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In this note, we present some theoretical results useful for inference on a population Lorenz curve for
income and expenditure distributions, when the population density of the distribution is not
(uniformly) bounded away from zero, and potentially has thick tails. Our approach is to define
Hadamard differentiability in a slightly nonstandard way, and using it to establish a functional delta
method for the Lorenz map. Our differentiability concept is nonstandard in that the perturbation
functions, which are used to compute the functional derivative, are assumed to satisfy certain limit
conditions. These perturbation functions correspond to a (nonparametric) distribution function
estimator. Therefore, as long as the employed estimator satis.es the same limit conditions, which we
verify in this paper, the delta method and corresponding asymptotic distribution results can be
established.
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1 Introduction

In this note, we present some theoretical results useful for inference on a population Lorenz
curve for income and expenditure distributions, when the population density of the distribu-
tion is not (uniformly) bounded away from zero, and potentially has thick tails. Our approach
is to define Hadamard differentiability in a slightly nonstandard way, and using it to establish
a functional delta method for the Lorenz map. Our differentiability concept is nonstandard
in that the perturbation functions, which are used to compute the functional derivative, are
assumed to satisfy certain limit conditions. These perturbation functions correspond to a
(nonparametric) distribution function estimator. Therefore, as long as the employed estima-
tor satisfies the same limit conditions, which we verify in this paper, the delta method and
corresponding asymptotic distribution results can be established.

For verifying these limit conditions, we establish novel (simultaneous) uniform conver-
gence results for a (smoothed) distribution function estimator and its corresponding density
estimator using a so-called boundary kernel. We allow the left end point of the support to

be bounded, which is a natural feature of income and consumption distributions, e.g. due
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to presence of minimum wages in the case of income or due to minimum expenditure re-
quired for sustenance in the case of consumption. If the support has a finite boundary point,
nonparametric estimators with a usual symmetric kernel incur the so-called boundary bias,
resulting in inconsistency. The use of a boundary kernel allows us to overcome the boundary
bias problem and establish uniform convergence of our nonparametric estimators.

The above uniform convergence results are used here as intermediate steps to establish
the delta method for the Lorenz curve. But they are interesting in their own right and can
be used in other contexts. For instance, consider semi/nonparametric problems that involve
multiple estimation steps as in the case of partially-linear regression, nonparametric regres-
sion with generated regressors, and matching estimators, c¢.f. Andrews (1994), and Hahn and
Ridder (2012). In these problems, it is often the case that the entire functional form of prelim-
inary kernel based estimators determine final semi/nonparametric estimators, and thus their
uniform convergence is required to establish the asymptotic distributional results of the final
estimators. When the support of relevant variables has a finite end point, one has to employ
some boundary correction method; otherwise, the uniform convergence of the (preliminary)
kernel estimators fails, resulting in inconsistency of the final estimators. Indeed, these issues
seem to have been ignored in some previous papers on semiparametric problems. For the case
with no boundary bias problem, various useful uniform results of kernel estimators have been
developed in the literature (e.g., Hansen, 2008), but the corresponding results for boundary
corrected kernel estimators have not been formally investigated; our new uniform results fill
this gap. Our application of the above results to the Lorenz curve also extends and modifies
a previous claim in Bhattacharya, (2007 Claim 1), by resolving some technical issues that
arise in establishing differentiability when the density of the income distribution declines to
zero with thick tails, e.g. a Pareto distribution. Finally, Fang and Santos (2015) have gener-
alized the Delta method under directional Hadamard differentiability, which is significantly
weaker than standard Hadamard differentiability, in that it does not require linearity of the
functional derivative. While the notion of functional differentiability we consider here is also
weaker than standard Hadamard differentiability, it is different from their generalization; the
functional derivative of the Lorenz curve in our case does indeed satisfy linearity. In indepen-
dent work, Kaji (2017) has derived Hadamard differentiability results for general L-statistics,
which provide an alternative way to establish an asymptotic distribution theory for Lorenz

curves.

The rest of this paper is organized as follows. In the next section, we discuss our weaker
notion of the functional differentiability for the Lorenz curve and verify its differentiability

under a set of high-level conditions. Section 3 introduces a new kernel based nonparametric



estimator, and investigates its uniform convergence properties, which are also of independent
interest. Finally, we verify that our new estimator indeed satisfies the high level conditions
for the differentiability and discuss the functional delta method for the Lorenz curve. All

proofs can be found in the Appendix.

2 Functional differentiability of the Lorenz curve

In this section, we introduce our basic setup and establish differentiability of the Lorenz
curve. To this end, let F' () be the cumulative distribution function (CDF) of a random
variable X with support [l, 00), where the left end point ! is supposed to be finite and known
to researchers, e.g. the minimum wage in case of income. To fix ideas, we will suppose from
now on that X is individual income. We also set [ = 0 for notational economy.

Let o be a mapping from a [0, 1]-valued, non-decreasing, continuous function F'(-) on

[0,00) to a continuous function « (F') (-) on [0, 1] defined as

o (F) (p) := /0 P () du, 1)

where F~! (u) := inf,e(0,00) {F (z) > u}. We show that this mapping « is Hadamard differ-
entiable in a restricted sense that [« (F;) — «(F')]/t has a well defined limit when a class of
perturbed functions, {F; (+)},¢(g 1), satisfies certain limit conditions as ¢ — 0 (presented as
C.2 below), where Fj(-) is defined as F; (-) := F (:) + thy () through a class of functions,
{ht () }1e(0,1), and F'(¢) is the limit of F} (-) at which the derivative of c is computed.

The usual definition of the Hadarmard differentiability (e.g., Section 20.2 of van der Vaart,
1998) requires that the convergence of [a(F}) — a(F')]/t take place for every {h; ()} converg-
ing to h(:). In contrast, our strategy to show the differentiability of « is to impose some
restrictions on limit behavior of {h; ()} or equivalently that of {F; (-)}. This is innocuous
for our eventual purpose of applying the functional Delta method. We consider a particular
nonparametric estimator of the cumulative distribution function (CDF') F () in the next sec-
tion, which corresponds to the class of {F; ()}, where the index ¢ corresponds to the sample
size n in that ¢ — 0 is interpreted as 1/y/n — 0. It turns out that our estimator satisfies such
limit behavior (C.2), as shown in the next section. Therefore, it is sufficient to establish

Hadamard differentiability in the restricted sense.

We impose the following conditions on the CDF F (-) at which the derivative of « is
defined and on the set of functions {F; ()} = {F; () heo 1"

C.1 Let F'(-) be a cumulative distribution function (CDF): [0, 00) — [0, 1), and it satisfies the
following properties: i) F'(-) is continuously differentiable with its probability density



function, f(x) = (d/dz) F (x), satisfying

sup f(z) < oo, and f(z) >0 for each z € [0,00).
z€[0,00)
ii) There exists some non-increasing function g (-) : [0,00) — (0, 00) such that f (z) >
g (x) (> 0) and

/0 L F@)If (@) /g (@) de < oo,

C.2 i) For each t € (0,1], F;(:) is a CDF on [0,00) that is continuously differentiable and
has the derivative f; (z) at each = € [0,00) (f (0), the derivative of F'(z) at x = 0, is
interpreted as a one-side, right derivative).

ii) For the function g(-) introduced in C.1, let

where F, ' (u) 1= inf,cg o) {F} (z) > u}. For some (sufficiently small) n > 0, {Q; ()} ee(om

is uniform integrable (with respect to the Lebesgue measure on [0, 1]).

