predictions for the adhesive-governed strength regime are plotted via Eq. 7.10,

and via Eq. 7.25 for the substrate-governed strength regime in Fig. 7.11a, and good agreement is

noted between the FE predictions and the analytical theory. Equation 7.25 slightly overestimates

σ̄ as obtained by the FE simulations in the regime where the crack length is comparable to the

adhesive layer height. Recall that the prediction for a long crack (a/h ≫ 1) neglects the presence

of the adhesive layer in the Irwin relation, i.e. Eq. 7.9. This asymptote is included in Fig. 7.11a:

Eq. 7.25 converges to the long crack asymptote (Eq. 7.12) for a/h > 10.

The computed σ̄ versus a/h curves, as obtained by FE simulations, are plotted in Fig. 7.11b for

Ē2/Ē1 = 10−2 and in Fig. 7.11c for Ē2/Ē1 = 10−3. The strength predictions via Eq. 7.10 in the

adhesive-governed regime and via Eq. 7.25 for the substrate-governed regime are included in

both figures. Excellent agreement is noted between the predicted values for σ̄ by the analytical
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Prediction of the tensile strength of a centre-cracked adhesive joint

theory and by the FE model for the explored range of a/h and Ē2/Ē1 values. Recall that the

remote K∞-field only exists for a sufficient long crack, as discussed in relation to Eq. 7.27. The

long crack asymptote governed by Eq. 7.12 has been added to Figs. 7.11b and 7.11c, and it

is expected to align with the strength prediction by Eq. 7.25 for values a/h beyond the range

plotted.
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Figure 7.10 The geometries of the two-dimensional FE models for a crack in an elastic sandwich
layer (a) absent a cohesive zone and (b) with a cohesive zone. L = 10h.
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Figure 7.11 Predicted σ̄ versus a/h data by the FE model shown in Fig. 7.10a for h/W = 10−2
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regime B, the strength is predicted by Eq. 7.10. In regime C, the strength is predicted
via Eq. 7.25. The dashed asymptotic limit lines in regime C are given by Eq. 7.12.
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7.3.2 Finite element simulations for a crack in an elastic sandwich layer

with a cohesive zone

The strength of the sandwich specimen, as defined in Fig. 7.1, has also been computed by ac-

counting for the presence of a cohesive zone at the crack tip. A layer of tensile cohesive elements

is now included in the FE model of the previous section, see Fig. 7.10b. The tensile cohesive

zone extends along the x-axis from the crack tip to the free surface at the right-hand side of the

sandwich layer. The traction T versus separation δ law of the cohesive elements is linear with

slope k until T attains the cohesive strength σ̂ , beyond which T = σ̂ . The adhesive and the sub-

strate materials are treated as isotropic, homogeneous and linear, elastic solids. Simulations are

performed for normalised crack lengths ranging from a/h = 0.03 to a/h = 30, with h/W = 10−2

and h/W = 10−1. As for the FE simulations absent a cohesive zone, the Young’s modulus of the

substrate material E1 is held fixed while a range of values are assumed for the Young’s modulus

of the adhesive layer; the Poisson’s ratios of substrate and layer are held fixed at ν = ν1 = ν2 = 0.3.

The substrate and the adhesive layer are meshed by 8-noded bi-quadratic plane strain elements

(CPE8), and 4-noded cohesive elements (COH2D4) are used for the cohesive elements. Define

le as the characteristic cohesive element size. Then, an accurate numerical solution requires:

lek

E2
≫ 1 (7.42)

Additionally, le has to be sufficiently small to resolve the cohesive zone at the crack tip:

le/lS ≤ 1 (Betegón and Martínez-Pañeda, 2017). A mesh sensitivity study led to the choice

lek/E2 = 100. The total number of elements depends upon the choice of a and lies between

150 000 and 250 000. For each simulated geometry, the remote tensile stress σ ∞ is incremented

in the range σ ∞/σ̂ = 0.1 to σ ∞/σ̂ = 0.99, and the associated value of cohesive zone opening at

the crack tip δ tip is determined. Upon writing σ ∞ = σ ∞
f , the toughness Γ, corresponding to any

imposed value of σ ∞, is obtained by:

Γ = σ̂δ tip − σ̂ 2

2k
(7.43)
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7.3 Verification of the analytical framework

and thereby the value of lS is obtained via Eq. 7.6. The FE predictions are presented in the form

of failure maps with axes (lS/h, a/h) for a modulus mismatch ratio Ē2/Ē1 = 10−1, Ē2/Ē1 = 10−2

and Ē2/Ē1 = 10−3, in Figs. 7.12a, 7.12b, 7.12c, respectively. In each plot, contours of the nor-

malised strength ratio are presented for h/W = 10−2 and h/W = 10−1, and the analytical Eqs. 7.29

