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1. Ballistic cluster cluster aggregation

1.1. Free-molecular collisions

A simple test case was created to determine the average fractal dimension generated by the BCCA
algorithm. A zero-dimensional batch reactor was simulated with an initial population of 4 096 monodisperse
spherical particles with diameter d, = 1.81 nm. Particles were allowed to coagulate in the free-molecular
regime with no other processes turned on. The simulation was repeated 8 times producing a total of 25794
particles with a median of 118 primaries per particle.

The fractal dimension Dy and pre-factor k¢ were estimated by fitting the standard fractal relationship to

the data, expressed in the following form:

In (ddg ) = Difln(np) - Dif In(ks). (1)

p,avg
The diameter of gyration dg is calculated as per Jullien [1]:
2 2 2
B =3 %) )
P g3

which assumes that the primary mass is concentrated at the primary centre. The data and a least squares
fit to a subset of the data — particles with n, > 16 — are shown in Fig. Figure shows how the fitted
values of Dy and k¢ vary as function of the minimum number of primaries per aggregate np min included

in the fit. Both D¢ and k¢ show slight sensitivity to small values of n, min and converge for np min > 10.
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Figure S1: BCCA with particle selection based on the free-molecular kernel. @ estimate of fractal dimension and prefactor
by least squares fit to aggregates with np > 16; the result reported by Eggersdorfer and Pratsinis [2] is included for reference;
error bars indicate the confidence interval with P = 0.999. fractal dimension and prefactor as a function of np min with

P = 0.999 confidence intervals. The error bars increase with increasing np min due to the smaller sample size.

This behaviour is expected since particles are not fractal-like in the small n, limit. The values obtained
in Fig. (Df = 1.91 4+ 0.01 and k¢ = 1.33 £ 0.04) are in good agreement with the results reported by
Eggersdorfer and Pratsinis [2] (Df = 1.89 4+ 0.03 and k¢ = 1.36 £ 0.10) and Jullien [I] (Df = 1.91 £ 0.03, k¢

not reported).

1.2. Uniform particle selection

A second test case was created in which particles are uniformly selected for collision from the particle
ensemble. The test case was initialised with a population of 4096 monodisperse spherical particles with
diameter d, = 1.81 nm. The simulation was repeated 8 times producing a total of 16 667 particles with a
median of 172 primaries per particle.

The data and a least squares fit to a subset of the data with n, > 16 are shown in Fig. Figure
shows how the fitted values of D¢ and k¢ vary as function of the minimum number of primaries per aggregate
Np.min.- Both D and k¢ display similar behaviour with respect to np min as the free-molecular case.

The fractal dimension D; obtained in Fig. [2(a)| (Df = 1.91 4 0.01) is in good agreement with the value
obtained by free-molecular collisions and the values reported by Jullien [I] and Eggersdorfer and Pratsinis

[2]. The fractal prefactor, on the other hand, appears to be sensitive to the method of particle selection.
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Figure S2: BCCA with uniform selection of particles for collision. @ estimate of fractal dimension and prefactor by least

squares fit to aggregates with ny, > 16; the result reported by Eggersdorfer and Pratsinis is included for reference; error bars

indicate the confidence interval with P = 0.999. I@ fractal dimension and prefactor as a function of np min with P = 0.999

confidence intervals. The error bars increase with increasing np min due to the smaller sample size.

Uniform selection yields a lower fractal prefactor (ks = 1.19 £ 0.03) than that obtained by selection based

on the free-molecular kernel — which favours collisions between small and large particles.



2. Surface growth

Test cases are presented for the surface growth sub-model of the detailed particle model. The first,
constant growth model, evaluates the particle transformation model against two limiting cases. In the next
two cases, the behaviour of the detailed particle model under collision limited and surface area dependent

growth is compared to one- and two-dimensional particle models with different model assumptions.

2.1. Constant growth

The aim of this test case is to test the particle transformation model for surface growth. For this test

the actual growth rate is arbitrary; thus, for the sake of simplicity, a constant rate of growth g is assumed:

dv
=5 Q)

The detailed particle model is evaluated against the analytical solutions for two limiting cases: growth of
a single sphere with the same initial volume, and growth of the same initial number of spherical primary

particles that remain in point contact. The model equations for the two limiting cases are given below.

2.1.1. Model equations
Spherical primaries in point contact. ny o primaries of radius 7, ¢ are assumed to remain in point contact

during growth. The initial aggregate volume and surface area are

Vo = gﬂ"l“gyonp’o, (4)

S() = 47T7'12J107”Lp’0. (5)
Integrating Eq : the time evolution of the particle volume is
V(t) = Bt + Vo, (6)

and the surface area and primary radius evolve as

3 2/3
S(t) = 4mnp o (4ﬂ_np’0 (Bt + Vo)) , (7)
3 1/3
t) = t+ Vi .
(0 = (g (14 V0)) ®
Single sphere. The time evolution of the surface area and radius of a single sphere are:
3 2/3
5(0) = r (1= (54 10)) )
4
3 1/3
0= (g eew) (10)
T



2.1.2. Results

The test case was initialised with 64 primary particles of radius 7, 0 = 0.91 nm in point contact. In the
case of the single sphere model, the initial mass is the same. For the new detailed particle model, 10 initial
configurations were generated using the ballistic cluster cluster aggregation (BCCA) algorithm. Simulations

were repeated twice.