The monotonicity condition on g (-), i.e. (ii) of C.1 does not allow for f(0) = 0. While
this case might also be accommodated by suitably restricting behavior of f (x) at and near
x = 0, the condition of f(0) > 0 does not appear restrictive for income distributions and is
maintained throughout the paper, which makes our proof arguments simple and transparent.
The integrability condition (ii) of C.1 implies the existence of the first moment of X since
f (@) /g (@) > 1and BIX] = [[1 - F (a))de.

As for the condition ii) of C.2, we say that {Qy (‘)}te(om} uniformly integrable if

1
lim sup / 1{Q¢(u) > p} Qi (u)du = 0,

P te(0,n) /0

which is the standard definition (for the finite-measure case) in the literature. For a fixed

n > 0, C.2 allows us to define a space/class of functions, say, denoted by DEZ),oo)' In view of

this, the differentiability in our restricted sense may be regarded as the standard Hadamard

differentiability of a mapping from DEZ) to the set of continuous function on [0, 1]. However,
,00)

since we may take any arbitrarily small n, we may interpret ii) as a condition on the limit

behavior of Q; (-) as t — 0.

A sufficient condition of the uniform integrability (UI) condition ii) is that for some ¢ > 0,

lim sup /O Tl - B @) Jg @)} fy (2) de < o, ()

t—0



which is verified for our specific estimators in Theorem 3 below. The sufficiency follows from

the Markov inequality and the fact that

/0 Qi (u)du = /OOO{U — Fi ()] /g (@)} *?fi (2) d, 3)

which follows from change of variables with u = Fi(z) (we refer to, e.g., Equation (1)
and Footnote 3 of Falkner and Teschl, 2012 for change-of-variables formulae when F; (-) is
nondecreasing but may not be strictly increasing).! The condition of (2), though nonstandard
as a condition for differentiability, is satisfied for a kernel based estimator of F'(-) under a

set of reasonable conditions, as we will see in the next section.
Given these, we can verify the differentiability of «a:

Theorem 1 Let a be the mapping (see 1), F(€ Dy o)) — a(F) (€ Cjo 1)), where Dy ) is
the space of cumulative distribution functions on [0,00) (equipped with the sup norm) each
element of which satisfies the conditions in C.1, and Cjg 1 is the set of continuous functions
on [0,1] (equipped with the Ly norm). Let D, be the space of all realized sample paths of a
F-Brownian bridge (i.e., h (F~' (:)) € Dy is a standard Brownian bridge on [0,1]).

Then, o is Hadamard diﬁerentz’able at F tangentially to Dy in the following sense: there

ezists a linear functional h — o'y (h fp it Z(u) du such that

a(F +thy) —a(F)
t

— olp (h)

—0 ast |0,
L,

for any {he (") }e0,1) with he () converging uniformly on [0,00) to h(-) € Do and Fy () =
F'(-) 4+ the () being an element of the functional class {Fy (*)}e(0,1) satisfying the conditions
in C.2.

3 Construction of a smooth distribution function Estimator

In this section, we construct an estimator that satisfies all the conditions of Theorem 1. In

practical inference procedures, the set of the perturbation functions {F; (-)} of the theorem

'Tt in general holds that F; ! (F; (z)) < , with equality holding when F; (z) is strictly increasing. However,
on the region when Fj () is not strictly increasing (i.c., flat), we have F; '(F; (x)) < = but at the same time

fi () = 0. That is, only the set of  with F, ' (F; (x)) = « contribute to the calculation of the integral:

1+¢
= [ LR @) s
| @rtan= [ {g( = (.1-)))} fi(a) da,

leasing to (3).



corresponds to a sequence of estimators of the CDF F'(-) (with its index being sample size
n). Given a set of i.i.d. observations from the CDF F, {X;} = {X;}!" |, we present a feasible
nonparametric kernel based estimator F'(-) of F'(-). Note that the index ¢ € (0,1] of {F} (-)}
may correspond to the sample size n; in particular, ¢ — 0 is interpreted as 1//n — 0. For

consistency of notation, we let ¢ = 1/4/n and subsequently interpret

Fe()=Fym()=F(). (4)

As is evident from Theorem 1 and its conditions (C.1-C.2), our verification of the func-
tional differentiability of @ requires the existence of the densities of the true F' and perturbed
F, (equivalently, the estimator F). This requires the estimator F' (z) to be smooth and
possess derivative f(z) = (d/dxz)F (z). Therefore, we cannot use the empirical distribu-
tion function, (1/n)Y " ; 1{X; <}, which is discontinuous by construction. Instead, we

consider a kernel-based smooth estimator f (x) and define our estimator of the CDF as the

following smoothed empirical distribution function (SDF):
A T ~
Fay= [ fa o)

For the construction of f (), we need to take into account the boundedness of the left-end
point of the support of F'(-), which is zero. When the support has a finite end point, it is
known that the standard (Parzen-Rosenblatt type) kernel density estimator is not uniformly
consistent over the entire support. The bias of the usual/standard kernel estimators with a
symmetric kernel does not vanish (as n — o0) at and near the boundary. This is because the
support of the kernel function exceeds that of the function to be estimated — the so called
boundary bias problem. While the convergence of the density functions {f; ()} to f(:) is
itself not necessarily required in Theorem 1, the inconsistency of the density estimator carries
over to that of the CDF estimator, which is defined through integration as in (5), resulting
in the violation of the conditions of Theorem 1. In particular, in our proof strategy, it does
not appear possible to verify C.2 without the uniform convergnece property of the density.

To overcome this problem, we introduce a so-called boundary kernel, i.e., a kernel function
whose shape changes/adapts according to the location z. This shape adapting property
guarantees the uniform convergence of the estimator over the entire support [0, 00) as shown in
Theorem 2. Specifically, for a kernel function K (u) with ffooo K (u) du = 1, whose conditions
are provided below, we let ag (p) := [ « K (u) du and define the following boundary kernel
(indexed by z/by,):

1
Kz/bn (u) =

Tt o



where b = b, > 0 is a bandwidth/smoothing parameter tending to zero as n — oo (the
bandwidth is set as a parameter depending on n, selected by a researcher but its dependence
on n is suppressed subseqently for notational simplicity). Given this, our first boundary

corrected density estimator is defined as

A 1 < - X;
fule) = S Ko, (5570, )
n i1 n

which depends on x and b,, through two routes, ag (-) and K (-). While this estimator possesses

the desirable consistency property uniformly over z € [0,00), it does not integrate to one.