(adhesive-governed regime) and 7.38 (substrate-governed regimes) are included, along with the

active failure regime, as implied by the analytical formulae. The analytical predictions are in

close alignment with the FE results.
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Figure 7.12 Failure map of lS/h versus normalised crack length a/h for (a) Ē2/Ē1 = 10−1; (b)
Ē2/Ē1 = 10−2 ; and (c) Ē2/Ē1 = 10−3. The strength contours in the adhesive-
governed region (regimes A and B) and the substrate-governed region (regimes C
and D) are predicted via analytical Eqs. 7.29 and 7.38, respectively.
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Prediction of the tensile strength of a centre-cracked adhesive joint

7.4 Concluding remarks

The tensile strength of an adhesive joint, comprising an adhesive layer made of a linear, elastic

material of Young’s modulus E2 and two substrates made from a linear, elastic material of

modulus E1, is predicted as a function of crack length and material mismatch ratio E2/E1.

Consider first the case of an elastic, brittle response for a Griffith crack. The relation between the

normalised tensile strength and normalised crack length switches from an adhesive-governed

strength regime for the case where the crack is much smaller than the adhesive layer height

to a substrate-governed strength regime for the case where the crack is much longer than the

adhesive layer height. The normalised strength of the joint is independent of normalised crack

length for intermediate crack lengths up to a value on the order of a structural length scale

hE2/E1. This scale is on the order of 1 metre when the layer height equals one millimetre and the

elastic modulus of the substrate is one thousand times that of the adhesive layer. The in-plane

structural dimensions (including crack length) must exceed this structural dimension in order

for a remote K-field to exist within the substrate.

The role of crack tip plasticity on the normalised strength versus normalised crack length curve

is explored by the use of a strip yield model. Comprehensive joint design maps are presented

to show fracture mechanism maps as a function of modulus mismatch ratio and material non-

linearity. When the sum of crack length and cohesive zone length is less than 0.3 times the layer

height, the effect of elastic mismatch between substrate and adhesive layer has only a minor

influence upon the macroscopic fracture strength of the joint. For this case, the cracked adhesive

layer behaves as a centre-crack in an infinite solid made from adhesive, and a transition from

toughness control to strength control occurs when the crack length is comparable to that of the

cohesive zone length. Alternatively, when the sum of crack length and cohesive zone length

exceeds 0.3 times the layer height, the elastic mismatch plays a major role; again there is a

transition from toughness control to strength control, but it occurs at a ratio of crack length

to layer thickness that depends upon both the elastic mismatch and the ratio of cohesive zone

length to layer height.
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7.4 Concluding remarks

Finite element simulations are conducted to verify the analytical framework. Excellent agree-

ment between the finite element results and the analytical predictions is obtained. An experimen-

tal validation is performed in the subsequent chapter by conducting tensile tests on a sandwich

layer comprising a centre-cracked cellulose acetate strip adhered to two aluminium alloy sub-

strates.
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Chapter 8

Case study: tensile fracture of a cellulose

acetate-aluminium alloy sandwich layer

Experimental support is presented for the analytical framework constructed in the previous chap-

ter. Emphasis is placed on the confirmation of the existence of the competing failure regimes of

the failure maps. This is done for the choice of a joint comprising an ‘adhesive layer’ made from

a centre-cracked cellulose acetate strip and substrates made from an aluminium alloy. The ten-

sile strength of the cellulose acetate-aluminium sandwich joint is measured as a function of crack

length. The experimental results are compared with the analytical predictions. Additional uniax-

ial tensile tests and fracture toughness tests are conducted to characterise the cellulose acetate

tape.

8.1 Materials and methods

8.1.1 Uniaxial tensile and fracture toughness tests

The cellulose aceate tape1 is characterised via uniaxial tensile tests and fracture toughness tests.