Figure shows the evolution of the surface area and average primary diameter against dimensionless

time. The dimensionless time is defined as
t t
_ E (11)

T Vo
The point contact model is a limiting case showing the fastest surface area growth and slowest growth

in average primary diameter. The single sphere model with the same initial mass is the limiting case of

complete rounding, in the long time limit. The detailed model starts in point contact and tends towards

the single sphere due to rounding, as expected.

—14 -
10 _ 12749
—Detailed model /
---Point contact ,"
Single sphere / dl
0.8}
g
~0.6}
Q,
=
0.4}
0.2+
i ! 0 : .
10° 10? 10 v
r t/T

(a) Surface area (b) Average primary diameter

Figure S3: Particle evolution with constant a constant growth rate. The detailed particle model is compared two limiting cases:

growth of a single sphere, and growth of primaries that remain in point contact.



2.2. Collision limited growth
Assuming a collision limited condensation-like growth process in the free-molecular regime the growth
rate is
dVv

_ 2
E - Br(ﬂ (12)

for some constant 8 and where r. is the collision diameter.

2.2.1. Model equations
The detailed particle model is compared to three models: a spherical particle model, and a surface-
volume model with and without particle rounding. The latter case corresponds to np ¢ primary particles in

constant point contact. The model equations are given below.

Primaries in point contact. The initial volume and surface area are given by Eqgs. [d and [5} and the collision
radius [3] is

re = rpnll)/Df. (13)
Equation [I2] is integrated to give the time evolution of the primary diameter

2/Pr=ly, (14)

Tp = Tp,0 + ETLP

from which the other quantities can be derived.

Surface-volume model with rounding. A two-dimensional surface-volume model is considered. The average

primary radius and number of primaries are

3V
Tp = ?, (15)
53
=— 16
P B6rv2’ (16)
and the collision radius is given by Eq. which is expressed in terms of the surface area and volume:
3V /53 \VP
re=— | —— . (17)
S \ 367V2
Rounding is treated as per Patterson and Kraft [4]:
ds m\ 1/2
(3" |
dVv S (18)
Finally, the model equations for the particle volume and surface area can be expressed as
2
av 3V 58\ VP
= = == 19
dt p < S (367TV2> ’ (19)
ds dsSdVv
e 2
dt  dv dt’ (20

a2 3V 58\ VP
=48 (E) (S <367TV2> > ' 1)
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Single sphere. A spherical particle with collision radius equal to the spherical radius grows as

r=rp+ %t, (22)

where rq is the initial radius of the spherical particle.

2.2.2. Results

The model test case was initialised with 64 primary particles of radius 7,0 = 0.91 nm in point contact.
The point contact and surface-volume models assume a constant fractal dimension of Dy = 1.9, consistent
with initial fractal dimension of the BCCA generated particles. In the case of the single sphere model, two

different initial conditions were considered: equivalent initial mass

1/3
ro = Tpﬁonp’/o 5 (23)
and equivalent initial surface area
1/2
ro = rp,onp’/o. (24)

For the detailed particle model, 20 initial configurations were generated using the BCCA algorithm. Sim-
ulations were repeated twice. The surface-volume model equations (Egs. and were numerically
integrated.

Figure shows the evolution of the (aggregate) particle volume, surface area, collision diameter and
average primary diameter as a function of dimensionless time for the test case. The dimensionless time is

defined as
[t

t
T Adwrrpo

(25)

The point contact model grows much faster than the other models due to the rapid increase in collision
diameter — a consequence of no rounding. For large ¢t the surface-volume and detailed particle models
converge on the spherical model due to particle rounding, as is expected. The detailed particle model
converges from below as a result of slower growth in the modelled collision diameter (proportional to the
gyration diameter). This is a consequence of maintaining a rigid structure while adding mass uniformly to

the surface of the particle.
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Figure S4: Evolution of particle properties as a function of dimensionless time for four different particle models undergoing

collision limited growth. The single sphere cases with equivalent initial volume and surface area are distinguished by V{ and

So respectively.
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2.8. Surface area dependent growth
A growth rate proportional to the particle surface area is assumed:

av
o =05 (26)

2.3.1. Model equations
The detailed particle model is compared to the same three models as in the previous case of collision

limited growth. The model equations are given below.
Primaries in point contact. For primary particles in point contact the primary radius evolves as
’r'p = Tp,O —|— Bt (27)

Surface-volume model. The average primary radius and number of primaries are given by Eqs. and .