Thus, if we define a CDF estimator as
0= [ fa)ds (®)

[1— Fg ()] may not approach zero as & — co; thus it is uncertain if we can indeed verify the

condition ( ) in C.2 (if we set F; (z) = Fi (z)).2 We therefore consider normalizing fg ()

by FB fo fB )dy. That is, we define our further modified density estimator as
; fe (x)
f@) = = 7 (9)
Fg (00)

Given this (9) and the definition of (5), our CDF estimator can be written as

o 1 n z Y
Flz)=———"— K,
(=) Fg (Oo)nbn;/o yﬂ)n(

Another boundary corrected CDF estimator has also been considered in Tenneiro (2013).

;Xi) dy. (10)

In our setup/notation, his estimator may be interpreted as the one corresponding to Fp (z) :=

nbn i= 1fo x/bn(

kernel). This Frp(z) and our F(z) are similar but differ in two respects: Firstly, Fr ()

- ) dy (note that his estimator is based on a more general boundary

may not satisfy Frp (o0o) = 1 as it does not have a normalization factor (while this can be
easily modified); secondly and more importantly, the integration of the kernel function for
Fr (z) over [0,z] does not concern the ‘index’ variable z/b,, while that for our estimator
does so. This point may be understood by comparing the summands in FT( ) and ours,

say, f() z/bn (y

1) Fp(z) is easier to compute, which usually has a closed-form expression, but our F ()

;jQ) dy and fow y/bn (y ) dy. This difference leads to two consequences:

may not, often requiring numerical integration (even for a usual/simple underlying kernel

We can see this point through the following: Fp (co) = s ffOX‘/h mK(w) dw (by
changing variables); and if if K (-) is symmetric, it holds that ffOX,/h m[((w) dw = 1 but not

ffx,-/h WK (w) dw = ffoxi/h m[( (w) dw in general.



function K (-)); 2) The derivative of Fip (z), fr (x) = (d/dz) Frp (z), may not be consistent
for f(x), which may hamper the verification of the conditions of Theorem 1. In general,
boundary correction requires different boundary kernels for estimating an original function
and its derivative (c.f. the local linear method produces an estimator for a target function
and one for its derivative but the latter is not defined as the derivative of the former; see
also discussions in Section 8 of Jones, 1993). In contrast, our CDF estimator F' (z) and its
derivative f(z) = (d/dx) F (x) are uniformly consistent, as shown in Theorem 2, which is a
natural consequence of our construction of F (x) as the integral of the consistent estimator
f (z). This simultaneous consistency property may be conveniently used in verifying the
conditions of Theorem 1 (this task is undertaken in Theorem 3 below).

Note that our simple boundary correction method (i.e., dividing the original kernel K (u)
by ag (z/b,)) may recover the consistency but does not allow for higher order bias correction.
That is, the bias of our f (z) is at most O(b,) and inferior to O (b2), where the latter bias
order is attained by kernel estimators with a usual symmetric (second order) kernel func-
tion when there is no boundary problem. Several papers have proposed how to construct
second or higher order boundary kernels, including Miiller (1991), Jones (1993), Miiller and
Wang (1994), and Zhang and Karunamuni (1998, 2000). While the use of such a sophisti-
cated boundary kernel allows for the bias rate of O (bi) or faster, it may produce negative
estimates of the density f (z) for some z since the second or higher order kernels may take
negative values. Negative estimates of the density f(x) produce an estimate of F' (-) that
is not a proper CDF (i.e., # 1 at © = oo or decreasing). While some sort of regularization
or normalization may be applied to correct these undesirable features, it may result in a
complicated form of the corrected estimator. On the other hand, our estimator f (z) is non
negative for any = € [0, c0) by construction, and F (z) is shown to possess all the prerequisite
of Theorem 1.

As an alternative to our F (-) based on the boundary kernel in (6), we might be able to use
a so-called asymmetric kernel and construct a CDF estimator that overcomes the boundary
bias problem with a better bias rate (such as O(b2)) but without losing the positivity of f(-)
(we refer to Hirukawa and Sakudo, 2014, and Igarashi and Kakizawa, 2017, for various forms
of asymmetric kernels). Regardless of potentially better performances of asymmetric-kernel-
based estimators, it may not be straightforward to establish uniform convergence results
of such estimators, which do not appear to have been well investigated in the literature. In
addition, asymmetric kernel based estimators do not involve a convolution operation, which is
unlike boundary kernel based estimators (note that the standard kernel density estimator may

be viewed as the convolution of the kernel function and the empirical distribution function).



For establishing the weak convergence result of smoothed CDF estimators, their convolution
form appears to play an important role (see our discussions on the weak convergence of (10)
in Section 3.2); it is uncertain if the asymmetric kernel based CDF estimator may satisfy the

weak convergence property.

3.1 Uniform convergence of the new boundary corrected kernel estimators

In this subsection, we derive uniform convergence rates of our new nonparametric estimator
F(.) and its derivative f(-). The rate results may be effectively used to show that the
estimators satisfy all the conditions of Theorem 1, where C.2 and other conditions of Theorem
1 are interpreted as the ones for F'(-) through (4). To this end, we introduce some additional

conditions on F'(-):

Assumption 1 Let {X;} | be an i.i.d. sample from the CDF F (-). i) F (-) satisfies the con-
dition i) in C.1. and the density f (-) of F' (+) is differentiable on [0, 00) with sup,e(o ) |f' (#)] <
0.
it) There exist some (sufficiently large) constant M > 0 and some positive constant § > 1
such that

|f' ()| < Mo[1+2]™° for any x>0,

for some 6 > 1.

The condition i) of Assumption 1 is fairly standard. The polynomial decaying condition
ii) on the derivative f’(-) appears not to be restrictive, which may be effectively used to
derive the uniform convergence of Fp (-).

We also set out the conditions on the kernel function used to compute F (z) and f (z):

Assumption 2 The kernel function K () : R — R satisfies the following conditions: i) it is
of bounded variation with sup,cg K (u) < oo, [*° K (u)du=1, and [*_|uK (u)|du < co.

it) There exist some constants Mg > 0 and v > 2 such that
K ()] < Mg [1+ [ul]] 7.

The condition i) of Assumption 2 is fairly weak, including almost all forms of kernel
functions found in the literature. It is sufficient (as a condition on K (-)) for establishing the
uniform convergence of the first step density estimator fB (1) by using the covering number
technique from empirical process theory (developed by Kanaya, 2017). The condition ii)
is conveniently used to establish the uniform convergence of the (first step) CDF estimator

Fy (). For example, it is trivially satisfied the boundedness of the support of K (-).



We also note that i) - ii) permit K (-) to be discontinuous and/or non-symmetric; this
weaker condition is maintained for the sake of generality. While the continuity of kernel
functions has been imposed to establish the uniform convergence of kernel based estimators
in Hansen (2008) and other work, it is not a necessary condition. The uniform convergence of
kernel estimators may be established for discontinuous kernel functions by using the so-called
covering number technique (from empirical process theory) developed by Kanaya (2017) (see
the proof of Theorem 2 below).