A flat dogbone geometry, as shown in Fig. 8.1a, with the longitudinal direction of the tape

aligned along the loading direction, was used to determine the nominal stress S versus nominal

1 Scotch Magic 810 tape from 3M (Maplewood, US). The tape comprises a backing of cellulose acetate and an
acrylic adhesive layer. The thickness of the backing absent the adhesive layer is close to 0.04 mm as measured
with a micrometer.
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Case study: tensile fracture of a cellulose acetate-aluminium alloy sandwich layer
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Figure 8.1 Specimen geometries for the uniaxial tensile and fracture toughness tests on the cel-
lulose acetate tape. (a) Dogbone geometry with the tensile load applied along the
longitudinal direction of the tape (W = 24 mm, w = 6.4 mm, h = 40 mm, L = 50 mm,
R = 15.6 mm). (b) A strip geometry with the tensile load applied along the transverse
direction of the tape (w = 10 mm, h = 14 mm). (c) A T-L DENT specimen with
w = 24 mm, h = 10 mm, and (d) a L-T DENT specimen with w = 24 mm.

strain e curve. Tensile tests are conducted over two decades of nominal strain rate; at least three

uniaxial tensile tests were conducted for each strain rate. The nominal stress-strain curve was

also measured in uniaxial tension at a nominal strain rate of 10−1 s−1 using the strip specimen

shown in Fig. 8.1b, for which the longitudinal direction of the tape was orthogonal to the load-

ing direction. The nominal strain during the uniaxial tensile tests was measured using a laser

extensometer with a gauge length of 10 mm.

The critical mode I (plane stress) stress-intensity factor Kc of the cellulose acetate tape was

measured using a double edge-notched tension (DENT) specimen. The T-L DENT specimen

(defined in Fig. 8.1c) contained an initial pre-crack aligned with the longitudinal direction of

the tape, whereas the L-T DENT specimen (defined in Fig. 8.1d) contained an initial pre-crack
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8.1 Materials and methods

aligned with the transverse direction of the tape. The pre-cracks were cut with a sharp razor

blade, and the plane-stress, mode I fracture toughness Kc was calculated by:

Kc = Fσ ∞
f

√
πa (8.1)

where σ ∞
f is the tensile fracture strength of the specimen corresponding to the peak load, and the

finite width correction factor F reads (Tada et al., 2000; Benthem and Koiter, 1972):
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(8.2)

The length a of the pre-crack ranged from a = 1 mm to a = 6 mm for both the T-L and the L-T

DENT specimens. Two tests were conducted for each value of a and for each geometry, using a

cross-head speed of 1 mm s−1.

Now, write the Ṗ and K̇∞ as the time rate change of the load and remote stress intensity factor,

respectively. Consequently, K̇∞ is given by:

K̇∞ = Ṗ
(πa)

1
2

wt
(8.3)

where w and t refer to the nominal width and thickness, respectively, of the DENT specimens.

The dependence of Kc upon K̇∞ for the T-L DENT specimen geometry of Fig. 8.1c was inves-

tigated by selected values of the cross-head speed from 0.3 mm s−1 to 6 mm s−1 for an initial

crack length a = 2 mm.

In addition, uniaxial tensile tests are conducted on the aluminium foil with flat dogbone geome-

tries (shown in Fig. 8.1a) at a strain rate equal to 10−2 s−1. The tensile tests were conducted via a

dogbone geometry with the longitudinal direction of the tape orthogonal to the loading direction

and via a dogbone geometry with the longitudinal direction of the tape aligned with the loading

direction.
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Case study: tensile fracture of a cellulose acetate-aluminium alloy sandwich layer

8.1.2 Tensile tests on cellulose acetate-aluminium sandwich specimens

Consider a centre-cracked sandwich specimen, with a cellulose acetate strip sandwiched be-

tween aluminum alloy substrates as shown in Fig. 8.2. The sandwich layer comprises a cellulose

acetate strip adhered to two aluminum alloy substrates2 of identical thickness to that of the

cellulose acetate strip. In turn, the aluminium alloy substrates are adhered to aluminium alloy

extension sheets of thickness 1.5 mm, which are loaded in tension by the loading pins of a

screw-driven test machine as shown in Fig. 8.2.

The direction of the cellulose acetate tape is aligned with a centre-crack of length 2a as shown

in Fig. 8.2. The tensile failure strength σ ∞
f of the sandwich layer was measured as a function of

crack length 2a. The remote tensile stress σ ∞ was deduced from the applied load as follows:
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Figure 8.2 Sandwich specimen made from cellulose acetate tape containing a centre-crack of
length adhered to a tape of an aluminium alloy. L ≈ 35 mm and W = 50 mm.