The model equations are

dVv

E = 35, (28)
% = 48V7S,. (29)

These equations can be solved analytically:
V= % (Qﬁﬁt + QWTRO)S + %T(T;O (npp — ni/g) , (30)

S = (2V7Bt + 2/TMporpo)” - (31)
Single sphere. The radius of single spherical particle evolves as
r =T+ /Bt7 (32)

where rq is the initial particle radius.

2.3.2. Results
The model test case was initialised with 64 primary particles of radius r, o = 0.91 nm in point contact.
The point contact and surface-volume models assume a constant fractal dimension of Dy = 1.9. In the case

of the single sphere model, two different initial conditions were considered: equivalent initial mass

1/3
ro = Tp0mnes (33)
and equivalent initial surface area
1/2
Ty = rp,onpfo. (34)



For the new detailed particle model, 20 initial configurations were generated using the BCCA algorithm.
Simulations were repeated twice.

Figure shows the evolution of the (aggregate) particle volume, surface area, collision diameter and
average primary diameter as a function of dimensionless time for the test case. The dimensionless time is
defined as

2 — 2 (35)

T  Tpo
Similar to the previous surface growth test case the point contact model displays significantly faster growth,
while the detailed particle and surface-volume models converge on the spherical particle model at large t.
The detailed particle model shows faster growth in particle volume and surface area than the surface-volume
model and converges on the spherical model from above. This is a consequence of adding mass uniformly to
the surface of the particle while maintaining a rigid structure. Meanwhile, the surface-volume model shows
identical behaviour in surface area as a spherical particle with the same initial surface area, due to the
rounding assumption. The collision diameters show very similar behaviour. The average primary diameter
predicted by the detailed model diverges from the point contact model at ¢ = 107. The sudden nature of
the divergence is due to the discrete treatment of coalescence events where two primaries are merged if they

have sufficient overlap.

10
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Figure S5: Evolution of particle properties as a function of dimensionless time for four different particle models undergoing
surface area dependent growth. The single sphere cases with equivalent initial volume and surface area are distinguished by

Vo and Sp respectively.
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3. Sintering

The detailed particle model is compared to the commonly used model of Koch and Friedlander [5]
(referred to as the “K-F model”):
as 1

G - (S-S, (36)

where S is the surface area, St is the surface area of a sphere with same mass, and 75 is the characteristic
sintering time. The K-F model is implemented using a surface-volume particle description. Sintering is

assumed to progress by grain boundary diffusion with characteristic sintering time
7o = ar’, (37)

for a constant a. Two variations of this model are presented: sintering with constant 7, = arg, where the
radius is taken as the initial primary radius, ro; and sintering with variable 7, = ar®(t), where the primary
radius evolves with time. In the latter case, the characteristic time is updated each time step. The model

equations for the two cases are given below.

3.1. Model equations

3.1.1. Constant characteristic time
If the characteristic sintering time is kept constant, the surface area evolution is simply an exponential

decay
S(t) = (So — Sf) exp (—t> + 5. (38)

Ts

The initial surface area and volume are

Sy = 4dmring, (39)
4
Vo = gwrgnp, (40)

and the final surface area is the area of a single sphere with the same volume

2/3
Sp = 4r <T7/f) . (41)

3.1.2. Variable characteristic time

If the characteristic time is allowed to vary with r(t), Eq. is expressed as

ds S4
(s 42
dt — SlaV (5=5), (42)
where we have used the relationship
3Vt
=5 (43)

to determine the primary radius [6]. Equation is integrated numerically.
12



3.2. Results

The test case is initialised with 64 primary particles of radius rg = 0.91 nm in point contact. For the
detailed particle model, 15 initial configurations were generated using the BCCA algorithm.

Figure shows the evolution of the normalised surface area and average primary diameter against
dimensionless time. To facilitate comparison of the models, a dimensionless time t* is defined such that the
excess surface has decreased by 63% at t* =1, i.e.

—S(tSO:_l)Sf_ St 1 (44)
This is consistent with the characteristic time of an exponential decay commonly used to model sintering.

The detailed particle model and K-F model with variable 7 show similar sintering behaviour, particularly
the evolution of the primary diameter. Over long times both cases are significantly slower than the constant
7 model because their sintering rates vary as »—%, which grows as the particles sinter.

The average primary diameter tends to the same value in all cases — that of a single sphere with the same
initial volume. The average primary diameter predicted by the detailed model does not vary smoothly as the
particle approaches a single sphere due to the imposed coalescence threshold, which merges two primaries
once their level of sintering reaches 95% — introducing a step change in the diameter. This also causes the

detailed model to approach the final primary diameter faster than the surface-volume model with variable

7. Otherwise, the two models are in very good agreement.
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Figure S6: Grain boundary sintering. The detailed particle model is compared to the model of Koch and Friedlander [5] with

constant and variable characteristic time.
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