Given Assumptions 1-21, we are ready to state the uniform convergence result of our

nonparametric estimators:

Theorem 2 Suppose that i) of Assumption 1 and Assumption 2 hold. Then, the density
estimator f (x) defined in (9) satisfies

f (@) = f (@) = Op(/(logn) /nby) + Op(bn), (11)

uniformly over x € [0,00), as n — oo and b, — 0 with (logn) /nb, — 0. Suppose further
that ii) of Assumption 1 holds. Then, the CDF' estimator defined in (10) satisfies

F(z) = F (z) = Op(\/(logn) /n) + Oy (bn) , (12)
uniformly over x € [0,00), as n — oo and b, — 0.

The first part of Theorem 2 establishes the uniform convergence of our boundary corrected
kernel density estimator f (-). While similar sorts of conjectures/results has been presented
in Miiller (1991, p. 524), we here provide a formal proof. The second part for the bias cor-
rected CDF estimator F() appears to be new and is potentially useful in other applications.
This theorem effectively establishes the simultaneous uniform convergence of F (-) and its
derivative f(-).

Note that Tenreiro (2013) has also considered smoothed CDF estimation and investigated
the uniform convergence of his estimator (Theorem 3.2). However, as discussed above, Ten-
reiro’s result is not applicable to our case as his estimator is different, which does not appear
to admit the simultaneous convergence.

Assumption 2 on K (-) and our construction of the boundary kernel in 6 do not allow
for the second or higher order boundary kernel, resulting in the bias order of Oy, (by,), which
however is sharp in our setting. We again emphasize that the use of higher-order kernel is
possible but it may produce negative estimates of the density, leading to an estimate of F'(+)

that can be decreasing over part of the support.
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3.2 Verification of Condition C.2

Here, we verify that our boundary corrected CDF estimator F (-) and its derivative f()
satisfy Condition C.2, which are interpreted as F; (-) and f; (-) through (4). To this end, we

impose some additional conditions on the (true) F () and the kernel function K (-):

Assumption 3 Let F (-) be the CDF introduced in C.1 and f (-) be its probability density.
Either of the following conditions is satisfied: a) There exists some (sufficiently large) con-
stants L, M > 1 such that

(I/M)z™" < f(x) < Mx™" foranyz > L, (13)
(I/M)L ™ < inf f(2), (14)
z€[0,L]

for some T > 2; OR b) There exist some positive constant M > 1 and some strictly increasing

Junction m (+) : [0,00) — (0,00) such that

(1/M) exp {~m (@)} < f (z) < Mexp{-m (@)} for any x>0, (15)
and satisfies @)
log .. m(zr)

where some constant ¢ > 0, which may be arbitrarily small.

The bound condition (13) in Part a) of Assumption 3 specifies that the tail of f (-) declines,
to some extent, smoothly and monotonically to zero. It appears to be reasonable for income
distributions. In particular, Pareto distributions, which are often used to model an income
distribution, would satisfy (13). We can also allow for the case when the convergence rates
of the lower and upper bounds are not the same, say, (1/M)z™™ < f(z) < Mz=™ for
71 > 719 > 2, and the result of Theorem 3 may be established when the difference of 7 and 7

are not too large. For economy, we do not consider this case. An implication of (13) is that
[e 9]
M
1-F(x) < M/ 2 Tdy = ——a T (17)
= T—1

which shall be used repeatedly in our subsequent proofs. The condition (14) is not at all
restrictive as long as f (z) > 0 for any x > 0; we can always find some sufficiently large L
and M satisfying (14).
Given (13)-(14), we can also find ¢ (), the lower bound function of f(-) introduced in
C.1, as
inf,cro 1 f(2) forxe|0,L),
9(@):= { (I/JEW[)’x]_T( | for z > [L, | (18)

11



which is nonincreasing on [0, 00). We subsequently suppose that g (x) takes this form when
Part a) of Assumption 3 is satisfied. Using the upper bound of f (x) in (13), that of 1 — F' ()
in (17), and this expression of g (z), we can easily check that the integrability condition ii)
of C.1 is satisfied under 7 > 2.

The conditions in Part b) covers the cases when the tail decay speed of f(-) is faster
than any polynomial functions, including tails of the log normal, exponential, and normal
distributions. The bound condition (15) has implications similar to (13) in Part a). Note

T

that for the polynomial decaying case, we can write x =7 = exp {—7 log x} but this is excluded

by the first limit condition in (16). Given this expression of ™"

, we could write Parts a)
and b) in a unifying manner. However, for the proof of Theorem 3, we use lower and upper
bounds for 1 — F' (z). For Part a), we need to use tight bounds (since the tail decaying speed
of f(-) is not fast enough; see the proof of Theorem 3), which can be easily derived under
the condition (13) as in (17). In contrast, under the conditions in Part b), we have the faster
decaying rate of f () and some less tight bounds of 1 — F' (z) are sufficient, which are to be
derived below. This is the reason why we consider Parts a) and b) separately.

The second limit condition (16) is satisfied by various functions that grows slower than
exponential functions, say, m (-) can be any power of the logarithm, (logz)”* with p; > 1,
any polynomial function, xP? with any ps > 0, or any product of them. It can be effectively
used to establish an upper bound of f (z — ¢) in terms of m (). We can also accommodate
the case when m (z) has some exponential or faster growth rate by considering the bounds
of f(x) as (1/M)exp{—exp{m (z)}} < f(x) < Mexp{—exp{m (z)}}, which allows us to
derive some reasonable upper bound of f (z — ¢) and lower and upper bounds of 1 — F' (z)

under some conditions analogous to (16). However, this case is omitted for brevity.

To establish Theorem 3, we also need to impose some additional conditions on the kernel

Assumption 4 [t holds that K (u) > 0 for any u € R and K(u) =0 for |u| > Lk with some
(sufficiently large) constant Ly > 0.

The positivity of K (-) in Assumption 4 guarantees that F (-) is a CDF for any (finite)

realization of {X;}_;. The boundedness of the support of K (-) is imposed for convenience.?

$We can also employ some kernel function whose support is the whole real line, say the normal kernel.
However, in order to establish Theorem 3 under such a choice of K (-), we must restrict the tail decaying rate of
f (-). That is, roughly speaking, the tail decaying rate of K (-) must be faster than that of f (-), meaning that
a researcher, to some extent, needs to know the unknown density function’s tail decay property. In contrast,

if K with bounded support is used, it can allow for any fast tail decaying rate of f (-).
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A specific choice of K (-) that satisfies all the conditions in Assumptions 2-4, is the Epanech-
nikov kernel, K (u) = (3/4v/5)(1 — u?/5) for |u| < v/5; = 0 otherwise.

Now we are ready present a result that our new CDF estimator F (+) satisfies the inte-

grability condition corresponding to the one in C.2:
Theorem 3 Suppose that Assumptions 1-4 hold. If it also holds that
b, =0 <n*1/2) and 1/b, = O (n?) for some q € (0,1), (19)

then, there exist some (sufficiently small) constant ¢ > 0 and some constant Cy € (0,00)

such that -
/0 (L F @)]/g @}f (@) dz < Cy,

with probability approaching 1 (as n — o0), where the expression of Cy is given in the proof.