2 AT500 aluminium alloy (grade 8011) tape from Advance Tapes Int. Ltd. (UK). The tape comprises of a an
aluminium alloy backing and an acrylic adhesive layer. The thickness of the aluminium layer absent the adhesive
layer is close to 0.04 mm as measured with a micrometer.
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8.2 Results and discussion

σ ∞ =
P

2Wt
(8.4)

Tensile tests with the sandwich specimens were performed for two selected values of adhesive

layer height (h = 1 mm and h = 5 mm) and for a range of crack lengths between a = 1 mm to

a = 25 mm, for both values for h. The tests were conducted at a displacement rate of 1 mm s−1

for the specimens with h = 5 mm, and at a rate of 0.2 mm s−1 for the specimens with h = 1 mm,

to ensure a constant value of strain rate within the cellulose acetate tape (remote from the crack

tip). At least three tests per joint geometry were conducted.

8.2 Results and discussion

The nominal stress S is plotted as a function of nominal strain e in Fig. 8.3 for both tensile

geometries for the cellulose acetate. A small degree of anisotropy is evident. The measured

values of Young’s modulus E and yield strength σy of the cellulose acetate for each strain rate

are reported in Table 8.1.
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Figure 8.3 Nominal stress S plotted as a function of nominal strain e for the cellulose acetate
tape in uniaxial tension at three nominal strain rates using the dogbone specimen of
Fig. 8.1a, and at a nominal strain rate of 10−1 s−1 for the strip specimen of Fig. 8.1b.
Crosses at the end of the curve denote failure of the specimen.
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Case study: tensile fracture of a cellulose acetate-aluminium alloy sandwich layer

Table 8.1 Measured Young’s modulus E and yield strength σy of the cellulose acetate tape. The
uncertainty corresponds to a 95% confidence level of two standard deviations. The
dogbone geometry is sketched in Fig. 8.1a, and the strip geometry is sketched in
Fig. 8.1b.

ė (s−1) E (GPa) σy (MPa) Geometry

10−3 1.7 ± 0.6 36.1 ± 2.8 Dogbone
10−2 3.2 ± 0.9 45.3 ± 3.0 Dogbone
10−1 7.1 ± 0.8 56.1 ± 4.4 Dogbone
10−1 6.4 ± 1.0 53.9 ± 4.8 Strip

The nominal stress S is plotted as a function of nominal strain e in Fig. 8.4 for both tensile

aluminium alloy geometries. A small degree of anisotropy is evident. The yield strength3 of the

aluminium alloy at a nominal strain rate equal to 10−2 s−1 is close to 70 MPa.

The measured load versus cross-head displacement curves of the cellulose acetate DENT speci-

mens were linear in nature, and the maximum load corresponded to brittle fracture with unstable

crack propagation from the tip of the pre-crack. The measured values for the plane-stress fracture

toughness Kc of the cellulose acetate tape are plotted as a function of initial crack length a/W in
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Figure 8.4 Nominal stress S plotted as a function of nominal strain e for the aluminium alloy tape
in uniaxial tension at a nominal strain rate equal to 10−2 s−1. The tensile tests are
conducted with a dogbone geometry (see Fig. 8.1a) with the longitudinal direction of
the tape orthogonal to the loading direction (dashed) and with a dogbone geometry
(see Fig. 8.1a) with the longitudinal direction of the tape aligned with the loading
direction (solid line).

3 Determined via the 0.002 strain offset method.
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8.2 Results and discussion

Fig. 8.5a. The effect of loading rate upon Kc is reported in Fig. 8.5b. As shown in Figs. 8.5a and

8.5b, the value of Kc is independent of crack length, crack orientation and loading rate (within

the range explored). Based upon a total of 34 individual measurements, Kc = 3.0 ± 0.4 MPa

(where the uncertainty corresponds to 95% confidence level of two standard deviations).
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Figure 8.5 Plane stress, fracture toughness measurements for the cellulose acetate tape: (a) frac-
ture toughness Kc versus normalised pre-crack length a/W , for the geometries shown
in Figs. 8.1c and 8.1d; (b) fracture toughness Kc versus time derivative of the re-
mote K-field K̇. Crack length a is measured to an accuracy of 0.2 mm. The mean
and range of fracture toughness values are included in each figure as a solid line and
dotted lines, respectively.

157



Case study: tensile fracture of a cellulose acetate-aluminium alloy sandwich layer
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Figure 8.6 Measured and predicted strength σ ∞
f /σ̂ of the cellulose acetate-aluminium alloy sand-

wich specimens versus normalised crack length a/h for two selected values of joint
adhesive layer height: h/W = 0.1 and h/W = 0.02. The values of lS/h are 0.2 and 1 for
h/W equal to 0.1 and 0.02, respectively.