The first bandwidth condition in (19) requires the bandwidth b, to be undersmoothing
(as the one intended for any of CDF and density estimators). As a result of this, the bias
components in (11) and (12) of Theorem 2, corresponding to O,(by,) are negligible relatively
to the variance-effect components of the order \/(logn) /nb, and \/(logn) /n. The second
condition in (19) requires b, not to be too small, which for example, excludes b, = (logn)* /n.

The condition of b, = o (n_l/ 2) has also been used in Yukich (1992), where the weak
convergence of smoothed CDF estimators under fairly weak conditions when there is no

boundary problem. Yukich’s result (Theorem 2.1) also holds in our case, i.e., we have
VnlF — F] = G, (20)

in the space of [*°[0,00), where [*°[0,00) is the set of all bounded functions on [0, 0c0)
and G := {G (")}

F(x)[1 — F (z)]. We can formally prove this result under the conditions of Theorem 3; note

ve[0,00) 15 8 tight Brownian bridge process whose covariance is given by
in particular that the measure induced by the density mK (u/by) weakly converges
to the Dirac measure at zero as b, — 0 for any x € (0,00); we also refer to van der Vaart,
1994). This weak convergence result also corresponds to the condition in Theorem 1 that h;

converges to a path of a Brownian bridge.

To conclude this section, we point out that our boundary corrected smoothed CDF es-
timator F'(-) in (10) satisfies all the conditions imposed for the functional differentiability
result of the mapping a, Theorem 1; thus, given the weak convergence result of (20), we can
apply the functional Delta method, which allows us to establish the asymptotic distribution

of the estimated a.
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A Appendix

A.1 Proof of Theorem 1

In this section, we prove the functional differentiability of the mapping «:
Proof of Theorem 1. Consider a sequence of differentiable functions {h: (-)},, that
converges uniformly on [0,00) to h(-) as t — 0 with F (-) = F (-) 4+ thy (-) € Dy o) for any
€ (0,1]. Define the following two functions [0,1) — (0, 00) as
z¢ (u) := inf {Ft( )>wu} and z(u):= inf {F(x)>u}.

z€[0,00) z€[0,00)

We also write F, ' (u) = z (u) and F~1 (u) = 2 (u), where F (-) is strictly increasing and the

latter is the inverse function of F' () in the usual sense. We shall show that as ¢ — 0,

/Ofozt dut—fo “( Opl;zgzgduﬂdpﬂo

Now, since F'(-) is differentiable, for each u € (0, 1), we can write

u=F(z(u) =F (2 (u) + [z (v) — 2z (w)] f (2 (u))
= Fy (2 (u)) + [z (w) — 2 (W)] [ (2 (w)) — the (2 (u)),

for some Z; (u) lying between z; (u) and z (u) (by the mean-value theorem), where f; (z) is
the derivative of F}; (z) with respect to z. Since any element in D[O,oo) is continuous and thus

Fy (2 (u)) = u, we have
2 (u) =2 (w) b (2 (w)

T faw) 2D
Therefore,
Jo z (W) du— 52 “_ [P h(z(w) U
/ i ( o F (=)’ )‘dp
hy ( zt h(z (u))
/ / TG ()| TP
. ht <zt @) _hEw)|,
‘/0 =956 w) ~ Few)
! e G ()~ h )| [t G ) B,
<[ 0w 7 G () wut [F0-w FGw) ¢
Lo hGew) A,
[ O E T e
=: N; (t)+N2 (t)+N3 (t), (22)
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where the equality on the third line holds by changing the order of integration. We below

show that the thee terms on the majorant side converge to zero.

Convergence of N (t) in (22). Since sup,c(g0) |7t (¥) — h(z)| — 0 (as t — 0) by the
definition and

1 1—u
Ni(@) < sup |hu(a) —h(o) /0 TG ™

the convergence of Nj (t) follows if it holds that

o S Y
lim 5up/0 TG @) (u))du < 00, (23)

t—0
which is to be shown below.

By the construction of Z; (u) through the mean-value theorem, which is on the line segment
connecting z; (u) to z (u) for each u, and by the non-increasing property of ¢ (-) in C.1, we

must always have either

9(z(w) < g (w) <g(z(uw) or g(z(uw)=gZ(uw) =g (zu).

Thus, letting

>
Il
—
IS
Mm
=)
g
Q
©
—
<
=
IN

we have
L 1w 1—u 1—u
/0 0 G )™= /A aGay™t /B iG )™
1—u 1—u
< /A Gyt /B oG ™
EE Y, EE )
<[ sem® | smen® 24

By changing variables, we can check the boundedness of the two terms on the RHS:

11 _y o
/0 g(z(u))du_/o [1—F(x)][f(x) /g ()] dr < oo and (25)

i s /1 1—u du <
im sup ————du < oo,
t—0 Jo g(z(u))

where the former is imposed in ii) of C.1 and and the latter holds since the UI condition ii)

of C.2 imlies that

lim sup/1 1_7udu
t—0 Jo g (2t (u))

1 1
< swp [ @) 2 ph @uludu+ s [ 1{Qu(w) < ) Qu(wi

te(0,9] JO te(0,n] JO

<1+p,
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for some sufficiently large constant p (independent of ¢). Therefore, we have obtained the

desired result (23), implying the convergence of Ny (t).

Convergence of N (t) in (22). To obtain the desired result, we shall show I) the
pointwise convergence of the integrand variable of the second term in (22):
|7 (2t () — h (2 (u))|

[z (w)

and II) the uniform integrability (UI) of Y;. Given these I) and II), the Vitali convergence
theorem (see, e.g., p. 187 of Holland, 1999) implies that Ny (t) — 0 as t — 0.

To show I), recall the definition of F} (z) = F (z) + th (z) € Djg o) (with hy (-) uniformly
converging to h(-)). Noting the uniform convergence of F; (-) (to F (-) on [0,00)) and the

Yaou (u) := (1 —u) — 0 for each u, as t — 0, (26)

following inequality:

sup [F'(z (u)) = F (2 (u))| = sup |u—F (2 (u))]

u€l0,1) u€(0,1)
= sup |Fy (2 (u)) = F'(z (w))| = sup |F;(z) = F(z)],
u€l0,1) xz€[0,00)

wherw the second equality uses the fact that Fj(z;(u)) = u (by the definition of z; =
inf,c(0,00) {F2 (¥) > u}), we also have the uniform convergence of F'(z; (u)) to F'(z(u)) on

[0,1) (as t — 0). Then, since F~! (u) = z (u) is continuous, it holds that
|z (u) — z¢ (u)| = ‘Fﬁl(F (z(u))) — F1 (F (2 (u)))l — 0 for each u € [0,1),

which implies that
|z (u) — 2 (u) | — 0 for each u € [0, 1), (27)

where we recall the definition of Z; (u) through the mean-value theorem. Now, by the con-
tinuity of h (-), which is a realized path of the Brownian bridge, as well as that of f(-), we
have |h (2 (u)) — h(z (u))] — 0 and f (2 (u)) — f(z(u)) for each u € [0,1) and obtain the
pointwise convergence (26).