The measured normalised failure strength σ ∞
f /σ̂ of the centre-cracked cellulose acetate-aluminium

alloy sandwich layer is reported in Fig. 8.6 as a function of crack length a/h for h/W = 0.1 and

h/W = 0.02. For this plot, it is assumed that σ̂ equals 54 MPa, corresponding to the average

tensile yield strength of the strip specimen (see Fig. 8.3) at a strain rate of 10−1 s−1.

In order to include predictions according to the analytical model derived in Section 7.2.2 in

Fig. 8.6, it is first necessary to deduce the value of the material reference scale lS. This, and

other pertinent material properties, were estimated as follows. The elastic constants, Ē and

ν̄ are simply taken as their plane stress values of E and ν . At the appropriate strain rate,

E = 6.4 GPa, ν2 is taken to be 0.38 based on the work of Tsou et al. (1995). Moreover,

Kc =
√

E2Γ = 3.0 ± 0.4 MPa
√

m, the reference length scale for the cellulose acetate material

is calculated via Eq. 7.6: lS = 0.98 ± 0.28 mm. The Young’s modulus of the aluminum alloy
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8.3 Concluding remarks

E1 is 70 GPa and ν1 = 0.33 (Callister, 2007), implying a modulus mismatch ratio of E2/E1 = 0.09.

The strength predictions via Eq. 7.37 are shown in Fig. 8.6 for three assumed values of lS as

follows. The solid line and dotted lines for h/W = 0.02 are for the mean value lS = 0.98 mm

and the upper and lower limits (lS equals 1.26 mm and 0.70 mm, respectively). Note that the

mean value of lS/h equals 1 for this choice of h/W = 0.02, and this implies that regime D

is active for a/h < 3 while regime C is active for a/h > 3, see Fig. 7.9 in Section 7.2.3. The

measured strengths broadly support this: the strength drops with increasing a/h in the regime

C of toughness control. The strength ratio σ ∞
f is close to 0.9 at a/h < 0.3, which is within

10% of the plastic collapse load, σ ∞
f /σ̂ = 1. The source of this minor discrepancy is unclear, but

might be related to the uncertainty of the local strain rate of the material elements at the crack tip.

Now consider the case h/W = 0.1. The thick dashed line and associated dotted lines for h/W = 0.1

assume a mean value lS = 0.98 mm and the upper and lower limiting values of lS equal to

1.26 mm and 0.70 mm, respectively. Note that the mean value of lS/h equals 0.2 for this choice

of h/W = 0.1. Examination of the maps of Figs. 7.7 and 7.9 of Section 7.2.3 reveals that regime

C (toughness control) dominates over strength control, regime D, and the measurements support

this: the strength drops with increasing a/h as predicted by Eq. 7.37, to within scatter. In sum-

mary, the analytical model, with the attendant maps presented in Section 7.2.3, is supported by

the series of experiments.

8.3 Concluding remarks

Experimental validation of the analytical framework in Chapter 7 is achieved by measuring the

sensitivity of fracture strength to crack length and layer height for a centre-cracked strip made

from cellulose acetate layer, sandwiched between aluminium alloy substrates. Uniaxial tensile

tests and fracture toughness tests are conducted to characterise the cellulose acetate tape. The

measured value of the material reference length scale lS is found to equal 1 mm for the cellulose

acetate, and two values of layer thickness are employed, h = 1 mm and h = 5 mm. Thus, lS/h

equals 0.2 and lS/h = 1, along with a modulus mismatch ratio E2/E1 = 0.09; these values have

been added to the map of Fig. 7.9 in Section 7.2.3, and values of crack length a/h are employed
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Case study: tensile fracture of a cellulose acetate-aluminium alloy sandwich layer

to ensure that failure is by plastic collapse within regime D (sufficiently small a/h) or within

regime C (toughness controlled at a sufficiently large a/h) for the choice of lS/h = 1.

In addition, it is instructive to re-visit the tensile strength measurements of the MMA-aluminium

alloy butt joints presented in Chapter 6, see Fig. 6.8. Based on the characterisation of the MMA

adhesive, the material length scale lS is estimated to be close to 0.9 mm, the modulus mismatch

ratio Ē2 /Ē1 is close to 4.5 × 10−3. Assuming4 v̄1 = 0.49 for the aluminium alloy and v̄2 = 0.6

for the MMA based on the work of Moller et al. (2015), the normalised strength σ ∞
f /σy of the

four butt joint geometries, see Table 6.1, is predicted as a function of ‘crack’ length a/h via

Eq. 7.37 in Fig. 8.7. The measured combination of σ ∞
f /σy and a/h values is included in Fig. 8.7

0
0

Geometry

I

II

III

IV

 s/h = 1.82  

0.36  
0.18  

0.36  

a/h 

f

y

Figure 8.7 Measured and predicted strength of the MMA-aluminium alloy butt joints as a func-
tion of normalised ‘crack’ length a/h for the four butt joint geometries tested in
Chaper 6, see Table 6.1 and Fig. 6.8. Predictions are made via Eq. 7.37 assuming
Ē2 /Ē1 = 4.5 × 10−3, v̄1 = 0.49, v̄2 = 0.6 and the values for lS/h summarised in Table
6.3.

4 Plane strain conditions are assumed, see the plane strain definition for ν̄ and Ē in Section 7.1.
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8.3 Concluding remarks

for each geometry. The predicted values for σ ∞
f /σy via the analytical formula are close to the

observed values for σ ∞
f /σy (within scatter5). The existence of competing fracture regimes (as

shown in the Fig. 6.8 failure map presented in Section 7.2.3) is also supported by the results of

the MMA-aluminium alloy case study: toughness-controlled fracture (regime C) takes place for

the Geometry I, II, and IV butt joints, whereas plastic collapse (regime D) is observed for the

Geometry III butt joint.

5 This scatter may be attributed to (i) the uncertainty of the strain rate of the material elements close to the ‘crack’
tips and to (ii) the assumption that the cluster of three-dimensional voids and cracks on the fracture surface is
idealised by one centre penny-shaped crack, see Fig. 6.7c.
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Chapter 9

Conclusions and future work

The focus of this thesis is on the deformation and fracture of MMA-based polymers in the

context of void growth. Two applications of interest were considered. Void growth during solid-

state nanofoaming was analysed in Part I of the thesis, and fracture of an adhesive layer from a

pre-existing void or crack was explored in Part II. The main findings of each part are summarised

in the following two sections. Suggestions for future work in the field are outlined too.

9.1 Conclusions and future work for Part I

The first part of the thesis focused on the prediction of void growth during solid-state nanofoam-

ing of PMMA by CO2. First, uniaxial tensile tests were conducted on two PMMA grades of

relatively low and high molecular weight, but with a close to identical glass transition temper-

ature, to obtain calibrated constitutive equations for the void growth predictions. The tensile

tests were performed close to the glass transition temperature of the PMMA grades, and over

two decades of nominal strain rate. The modulus, flow strength, and failure strain were plotted

as a function of temperature via deformation and failure maps for selected strain rates. Three

constitutive or deformation regimes were identified for the high molecular weight PMMA: the

glassy, glass transition, and rubbery regime. The rubbery regime was found to be absent for the

low molecular weight PMMA: a transition to a viscous regime takes place at temperature above

the glass transition temperature.

163



Conclusions and future work

Second, PMMA nanofoams were manufactured from the two PMMA grades via solid-state

foaming using CO2 as the blowing agent. The PMMA grades were subjected to identical sat-

uration conditions, and foaming tests were conducted at selected foaming times and foaming

temperatures. It was found that the molecular weight of the PMMA has a profound effect on the

final morphology of the PMMA nanofoams. When subjected to identical saturation and foaming

conditions, the observed average void size of the high molecular weight PMMA nanofoams is

an order of magnitude less than that of the low molecular weight PMMA nanofoams. A limit

in attainable porosity was also observed. The limit porosity was found to be close to 0.6 for the

high molecular weight PMMA grade and equal to 0.75 for the PMMA grade of low molecular

weight. A transition from a closed-cell to an open-celled microstructure at a porosity close to

this limit porosity was observed.

Third, a one-dimensional cavity expansion model was developed to predict void growth during

solid-state nanofoaming of the two PMMA grades with CO2. The model makes use of the

calibrated constitutive equations for each grade, and the effect of dissolved CO2 is accounted

for by a shift in the glass transition temperature of the PMMA. In addition, a spatially uniform