Next, we verify IT), the UT of Ya;. To this end, recall that the limit h (-) of h (-) is defined
as the standard Brownian bridge’s path, and the value space of z (u) is exactly the whole
[0,00). Given these facts, we can see the uniform blondeness of h (z (+)) over u € [0, 1], that
is,

sup |h(z)] = sup |h(z(u))|=:C) < oo.
z€[0,00) u€(0,1)

This also implies that sup,c(o 1) h (2t (1)) < SUPge(p.0) IR (2)] = Cj,. Using the monotonicity
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of g (-) and the same argument as that for (24),

Yo (u) < (1= ) |h (2 (w) = (= (w) [g<zt ONFIE)

<20},

1—u 1—u ] (28)

+
9(z(u) g2 (u))
Here, glz;(;f)) is independent of ¢, whose integrability has been checked in (25), and the UI of
Q¢ (u) = m is supposed in ii) of C.2. That is, the upper bound of ?g,t (u) is shown to

be uniformly integrable, and thus 1727,5 (u) itself is also uniformly integrable. Therefore, given

the results I) and II), we have established the convergence of Ny ().

Convergence of N3 () in (22). We can show the desired result in the same way as for
Ny (t). To this end, look at

1—u 1—u

fGE @) f(z(u)

1
N3 (t) < sup |h(z)|x / du.
) 0

z€[0,00

The convergence of Nj (t) follows if the integrand on the RHS satisfies the pointwise conver-
gence (to zero for each u as t — 0) and UL The former holds by (27) and the continuity of
f (), and the latter holds if % is UI. By the same argument as before, we can see that

1—u 1—wu 1—wu

FGEW) = 9G@) g0 w)

and the UI of the majorant side has been already verified for ffzt (u) through discussions

after (28). Now, the proof is completed. m

A.2 Proof of Theorem 2

In this section, we provide the proof of Theorem 2, the uniform convergence results for our
kernel estimators. To this end, we first derive the convergence rate of the normalization
component Fp (00) in Lemma 1, which is required to investigate the properties of f (-) and
F'(-) that are based on Fg (00):

Lemma 1 Suppose that i) of Assumption 1 and i) - ii) of Assumption 2 hold. Then, the
CDF estimator at x = oo, Fp (00) 1= I /B () dy, defined through (8) satisfies

E[|Fg (00) —1|] = O, (by) as b, — 0.

Given this lemma, whose proof is provided below, we are ready to derive the uniform

convergence rates of our boundary corrected kernel estimators f (-) and F (-):
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Proof of Theorem 2. We first derive the uniform convergence rate of the density
estimator f () in (11). Since f (z) = fg (z) /Fp (00) and Fj (00) = 1+ O,(b,) (by Lemma

1), we can write

@) 1 @) 1 ()

= o (@) = £ @)1+ 0, (0] + ] () {220 (29)

uniformly over z € [0,00). The second term on the RHS is O, (b,) uniformly over z €
[0,00) given that sup,co o) f(#) < oo. To analyze the first term, consider the following

decomposition:

fo (@)~ £ @) < |1fs (@) - Elfs @) + |Elfs ()] - f (@)
=11 () + 2, (z). (30)

The first term IL, ; on the RHS is the so-called variance term. Recalling the definition of
1

f5 (z), observe that
o () (559

We can apply the same arguments as in the proofs of Theorem 4 of Hansen (2008), under

Hl,n (Q?) <

the uniform boundedness of the density and kernel functions, f(-) and K (-), and i.i.d. as-

sumption of {X;};5; to obtain =77, [K <IEX"’) — E[K (“3;—5(1)]} = Op(y/(logn) /nby)

n

uniformly over z € [0,00). Note that our kernel function K (-) may not satisfy Hansen’s
conditions (his Assumption 3 and/or equation (22)) (as we have not imposed its continuity
in particular). However, by using a technique based on the covering numbers from empirical
process theory, developed by Kanaya (2017), we can significantly relax Hansen’s conditions
on kernel functions. For more details, we refer to Theorem 2, Lemma A.3, and their proofs
of Kanaya (2017).

To analyze the second term on the RHS of (30), which is the bias of fg (z), we look at

Oy (x) = ao(;/bn)/ooo ban <xb;p> f(p)dp— f(x)
1 —00
< /x/bn K @1f (& — gba) — f (z)| dg
1 /bn o
< (I()(f'f/bn)/oo |K (q)] ‘qbnf (l‘)}dq
bo [ 1 ()] —
< oy | K @ldax sw [5G = 00w
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uniformly over x € [0, 00), where we have used the mean-value theorem with some Z on the
line segment connecting = and « —gb,,. From these, we can conclude that II; ,, (z)+13, () =
Op(+/(logn) /nby,) + O, (by,) uniformly over z € [0,00), which, together with (29 and (30),
establishes the desired result (11).

Next, we derive the result (12), the uniform convergence rate of F (z). Recalling the

definition of F' () = Fp () /Fg (00), we can write

Flo)— P )= B 8;2 (‘Oj;(‘” ; FJQEZ) 11— F (00)]
— (£ (2) — F @)][1+ 0p(1)] + Op (bu), (31)

uniformly over z € [0,00), where the second equality has used Lemma 1. To analyze the
term [Eg (x) — F ()], we consider the following decomposition:
s (2) = F ()| < |Fp (2) — E[Fp (2)]] + |E[F (2)] - F (2)]
=1, () + 2 (2), (32)

where we shall derive the convergence rates of the two terms on the RHS. To investigate the

term I, 1 on the RHS, we let K (s) := [*_ K (u)du. Then, by the changing variables,

s [ (5 (22 ]|

= [e(55) e ()

n n

=3 K (= X/by) = BIK (~Xi/by)

1
ag (0)
1

ﬁml (-73) <

S|

ap (0)
1

ao (0)
=: ﬁn,ll (x) + ﬁn,u,

—_

where we note that II, 12 is independent of z. By changing variables and applying the

bounded convergence theorem, we can compute
Var[K (—Xi/bn) — E[K (~X;/b)]] = buf (0) / R2(—w)du+ o (by),
0

uniformly over i € {1,...,n}, where the boundedness of fooo K?(—u)du is guaranteed by
Assumption 2. Thus, by the i.i.d. condition of {X;}, E [l ;5] = O (by/n) and II,, 12 =
Op(\/W). To analyze II,, 11 (z), we employ a technique based on the covering numbers as
in Kanaya (2017): Define a set of functions, p (€ [0,00)) — K <xb—p> (€ 10,1]), indexed by

() )

(x,by) as

x>0 and bn>0}.
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By the same arguments as in the proof of Lemma A.3 of Kanaya (2017), this functional
set K is Euclidean, where we refer to pp. 905-906 of Kanaya (2017) for the definition of
being Euclidean. By the uniform boundedness of K (-), we can check that Var[K (%f’) —