CO2 concentration was assumed, as the diffusion of CO2 from the PMMA-CO2 matrix to the

embedded, as-nucleated voids is sufficiently fast. The predicted porosity versus foaming time

curves by the void growth model were found to be in good agreement with those measured for

porosities well below the maximum observed porosity. Moreover, a close agreement between

the predicted and observed sensitivity to molecular weight was obtained. This result suggested

that the observed difference in constitutive response close to the glass transition temperature

between the PMMA grades leads to the measured difference in final porosity. The outcomes

of the void growth simulations also indicated that void growth does not occur within either

the rubbery or the viscous regime of the PMMA grades of high and low molecular weight,

respectively. Moreover, hypotheses for cell wall tearing were explored to explain the transition

from closed-celled to open-celled microstructures at porosities close to the maximum observed

porosity. It was found that cell wall rupture is sensitive to the thickness of the cell wall and that

the minimum value of ligament thickness to prevent cell wall tearing is of the same order of

magnitude as the end-to-end distance of the polymer chains. The analysis suggests that when

the cell wall thickness becomes close to this minimum value, a transition from a closed-celled

to an open-celled microstructure takes place, and further expansion of the foam is impeded.
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9.1 Conclusions and future work for Part I

The void growth model and the insights from the cell wall tearing analysis were used to discuss

the limits of the solid-state foaming process when attempting to produce foams with a thermal

conductivity close to or lower than air, i.e. nanofoams of high porosity (> 0.85) comprising nano-

sized voids. It was recognised that many polymer precursors (besides MMA-based polymers)

may be used to produce nanofoams with a sufficiently high nucleation density to potentially

attain such a morphology. However, the reported final porosities of nanofoams made from these

polymeric material systems is close to or below 0.6. Void growth simulations suggest, using

the example of PEI nanofoams, that higher porosities may be achieved by a more extensive

exploration of the saturation and foaming conditions, than currently done in the experimental

nanofoaming literature. The practical foaming window, however, is anticipated to be limited

by the existence of a minimum cell wall thickness to prevent rupture of the cell walls. In order

to produce nanofoams with porosities close to or above 0.85, the value of the critical ligament

thickness is estimated to be close to 5 nm.

There is substantial potential for future work in the field of solid-state nanofoaming. Further

studies might include:

• The experimental validation of the void growth model for other polymer precursor ma-

terials systems than PMMA. These polymeric materials may include block copolymers,

long chain branched polymers, and semi-crystalline polymers. To that end, constitutive

equations need to be calibrated to measured stress-strain curves of the material systems

of interest. In addition, the dependence of the glass transition temperature of the poly-

mer upon the concentration of dissolved blowing agent may have to be measured as these

measurements are typically scarce in the literature (for pressures above 5 MPa).

• Further development of the void growth model: (i) the development of a two- or three-

dimensional (finite element) void growth model to explore the interaction of neighbouring

voids at elevated porosities and/or the nucleation of voids simultaneously with void growth,

and (ii) an improved formulation of the interaction of the polymer and the blowing agent

by making use, for example, of more sophisticated, non-ideal gas laws such as the Sanchez-

Lacombe equation of state (Sanchez and Lacombe, 1974; Von Konigslow et al., 2017).
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• The realisation of an improved understanding of the effect of molecular weight on the

solid-state nanofoaming foaming window of a linear, amorphous polymer. A combined

experimental and numerical approach such as done in this thesis is recommended.

• A more detailed investigation of cell wall tearing during solid-state nanofoaming. Cell

wall rupture is thought to limit the practical foaming window of a polymer material sys-

tem when attempting to produce nanocellular foams of high porosity. The analysis in this

thesis suggested that cell walls rupture when the cell wall thickness is close to the es-

timated length of the individual polymer chains. An improved understanding of which

factors govern cell wall tearing is needed to identify potential polymer material systems

which may be used to produce nanofoams with porosity close to or above 0.85. This may

be accomplished by a combination of theoretical and experimental work. For instance,

studies making use of molecular dynamic simulations (Xia and Keten, 2014) combined

with tensile tests on thin polymeric films (Liu et al., 2015; Bay et al., 2018) may lead to

new insights. The effect of strain rate and normalised temperature on the magnitude of the

the minimum cell wall thickness may be explored too. These insights may lead to novel

foaming strategies when combined with void growth simulation outcomes.

9.2 Conclusions and future work for Part II

The second part of the thesis focused on the fracture of a structural adhesive (e.g. MMA) layer

from pre-existing voids or cracks. First, tensile tests were conducted on butt joints comprising

an MMA adhesive layer (containing macroscopic voids) and two aluminium alloy substrates.

The properties of the MMA adhesive were measured by performing additional uniaxial tensile

and fracture toughness tests on the bulk MMA adhesive. The outcomes of this preliminary case

study demonstrated that the tensile strength of the butt joint is sensitive to the geometry of the

joint and the normalised area of the pre-existing voids on the failure surface.

Second, an analytic framework is constructed to predict the tensile strength of a butt joint, com-

prising a linear, elastic adhesive layer and two linear, elastic substrates, as a function of crack

length. Two cases were explored: the case of a Griffith crack where the adhesive layer material

has a finite toughness but unbounded cohesive strength, and the case where the adhesive layer
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9.2 Conclusions and future work for Part II

material has both a finite toughness and a finite cohesive strength. The toughness and strength

were assumed to be independent of layer height for both cases. For the case of a Griffith crack,

the relation between the normalised tensile strength and the normalised crack length switches

from an adhesive-governed strength regime, when the crack is much smaller than the adhesive

layer height, to a substrate-governed strength regime, when the crack is of the same order as, or

much larger than, the adhesive layer height. It was demonstrated that the normalised strength of

the joint is independent of normalised crack length for intermediate crack lengths up to a value

on the order of a structural length scale which is governed by the magnitude of the adhesive

layer height and the magnitude of the elastic modulus mismatch ratio (between substrate and

adhesive).

The case of crack tip plasticity was explored by constructing an approximate analytical model

by making use of a strip yield model. Comprehensive joint design maps are constructed, illus-

trating how fracture is governed by modulus mismatch ratio and material non-linearity (i.e. the

estimated size of the plastic zone at the crack tip in the bulk adhesive). It was found that when

the sum of the crack length and the cohesive zone length is less than 0.3 times the layer height,

the effect of the elastic mismatch between substrate and adhesive layer upon the tensile strength

of the joint is negligible: the fracture is governed by the adhesive. In this regime, a transition

exists between toughness control and strength control when the crack length is of the same order

as the adhesive layer height. Alternatively, it was shown that when the sum of the crack length

and the cohesive zone length is above 0.3 times the layer height, the elastic mismatch ratio has

a major influence on the strength of the joint. Again, there is a transition from toughness- to

strength-control, but the ratio of crack length to layer height at which this transition occurs is

a function of both the elastic mismatch ratio and the ratio of the cohesive zone length to layer

height. Finite element simulations were conducted to verify the analytical theory. Excellent

agreement was obtained between the predictions made via the analytical theory and those by the

finite element model within the explored range of practical values for modulus mismatch ratio

and joint geometry.

Third, experimental support was presented for the analytical framework. The tensile strength of

a joint comprising a centre-cracked cellulose acetate ‘layer’ and two aluminium alloy substrates

was measured as a function of crack length and adhesive layer height. Additional uniaxial tensile
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and fracture toughness tests were conducted to characterise the cellulose acetate. Reasonably

close agreement between the predicted and measured strength versus crack length curves was

observed.

The following suggestions may be considered for future work:

• A more extensive experimental validation of the analytical theory employing a wider range

of elastic mismatch ratios, adhesive materials, and joint geometries.

• A relatively straightforward extension of the analytical framework to mode II fracture to

allow strength predictions for common adhesive joint designs such as a simple lap joint.

Additional experimental validation is recommended.

• An extension of the analytical model by incorporating (i) the effect of constraint (i.e. the

ratio of cohesive zone length to adhesive layer height) on joint toughness and/or (ii) a

crack growth resistance (R-curve) effect. These extensions might be required for accurate

strength predictions of joints comprising a thin layer of a structural adhesive for which

these effects are anticipated to be non-negligible (i.e. rubber-modified epoxies).
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Appendix A

Finite element simulations of a

semi-infinite crack in a sandwich layer

The stress state ahead of the tip of a semi-infinite crack in a sandwich layer, under a remote stress

intensity factor K∞ is determined by (plane strain) finite element calculations using the implicit

solver of ABAQUS (version 6.14). The crack geometry, absent a cohesive zone, is defined in

Fig. 7.2. The displacement field associated with a remote mode I K-field of magnitude K∞ is

applied on a semi-circular outer boundary of radius R enclosing the crack tip as specified by

(Anderson, 2005):
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∞
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where uxx and uyy are the horizontal and vertical displacements of the nodes of the semi-circular

boundary in terms of polar (r, θ ) coordinates. The substrate and the adhesive layer are discretised

by 8-noded bi-quadratic plane strain elements with reduced integration (CPE8R), and quarter

point elements are used at the crack tip. The value of R/h is close to 180 000, and the total

number of elements is approximately 10 000. The Young’s modulus E1 of the substrate material

is held fixed while a range of values are assumed for the Young’s modulus E2 of the adhesive
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layer; the Poisson’s ratios of substrate and layer are held fixed at ν = ν1 = ν2 = 0.3. The predicted

distribution of the tensile stress component σyy along the crack plane is given in Fig. 7.3.
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