E[K (“5;3(1)]] is uniformly bounded over = and i. Then, using the Euclidean property of
K and the Bernstein exponential inequality for i.i.d. random variables (see, e.g., p. 102 of
van der Vaart and Wellner, 1996), we can show that sup,c( ) 11 (z) = Op(y/(logn) /n).
Verification of this result is quite analogous to the proof Theorem 2 of Kanaya (2017), and

its details are omitted for brevity. From these, we can see that

Uy, (2) < Ty (2) + o

= Op(v/(logn) /n) + Op(V/bn/n) = Op(V/(logn) /n). (33)

We next investigate the term II,, 2 (). By changing the order of integration, changing of

variables, and using the Taylor expansion, we have

sl = [ [ ok () anf o)y
Z/OIGO(yl/bn){/_anf((q)f(y—qbn)dp}dy
/0 ” y/b {/ZbHK(q) [f () — abuf" (B)] dq}dy

y/bn € 1 y/bn ,
:/0 ag y/b {/oo K(Q)dp}f(y)dy+/0 ao(y/bn){_b"/_oo aK (q) f'(y )dq}dy,

(34)

where 7 is on the line segment connecting y — ¢b,, to y. The first term on the RHS of (34) is
equal to F'(x). To find a bound for the second term, note that we can write § = y — \gb,, for
some A € [0,1], which depends on y, ¢, and b,,. Thus, for ¢ € (—o0,y/2b,], we have § > y/2

and
|f (§)] < Mo [L+y/27°
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by the condition ii) of Assumption 1. Therefore,
N by, z y/bn o
My, (0) = [ElFa )] - F @) < - [ 4 [l K @)1 @) da pdy
ao (0) 0 —o0o

by x y/2bn . 9/bn -
< ao(O)/o {/_Oo 1K (q) | f (y)\dq+/y/2b K (q) | f (y)\dq}dy

n

bn T B %)
< / M0[1+y/2]5/ [¢K (q)|dg+ sup Z\/ dy
ao (0) 0 —00 2€(0,00] /2b
= O (b,) uniformly over z € [0, 00), (35)

where the last equality follows since

/ [1+y/2]_5dy§/ [1+y/2] °dy < oo and
0 0

/Ox (/y:ban(Q)dq> dyS/Ooo </yoqu(q)dq> dy < o0,

which hold by the condition § > 1 in Assumption 1 and the exponential tail decay condition
on K (-) in Assumption 2, respectively.

By (31)-(33) as well as (35), we can obtain the conclusion of the theorem, completing the
proof. m

Proof of Lemma 1. By the definition of Fj (00) and change of variables, we can write

1 n
Z/X/b" 0 “’+X/b ) (w)dw::n;m- (36)

Given the definition of ag (p f P u) du, we have ag ( f K (u)du = 1 and
ap (w+ X;/by) > ao (0) for any w > —Xz-/bn. Then,

o0 1
=1 < — K (w) dw
i ‘_/—Xi/bn ao (w+ Xi/bn)  ag (oo ‘ (w)
o0 1 o0 1
+ / — K (w dw—/ K (w) dw
X, /by, @0 (00) () oo @0 (00) ()
i [ lan(o0) a0+ Xi/b)) K ()] o+ — T K ) a
< —— ag (00) — ag (w + X; /by w w+/ w)| dw
a3 (0) J_x, b, 0 0 a0 (0) J_oo
=: A1 + Aoy
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By ii) of Assumption 2, we can find some constant My > 0 such that J 2K (w)] dw <
My [14 5]+ for s > 0 since since v > 2. Thus,

00 —p/bn
E[AQ,Z-Jzaol(O)/O (/w !K(w)ldw>f(p)dp

MK o0 —v+1
<o [ r
_ MK > —v+1
- b / 1+ q) ™" £ (qbn) dg
MK * —v+1 _
< b /0 T g x s 1) =0 ).

uniformly over ¢, where the last equality holds since v > 2 and fooo 1+ q]_"Jrl dg < 0. To
find a bound for Aj;, noting that w € [—X;/b,,00), we have

a0 (00) — ao (w + X; /by) = / K (u) du < NMx[l+ |+ X; /by ]~/

and

N

Ela < ot | w{ [ ) IK(w)Idw}f(p)dp

= [Tl K @l £ 0t dg
Qg (0) 0 —
M o0
g bn/ {
ag (0) " Jo
uniformly over i, where the last equality holds since
/ {/ (14w + g™ |K<w>|dw}dq=/ {/ 14 Juf] ¥ |K<u—q>|du}dq
0 —q 0 0
-/ [1+|uu—”+l{/ |K<u—q>|dq}du
0 0

< / 1+ |u|]_”+1du X / |K (—q)|dg < .
0

—00

[t |K<w>|dw}dqx sup () = O (b).

z€[0,00)

Therefore, we have shown that E[|n; — 1|] = O (b,) uniformly over i, which, together with

(36), implies the conclusion of the lemma. The proof is completed. m

A.3 Proof of Theorem 3

In this section, we provide the proof of Theorem 3:
Proof of Theorem 3. We first consider Part a). The proof for Part b) can be done

analogously. Our proof proceeds in two steps. In the first step, we derive uniform upper
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bounds of the kernel estimators f(z) and 1 — F (z) as well as that of K (r;j{’), and, in the

second step, we show the boundedness of the integral.

Step 1: Given the uniform convergence result in Theorem 2, we can write
f@)=f@) +0(1)<2f(z) forany ze[0,L]. (37)

with probability approaching one as n — oo (w.p.a. 1). To find another bound of f (x) for
x> L, let
¢ 1= [nbyp/(logn)?)/?". (38)

Since the bandwidth by, is selected as o (1/1/n), we can also write

f (@) = f (&) + Op(y/(log n) /nby),
by Theorem 2. Given the definition of ¢, and Assumption 1, we can check that f (x) is larger
than /(logn) /nb, for any = € [L, ¢,] in that
v/ (1 b, +/(1 by,
sup (log ) /n < (logn) /n :M/\/@zo(l),

x€[L,cn] f ('r) o (1/M) CETI

and thus
f(x)<2f (z), forany z € [L,cyl, (39)

w.p.a. 1.
We now derive some bounds for 1 — F'(z). Given the uniform convergence of F(z) in

Theorem 2, for any z € (0, L),

0<1-F(z)=1—F(z)+0(1) <2[1—F(z)] foranyze€l0,L]. (40)

To find another bound 1— F' (z) for # > L, observe that the following lower bound of 1— F ()
holds:

& 1 [ 1
1-F = > T, = T+l
(z) /:c f(z)dz> M/x 2 Tdz M (n = 1)90 ,

by Assumption 1. Given the uniform convergence rate of F () in Theorem 2 and the specified
choice of b,, we can write

F(z) = F () + Op(1/(logn) /n) uniformly over z € [0, c0).
Given these, we can compute

(logn) /n (logn) /n
it T=F(@) = /M (n— Dl

— O(y/n1/7 (logm) D24y — o(1),
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implying that, w.p.a. 1,

1— F(z) <2[1 — F(x)] for any « € [L, ¢,]. (41)
To derive a useful bound for the kernel function K <""Zf">, let
dy := [nlogn])/Y. (42)

Then, observe that
M
PriUi{Xi = dn/2}] <n—— (dn/2)77 = O((logn)™") — 0.
T —

This implies that, w.p.a. 1, maxj<i<n X; < dy,/2 and thus,

— X, —dy/2
z s | n/ > Lk forany x > d, and i € {1,...,n},
by, bn
implying that, w.p.a. 1,
— X,
K<$b l>=0 for any > dp and 7 € {1,...,n}, (43)
n

by the compactness of the support of K (-) imposed in iii) of Assumption 2.

Step 2: We here investigate the boundedness of the integral. To this end, with sight

abuse of integral notation, we write

[ - Feys@yete dw—(/ /d” /) {1 - F@)/g @}+F (@) do

= Il,n + I2,n + I3,n7

where ¢, and d,, are defined in (38) and (42), respectively. We below analyze the three terms
on the RHS separately and show that

I2,n = 0p (1) ) I3,n = Op (1) )

and Iy 5 is bounded, whose upper bound in given in (44)-(45). Therefore, the constant Cy is,
for example, given by the twice of the upper bound of Iy ,,.
The boundedness of I;,. First, using the four upper bound derived in (37)-(41), we

have

I < / (21— F(2)] /g(x)} "+ 2 (2) da

22+¢{/{1_ o)™ fo)do+ [~ (1= F @) o) £ () s},
(44)
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where we can easily see the boundedness of the first term on the RHS. Using Assumption 1
and its implications derived in (17) and (18), the integral of the second term can be written

as

[ = F@) o f @ < 0 [ (e e
= é’/oo eI+~ . (45)
L

with some (sufficiently large) constant C > 0. Recalling 7 > 1, we can see that the integral
[7° 219 =7dz is bounded if

(I+¢)—7<-1 & o<7—2.

It is possible to pick some positive ¢ satisfying this inequality when 7 > 2, which is maintained
in Assumption 1.

The boundedness of I5,. For notational convenience, we let

f @) —nigff(m;X) wd PG = [ F )

Using these, we can write

. /B (00) B 1 i 1 x—X;
f o) = Fp (c0) B Fp (00) Nbn ; aO(y/bn)K ( bn )

f (@), (46)

S EvoWa© @ )

uniformly over z € [0, 00), where the ineuglities have used ag(y/h) > ag (0) and Fp (c0) =
140y (1) (by Lemma 1). Therefore, the boundedness of I ,, (in the probability sense) follows
if that of

. dn . <
T = / (F* (z) /g ()} (2) da

holds (since I, = O, (1) x I»,). By the Holder inequality,

dn . dn, ]
Iz,né\/ / lg (@)~ f (2) [2da / lg (@) " |Fe () [20+0)d
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To analyze f217n, we look at

n

. 1 dn 1 r—X;
_ —(14+¢) * -2 3
I b Z /Cn lg (z)] an ( b > dx

=1

2 dn 1 r— X; x— X;
—(1+9) { J
+n2 E / lg ()] b2K< b )K( b >d93

1<i<j<n ¥ tn n

:;n;an;Dn(i)jLni > Ta(ig). (48)

1<i<j<n

By changing the order of integration and changing variables, we can compute the expectation

of the summand of the first term on the RHS as follows:

dn z/bn
E[D, (i)] = / g ()] 70+ ! / K2 (q) f (z — qbn) dq] du

— 00

o)

dn 0
< prtse) [ gt [M o2 [T R @de+ [T K @da s ()| da
Cn —0o0 x/2by, z€[0,00)

dn
< OQ / $T¢dm7
Cn

uniformly over 7, where the last inequality holds with a constant Cy := M (1+@)+197 ffooo K2 (q)dg
since fxo;)zbn K?(q)dq = 0 for x/2b, > c,/2b, > L (by the boundedness of the support of
K (-)). For 7 (14 ¢) — 7 > 0, we have fci” 0dz < &7t and

E D, (1)] < Cod?®*t, uniformly over i € {1,...,n}.
Since we have set d,, = [nlog n]l/(T_l) and 1/b, = O(n~%) for some ¢g € (0,1),

1 n 1 .
; To+1
’nTbn Zi:l E[Dn (Z)] S 702dn

nby,

— 0(1) x (logn) =1n7=1-0=90) — 5(1), (49)

where the last equality holds if

T

O (1) <0 & 6< (1) (1),

This inequality is satisfied for some (sufficiently small) ¢ > 0 since 7 > 2 and ¢p € (0, 1).

Since X; and X (i < j) are independent, we can compute

dn /bn 2
E[L, (i, )] = / \g(x)\“*@{ / K(Q)f(l‘—qbn)dq} .

—00
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The integral between the curly braces is bounded as follows:
z /by, x/2by, z/bn
/ K(Q)f(x—qbn)dq—/ K(q)f(x—qbn)dq+/ K (q) f (z —qbn)dg

—00 —o0 x/2bp

< /oo K(q)dgx M (z/2) " =0(1) x 27",

uniformly over x > ¢, (> L), and thus

dn,
E[T, (i.5)] = O (1) x / 19 (@) (2/b) 2" da

Cn

<0(1)x M1+¢/ ™9 (2/b,) 72 dw

n

=0 (1) x b2 (HO)=2 4 yniformly over i,j € {1,...,n},
where the last equality holds when
T(1+¢)—21+1< -1 & o< (1—2) /2.
which may be satisfied for any sufficiently small ¢ since 7 > 2. Therefore, given ¢, =
[nb,/(logn)?]/?" in (38) and b, = o (n"1/2),
2 .. — _r_ 1
Y Talid) =o(1) x (logn) ¥ 5w = 0(1),
1<i<j<n

which, together with (48) and (49), leads to a1, = 0y (1).

To analyze the term fgg,n, note that
~ dn 1 ~
b < [ g @ 04 | (o) P
Cn

since F°(x) < 1 for any x € [0,00) (by its definition). This upper bound of I, can be
shown to be o, (1), which may be analyzed exactly in the same way as j217n. While details
are omitted for brevity, we in particular note that both the kernel function and its integral

have the same tail decay rate, i.e.,
o
K (2) < Micexp{-cxo) and [ K (9)dy < (Mxc/ex)exp {~cx)
T

This property leads to the same tail behavior of f (z) and F€ (z), and thus the same conver-

gence speed of IVQLH and 1:227”.

The boundedness of I3,. By (46), it is sufficient to show the boundedness of
B = 0y(1) x [ {11~ F @)l/g @)} ] (&) do
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By the bound derived in (43), we have
< 1 —dn/2
flz) < b—K <:Ubd/> =0 for xz > d,,

w.p.a. 1. Therefore, I3, = 0 w.p.a. 1. Now, the proof is completed. m
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